CORRESPONDENCES OF CHARACTERS FOR
RELATIVELY PRIME OPERATOR GROUPS

GEORGE GLAUBERMAN

1. Introduction and notation. Let G be a finite group and let 4 be a
finite solvable operator group on G. Suppose that 4 and G have relatively
prime orders. Let T be the fixed-point subgroup of G with respect to 4. We
say that 4 fixes a complex character { of G if {(g*) = ¢(g) for all g € G and
a € A. Qur aim in this paper is to define a one-to-one correspondence between
the irreducible characters of 7" and those irreducible characters of G that are
fixed by 4, and to prove some properties of this correspondence that were
mentioned in (8). For example, if the character A of T corresponds to the
character ¢ of G, then ¢ (1) divides [G:T']\(1) (Theorem 5).

In § 2 we observe that we may extend the fixed characters of G to characters
of the semi-direct product GA. (This result was first proved by Gallagher and
does not require that 4 be solvable.) We also derive a bound on the order of a
p-subgroup of a p-solvable linear group (Corollary 3). In §3 we determine
certain values of characters of GA extended from fixed characters of G; some
of our methods and results were suggested in (6, § 13), in which 7" is assumed
to be cyclic. For example, in Corollary 6 we consider the situation in which A
is cyclic and every non-identity element of 4 has 7" as its fixed-point subgroup.
This includes a case encountered in the proof of Theorem B of the Hall-Higman
paper (11), where 4 is a p-group and B is an extra-special group. We obtain
the following result:

Suppose that 5 is an irreducible character of G4 and 7| is irreducible. Let
¢ = n|g and let X be the character of T corresponding to {. Then 5|, =
e\(1)0 4 bp, where € = =1, 6 is an irreducible character of 4, b is a non-
negative integer, and p is the character of the regular representation of 4.

In the Hall-Higman case, it can be shown that e = —1 and that A(1) = 1.
Thus 5|4, = bp — 6. This is analogous to the situation in (11), where one
considers a faithful irreducible GA-module M over an algebraically closed field
of characteristic p. There, it is proved that M is the direct sum of a number
(possibly zero) of free A-modules and of one indecomposable A-module of
dimension |4| — 1.

We establish the correspondence between characters of 7" and fixed charac-
ters of G in §4.

Suppose that 4 and G are solvable and |4| = pips . .. p, for some primes
P1, Pos - - -, Pn (Ot necessarily distinct). The Fitting height h(S) of a solvable
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group S is the least integer % for which S has a series of normal subgroups
1=5C85C...CS, =S, with §;/S.—1 nilpotent, 1 <7 =< k. In (14),
Thompson proved that 2(G) < 5" (T"). We consider in Theorem 6 a situation
that arises in (14, p. 261).

My thanks are due to the National Science Foundation for its support
by a Graduate Fellowship during the preparation of most of this paper.

Most of our notation is standard. Let G be a finite group. Denote the order
of G by |G|. A class function on G is a complex-valued function that is constant
on the conjugate classes of G. The inner product of two class functions 6 and 9
is given by

©m = 16" 0262 6(2)n o),

where 7 (g) denotes the complex conjugate of n(g). We say that a class function
is a character of G if it is the character of a complex representation of G; itis a
generalized character of G if it is a linear combination of characters of G with
integral coefficients. For every linear transformation 7" on a finite-dimensional
complex vector space, let det 7" be the determinant of 7. If g € G and { is a
character of G, let (det {) (¢g) be the determinant of R(g) for any representation
R that affords {. Denote the kernel of a character { by Ker ¢.

We denote the field of rational numbers by Q. For every positive integer m,
let Q,, be the cyclotomic field obtained from Q by adjoining the complex mth
roots of unity. Thus Q = Q;. For every character ¢ of G, let Q({) be the field
obtained by adjoining the values of ¢ to Q. For any automorphism o of any
field containing Q({), define ¢° by ¢°(g) = (¢(g))? for all g € G. 1t is well
known that { is a character of G. We say that ¢ fixes ¢ if { = {°.

Given elements g, %, . .. in G, let {g, &, . . .) be the subgroup of G that they
generate. Suppose that H is a subgroup of G. Let [G:H] be the index of H in G.
For every generalized character \ of H, let A€ be the character of G induced by
\. For every generalized character 7 of G, let 7|y be the restriction of 4 to H.
If H is a normal subgroup of G, we shall sometimes identify characters of G/H
with the corresponding characters of G that contain H in their kernels.

We call G an elementary Abelian group if G is the direct product of (any
number of) groups of equal prime order. We say that 4 is an operator group
on G if to every element a of 4 there is associated an automorphism g — g* of
Gand if (g2)f = g¥and g = gforall g € G and o, B € A. Assume that this
is the case. Let B and H be arbitrary non-empty subsets of 4 and G. Fora € 4,
let H*> = {h*| h € H}; then « fixes H if H* = H. Furthermore, B fixes H if
every element of B fixes H. Let

Cu(B) = {h € H| B fixes {h}}.
Suppose that H is a subgroup of G. We call Cyz(B) the fixed-point subgroup of
H with respect to B. If B is also a subgroup of 4, we say that B acts faithfully
on H if every non-identity element of B is associated with a non-identity
automorphism of H.
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Suppose that A is an operator group on G. We shall often assume that 4
and G are embedded in their semi-direct product GA. If « € 4 and 7 is a
generalized character of G, define n* by n*(g) = n(g ). Then o fixes n if
n* = n, and A4 fixes q if every element of 4 fixes n. We say that 4 is a relatively
prime operator group on G if A4 is finite and if |4| and |G| are relatively prime.

