
CORRESPONDENCES OF CHARACTERS FOR 
RELATIVELY PRIME OPERATOR GROUPS 

GEORGE GLAUBERMAN 

1. Introduction and notation. Let G be a finite group and let A be a 
finite solvable operator group on G. Suppose that A and G have relatively 
prime orders. Let T be the fixed-point subgroup of G with respect to A. We 
say that A fixes a complex character f of G if f (ga) = f (g) for all g £ G and 
a G i . Our aim in this paper is to define a one-to-one correspondence between 
the irreducible characters of T and those irreducible characters of G that are 
fixed by A, and to prove some properties of this correspondence that were 
mentioned in (8). For example, if the character X of T corresponds to the 
character f of G, then f (1) divides [G:T]X(1) (Theorem 5). 

In § 2 we observe that we may extend the fixed characters of G to characters 
of the semi-direct product GA. (This result was first proved by Gallagher and 
does not require that A be solvable.) We also derive a bound on the order of a 
^-subgroup of a ^-solvable linear group (Corollary 3). In §3 we determine 
certain values of characters of G A extended from fixed characters of G; some 
of our methods and results were suggested in (6, § 13), in which T is assumed 
to be cyclic. For example, in Corollary 6 we consider the situation in which A 
is cyclic and every non-identity element of A has T as its fixed-point subgroup. 
This includes a case encountered in the proof of Theorem B of the Hall-Higman 
paper (11), where A is a p-group and B is an extra-special group. We obtain 
the following result: 

Suppose that y\ is an irreducible character of G A and rj\G is irreducible. Let 
f = 7]\G, and let X be the character of T corresponding to f. Then 77|A = 
eX(l)0 + bp, where e = ± 1 , 6 is an irreducible character of A, b is a non-
negative integer, and p is the character of the regular representation of A. 

In the Hall-Higman case, it can be shown that e = — 1 and that X(l) = 1. 
Thus 7}\A = bp — 0. This is analogous to the situation in (11), where one 
considers a faithful irreducible G A -module M over an algebraically closed field 
of characteristic p. There, it is proved that M is the direct sum of a number 
(possibly zero) of free A -modules and of one indecomposable A -module of 
dimension \A\ — 1. 

We establish the correspondence between characters of T and fixed charac
ters of G in § 4. 

Suppose that A and G are solvable and \A\ = pip2 . . . pn for some primes 
Pu P21 • • • » Pn (not necessarily distinct). The Fitting height h(S) of a solvable 
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group 5 is the least integer h for which S has a series of normal subgroups 
1 = So C Si C . . . Ç S* = S, with S,/S,_i nilpotent, 1 g i g 4. In (14), 
Thompson proved that Â(G) ^ 5nh(T). We consider in Theorem 6 a situation 
that arises in (14, p. 261). 

My thanks are due to the National Science Foundation for its support 
by a Graduate Fellowship during the preparation of most of this paper. 

Most of our notation is standard. Let G be a finite group. Denote the order 
of G by | G\. A class function on G is a complex-valued function that is constant 
on the conjugate classes of G. The inner product of two class functions d and rj 
is given by 

(M) = icrxxgMg), 
sea 

where 77(g) denotes the complex conjugate of 77(g)- We say that a class function 
is a character of G if it is the character of a complex representation of G; it is a 
generalized character of G if it is a linear combination of characters of G with 
integral coefficients. For every linear transformation T on a finite-dimensional 
complex vector space, let det T be the determinant of T. If g G G and f is a 
character of G, let (det f ) (g) be the determinant of R(g) for any representation 
i? that affords f. Denote the kernel of a character f by Ker f. 

We denote the field of rational numbers by 0- For every positive integer m, 
let Om be the cyclotomic field obtained from 0 by adjoining the complex rath 
roots of unity. Thus 0 = Oi- F ° r every character f of G, let Q(f) be the field 
obtained by adjoining the values of f to 0- For any automorphism a of any 
field containing Q(f), define Ç* by Ç*(g) = (f(g))0" for all g G G. I t is well 
known that f̂  is a character of G. We say that <r fixes f if f = f<r. 

Given elements g, A, . . . in G, let (g, A, . . .) be the subgroup of G that they 
generate. Suppose that H is a subgroup of G. Let [G:iJ] be the index of H in G. 
For every generalized character X of _£T, let \G be the character of G induced by 
X. For every generalized character 77 of G, let 77^ be the restriction of 77 to H. 
If H is a normal subgroup of G, we shall sometimes identify characters of G/H 
with the corresponding characters of G that contain H in their kernels. 

We call G an elementary Abelian group if G is the direct product of (any 
number of) groups of equal prime order. We say that A is an operator group 
on G if to every element a of A there is associated an automorphism g —•> g" of 
G and if (ga)^ = g°^ and g1 = g for all g G G and a, /3 G -4. Assume that this 
is the case. Let B and i ? be arbitrary non-empty subsets of A and G. For a Ç ̂ 4, 
let Ha = {ha\ h £ H} ; then a Twees if if Ha = if. Furthermore, 5 fixes i f if 
every element of B fixes if. Let 

CH(B) = {h G i f Infixes {/*}}. 

Suppose that i f is a subgroup of G. We call CH(B) the fixed-point subgroup of 
i f with respect to 5 . If B is also a subgroup of A, we say that B acts faithfully 
on i f if every non-identity element of B is associated with a non-identity 
automorphism of if. 
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Suppose that A is an operator group on G. We shall often assume that A 
and G are embedded in their semi-direct product GA. If a G A and rj is a 
generalized character of G, define rja by rf(g) = ^(g01"1). Then a fixes rj if 
r]a = 77, and 4̂ yîxes rç if every element of A fixes 77. We say that A is a relatively 
prime operator group on G if A is finite and if \A\ and |G| are relatively prime. 

All groups considered in this paper are finite. 

2. Existence of extensions. The following result is a theorem of Gal
lagher, who proved a slightly different version in (7). 

THEOREM 1. Let R be an absolutely irreducible representation of a group G on 
a vector space V over a field K. Let A be an operator group on G such that the 
order of A is relatively prime to the degree of R. Assume that for each a G A, Ris 
equivalent to the representation Ra given by 

Ra(g) = R&), g 6 G. 

Then there exists a unique representation R* of GA on V such that R*(g) = R(g) 
for all g G G and such that det R* (a) = 1 for all a G A. 

Proof. For each a G A, there exists a linear transformation S(a) of V such 
that 

Ra(g) = R(ga) = S(a)-iR(g)S(a) for all g G G. 

Take a, fi G A and g G G. Then 

S(afi)-^R(g)S(afi) = R(g#) = R((gaY) = S(fi)-iR(g«)S(fi) = 
S(fi)^S(a)^R(g)S(a)S(fi). 

Thus, S (a) S (fi) S (a fi)-1 centralizes i£(g) for every g G G. Since JR is an abso
lutely irreducible representation of G, S (a) S (fi) S (a fi)-1 is a scalar multiple of 
the identity transformation. Take c(a, fi) G K such that 

(1) S(a)S(fi) = c(a,fi)S(afi). 

Now let J (a) = det 5(a) for every a ^ A. Let r be the degree of R. From 
(1) we have that 

(2) d(a)d(fi) = c(a,fi)rd(afi) 

and 

(3) c(a, fi)c(afi, y) = S(a)S(fi)S(afi)-1S(afi)S(y)S(afiy)~1 

= 5 ( a ) 5 ( ^ ) 5 ( T ) 5 M 7 ) - 1 

= c(a,fiy)c(fi,y). 
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Let e(P) = n « € A c(a, /3) for each fi G A. Le t n = \A\. Mul t ip lying each side 
of (3) over all y in A, we obtain 

(4) c(a,P)ne(aP) = e(a)etf). 

Since n and r are relatively prime, there exist integers i and j such t h a t 
w + jr = 1. L e t / ( a ) = d(a)je(a)i for each a G -4. F rom (2) and (4), we 
obta in 

(5) c(a, 0) = c(«, 0 ) * + * = f(a)f{p)f(aP)-\ 

Define S ' (a) = / ( a ) ~ 1 5 ( a ) > a G A. F rom (1) and (5), S ' (a0) = S'(a)S'(0) 
for all a, 0 G 4 . For each a U , let d ' (a ) - de t S'(a) and let 5 " ( a ) = 
^ ( a ) - ^ ( a ) . For g G G and a J G i , 

S " ( a ) - l R ( g ) S " ( a ) = S(a)-iR(g)S(a) = i ? ( r ) , S" (a)S" Q3) = S"(a(l), 

and 

de t 5 " ( a ) = ( d ' ( a ) - ' ) r d ' ( a ) = ^ ' (a ) i M = d ' ( a " ) ' = <*'(1)' = 1. 