All groups considered in this paper are finite.

2. Existence of extensions. The following result is a theorem of Gal-
lagher, who proved a slightly different version in (7).

THEOREM 1. Let R be an absolutely irreducible representation of a group G on
a vector space V over a field K. Let A be an operator group on G such that the
order of A is relatively prime to the degree of R. Assume that for each o € A, R is
equivalent to the representation R, given by

R.(g) = R(g*), g¢€G.

Then there exists a unique representation R* of GA on V such that R*(g) = R(g)
for all g € G and such that det R*(a) = 1 for all a € A.

Proof. For each @ € A, there exists a linear transformation S(a) of V such
that

R.(g) = R(g*) = S(@)"'R(g)S(a) forall g € G.
Take a, 8 € A and g € G. Then
S(@B) 1R (g)S(@B) = R(g¥) = R((g)?) = S(B)7'R(g*)S(B) =
S(B)72S (@) 'R (g)S()S(B).

Thus, S(a)S(8)S(aB)! centralizes R(g) for every g € G. Since R is an abso-
lutely irreducible representation of G, S(a)S(8)S(aB)~! is a scalar multiple of
the identity transformation. Take c(e, 8) € K such that

) S(@)SB) = cla, B)S(aB).

Now let d(a) = det S(a) for every o € A. Let r be the degree of R. From
(1) we have that

(2) d(a)d(B) = cla, B)d(aB)
and
(3) c(a, B)c(aB, v) = S(@)S(B)S(aB) S (@B)S(y)S(@Bsy)

= S(a)S(B)S(v)S(aBy)!

= S@)SB)SH)SBy) 1S (BY)S(eBy) !
= S(a)c(B, v)SBv)S(afy)!

c(e, By)c(B, v)-
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Let ¢(8) = Iluca c(a, B) for each 8 € 4. Let n = |[4]. Multiplying each side
of (3) over all v in 4, we obtain

4) cla, B)"e(aB) = e(a)e(B).

Since 7 and r are relatively prime, there exist integers 7 and j such that
in + jr = 1. Let f(e) = d(a)’e(a)? for each a € A. From (2) and (4), we
obtain

(5) cla, B) = cle, B)™H7 = f(a)f (B)f (aB)".
Define S’ (@) = f(a)"'S(a), a € 4. From (1) and (5), S (@8) = S (@)S"(8)

for all @, 8 € A. For each a € 4, let d'(«) = det S'(a) and let S (o) =
d' (@)~iS(@). Forg € Gand a, 8 € A4,

S"(@)T'R(g)S" (@) = S(@)T'R(g)S(a) = R(g?), 5" (@)S"(8) = 5" (aB),

and
det §"(@) = (@ (@)Yd (@) = &'(@)" = &' (@) = &'(1)7 = 1.

Hence, we may define R* by
R¥(ag) = S”(@)R(g), a€ Ad,g€aG.

We claim that R* is unique. Let R** be a representation of G4 on V.
Suppose that R**(g) = R(g) for all g € G and the determinant of R**(a) is 1
foralla € 4. Takea € A. For each g € G,

R(g*) = R*(@)7'R(g)R* () = R*™*(a)7'R(gR**(a);

thus, R* (a@)R**(a)~! centralizes R(g) for every g € G. Since R is absolutely
irreducible, there exists a scalar 4(e) in K such that R*(a) = h(a)R*(a).
By comparing determinants, we obtain %(a)” = 1. Since R(1) = R¥*(a)* =
h()"R*(e)® = h(a)"R(1), h(a)” = 1. Hence &(a) = h(a)?+" = 11+ = 1.
Now take anya € 4 and g € G; then R¥*(ag) = R**(a)R(g) = R*(«)R(g) =
R*(ag). This completes the proof of Theorem 1.

COROLLARY 1. Let ¢ be a character of a group G. Let K = Q) q|. Suppose that
A is a relatively prime operator group on G that fixes {. Then there exists a
representation of GA over K whose restriction to G affords ¢.

Proof. We use induction on the degree of ¢. Let x be an irreducible con-
stituent of { and B the subgroup of 4 consisting of all those elements that fix
x. Let Bay, ..., Ba, be the distinct left cosets of B in 4. Define

s
=2 %
=1

Then A fixes {1, and therefore fixes { — 1. If {1 % ¢, we may apply the induction
hypothesis to {; and { — ¢; and take the direct sum of the corresponding
representations.
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Assume that {1 = {. By a theorem of Brauer (2, p. 292), K is a splitting
field for G. Therefore, some representation R of G over K affords x. The
degree of R divides |G| and is therefore relatively prime to |4|. By Theorem 1,
R can be extended to a representation R* of GB over K. Let .S be the represen-
tation of GA induced by R*. Then the restriction of S to G affords ¢.

Remark. Suppose that in the proof of Corollary 1 we choose R* such that
(det R*)(«) = 1foralla € B. Itis easy to see that (det .S)(a) = +1 for all
a € A. Examples with G cyclic and |4| = 2 show that the value —1 can occur.

LeEMMA 1. Let m and n be relatively prime positive integers. Then:

(@) QM Q, = Q;

(b) Let o be any field automorphism of Q,, and let T be any field automorphism
of Qu. Then there exists a field automorphism p of Quy such that x° = x° for all
x € Quand y* =y forally € Q,.

Proof. This is well known (see 15, p. 162).