Hence, we may define R* by 

i?*(ag) = 5 " ( « ) i ? ( g ) , a U . J É G . 

We claim t h a t R* is unique. Le t R** be a representat ion of GA on F. 
Suppose t h a t R**(g) = i?(g) for all g G G and the de te rminan t of R**(a) is 1 
for all a G A. T a k e a £ A. For each g G G, 

i ? ( r ) = R*(a)-iR(g)R*(a) = R**(a)-lR(g)R**(a); 

thus , i^*(a) i^**(a) _ 1 centralizes i£(g) for every g G G. Since i£ is absolutely 
irreducible, there exists a scalar h(a) in i£ such t h a t R**(a) — h(a)R*(a). 
By comparing de terminants , we obtain h(a)r — 1. Since R(l) = R**(a)n = 
h(a)nR*[a)n = h(a)nR(l), h(a)n = 1. Hence A (a) = h(a)in+jr = 1 ^ = 1. 
Now take any a G A and g G G; then i?**(ag) = R**(a)R(g) = R*(a)R(g) = 
R*(ag). This completes the proof of Theorem 1. 

COROLLARY 1. Let f be a character of a group G. Let K = Q\G\> Suppose that 
A is a relatively prime operator group on G that fixes f. Then there exists a 
representation of G A over K whose restriction to G affords f. 

Proof. W e use induction on the degree of ft Le t % be an irreducible con
s t i tuen t of f and B the subgroup of A consisting of all those elements t h a t ûx 
X- Let Bai, . . . , Bas be the dist inct left cosets of B m A. Define 

fi = Z xai-
i-=l 

Then A fixes ft, and therefore fixes f — f i. If ft ^ ft we m a y apply the induction 
hypothesis to ft and f — ft and take the direct sum of the corresponding 
representat ions. 
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Assume that fi = f. By a theorem of Brauer (2, p. 292), K is a splitting 
field for G. Therefore, some representation R of G over K affords x- The 
degree of R divides \G\ and is therefore relatively prime to \A\. By Theorem 1, 
R can be extended to a representation R* of GB over X. Let 5 be the represen
tation of GA induced by R*. Then the restriction of 5 to G affords f. 

Remark. Suppose that in the proof of Corollary 1 we choose R* such that 
(det R*) (a) = 1 for all a G B. I t is easy to see that (det S) (a) = ± 1 for all 
a £ A. Examples with G cyclic and \A\ = 2 show that the value — 1 can occur. 

LEMMA 1. Let m and n be relatively prime positive integers. Then: 
(a) Qm^Qn=Q; 
(b) Let cr be any field automorphism of Qm and let r be any field automorphism 

of Qn. Then there exists a field automorphism p of Qmn such that xp = xa for all 
% G Qm and yp = yT for all y Ç Qn. 

Proof. This is well known (see 15, p. 162). 

COROLLARY 2. Let f be a character of degree r of a group G. Suppose that A 
is a relatively prime operator group on G that fixes f and acts faithfully on G/Ker f. 
Let K = 0|(?|- Then: 

(a) A possesses a faithful representation of degree r over K that has a rational 
valued character; 

(b) \A\ divides (fir) ! = 2r(2r - l)(2r - 2) . . . 2 • 1; and 
(c) If A is an elementary Abelian p-group of order pe, then (p — l)e S r. 

Proof, (a) By the previous corollary, there exists a representation of GA 
over K whose restriction to G affords f. Let rj be the character of this repre
sentation. Since A acts faithfully on G/Ker f, rj\A is faithful. Also, rj has 
degree r and Q(rj) C K. However, Q(*?U) C Q\A\. By Lemma 1, 

0 = x n Q U i 2 Q ( i 7 U ) . 

(b) This follows from (a) by a theorem of Schur (12). 
(c) By (a), A has a faithful rational character % of degree r. Assume that 

e > 0. Then % has at least one non-trivial irreducible constituent. Let S be the 
set of all irreducible characters of A that occur as constituents of x- Define 
two elements 6 and rj of 5 to be equivalent if 6 = tf for some automorphism a of 
Qui over Q. Clearly, this yields an equivalence relation. Let di, . . . , 6f be 
representatives of the distinct equivalence classes of S. For i = 1, . . . , / , 
let Kt = Ker Of. Since equivalent characters have the same kernel, 
DiKt = I. Hence 

p>= \A/niKt\ £irt\A/Kt\ =pf. 
Thus, e ^ / . 

For i = 1, . . . , / , Q(0f) = Op- Thus, every equivalence class has exactly 
(p — 1) elements. Therefore, 

f è ( ^ - l ) / è ( p - l)e. 
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This completes the proof of Corollary 2. 

For the following result, we say that a group G is p-solvable if each of its 
composition factors has order p or order relatively prime to p. 

COROLLARY 3. Let p be a prime. Suppose that G is a p-solvable group of linear 
transformations of a vector space V of finite dimension r over a field F. A ssume 
that F has characteristic 0 or p and that G has no normal p-subgroup except the 
identity group. Then every Sylow p-subgroup of G has order dividing (2r)!. 
Moreover, if G contains an elementary Abelian subgroup of order pe, then 
(p — l)e ^ r. 

Proof. Let N be the largest normal subgroup of G that has order relatively 
prime to p. Suppose that P is a ^-subgroup of G. By (11, Lemma 1.2.3), no 
non-identity element of P centralizes N. 

Suppose that F has characteristic zero. Let f be the character of N on V. 
Then Ker f = 1 and P fixes f. The result follows from parts (b) and (c) of 
Corollary 2. 

Suppose that F has characteristic p. By (13, Satz 206, p. 223), there exists 
(up to equivalence) a one-to-one correspondence of representations of N over 
F with representations of N over the complex field. Moreover, we may assume 
that this correspondence is preserved under direct sums. Let R be the repre
sentation of N over the complex field that corresponds to its representation on 
V. Then N has a non-trivial constituent on V and, therefore, one in R. From 
the further properties of this correspondence, R has degree r and the character 
of R is fixed by P. Now we may apply parts (b) and (c) of Corollary 2. This 
completes the proof of Corollary 3. 

Remark. Some results similar to Corollaries 2 and 3 have recently been 
obtained by J. D. Dixon (see 3; 4). 

THEOREM 2. Let f be an irreducible character of a group G. Let Abe a relatively 
prime operator group on G such that A fixes f. Then: 

(a) There exists a unique irreducible character T\ of G A such that rj\G = f and 
(det r]) (a) = 1 for alla G A; 

(b) If 7j satisfies (a), then Q(TJ) = Q(f), and rj(a) is a rational integer for 
every a Ç A ; 

(c) Assume that T\ satisfies (a). If rj' is an irreducible character of G A and f is 
a constituent of T)'\G, then there exists a unique irreducible character 0 of GA/G 
such that y' = rip. Conversely, for every irreducible character /3 of GA/G, 7]j3 is an 
irreducible character of G A and f is a constituent of 7)fi\G. 

Proof. "Let m = \G\ and n = \A\. 
(a) Let K be the complex field and let R be a representation of G over K 

that affords f. The degree of R divides m and is, therefore, relatively prime to 
n. Take R* as in Theorem 1, and let TJ be the character of R*. 
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(b) Assume that rj satisfies (a). Since rj\G = f, 0 ( f ) £ OW- Conversely, 
for every automorphism p of Own that fixes the elements of 0(f)» Vp is an 
irreducible character of G A that satisfies 

VP\G = fp = f and (det rjp) (a) = 1» = 1 for all a G A. 

Hence 77» = 77. Thus Q(v) Ç 0 ( f ) . 
Take « G 4 ; then 97(a) is an algebraic integer and 

id*) G QM n On = 0(f) r\ Qn c QW n On = 0 
Thus 77(a) is a rational integer. 

(c) By hypothesis, GA fixes f. By the Frobenius Reciprocity Theorem, 7/ 
is a constituent of fGA. Hence, by (7, Theorem 2), 77' = 77/3 for some unique 
irreducible character 0 of GA/G. The converse also follows from (7, Theorem 
2). 

Note. Henceforth, the character 77 that satisfies part (a) of Theorem 2 will 
be called the canonical extension of f to G A. 

3. Cyclic operator groups. 

LEMMA 2. L ^ yl be a cyclic relatively prime operator group on a group G. 
Suppose that a is a generator of A and T = CG{A). Then: 

(a) Every element of G A of the form ag, g G G, is conjugate to an element of 
the form at, t £ T\ 

(b) If ti, t2 G T, then ah and at2 are conjugate in G A if and only if h and t2 

are conjugate in T\ 
(c) If t G T, then CGA(at) = CAT(t) = ACT(t). 

Proof. Let m = \G\ and n = \A\. 
(a) Let g G G. Since ag lies in a coset of G that generates G^4/G, w divides 

the order of ag. Hence, ag = /3h = h/3 for some powders fi and h of ag having the 
property that the order of p is n and the order of h divides m. Now, 0 generates 
a complement of G in Gv4 that we shall call B. Since 4̂ is cyclic and m and n 
are relatively prime, J5 is conjugate to A in G A by (16, Theorem 27, pp. 162-
163). We may assume that B = A. Then fi G 4̂ and jS""1^ G G; therefore 
13 = a. Thus /̂  G CC?A(«)- Since the order of h divides \G\, h G G. Hence h G T. 

(b) Suppose that tu t2 £ T. li t € T and r 1 ^ = t2, then t~l(ah)t = at2. 
Conversely, suppose that g G G and g - 1 (^ i )^ = °^2. Let k be an integer such 
that km = l(mod n). Then a = (ctfi)*™ = (at2)

km. Hence g~xag = a, and 
g G r . But 

t2 = a-1(at2) = a~lg~l{ah)g = a'1 (g^ag) (g~lhg) = g^hg. 

(c) Let h = 2̂ in the proof of (b). 

LEMMA 3. Let A be a relatively prime operator group on a group G. Let T — 
CG(A). Then: 
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(a) Two elements of T are conjugate in G if and only if they are conjugate in T; 
(b) A conjugate class of G is fixed by A if and only if it contains an element of 

T; ' 
(c) If A fixes a subgroup H of G and a cos et of H in G, the cos et contains an 

element of T. 

Proof. These results follow from Corollary 1 of Theorem 3, Corollary 1 of 
Theorem 4, and (9, Theorem 1). 

THEOREM 3. Suppose that A is a cyclic relatively prime operator group on a 
group G. Let T be the fixed-point subgroup of G with respect to A. 

(a) Suppose that f is an irreducible character of G that is fixed by A. Let rj be 
the canonical extension of f to G A. Then there exists a unique sign e = ± 1 and 
a unique irreducible character X of T with the property that 

(6) ri(at) = eX(/), te T, 

for every element a that generates A. 
(b) For each irreducible character X of T there exists a unique irreducible 

character f of G to which X corresponds as in (a). 

Proof. Let m = \G\ and n = \A\, and let a be a generator of A. 
(a) Suppose that (3 generates A. Then /? = a.1 for some integer i that is rela

tively prime to n. Take r and s such that rm + ns = 1. Let j = i + ns(l — i). 
Then j = 1 (mod m) and j = i (mod n). Therefore, j is relatively prime 
to mn. Let œ be a primitive mnt\\ root of unity, and let p be the field auto
morphism of Qmn determined by cop = œj. Then p fixes every element of Qm. 
By (1, p. 313), T)(X)O = rj(xj) for all x £ GA. Since Q W £ Qm, Vp = V- In 
particular, for t G T, 

(7) v (at) = 7}{at)p = 7)((at)j) = V(aHj) = v(aH) = ri(fit). 

Let % be the class function on G A denned by x = Z^0(a_1)rç0, where 0 
ranges over all the irreducible characters of GA/G. For f3 G A and g G G, 
x(fe) = ^7(^)Ea0(^)0(a-1). Hence 

(8) x(£g) = 0 if p ^ a and x(«g) = ^ ( a g ) . 

By Theorem 2, every character rjd is irreducible. Therefore, 

n = E |0(* -1)|2 = (X, x) = ( l / m n ) i : \v(ag)\2n\ 

Consequently, 

(9) X) \v(ag)\2 = m. 
9£G 

Consider rj\AT. This is a character of A T, and is therefore a sum of irreducible 
characters of AT. Note that AT = A X T. By (2, Corollary 51.13, p. 353), 
every irreducible character of T has the form 0X, where 0 is an irreducible 
character of A T/T and X is an irreducible character of A T/A. Therefore, there 
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exist non-negative integers c(6\) such that rj\AT = J^et\c(6X)d\. Let c(\) = 
Zec(d\)d(a). Then r)(at) = Exc(X)X(0 for all t G T. 

Choose a particular irreducible character X0 of T. Then c(X0) is an algebraic 
integer in Qn. By the orthogonality relations, c(X0) = ( l / | r | ) X ^ e r ^ O X o ^ - 1 ) -
Since Q(rç) £ Om and Q(Xo) C Qw, c(X0) G Om- By Lemma 1 (a), c(X0) is a 
rational integer. 

Let /i ^ be a sequence of representatives of the distinct conjugate 
classes of T. By Lemma 2 and (9), 

m = E W(«g)|2 = E !*(«*«)|l[&4 :£„•(*,)] = 

D |i,(«*0l2[G:Cr(*«)] = [G:rH hMonrrc^f,)] = 
l ^ Z ^ W 

[G^LkM)!*" [G=nS 
ZÇ!T 

Z c(X)X(0 

[ G : r ] | r | ( i : c(X)X, L c(X)x) = | G | £ c(X)2 = » E c(X)2. 
N X X / X X 

Hence, there exists a unique irreducible character X0 and a unique sign e = ± 1 
such that c(Xo) = e and c(X) = 0 for X ^ X0. Clearly, 

77 (at) = eX0(/) for all / G 7\ 

(b) Suppose that f' is any irreducible character of G that is fixed by A. Let 
r[ be the canonical extension of f' to G^4. Assume, for f, 77, X, and e as in (a) 
and for some e = ± 1, that 17/(a/) = e\(t) for all t G T. Consider the class 
functions 

x = Z 0(<*~V, x' = E 0(<rVfl. 

By (8), x = e€'x- Hence, r\ is a constituent of %. By Theorem 2 (c), 7/ = 77$ 
for some 0. Hence f' = rjf\Q = O?|G)(0|G) = f-

Thus, different characters f determine different characters of T. Since 4̂ is 
cyclic and the character table of G is a non-singular matrix, we may apply a 
theorem of Brauer (5, p. 69). By this theorem, the number of irreducible 
characters of G fixed by A is equal to the number of conjugate classes of G 
fixed by A. By Lemma 3, this equals the number of conjugate classes of T, 
which, in turn, equals the number of irreducible characters of T. Hence, every 
irreducible character of T is determined by some (unique) irreducible character 
of G in the above manner. This completes the proof of Theorem 3. 

Notation. From this point on, we will write f = ir(A, G)(X) and X = 
T~1(A, G) (f) if X and f are related as in Theorem 3. 

COROLLARY 4. Suppose that f is an irreducible character of a group G and A is 
a relatively prime operator group on G that fixes f. Let 77 be the canonical extension 
of f toGA. 
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Take a £ A. Let Ta be the fixed-point subgroup of G with respect to a. Then 
there exist a sign e = ± 1 and an irreducible character X of Ta such that 

(10) ri(at) = e\(t) for all t G Ta. 

Proof. Let B — (a) and r[ = rj\GB. Then rj' is the canonical extension of f 
to GB. Apply Theorem 3. 

COROLLARY 5. Suppose that A is a cyclic relatively prime operator group on a 
group G and B is a subgroup of A. Let T be the fixed-point subgroup of G with 
respect to A. Assume that B 9e A and that, for every element a of A that lies 
outside B} T is the fixed-point subgroup of G with respect to a. 

Take an irreducible character f of G that is fixed by A. Let rj be the canonical 
extension of f to G A and let X = w~1(A, G) (f ). Let X be the character of AT that 
contains A in its kernel and coincides with X on T. Then there exists e = ± 1 and 
an irreducible character 0O of AT IT with the following properties'. 

(a) For t G T, a £ A, and a d B, 

(11) riffltt) = ed0(a)X(t). 

Moreover, 60(a)2 = I for alla G A; 
(b) / / f | r = eX, then G = T(Ker f) = (Ker f)T. If f|r ^ eX, then 

\A/B\~l(£\T — eX) is a character of T; 
(c) For every irreducible character \f/ of GA/GB, let \p = \//\AT-

Then 
(v - V^)\AT = e(#oX - 60$%) and rj - # = e(0o<£ - d0$\)GA. 