COROLLARY 2. Let { be a character of degree r of a group G. Suppose that A
is a relatively prime operator group on G that fixes ¢ and acts faithfully on G/Ker ¢.
Let K = Qjg|. Then:

(a) A possesses a faithful representation of degree r over K that has a rational
valued character;

(b) |A| divides (2r)! = 2r(2r — 1)(2r — 2) ... 2 - 1; and

(c) If A is an elementary Abelian p-group of order pe, then (p — 1)e < r.

Proof. (a) By the previous corollary, there exists a representation of G4
over K whose restriction to G affords ¢{. Let n be the character of this repre-
sentation. Since A acts faithfully on G/Ker {, n|4 is faithful. Also, n has
degree » and Q(n) C K. However, Q(n]4) € Q4. By Lemma 1,

Q=KNQu2=2 Q(’?|A)-

(b) This follows from (a) by a theorem of Schur (12).

(c) By (a), 4 has a faithful rational character x of degree . Assume that
e > 0. Then x has at least one non-trivial irreducible constituent. Let .S be the
set of all irreducible characters of 4 that occur as constituents of x. Define
two elements 6 and 7 of S to be equivalent if 8 = »° for some automorphism o of
Q)4 over Q. Clearly, this yields an equivalence relation. Let 61, ..., 8, be
representatives of the distinct equivalence classes of S. For ¢ =1, ..., f,
let K; = Ker 6, Since equivalent characters have the same kernel,
N K; = 1. Hence

Pt = IA/miKi‘ = 7f'i|A/Ktl = pl.

Thus, e < f.

Fori=1,...,f, Q@) = Q, Thus, every equivalence class has exactly
(p — 1) elements. Therefore,

rz (p—1f2 @ — e
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This completes the proof of Corollary 2.

For the following result, we say that a group G is p-solvable if each of its
composition factors has order p or order relatively prime to p.

COROLLARY 3. Let p be a prime. Suppose that G is a p-solvable group of linear
transformations of a vector space V of finite dimension r over a field F. Assume
that F has characteristic O or p and that G has no normal p-subgroup except the
identity group. Then every Sylow p-subgroup of G has order dividing (2r)!.
Moreover, if G contains an elementary Abelian subgroup of order p°, then
p—1e=r.

Proof. Let N be the largest normal subgroup of G that has order relatively
prime to p. Suppose that P is a p-subgroup of G. By (11, Lemma 1.2.3), no
non-identity element of P centralizes N.

Suppose that F has characteristic zero. Let { be the character of N on V.
Then Ker { = 1 and P fixes {. The result follows from parts (b) and (c) of
Corollary 2.

Suppose that F has characteristic . By (13, Satz 206, p. 223), there exists
(up to equivalence) a one-to-one correspondence of representations of V over
F with representations of NV over the complex field. Moreover, we may assume
that this correspondence is preserved under direct sums. Let R be the repre-
sentation of IV over the complex field that corresponds to its representation on
V. Then N has a non-trivial constituent on 1 and, therefore, one in R. From
the further properties of this correspondence, R has degree » and the character
of R is fixed by P. Now we may apply parts (b) and (c) of Corollary 2. This
completes the proof of Corollary 3.

Remark. Some results similar to Corollaries 2 and 3 have recently been
obtained by J. D. Dixon (see 3; 4).

THEOREM 2. Let { be an irreducible character of a group G. Let A be a relatively
prime operator group on G such that A fixes ¢. Then:

(a) There exists a unique irreducible character n of GA such that n|¢ = ¢ and
(detn)(a) = Lforalla € A;

(b) If n satisfies (a), then Q(n) = Q(¢), and n(a) is a rational integer for
every a € A;

(c) Assume that v satisfies (@). If o' is an irreducidle characier of GA and ¢ is
a constituent of n'| g, then there exists a unique irreducible character 8 of GA/G
such that n' = 8. Conversely, for every irreducible character 8 of GA/G, 18 is an
irreducible character of GA and ¢ is a constituent of 78] ¢.

Proof. Let m = |G| and n = |4].

(a) Let K be the complex field and let R be a representation of G over K
that affords {. The degree of R divides m and is, therefore, relatively prime to
n. Take R* as in Theorem 1, and let 5 be the character of R*.
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(b) Assume that 5 satisfies (a). Since 7|¢ = {, Q) € Q(y). Conversely,
for every automorphism p of Q,, that fixes the elements of Q(¢), #* is an
irreducible character of G4 that satisfies

Pe=(¢"=¢ and (dety?)(a) =17 =1 foralla € 4.

Hence 9 = 5. Thus Q(n) € Q(¢).
Take o € A; then () is an algebraic integer and

Thus n(a) is a rational integer.

(c) By hypothesis, GA fixes {. By the Frobenius Reciprocity Theorem, 5’
is a constituent of {%. Hence, by (7, Theorem 2), ' = 5B for some unique
irreducible character 8 of GA/G. The converse also follows from (7, Theorem
2).

Note. Henceforth, the character 5 that satisfies part (a) of Theorem 2 will
be called the canonical extension of ¢ to GA.

3. Cyclic operator groups.

LemmA 2. Let A be a cyclic relatively prime operator group on a group G.
Suppose that o is a generator of A and T = Cg(A4). Then:

(a) Every element of GA of the form ag, g € G, is conjugate to an element of
the form ot, t € T

(b) If t1, ty € T, then aty and oty are conjugate in GA if and only if t, and t,
are conjugate in T';

(C) Ift € T, then CGA(OLt) = CAT(t) = ACT(t)

Proof. Letm = |G| and n = |4].