Proof, (a) Let 0 be a faithful irreducible character of A/B. To simplify 
notation, we will also regard 0 as a character of G A and as a character of AT. 
Let JJL = y — yd and ? = MUT- Then ju(x) = 0 for x G GB, and (M, AO = 
(77 - r j d , v - vd) = 2. 

Let /1, . . . , tr be a set of representatives of the distinct conjugate classes of 
T. By Lemma 2, 

2 = (M,M) = \GA\~1 £ !M(x)I2 = ' | G a r r £ |M(X)|2 = 
a:€GA . .. x$GB 

l^l"1 £ Ko*,) ftT^CW (*,)] = 

iT^r1 £ K«OI*[7^:Cril(a*0]= (*,"). 

Since z> is a sum of (possibly negative) integer multiples of irreducible 
characters of AT and since v(l) = /x(l) = 0 and (y, v) = 2, there exist 
distinct characters vi and *>2 of ATsuch that v = v± — v2. Since AT = A X T, 
by (2, Corollary 51.13, p. 353), there exist irreducible characters 0X and 02 of 
AT IT and Xi and X2 of AT IA such that vt = 0*Xz, i = 1, 2. For all / G 7\ 
0 = M(0 = KO = Xi(0 - \2(t). Hence, XX = X2, and 

(12) n\AT = v = 0iXi — 02Xi. 
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Now take a £ A such t h a t a $ B. Take e and X to satisfy (10). For all 

(fli(a) - 02(o:))Xi(O = M (a/) = 17 («0 - r}6(at) = e(l - 0(a))\{t). 

By the linear independence of the irreducible characters of T, Xi = X and 
0i(a) — 02(a) = e(l — 6(a)). I t is possible t ha t e depends upon a; however, 

(13) 0i(a)2 - 20i(a)02(a) + ^ ( « ) 2 = 1 - 20(a) + 62(a). 

Now, (13) holds for all a Ç ^4, since both sides are zero for a Ç B. T h u s 

(0i)2 + (d2)
2 + 26 = \AT + 6' + 26,62, 

where 1AT is the trivial character of AT. Since 6 7^ I AT, 6 9e 62. Hence, 
$ = $162. Fur thermore , (0i)2 = 1AT or (62)

2 = \AT> 
Suppose t h a t (0i)2 = 1AT. Then 62 = 0(0i)~1 = 00i. If « 6 A, t £ T, and 

a £ B, then by (12), 

(1 - 6(a))rj(at) = M ( 0 = v(t) = 0i(a)Xi(O - 0i(a)0(a)Xi(O = 

0i(a) (1 - 0(a))X(O. 

Since 1 - 0(a) ^ 0, 77 («0 = 0i(a)X(/) = 0i(a)X(O- Similarly, if (02)2 = lAT, 

then 97 («0 = -0 2 ( a )X i (O . 
(b) Suppose t h a t f | r = eX. Then e = 1. Let a be a generator of A ; by (a) , 

77(a) = 0o(a)X(l) = O0(a)ri(l). By (2, Corollary (30.11), p. 212), a is contained 
in the centre of G-4/Ker rj. Since Ker f = (Ker 77) P\ G, a fixes each coset of 
Ker f in G. Now Lemma 3 (c) yields G = T(Ker f) = (Ker f ) 7 \ 

Suppose t h a t f|r ^ eX. Then A j * 1; thus w > 1. Let /* = rj\AT — e0oX. 
Since 4̂ T = 4̂ X T = T X A, /z may be represented uniquely as a sum 

where ^ runs over all the irreducible characters of AT/T and where, for each 
\p, c(\p) is a generalized character of AT/A. As in (a), let 0 be a faithful irre
ducible character of TA/TB. Le t n = \A/B\. Since n(x) = 0 for x ? TB, 
y.6 = fM. Hence, for each ip, 

cty) = c(0#) = . . . = c(6n-^). 

Therefore, /x|r = S^G/OIr = ^A for some generalized character A of T. By 
hypothesis , A ^ 0, and A is a character of T unless (A, X) ^ — 1. Bu t if 
(A, X) ^ - 1 , then 

(V\T, X) = e + »(A, X) ^ 1 - w < 0, 

which is impossible. 
(c) Le t /x = e(0oX — 0O#X). Suppose t h a t a £ A and t £' T. li et Ç. B, then 

\l/(a) = 1; thus , 

(77 - # ) ( a 0 = 0 = e0o(a)X(O(l - * (« ) ) = /*(<**)• 
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lia Q B, then 

(77 - itf)(pd) = (1 - t(a))v(at) = €(1 - f(pi))00(a)\(t) = n(at). 

T h u s (77 — 7)^)1 AT = M = e(0oX — 60\j>%). 
Let v = AiGA. By Lemma 2 and the hypothesis of this corollary, v(x) = 0 

for all x Ç GJ5 and vix) = p.(x) = (17 — 17 )̂ (x) if x £ 4̂ 7" b u t x Q BT. Hence, 
by Lemma 2, y(x) = (77 — rj\[/) (x) for all x £ G^4. This completes the proof of 
Corollary 5. 

COROLLARY 6. Suppose that A is a cyclic relatively prime operator group on a 
group G. Let T be the fixed-point subgroup of G with respect to A. Assume that 
for every non-identity element a of A, T is the fixed-point subgroup of G with 
respect to a. 

Suppose that rj is an irreducible character of G A such that r\\G is irreducible. 
Let f = rj\ G and X = T~1(AJ G) (f) . Let f and X be characters of AT/A such that 
f i r = f | r and X | r = X. Denote the characters of the regular representations of 
ATjT and A by PAT/T and pA. Then there exist e — ± 1 and an irreducible 
character 0 of AT/A with the following properties: 

(a) V\AT = edl + l ^ l - H f - el)pAT/T] 

(b) V\A = e\(l)0+ MI-HfOO - eX(l)W, 
(c) if f | r = eX, then G = T ( K e r f) = (Ker f ) T , and # f | r ^ cX, then 

\A\~X{^\T — eX) w a character of T. 

Proof. Le t 770 be the canonical extension of f to G^4. By Theorem 2, there 
exists an irreducible character 0X of GA/G such t h a t 77 = 77O0i. Le t X = 
7T-1 (G,A) (f). By Corollary 5, there exist e = ± 1 and an irreducible character 
0o of GA/G such t h a t rjo(at) = edo(a)\(t) whenever a Ç ^4, / £ 7 , and a F^ 1. 
Let 0 = 0o0i and 77' = e0X = M | _ 1 ( f - e X ) P j 4 r / r . 

Suppose t h a t a (z A and / c T. If a = 1, then pAT/r(^t) = \A\ and 

77'(a/) = V ( 0 = e\(t) = | 4 | - K f ( 0 — e X ( 0 ) | 4 | = eX(0 = 

( f ( 0 - € \ ( 0 ) = f (0 = 17 ( « 0 . 
If a 9e 1, then pAT/ri&t) = 0 and 

77'(a/) = €0(a)X(/) = e0(a)X(/) = €0o(a)0i(a)X(O = 

170(«001 («) = (voBi) (at) = 77 (a*). 

T h u s 77' = 7 7 ^ . This proves (a) . Clearly, (b) follows from (a) . W e obtain (c) 
from pa r t (b) of Corollary 5. 

4. Solvable operator groups. 

L E M M A 4. Le£ A be a cyclic relatively prime operator group on a group G. 
Suppose that A is a normal subgroup of an operator group B on G. Let T be the 
fixed-point subgroup of G with respect to A. Suppose that X is an irreducible 
character of T and fi Ç B. Let f = T(A, G) (X). Then X̂  is an irreducible character 
ofTandp = it (A, G)(V*). 
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Proof. Since fi normalizes A, fi fixes CG(A), which equals T. Hence, \& is an 
irreducible character of T. Let t\ be the canonical extension of f to GA. Since 
we may consider G A as a normal subgroup of GB, ^ is an irreducible character 
olGA. 

Let a be a generator of A. Take e = ± 1 such t h a t rj(at) = e\(t) for all 
t G T. Let a ' = fiafi~l. Then a/ is a generator of 4̂ ; thus by Theorem 3, 
7j (at) = rj(ctt) for all / £ 7\ Now (77̂ ) | G = f̂ , which is an irreducible character 
of G. Fur thermore , (det rjp) (a) = (det 17) (/fa/3-1) = 1. Hence, ^ is the canonical 
extension of Ç& to (L4. For all t £ J1, 

T h u s f̂  = (rjP)\0 = ir(A, G)(X/3). This completes the proof of Lemma 4. 

Le t 4̂ be a relatively prime operator group on a group G. In § 3 we defined 
a one-to-one correspondence between the irreducible characters of CQ(A) and 
the irreducible characters of G fixed by A in the case t h a t A is cyclic. In this 
section, we define a similar correspondence whenever A is a solvable group. 

Definition. Let i b e a solvable relatively prime operator group on a group 
G. Let C be a composition series for ^4, given by 

(14) A = 4 0 D i l i D . . . D 4 = 1. 

Le t 7^ = CoiAi), i = 0, 1, . . . , », and let 71 = T0 = CG(^4). Suppose t h a t 
1 ^ i S n. Since A t_x normalizes A u A ^_i fixes Tt. Consider A t-\/A t as an 
operator group on Tu whose corresponding fixed-point subgroup is 7\_i. W e 
shall define two sequences of characters. 

(a) Le t X be an irreducible character of T. Define X* for i = 0, 1, . . . , n as 
follows: 

(i) Xi is an irreducible character of Tt; 
(ii) Xo - X; 

(iii) if i > 0, then X, = 7 r ( 4 M M i , r , ) (X ,_ i ) . 
Define 7ic(X) = Xn. T h u s 7rc(X) is an irreducible character of G. 

(b) Assume tha t , in (14), each subgroup At is a normal subgroup of A. Let 
f be an irreducible character of G tha t is fixed by A. Define f * for i = n, n — 1, 
. . . , 1, 0, as follows: 

(i) f z is an irreducible character of Tt t h a t is fixed by A ; 

(ii) f» = f ; 
(iii) if i < », f, = TT-H^iMi+i , r i + i ) ( f i + i ) . 

We define (7r c)_ 1(f) = f0. Thus , (TTC)"" 1^) i s a n irreducible character of T. 
I t is fairly clear t h a t 7rc(X) is well-defined. 

L E M M A 5. Assume the hypothesis of part (b) of the previous definition. Then 
Wc)~liX) is well-defined and f = ^c((^c)~l(^))' Moreover, for every irreducible 
character X of T, ^ ( X ) is fixed by A and X = (TTC)~1(^CW)-

Proof. Clearly, (TC)"1^) is well-defined if f * is fixed by At/Ai+i for i = n, 
n — 1, . . . , 1, 0. By hypothesis, A fixes fn. Suppose t h a t i < n and 4̂ fixes 
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f f+i. We may regard Ai/Ai+i as a normal subgroup of A/Ai+1. By Lemma 4, 
A fixes fj. 

In a similar manner, we see that A fixes 7rc(X) for every irreducible character 
X of T. Let % =

 TTCOO; by induction, x* = ^* for i = w, n — 1, . . . , 1,0. 
Thus (TT^-HTTCIX)) = X. Likewise, irc({irc)-

1^)) = f. 

THEOREM 4. L^/ i i g a solvable relatively prime operator group on a group G. 
Suppose that T is the fixed-point subgroup of G with respect to A,\ is an irreducible 
character of T, and C is a composition series for A. Let f = 7rc(X). Then: 

(a) If A is a p-group for some prime p, there exists e = ± 1 such that 
(f |r — e\)/p is either identically zero or is a character of T; 

(b) If A is cyclic, then f = ir(A, G) (X); 
(c) If D is any other composition series for A, then TD(\) = f. 

Proof. Assume that C has the same form as in (14). 
(a) We use induction on \A\. The assertion is obvious if \A\ = 1. Assume 

that \A\ > 1. We use the same notation as in the definition of 7rc. By induction, 
((Xn_i)| T» — e\)/p is a generalized character of T for some e = ± 1 . Let 
5 = Tn-i. Since |^4w_i| = p, by Corollary 6 (c) there exists e" = ± 1 such 
that (f \s — e,f\n-\)/p is a generalized character of S. Since T Ç 5, 
(fir ~~ £,r^n-i\T)/P is a generalized character of 7\ Since 

( f | r — e '^n- i l r ) — € r /(Xn_i | r — e'X) = f|r + eV'X, 
( f | r + eV'X)/^ is a generalized character of 7\ Let e = — e'e". Then 
(fir, X) = e ^ 0 (mod p). Hence (f|r, X) ^ 1. Therefore, f|r - eX is either 
zero or a character of 2". Thus, (f | T — e\)/p is either zero or a character of T. 

(b) We use induction on \A\. Assume that \A\ > 1. By Lemma 5, A fixes f. 
Let Xo = -n~1(A, G)(f) and let rj be the canonical extension of f to G A. Take 
€o = ± 1 such that e0X0(0 = rj (at) for every t Ç T and for every generator a of 
A. Suppose that \A\ is a power of a prime p. Let B be the unique subgroup of 
index p in A. By Corollary 5 (b), (Ç\T — e0Xo)/p is identically zero or is a 
character of T. Thus >̂ does not divide (f|r> Xo). By part (a), X0 = X. Thus 
f = 7T(A,G)(\0) = T ( ^ G ) ( \ ) . 

Suppose that |^4| is not a prime power. Let p = \A/Ai\. Then A = B X E 
for a ^-group 5 and a group E whose order is not divisible by p. Since 
p = \A/Ai\,E C .4i. LetXi = ?r(4Mi, 7\) (X0), and let C* be the composition 
series of Ax obtained by deleting A from the series C. Then f = 7rc*(Xi). By 
the induction hypothesis, f = TT(AI, G) (Xi) ; thus f does not depend on C*. 
Since 1 C £ C ^4i, we may assume that £ is one of the terms in C*. Let 
U = CG(E) and X' = ir(A/E, U)(\). Similarly we obtain the result that 
f = 7 T ( £ > G ) ( X / ) . 

Let /3 and 7 be generators of B and E, respectively. Consider E as a relatively 
prime operator group on GB. Then CGB(E) = BU. Since 77^ = f, l̂̂ z? is 
irreducible. By Theorems 2 and 3, there exist e = ± 1 and irreducible charac
ters 0' of GA/GB and rjf oî BU such that 
(15) 77(7x) = e'0'(7)i/(tf) for all x £ BU. 
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Consider (15) for x Ç U. Since f = T(E, G)(X'), v'\u = X'. Now, V = 
ir(A/E, U)(\) = T(B, U) (X). Therefore, there exist e = d= 1 and an irreducible 
character 6 of B U/ U such that 

(16) n'ifit) = €0(0)X(/) for all / 6 7\ 

By (15) and (16), 

ri(fiyt) = €€'0(0)0'(7) X(0 for all t 6 7\ 

Since ^7 generates ^4, f = 7r(̂ 4, G)(X). 
(c) Let Z) have the form 

We use induction on w. If n ^ 1, TTD(X) = f. Suppose that n ^ 2. H Ai = Bu 

then 
T T ^ O M I , C(,(^i))(X) = *(B0/Blt C 6 ( 5 I ) ) ( X ) ; 

thus 7T2>(X) = 7TC(X) by the induction hypothesis. Assume that Ai 9e Bi. Let 
J = Ai P\ 5 i . Then 7 is a normal subgroup of A. By the induction hypothesis, 
7TC(X) and 7TD(X) are unchanged if we assume that / = A2 = B2. Consider 
A/J as an operator group on CG(J) and J as an operator group on G. By the 
induction hypothesis, 7rc(X) = irD(\) if w > 2. 

Assume that « = 2. Since Ai 9^ Bh A = Ax X BL Now ^4i and £1 both 
have prime order. Either \Ax\ = \Bi\ or A is cyclic. Suppose that \Ai\ = \Bi\ = 
£, say. Let f' = TT^X) and X' = (TTC)" 1 ^ ' ) . By Lemma 5, f = TTC(X/). By 
part (a) of the present theorem, (f', X') is not divisible by p. Similarly, (f', X) 
is not divisible by £>, since f' = 7rD(X). By (a), X' = X. Hence f' = 7rc(X) = f. 

Assume that n = 2 and that 4̂ is cyclic. By (b), 7rc(X) = 7r(y4, G) (X) = 
7rD(X). This completes the proof of Theorem 4. 

COROLLARY 7. Assume the hypothesis of Theorem 4. Suppose that A is a 
normal subgroup of an operator group B on G. If /3 £ B, then Ç& = 7rc(X^). 

Proof. Assume that C has the form (14). Let D be the composition series 

A = (AoYD (A&D...D (Any = 1. 

Since B normalizes A, B fixes T, which is equal to CG(A). An induction 
argument shows that ^ = wD(\P). By Theorem 4, ^ = 7rc(X^). 

COROLLARY 8. Assume the hypothesis of Theorem 4. Then A fixes f. Con
versely, for every irreducible character f' of G that is fixed by A, there exists a 
unique irreducible character X' of T such that f' = 7rc(X'). 