(a) Let g € G. Since ag lies in a coset of G that generates GA/G, n divides
the order of ag. Hence, ag = B& = kB for some powers 8 and % of ag having the
property that the order of 8 is # and the order of % divides m. Now, 8 generates
a complement of G in GA that we shall call B. Since 4 is cyclic and m and #
are relatively prime, B is conjugate to 4 in GA by (16, Theorem 27, pp. 162—
163). We may assume that B = 4. Then 8 € A and B~a € G; therefore
B = a. Thus b € Cga(a). Since the order of 4 divides |G|, & € G. Hence h € T.

(b) Suppose that t, ts € 7. If t € T and Uit = £y, then 7 at1)t = ats.
Conversely, suppose that g € G and g~1(at1)g = ats. Let & be an integer such
that km = 1(mod #). Then a = («wi)*™ = (at2)*™. Hence g~ lag = @, and
g€ T. But

ty = a”laty) = a”lg7 (ak)g = a7 (g lag) (g7ihe) = g g
(c) Let#; = ¢y in the proof of (b).

LEMMA 3. Let A be a relatively prime operator group on a group G. Let T =
Cq(A4). Then:
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(@) Two elements of 1" are conjugate in G if and only if they are conjugate in T';
(b) A conjugate class of G is fixed by A if and only if 1t contains an element of
T
(c) If A fixes a subgroup H of G and a coset of H in G, the coset contains an
element of T.

Proof. These results follow from Corollary 1 of Theorem 3, Corollary 1 of
Theorem 4, and (9, Theorem 1).

THEOREM 3. Suppose that A is a cyclic relatively prime operator group on a
group G. Let T be the fixed-point subgroup of G with respect to A.

(@) Suppose that ¢ is an rreducible character of G that is fixed by A. Let n be
the canonical extenston of ¢ to GA. Then there exists a unique sign ¢ = *1 and
a unique trreducible character N of T with the property that
(©) ret) = o), €T,
for every element o that generates A.

(b) For each irreducible character N of T there exists a unique irreducible
character ¢ of G to which \ corresponds as in (a).

Proof. Let m = |G| and n = |4|, and let a be a generator of 4.

(a) Suppose that 8 generates 4. Then 8 = «? for some integer Z that is rela-
tively prime to #. Take » and s such thatrm + ns = 1. Let j =4 + ns(1 — 7).
Then j =1 (mod m) and j = ¢ (mod n). Therefore, j is relatively prime
to mn. Let w be a primitive mnth root of unity, and let p be the field auto-
morphism of Q,,, determined by w? = w’. Then p fixes every element of Q,,.

By (1, p. 813), n(x)? = 5(x?) for all x € GA. Since Q(n) € Q,, 3* = 5. In
particular, for ¢t € T,

() n(at) = nlat)? = n((at)?) = n(@) = n(a’t) = 5(B1).

Let x be the class function on GA defined by x = Y. 40(a"!)50, where 60
ranges over all the irreducible characters of GA/G. For 8 € 4 and g € G,
x(Bg) = 1(Bg) 2 00(8)0(a""). Hence

(8) x(Bg) =0 ifp=*a and  x(ag) = n(ag).
By Theorem 2, every character 50 is irreducible. Therefore,
n = Zo B ™]* = (x, x) = (1/mﬂ)% |n(ag)|n".
g
Consequently,

(9) 52 In(ag)|* = m.

Consider 7| 4 7. This is a character of AT, and is therefore a sum of irreducible
characters of AT. Note that AT = 4 X T. By (2, Corollary 51.13, p. 353),
every irreducible character of 7" has the form 6\, where 0 is an irreducible
character of AT/T and \ is an irreducible character of AT/A. Therefore, there
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exist non-negative integers ¢(f\) such that n|sr = 2 grc(ON)ON. Let c(A) =
> ac(ON)8(e). Then n(at) = Xac(MA(@E) forall ¢ € T.

Choose a particular irreducible character o of 7". Then ¢()\o) is an algebraic
integer in Q,. By the orthogonality relations, c(No) = (1/|T|) X er n(at) Ao (t71).
Since Q(1) € Q, and Q(N\o) C Qn, c(Xo) € Qn. By Lemma 1 (a), ¢c(\o) is a
rational integer.

Let ¢, ..., f, be a sequence of representatives of the distinct conjugate
classes of 7. By Lemma 2 and (9),

m = % @) = 2 |n(at)|'[GA:Carts)] =

1= isw

" In(at'i)lz[G:CT(ti)] = [GiT]Z In(ati)lz[T:CT(ti)] =

G:TIY Inen)|” = [G:T1E ] 2o |* =

1=

1IA

[G:T][T[(Z; c(DA, ; c()\))\> = |G|; e\ = m; c(\)

Hence, there exists a unique irreducible character \g and a unique sign e = =1
such that ¢c(A\g) = eand c(\) = 0 for A 5 \,. Clearly,

nlat) = e\o(t) forallt e T.

(b) Suppose that {’ is any irreducible character of G that is fixed by 4. Let
7’ be the canonical extension of {’ to GA. Assume, for {, n, \, and € as in (a)
and for some ¢ = =+ 1, that o’ (at) = €\(f) forall ¢ € T. Consider the class
functions

X = }_9: ()b, X = 20: 9 )n'6.

By (8), X’ = e¢'x. Hence, 7’ is a constituent of x. By Theorem 2 (c), ' = 50
for some 6. Hence {' = 7'|¢ = (1|¢) 0]¢) = ¢.

Thus, different characters { determine different characters of T". Since 4 is
cyclic and the character table of G is a non-singular matrix, we may apply a
theorem of Brauer (5, p. 69). By this theorem, the number of irreducible
characters of G fixed by 4 is equal to the number of conjugate classes of G
fixed by A. By Lemma 3, this equals the number of conjugate classes of T,
which, in turn, equals the number of irreducible characters of 7. Hence, every
irreducible character of T is determined by some (unique) irreducible character
of G in the above manner. This completes the proof of Theorem 3.

Notation. From this point on, we will write ¢ = 7(4, G)(\) and \ =
7~ 1(4, G)(¢) if XA and ¢ are related as in Theorem 3.

COROLLARY 4. Suppose that ¢ is an irreducible character of a group G and A s
a relatively prime operator group on G that fixes ¢. Let n be the canonical extension
of { to GA.
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Take o € A. Let T, be the fixed-point subgroup of G with respect to a. Then
there exist a sign € = 1 and an trreducible character \ of 1 such that

(10) n(at) = e\(t) forallt € T,.

Proof. Let B = {a) and o' = 5|¢p. Then 7’ is the canonical extension of ¢
to GB. Apply Theorem 3.

COROLLARY 5. Suppose that A is a cyclic relatively prime operator group on a
group G and B is a subgroup of A. Let T be the fixed-point subgroup of G with
respect to A. Assume that B # A and that, for every element o of A that lies
outside B, T 1s the fixed-point subgroup of G with respect to a.

Take an irreducible character ¢ of G that is fixed by A. Let n be the canonical
extension of ¢ to GA and let \ = ©#=1(4, G) (¢). Let X be the character of AT that
contains A in its kernel and coincides with \ on T. Then there exists e = +1 and
an irreducible character 0o of AT/ T with the following properties:

(@) Forte Tya € A, and a ¢ B,

(11) n(at) = efo(a)N(2).
Moreover, 0y(@)? = 1 for all o € A;

(b) If ¢lr = e\, then G = T(Ker ¢) = (Ker )T. If ¢|r 5 e\, then
|A/B|7(f|r — €\) is a character of T

(c) For every irreducible character  of GA/GB, let § = Y|4 r.

Then
(n — n‘l/)'AT = e(0oh — O0YX) and n — np = e(Oo) — OofX) 4.

Proof. (a) Let 8 be a faithful irreducible character of A/B. To simplify
notation, we will also regard 6 as a character of G4 and as a character of 47.
Let u =% — 10 and v = u|4r. Then u(x) =0 for x € GB, and (u, ) =
(n— 0, n — n) = 2.

Let t1, ..., t, be a set of representatives of the distinct conjugate classes of
T. By Lemma 2,

2= (uu) = GA[" T lu(x)|* = chrl’sz:B lu(x)|® =

GAI™ = 3 (wet)PIGA:Cra(t)] =

a€A,a¢B,1SiST

|74 I—l > [v(ats) iZ[TA (Cra(ty)] =

a€d,a¢B,1Si<7
TA[T 3 et IT4:Cralat)] = ().
Since » is a sum of (possibly negative) integer multiples of irreducible
characters of AT and since v(1) = u(1) =0 and (», ») = 2, there exist
distinct characters »; and v, of AT such thatv = v; — »,.Since AT = 4 X T,
by (2, Corollary 51.13, p. 353), there exist irreducible characters 6, and 8, of
AT/T and Ay and X\, of AT/A such that v; =0\, 2 =1, 2 Forallt € T,
0= ,u(t) = V(l) = )\1(5) - )\Q(t) Hence, A= )\2, and

(12) [J.IAT =V = 01)\1 —_ 02)\1.
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Now take a € 4 such that a ¢ B. Take e and A to satisfy (10). For all
te T,

(61(c) — B2(a))M1(t) = p(at) = nlat) — n0(at) = (1 — ()N ().

By the linear independence of the irreducible characters of 7, \; = X\ and
01(a) — 0;(a) = (1 — 6(a)). It is possible that e depends upon «; however,

(13) 01(e)? — 201(a)0z(x) + 02(2)? =1 — 26(a) + 6%(a).
Now, (13) holds for all « € 4, since both sides are zero for « € B. Thus
(01)% + (82)* + 20 = Lar + 6% + 2040,
where 1,5 is the trivial character of AT. Since 6 £ 1,4, 6 = 62 Hence,
6 = 6,0,. Furthermore, (6;)2 = 1 por (02)2 = 1,4

Suppose that (61)2 = 147. Then 6y = 6(8;)"! = 66,. If « € 4, t € T, and
a ¢ B, then by (12),

(1 = 0(@)n(at) = p(t) = v(t) = O1()\i(t) — O1()0()N\i(t) =

01(c) (1 — 8(a))A(2)-
Since 1 — 8(a) # 0, g(at) = 01 (a@)XN(¢) = 61(a)\(¢). Similarly, if (62)%2 = 1,4,
then n(at) = _02(01))\1(5)

(b) Suppose that {|7 = e\. Then ¢ = 1. Let @ be a generator of 4; by (a),
n(a) = 0(@)N(1) = 6(a)n(1). By (2, Corollary (30.11), p. 212), a is contained
in the centre of GA/Ker 5. Since Ker { = (Ker 5) M G, a fixes each coset of
Ker ¢ in G. Now Lemma 3 (c) yields G = T'(Ker {) = (Ker {)7T.

Suppose that {|r # eX. Then A # 1; thus # > 1. Let u = 547 — efoX.
Since AT = A X T =T X A, u may be represented uniquely as a sum

w=2c)¥,

where ¢ runs over all the irreducible characters of A7/7 and where, for each
¥, c(¥) is a generalized character of A7/A4. As in (a), let  be a faithful irre-
ducible character of 74/7TB. Let n = |A/B|. Since u(x) = 0 for x ¢ TB,
wd = u. Hence, for each ¥,

c@) =cly) =...=c( ).