Proof. Take a £ A. Since TQ CG(a), X« = X. By Corollary 7, f« -
7Tc(X«) = TTc(X) = f . 

We prove the converse by induction on the length of the series C. Suppose 
that C has the form (14). We may assume that \A\ > 1. Let D be the series 

i O i 2 D . . . DAn = 1. 
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Now, Ai fixes f'. By the induction hypothesis, there exists a unique irreducible 
character \x of CG(Ai) such t h a t f' = irD{^). 

T a k e a Ç 4 . Since ^4i is a normal subgroup of ^4, TrD{na) = f'a = f', by 
Corollary 7. T h u s 4 fixes M. Le t X' = T T - ^ M I , C G ( ^ I ) ) ( M ) . Then f = 
irc(X'). Moreover, ju uniquely determines X'. 

COROLLARY 9. Le£ 4̂ be a solvable relatively prime operator group on a group 
G. Let T be the fixed-point subgroup of G with respect to A. The number of 
irreducible characters of G that are fixed by A is equal to the number of irreducible 
characters of T and is also equal to the number of conjugate classes of G that are 
fixed by A. In particular, if T ^ 1, A fixes some non-identity irreducible character 
ofG. 

Proof. This follows directly from Corollary 8 and Lemma 3. 

Notation. Assume the hypothesis of Theorem 4. W e write 

f = r(A, G)(X) and X = ^{A, G) ( f ) . 

By Theorem 4, this nota t ion is independent of the composition series C, and it 

agrees with our previous nota t ion when A is cyclic. By Corollary 9, it {A, G) 

is a one-to-one correspondence between the irreducible characters of T and 

the irreducible characters of G t h a t are fixed by A. 

T H E O R E M 5. Let A be a solvable relatively prime operator group on a group G. 
Let T be the fixed-point subgroup of G with respect to A. Suppose that X is an 
irreducible character of T and f = ir(A, G)(\). Then: 

(a) If fi is an element of an operator group on G that contains A as a normal 
subgroup, then J* = ir(A, G)(\p); 

(b) If a is afield automorphism of Q\GA\y then £* = ir{A, G) (Xa) ; 
(c) The field Q(X) is equal to 0 ( f ) ; 
(d) The character X is a constituent of Ç\T; 
(e) The degree f (1) divides [G:T]X(1). 

Proof. Le t C be a composition series for A. Then f = TTC( \ ) . Le t rj be the 
canonical extension of f to G A. Clearly, we m a y assume t h a t \A\ > 1. 

(a) This is Corollary 7. 
(b) By the definition of irc and by induction, it is sufficient to prove this 

result when A has prime order. By Theorem 3, there exists a unique sign 
e = ± 1 such t h a t ri {at) = e\{t) whenever a G A, t G T, and a 9e 1. Clearly, 
A fixes fa, and yf is the canonical extension of f0" to G A. Since rf {at) = eX(7(0 
whenever a U , K T, and a j£ 1, we have t h a t \° = TT~1{A, G)(£°). 

(c) This follows from (b ) ; the field au tomorphisms of Q\GA\ t h a t fix X 
coincide with those t h a t fix f. 

(d) As in the proof of (b) , we assume t h a t A has prime order. Let p = \A\. 
By Theorem 4 (a) , (f | r , X) = dbl ^ 0 (mod p). 

(e) We use induction on the length, n, of the composition series C. We may 
assume t h a t n > 0. T a k e Tn^ and \n-\ as in the definition of TC. By the 
induction hypothesis , Xw_i(l) divides [7'W_1:7"]X(1). 
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Suppose that n > 1. By the induction hypothesis, f (1) divides 

[GiT^K-iil). 

Hence, f ( l ) divides [G:Tn-i][Tn-i:T]\(l), which equals [G:T]X(l). Thus 
we may assume that n = 1. Let a be a generator of A By (10, p. 287), 
[GA:CGA(a)]ri(a)/^(l) is an algebraic integer, that is, ±[G:r ]A( l ) / f (1) is an 
algebraic integer. This completes the proof of Theorem 5. 

5. An application. We require some additional notation. If A is an operator 
group on a group G, then CA (G) is the set of those elements of A that fix every 
element of G. If H CI CG(A), we say that A centralizes H. We shall often 
consider a group of transformations of a vector space as an operator group on 
the additive group of the vector space. 

Suppose that G is a group. For x, y 6 G, let (x, y) be the commutator 
x~1y~1xy. If H and K are subgroups of G, let CH(K) be the centralizer of K in 
# and let (iJ, X) be the subgroup of G generated by the commutators (#, y) 
for x £ H and j f Z . Note that this agrees with our previous notation if K 
normalizes H, and K is considered as an operator group on H. Let G' = (G, G), 
and let Z(G) be the centre of G. Denote by F(G) the Fitting subgroup of G, 
that is, the maximal normal nilpotent subgroup of G. (By 10, Theorem 10.5.2, 
p. 153, F(G) must exist.) Let F2(G) be the subgroup of G that contains F(G) 
and satisfies F2(G)/F(G) = F(G/F(G)). We denote the characters of the 
regular representation and of the trivial representation of G by pG and 1G. 

Suppose that TT is a set of primes. An integer is a IT-number if each of its prime 
divisors lies in IT. For every positive integer n, let nr be the largest 7r-number 
that divides n. A subgroup H of G is called a -ffa// -K-subgroup of G if |iJ| = \G\T. 

Suppose that G is a ^-group for some prime p. The Frattini subgroup of G, 
denoted by D(G), is the subgroup of G generated by the elements xp and (x, ;y) 
for x, y G G. Since £>(G) 3 G', P(G) is a normal subgroup of G. We say that 
G is a special ^-group if D(G) = G' — Z(G) and if D(G) is an elementary 
Abelian group. 

The direct sum of subspaces V and W oî a given vector space will be denoted 
by V 0 W. 

In this section we apply our previous results to prove the following theorem. 

THEOREM 6. Let G be a finite solvable group. Let r and s be two primes that do 
not divide \G\. Suppose that A X B is an operator group on G such that A is a 
cyclic r-group, B is a group of order s, and CG{B) C CG{A). Let H = (G, A). 
Then H is a normal subgroup of G. Furthermore, if H is not contained in F(G)f 

then the following conditions hold: 
(a) r = 2; 
(b) 2s — 1 is a power of some prime q\ 
(c) H/(Hr\ F(G)) is a non-Abelian special q-group of exponent a which is 

centralized by a1 for every a (E A; 
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(d) AB centralizes Z{H/(HC\ F(G)))\ and 
(e) HQF2(G). 

Remark. This theorem was originally announced (see 8) for the special case 
that \A\ = r. In (14, pp. 261-262), Thompson pointed out that A need only 
be a cyclic r-group. 

LEMMA 6. Let A be a relatively prime operator group on a group G, and let 
T = CG(A). Then (G, A) is a normal subgroup of G and is fixed by A. Moreover, 

(a) ((G,A)A) = (G,A); 
(b) if G is an Abelian group, then G = (G, A) X T; and 
(c) if G is a solvable group and ir is a set of primes, then A fixes a Hall w-

subgroup of G. 

Proof. By (9, proof of Corollary 3 of Theorem 1), (G, A) is normal in G 
and is fixed by A, and ((GyA),A) = (G,A). By (9, Corollary 2 (ii) of 
Theorem 4), (c) holds. Finally, consider G as a normal subgroup of the semi-
direct product G A. Then (b) follows from (16, Lemma, p. 172). 

LEMMA 7. Let A be an operator group on a finite group G. Let S be a normal 
subgroup of G that is contained in CG(A). Then (G, A) centralizes S. 

Proof. Clearly, S is a normal subgroup of GA. Hence, CGA(S) is a normal 
subgroup of GA that contains A. Let g G G and a £ A. Then a G CGA(S) and 
g-^a-'g G CGA(S). Thus g-ig* = g-icriga G CGA(S). 

LEMMA 8. Let A be a relatively prime operator group on a finite solvable group 
G. Let T = CG(A), and let TT be the set of all prime divisors of [G: T]. Then (G, A ) 
is a T-group. 

Proof. By Lemma 6 (c), A fixes some Hall 7r-subgroup H of G. Moreover, 
G = TH, since 

\TH\ = \T\ \H\/\TC\H\ ^ \T\ \H\/\T\r = \T\ \G\r/\T\r = 

\T\[G:T]V = \T\[G:T] = \G\. 