Therefore, u|r = X c(¥)|r = nA for some generalized character A of 7. By
hypothesis, A # 0, and A is a character of 7" unless (A, \) = —1. But if
(A, \) = —1, then

(n!T:A)=e+n(A1)\)§l_n<Oy

which is impossible.
(c) Let u = e(8oX — 0¢YX). Suppose that e € 4 and ¢ € T. If « € B, then
Y (a) = 1; thus,

(n — np) () = 0 = efo()\(t) (1 — ¥(a)) = nlat).
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If « ¢ B, then
(n—m) () = (1 — ¢la))n(at) = e(l — ¢(@))bo(@\(t) = ulat).

Thus (3 — ﬂl//);AT = p = (X — OOKW\)-

Let » = u%. By Lemma 2 and the hypothesis of this corollary, »(x) = 0
forallx € GBand v(x) = u(x) = (n — n¢)(x) if x € AT butx ¢ BT. Hence,
by Lemma 2, »(x) = (n — q¢) (x) for all x € GA. This completes the proof of
Corollary 5.

COROLLARY 6. Suppose that A is a cyclic relatively prime operator group on a
group G. Let T be the fixed-point subgroup of G with respect to A. Assume that
for every non-identity element o of A, T is the fixed-point subgroup of G with
respect to a.

Suppose that n is an trreducible character of GA such that 3| ¢ 1s irreducible.
Let ¢ = n|g and N\ = 7744, G)(¢). Let { and X be characters of AT /A such that
§lr = ¢|r and Xz = \. Denote the characters of the regular representations of
AT/T and A by par;r and pa. Then there exist € = £1 and an irreducible
character 0 of AT /A with the following properties:

@) nlar = X + [A|7H( — eN)par/r;

(b) nla = A(1)8 + |A[7 (1) — N(1))pas

() if ¢|lr = e\, then G = T'(Ker ¢) = (Ker ()T, and if {|r #= e\, then
|[A|71(¢|r — €\) is a character of T.

Proof. Let 5o be the canonical extension of ¢ to GA. By Theorem 2, there
exists an irreducible character 6; of GA/G such that n = 50;. Let A =
71 (G, A4)(¢). By Corollary 5, there exist e = =4=1 and an irreducible character
0o of GA/G such that no(at) = efo(a)N(t) whenever a € A, t € T, and « # 1.
Let = 601 and 7/ = 6\ = [4|71({ — eN)par/r

Suppose thata € 4 and ¢t € 7. If a = 1, then p4r/r(at) = |4] and

' (at) =0 (t) = eA(t) = [A[7H(E() — X)) |A] = e\(t) =
@) — en(®) = @) = n(at).

If « # 1, then p47,7(at) = 0 and
() = B@)X(t) = DN = efo(@)01(@\(E) =
no(at)fi(a) = (noby) (at) = n(at).

Thus %" = n|4r. This proves (a). Clearly, (b) follows from (a). We obtain (c)
from part (b) of Corollary 5.

4. Solvable operator groups.

LemMmA 4. Let A be a cyclic relatively prime operator group on a group G.
Suppose that A is a normal subgroup of an operator group B on G. Let T be the
Sfixed-point subgroup of G with respect to A. Suppose that \ is an trreducible
character of T and 8 € B. Let { = 7(A, G) (\). Then N8 is an irreducible character
of T and # = 7 (4, G)(\8).
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Proof. Since B normalizes A4, B fixes C¢(4), which equals 7. Hence, M is an
irreducible character of T. Let 5 be the canonical extension of { to GA. Since
we may consider GA as a normal subgroup of GB, #? is an irreducible character
of GA.

Let a be a generator of 4. Take ¢ = =1 such that n(at) = ex(¢) for all
t € T. Let o = Baf™. Then &’ is a generator of A4; thus by Theorem 3,
n(a’t) = n(at) forallt € T. Now (9#)|¢ = {#, which is an irreducible character
of G. Furthermore, (det 7f) (@) = (detn) (Ba8~1) = 1. Hence, #® is the canonical
extension of {# to GA. Forall t € T,

n(at) = n((@)f™") = n((Baf)F") = eN(t*') = N(2).
Thus {# = (1°)|¢ = 7 (4, G) (\#). This completes the proof of Lemma 4.

Let A be a relatively prime operator group on a group G. In § 3 we defined
a one-to-one correspondence between the irreducible characters of Cy(4) and
the irreducible characters of G fixed by A4 in the case that 4 is cyclic. In this
section, we define a similar correspondence whenever 4 is a solvable group.

Definition. Let A be a solvable relatively prime operator group on a group
G. Let C be a composition series for 4, given by

(14) A=4¢D04:D...04,=1

Let 7, = Cg(4,),2=0,1,...,n,and let T = Ty = Cg(4). Suppose that
1 =<7 = n. Since 4 ;_; normalizes 4;, A;_; fixes T';. Consider 4, ;/4; as an
operator group on 1;, whose corresponding fixed-point subgroup is 7;_;. We
shall define two sequences of characters.
(a) Let X be an irreducible character of 7. Define A; forz = 0,1, ..., n as
follows:
(1) A;is an irreducible character of 7';;
(1) No = \;
(iii) if 2 > 0, then N\, = 7 (4 _1/A4 4 T)(Niz1).
Define n¢(\) = A,. Thus 7¢()\) is an irreducible character of G.
(b) Assume that, in (14), each subgroup 4, is a normal subgroup of 4. Let
¢ be an irreducible character of G that is fixed by 4. Define {; fori = n,n — 1,
..., 1,0, as follows:
(i) ¢, is an irreducible character of 7'; that is fixed by 4;
(iii) if 2 < m, & = 774/ A, Tiga) Cagr)-
We define (w¢)~1(¢) = ¢o. Thus, (w¢)~1(¢) is an irreducible character of 7.
It is fairly clear that ¢ (\) is well-defined.