Now let g G G and a £ A. Take t G T and h G H such that th = g. Then 
g-ig* = h-H-W = h~lha. Thus (G, A) C H. 

LEMMA 9. Let x be a faithful irreducible complex character of a finite nilpotent 
group G of nilpotence class two. If x G G and x G Z{G), then %(x) = 0 . 

Proof. Let R be a representation of G that affords x- Take y G G such that 
#y T^ 3>#. Let z = x - 1 ^ - 1 ^ . Then z G Z(G) and s ^ 1. Hence R{z) is a scalar 
multiple of the identity transformation I, say, R(z) — ai. Since y~lxy = #s, 
R(y~1xy) = aR(x). Therefore, x(y~lxy) = #xO*0- Since characters are class 
functions, x(y~lxy) = x W - Since a ^ 1, x(«) = 0. 

The main step in the proof of Theorem 6 is the following lemma. 

LEMMA 10. Let G be a finite group, and let q, r, and s be distinct primes. 
Suppose that G contains subgroups Q, A, and B with the following properties: 
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(1) Q is a normal non-identity q-subgroup of G; 
(ii) A is a cyclic r-group; 

(iii) B is a group of order s; 
(iv) B centralizes A and CQ{B) C CQ{A); 
(v) G = QAB; and 

(vi) {Q,A) = Q. 
Suppose that G is represented by a group of linear transformations on a vector 
space V of finite dimension over afield F. Assume that Q is faithfully represented, 
that the characteristic of F does not divide \G\, and that CV{B) C CV{A). Then: 

(a) r = 2 and 2s — 1 is a power of q; 
(b) Q is a non-Abelian special q-group of exponent q; 
(c) AB centralizes Z{Q); and 
(d) a2 centralizes Q for every a G A. 

Proof. Let d be the dimension of V over F. We use induction on \G\ + d. 
Let S be a basis for V over F, and let E be an algebraically closed field that 
contains F. Clearly, we may consider F as a subset of a vector space U over 
E that has S as a basis. Then G is represented by a group of linear transform
ations on U over E. An easy calculation shows that a basis for CV(B) over F 
is also a basis for CV(B) over E. Thus CV(B) Ç CV(A). Since G, U, and £ 
satisfy the hypothesis of the lemma, and since U has dimension d over E, we 
may assume that U = V and E = F. 

Suppose that G is not represented irreducibly on V. Let W be a non-trivial 
proper G-invariant subspace of F. By Maschke's Theorem (10, p. 253), V 
contains a G-invariant subspace X such that V = W © X. We may assume 
that Q is represented non-trivially on W. Since Q/CQ(W) is non-trivial and is 
faithfully represented on W, G/GQ(W) and W satisfy the hypothesis of 
Lemma 10. (We use Lemma 3 (c) to obtain condition (iv).) By induction, we 
obtain (a) and observe that CQ{W) contains {AB, D{Q)) and {AB, Z{Q)) 
and also contains {a2, Q) and gQ for all a G A and g G Q. Similarly, CQ{x) 
contains the same groups and elements if Q is represented non-trivially on X. 
It obviously contains them if Q is represented trivially on X. Hence 

(AB, D{Q)) ç CQ(W) H CQ(X) = 1. 

Furthermore, (c) and (d) hold, and Q has exponent q. Since Q = {Q, A), by 
Lemma 7 we have that D{Q) C Z{Q). Regarding A as an operator group on 
Q/Q', we obtain Q/Qr = {Q/Q', A). Thus, by Lemma 6 (b), A has no fixed 
points on Q/Q'. Since A centralizes Z{Q), we have that Z{Q) C Qf. Therefore, 
D{Q) C Z{Q) C (/ C £>(()). Hence, Q is a non-Abelian special g-group of 
exponent g. 

Thus, it suffices to prove the lemma when F is algebraically closed and when 
G is represented irreducibly on V. Suppose that the characteristic of F is not 
zero. As in the proof of Corollary 3, there exists a representation of G on a 
complex vector space W that corresponds to the representation of G on V. 
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Since the multiplicity of the trivial representation of subgroups is preserved 
by the correspondence in (13, Satz 206), Q is faithful on V. Similarly, the 
dimensions of CW(AB) and CW(B) coincide, since CV(AB) = CV(B). But 
CW(AB) C CW{B). Therefore, CW(B) = CW(AB) C CW(A). 

Thus, we may assume that F is the complex field and that G is represented 
irreducibly on V. Let W be a homogeneous submodule of V under the action 
of Q, and let 2" be the largest subgroup of G which fixes W. Let Igi, . . . , Ign 

be the distinct cosets of I in G. By Clifford's Theorem (2, pp. 343-345), 

(17) V = W°i ® . . . ® W<». 

Suppose that B <£ I. Then I/Q C 4Q/Q; thus I C QA. Let X = £ a € i l W«. 
By (17), F = 0 E ^ B ^ . Now, let *> be an arbitrary element of X. Then B 
fixes X ^ s ^ . Hence A fixes Z ^ ^ . Since 4̂ fixes X^ for each fi £ B, A fixes 
^ for each /3. Thus 4̂ centralizes X^ for each /3 £ B. But then, A centralizes V, 
which contradicts the hypothesis that (Q, A) = Q ^ 1 and that Q acts faith
fully on V, Therefore, B C / . 

Since W7" is a homogeneous Ç-module, each element of Z(Q) is represented 
on Why a scalar multiple of the identity transformation. Therefore, (Z(Q), B) 
centralizes W. Since G normalizes (Z(Q), B), (Z(Q), 5 ) is contained in 
CG{W°) for every g Ç G. By (17), (Z(Q),B) centralizes V. Hence (Z(Q),B) = 
1, Z((?) e CQ(5) e CQ(^4). Since Q = (Ç, 4 ) , Q ^ Z(Q). Thus, Ç is a non-
Abelian group and AB centralizes Z(Q). Since G = QAB, Z(Q) C Z(G). 

Suppose that <2 has nilpotence class c ^ 3. Let (? = Ci» (?2, . • . , be the 
lower central series of Q. Since (Qc-i, Q) = Qc ^ 1> we have that ()c-i $£ Z(Ç). 
Therefore (Çc_i, A) j* 1 by Lemma 7. However, Qc_x is Abelian since 
(Oc-i, Qc-i) Q Q2C-2 Q Qc+i = 1 (10, Corollary 10.3.5, p. 156). Let R = 
((2c-i, A). By Lemma 6 (a), R = (R, A). Since A and B normalize R, RAB 
and V satisfy the hypothesis of Lemma 10. By the induction hypothesis, R 
is not Abelian. This is impossible, since R is contained in the Abelian group 
Qc-i. Thus Q has nilpotence class two. 

Take W as above, and let K = CQ(W). Since G centralizes Z(Q), 
KC\Z{Q) C CQ(W°) for every g G G. By (17), K C\ Z(Q) centralizes V. 
Hence K H Z(Q) = 1. Since 

(#,e) cxnQ'cxnz(Q) = 1, 
we have that K C Z(Q). Thus i£ = 1. Consequently, Q is represented faith
fully on W. Let % be the character of Q on an irreducible constituent of W 
with respect to Q. By Lemma 9, x W = 0 whenever x G Q and x g Z(Q). 
Moreover, Z{Q) C Z(G). Hence, x(g-1#g) == x W f° r all x Ç Q and g Ç G. By 
Clifford's Theorem, Q is homogeneous on V, that is, V = W. Let us regard 
^4^ as a relatively prime operator group on <2; then Q is irreducible on V, by 
Theorem 2 (c). 

Since Q is faithful on V, q does not divide \CG(V)\. Since CQ(B) C CQG4) ^ 
Ç, no conjugate of .£> is contained in Gct(F). Therefore, CG(V) is an r-group. 
Thus, we may assume, henceforth, that G acts faithfully on V. 
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Let Q = Q/Q'. By Lemma 6 (b), A has no non-identity fixed points on Q. 
But A centralizes Z(Q), and therefore Z(Q) Ç Q'. Since Q' QZ(Q), we have 
that Q' = Z(Q). Let qn be the exponent of Q. From (10, p. 150), we have that 
(x, y)r = (xr, y) = (x, yr) for all x, y G Q and all positive integers r. Thus, 
for arbitrary x, y G Q, 

(x,y)«n = ( ^ ,3 / ) € (Z(<2),<2) = 1. 

Thus <2' has exponent at most qn. 
We claim that « = 1. Suppose that n ^ 2. Let & = gw_1; then k2 à £w. For 

arbitrary x, y £ Q, 

(**, yk) = (**, y)* = (x*2, y) G ( Z ( 0 , Q) = 1. 