LEMMA 5. Assume the hypothesis of part (b) of the previous definition. Then
(o)1) is well-defined and ¢ = wo((we)71(()). Moreover, for every irreducible
character \ of T, we(N) s fixed by A and X = (w¢)"H(wre(N)).

Proof. Clearly, (r¢)71(¢) is well-defined if ¢, is fixed by 4,/4 ;41 for ¢ = n,
n—1,...,1, 0. By hypothesis, 4 fixes {,,. Suppose that 7 < # and 4 fixes
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{ir1. We may regard 4 ,;/A ;41 as a normal subgroup of 4/4 ;. By Lemma 4.

A fixes ¢;.
In a similar manner, we see that 4 fixes m¢(\) for every irreducible character
N of T. Let x = m¢(\); by induction, x; = N\, fort=n,n—1, ..., 1, 0.

Thus (7¢)~1(rc(N\)) = \. Likewise, m¢((r¢)~1(¢)) = ¢.

THEOREM 4. Let A be a solvable relatively prime operator group on a group G.
Suppose that T is the fixed-point subgroup of G with respect to A, \ is an irreducible
character of T, and C 1s a composition series for A. Let §{ = wc(\). Then:

(@) If A is a p-group for some prime p, there exists e = 1 such that
(¢|7 — €e\)/p s either identically zero or is a character of T

(b) If A 1s cyclic, then ¢ = (4, G)(\);

(c) If D is any other composition series for A, then mp(\) = .

Proof. Assume that C has the same form as in (14).

(a) We use induction on |[4]|. The assertion is obvious if |4| = 1. Assume
that [4]| > 1. We use the same notation as in the definition of 7¢. By induction,
((M\—1)|z — €N)/p is a generalized character of T for some ¢ = 1. Let
S = T,_1. Since |[4,_1] = p, by Corollary 6 (c) there exists ¢’ = =1 such
that (¢]s — €'\—1)/p is a generalized character of S. Since T C S,
(¢l7 — €'Mcal7)/P is a generalized character of T. Since

Elr — € Mctlr) — € Mtz — €N) = ¢|p + €7,
(¢|r + €€'A)/p is a generalized character of 7. Let ¢ = —¢¢’. Then
(¢l N) = €2 0 (mod p). Hence ({7, \) = 1. Therefore, {|; — e\ is either
zero or a character of 7". Thus, ({|7 — e\)/p is either zero or a character of 7.

(b) We use induction on |4|. Assume that |4]| > 1. By Lemma 5, 4 fixes ¢.
Let No = 771(4, G)(¢) and let n be the canonical extension of { to GA. Take
€0 = =£1 such that e\¢(t) = n(at) for every t € T and for every generator « of
A. Suppose that |4] is a power of a prime p. Let B be the unique subgroup of
index p in A. By Corollary 5 (b), (¢{|r — e\o)/p is identically zero or is a
character of 7. Thus p does not divide (¢|7, No). By part (a), Ao = X\. Thus
¢ = W(Av G) 0\0) = W(Ar G) ()\)

Suppose that |4] is not a prime power. Let p = |4/4,|. Then 4 = B X E
for a p-group B and a group E whose order is not divisible by p. Since
p =1]A/A4:,E C 4. Let\; = 7(4/41, T1) (\), and let C* be the composition
series of 4, obtained by deleting A from the series C. Then { = 7n¢+()\;). By
the induction hypothesis, { = 7(41, G)(\1); thus ¢ does not depend on C*.
Since 1 € E C 4,, we may assume that E is one of the terms in C*. Let
U= Ce(E) and N = 7(4A/E, U)(\). Similarly we obtain the result that
¢ =7(E, G)WN).

Let 8 and v be generators of B and E, respectively. Consider E as a relatively
prime operator group on GB. Then Cg(E) = BU. Since g]l¢ = ¢, nlep is
irreducible. By Theorems 2 and 3, there exist ¢ = =1 and irreducible charac-
ters 8’ of GA/GB and 7’ of BU such that

(15) n(yx) = €0/ (v)n'(x) forallx € BU.
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Consider (15) for x € U. Since { = 7(E, G)(\'), 7|y = N. Now, N =
w(A/E, U)(\) = = (B, U)(\). Therefore, there exist ¢ = 41 and an irreducible
character 8 of BU/ U such that

(16) 7' (Bt) = B (B)N(t) forallt € T.
By (15) and (16),
n(Byt) = e0(B)0 (y)\() forallte T.

Since By generates 4, { = 7w(4, G)(\).
(c) Let D have the form

A=ByDOBiD...0OB,=1.

We use induction on . If » = 1, 7p(\) = ¢. Suppose that n = 2. If 4, = By,
then
m(Ao/A1, Co(41))(N\) = n(Bo/By, Ce(B1))(N):

thus 7p(A\) = w¢(\) by the induction hypothesis. Assume that 4, # B;. Let
J = A, M Bj. Then J is a normal subgroup of A. By the induction hypothesis,
m¢(\) and mp(\) are unchanged if we assume that J = 4, = B,. Consider
A/J as an operator group on C¢(J) and J as an operator group on G. By the
induction hypothesis, r¢(\) = 7p(\) if n > 2.