Thus, the elements xk, x G Q, generate an Abelian characteristic subgroup R 
of Q. Since R $£ Z(<2), (R, A) 7e- 1. As in our proof that the nilpotence class 
of Q is at most two, we may obtain the contradiction that R is not Abelian. 
Thus n = 1. Therefore, D(Q) = Q' = Z(<2) and Z((?) has exponent g. 

Now, CQ(4) = CQ(B) = C0(4B) = Z(Ç). Suppose that y £ AB and 
CQ(Y) ^ £((?)• Take a £ A and ft £ B such that 7 = a/3. Since a and /3 have 
relatively prime orders, a and ft are both powers of 7. Therefore, CQ(Y) = 
CQ(CL) C\ CQ(ft). Consequently, ft — 1 and y = a £ A. Let C be the group 
generated by a, and let i? = (Q, C). Then C is a proper subgroup of A. 

Suppose that R 9^ 1. Since Q' £ CQ(C) and CQ(C)/Qf ^ 1, we have that 
RQ'/Q' ^ (?/(?' by Lemma 6 (b). Hence, i? is a proper subgroup of (). 
Obviously, A and .B normalize R. By Lemma 6 (b), 

R 2 (#, 4 ) 2 (R, C) = ((Q, C), O = (<2, C) = R. 

By the induction hypothesis applied to RAB and F, A is a 2-group and every 
proper subgroup of A centralizes R. Thus 1 = (R, C) = R. This contradiction 
shows that R = 1, that is, C centralizes Q. 

Now let 4̂o = CA((?)- By the above paragraph, if 7 G AB and y & AQ} then 
CQ(Y) = CQ(AB) — Z(Q). Obviously, every irreducible character of Z(Q) 
has degree one. Let rj be the character of QAB on F, and let f = r)\Q. Since Ç 
is faithful and non-Abelian, f (1) > 1. By Theorem 2 (c) and Corollary 5 (b), 
there exists ei = ± 1 such that f (1) — ei is divisible by |^4J5/^40|. Therefore, 

(18) MBAlol ^ f CO ~ €1. 

Suppose that A 0 ^ 1. Since ^40 £ Z(G) and G is faithful on F, CVWo) ^ F 
and CF(^40) is fixed by G. Consequently, Cv(Ao) = 1. Therefore, CV(B) C 
CV(̂ 4) £ CVC4o) = 1. Applying Corollary 6 (b) to QB, we obtain a sign 
e2 = ± 1 and an irreducible character 02 of £ such that 

Since CV(B) = 0, fo|fl, l s ) = 0. Thus, 

0 = fo|B, 1B) = €2(02, 1B) + (l/s)(f(l) - €2). 
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Since f ( l ) > 1, 
€2 = - 1 , 02 = 1B, and f ( l ) = j + l . 

By (18), s + 1 - ci = | ilB/ilo| = r |S | = r*. Therefore, (r - 1)5 = 2. This 
is impossible, since r and 5 are distinct primes. Thus A0 — 1. 

We have showed that whenever y Ç AB and 7 ^ 1 , CQ(Y) = CQ(AB) = 
Z(Q). By Corollary 6 (b), there exist e = ± 1 and an irreducible character 6 of 
AB with the properties that 

\AB\ divides f (1) - e and ^ = 60 + |i4B|-i(f (1) - e W 

Let w = \AB\~l(Ç(1) - e). By hypothesis, CF(J5) C CV(4). Consequently, 
CV(B) = C F (45 ) and fo^, 1^) = foU, 1*). Thus 

e(0, 1^) + 7 ^ = e(0|B> 1B) +w\A\; 

Thus (0, I ^ B ) 9e (6\B, 1B). Since 0 has degree one, B\B = 1B and 6 j£ 1AB. 
Therefore, e = - 1 , w = 1, and | 4 | = 2. Hence f (1) = |AB|w + e = 2<> - 1. 
Since f is an irreducible complex character of Q, f (1) divides |(?|. Hence 
2s — 1 is a power of q. If a £ ^4, then a2 = 1; thus, a2 centralizes Q. 

To complete the proof of Lemma 10, we need only verify that Q has exponent 
q. Since r = 2 and r j* q, q ^ 3. Let #, 3/ Ç Q. By an induction argument we 
may verify that 

{xyY = * y (*, y)**'"1*'2, i = 1, 2, 3, 

In particular, (xy)q = x ^ . Let a be a generator of A and let 2; = a~1oca. Then 
(x-1^)5 = (x^yz* = {x^ia-^a) = (x(7)-1x(Z = 1. Thus, (Ç, 4 ) is contained 
in the kernel of the homomorphism of Q given by g —> ga. Since (Q, A) = Q, 
Q has exponent q. 

LEMMA 11. Let G be a finite solvable group and let q be a prime. Suppose that 
G has no normal q-sub group except the identity subgroup. Let H be the largest 
normal subgroup of G of order relatively prime to q. Then CG(H) C H. 

Proof. This is a special case of (11, Lemma 1.2.3). 

Proof of Theorem 6. Let us assume the hypothesis and notation of Theorem 
6, as stated at the beginning of this section. Clearly, F(G) C\ H Ç F (H). 
Since if is a normal subgroup of G and F(H) is a characteristic nilpotent 
subgroup of H, we have that F(H) C F(G). Thus F(H) = F(G) H H. By 
considering the natural mapping of G onto G/F(G), we see that F2(H) = 
F2(G) C\H. By Lemma 6(a), H = (H, A). Hence, we may assume that 
G = H, that is, that G — (G, A). We may also assume that G is not nilpotent. 

Let g be a prime for which G has no normal Sylow subgroup. Let Qo be the 
largest normal Sylow ^-subgroup of G and take K such that K/Q0 is the largest 
normal subgroup of G/Q0 of order relatively prime to q. By Lemma 6 (c), AB 
normalizes some Sylow g-subgroup Ci of G. Let G = G/Qo, K = K/Q0, and 
Qi = Qi/Qo- Then Qi ^ 1. Consider AB as an operator group on G. Then 

https://doi.org/10.4153/CJM-1968-148-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-148-x


OPERATOR GROUPS 1487 

(G, A) = G. Since q divides \G\, A does not centralize Qi> by Lemma 8. Let 
Q = (Qu A) and Q = QQ0/QQ. Then Q_= (Q,A). 

Consider the semi-direct product QAB as an operator group on K. By 
Lemma 11, Q does not centralize K. Let L = (K, Q). Then L ^ 1 and, by 
Lemma 6 (a), L = (L, Q). Furthermore, Ô 4 5 fixes L. Let iff be a proper 
normal subgroup of L which is maximal, subject to the condition of being fixed 
by QAB. Since L is solvable, there exists a prime p such that L/M is an 
elementary Abelian p-group. Let V = L/M and R = Q/CQ(V). Since 
I = (L, Q), y = (F, Ç). Hence 22 ^ 1. By Lemma 3 (c), 

CQ(B) = CQ(£)<2o/<2o £ CQ(A)Q0/Q0 = Co(i4), 

and, similarly, CR(B) Ç C^Ol) and CV(£) C CV(4). Let F be the field of p 
elements. Since R acts faithfully on V, the hypothesis of Lemma 10 is satisfied. 
Hence r = 2, and 25 — 1 is a power of q. Since 2s — 1 can be a power of only 
one prime, q is unique. Hence, for every prime distinct from q, the Sylow 
subgroups of G are normal. 

Thus GI' F{G) is a g-group. Furthermore, Q0 is a Sylow ^-subgroup of F(G). 
Since G/F(G) is a g-group, F(G) = K. Then Qi is isomorphic to G/F(G). 
Since G = (G, 4 ) , Qi = (Qi, 4 ) = Q. Let 

X = K o D ^ O . . O £ . = 1 

be a composition series of i£ with respect to QAB. Let g G Q and a £ i , and 
let 5 = ((Q, Q), Q). For i = 1, 2, . . . , n, either Q centralizes Ki-\/Kt or 
Lemma 10 applies. In both cases, (AB, Z(Q)) and S, and gQ and (g, a2) all 
centralize Kf-i/Ki. By Lemma 3 (c) and an easy induction argument, 
( 4 5 , Z(Q)) = 5 = 1 and g« = (g, a2) = 1. Hence Z>(Q) = Q' Ç Z(Q). Since 
Q = (Q, 4 ) , Z(Q) = Q', by Lemma 6 (b). Hence Q is a non-Abelian special 
g-group. This completes the proof of Theorem 6. 
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