Assume that # = 2. Since 41 # B;, 4 = 4, X B;. Now 4, and B; both
have prime order. Either [44] = |B;| or 4 is cyclic. Suppose that |4,] = |B4| =
p, say. Let ' = 2p,(\) and N = (r¢)71(¢’'). By Lemma 5, ' = 7¢(\'). By
part (a) of the present theorem, (¢, \') is not divisible by p. Similarly, ({’, \)
is not divisible by p, since {’ = 7p(\). By (a), N = A\. Hence ' = 7¢c(\) = ¢.

Assume that » = 2 and that 4 is cyclic. By (b), 7¢(\) =7 (4, G)(\) =
7p(\). This completes the proof of Theorem 4.

COROLLARY 7. Assume the hypothesis of Theorem 4. Suppose that A is a
normal subgroup of an operator group B on G. If B € B, then {# = mc(\8).

Proof. Assume that C has the form (14). Let D be the composition series

4 = (Ao)‘8 D) (AI)BD D (An)ﬂ = L

Since B normalizes 4, B fixes 7, which is equal to C¢(4). An induction
argument shows that {# = 75(A\8). By Theorem 4, {# = no(\).

COROLLARY 8. Assume the hypothesis of Theorem 4. Then A fixes {. Con-
versely, for every trreducible character {' of G that is fixed by A, there exists a
unique trreducible character N of T such that ¢’ = wo(N).

Proof. Take « € A. Since T C Cg¢(a), M = \. By Corollary 7, (& =

Te(W) = 7c(\) = .
We prove the converse by induction on the length of the series C. Suppose
that C has the form (14). We may assume that [4]| > 1. Let D be the series

A1 D4, D...D04, =1
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Now, 4 fixes {’. By the induction hypothesis, there exists a unique irreducible
character u of Ce¢(4;) such that {’ = 7p(u).

Take a € A. Since A4; is a normal subgroup of 4, 7p(u®) = > = ¢/, by
Corollary 7. Thus A fixes u. Let N = 771(4/41, Ce(41))(u). Then ¢’ =
7o(\'). Moreover, u uniquely determines \’.

COROLLARY 9. Let A be a solvable relatively prime operator group on o group
G. Let T be the fixed-point subgroup of G with respect to A. The number of
wrreducible characters of G that are fixed by A s equal to the number of irreducible
characters of T and is also equal to the number of conjugate classes of G that are
fixed by A. In particular, if T # 1, A fixes some non-identity irreducible character
of G.

Proof. This follows directly from Corollary 8 and Lemma 3.

Notation. Assume the hypothesis of Theorem 4. We write
t=74,G) () and X =714, G) ().
By Theorem 4, this notation is independent of the composition series C, and it
agrees with our previous notation when 4 is cyclic. By Corollary 9, 7 (4, G)
is a one-to-one correspondence between the irreducible characters of 7" and
the irreducible characters of G that are fixed by 4.

THEOREM 5. Let A be a solvable relatively prime operator group on a group G.
Let T be the fixed-point subgroup of G with respect to A. Suppose that \ is an
srreducible character of T and ¢ = (4, G)(\). Then:

(@) If B is an element of an operator group on G that contains A as a normal
subgroup, then # = w (4, G) (\8);

(b) If o s a field automorphism of Q gay, then {* = w(4, G)(\);

(c) The field Q(\) s equal to Q(¢);

(d) The character \ is a constituent of {|r;

(e) The degree ¢ (1) divides [G:TI\(1).

Proof. Let C be a composition series for 4. Then { = 7w¢(\). Let n be the
canonical extension of { to GA. Clearly, we may assume that [4] > 1.

(a) This is Corollary 7.

(b) By the definition of ¢ and by induction, it is sufficient to prove this
result when 4 has prime order. By Theorem 3, there exists a unique sign
e = =1 such that n(at) = ex(¢t) whenever a € 4, ¢t € T, and « # 1. Clearly,
A fixes ¢, and 7° is the canonical extension of {“ to GA. Since ° (at) = e\ ()
whenever a € A, t € T, and a # 1, we have that \* = 7~1(4, G) (¢7).

(c) This follows from (b); the field automorphisms of Q¢4 that fix A
coincide with those that fix ¢.

(d) As in the proof of (b), we assume that 4 has prime order. Let p = |4].
By Theorem 4 (a), (¢|r, \) = =£1 # 0 (mod p).

(e) We use induction on the length, #, of the composition series C. We may
assume that » > 0. Take 7,_; and \,_; as in the definition of 7. By the
induction hypothesis, \,_1(1) divides [T,_1: T]A(1).
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Suppose that # > 1. By the induction hypothesis, { (1) divides
[G: Tn—l])‘n—l (1)'

Hence, ¢(1) divides [G:Tp-1][T-1:TIA(1), which equals [G:T]A(1). Thus
we may assume that # = 1. Let a be a generator of 4. By (10, p. 287),
[GA:Cgala)ln(@)/n(1) is an algebraic integer, that is, &=[G:TIA(1)/¢(1) is an
algebraic integer. This completes the proof of Theorem 5.

5. An application. We require some additional notation. If 4 isan operator
group on a group G, then C4(G) is the set of those elements of 4 that fix every
element of G. If H C C¢(A), we say that A centralizes H. We shall often
consider a group of transformations of a vector space as an operator group on
the additive group of the vector space.

Suppose that G is a group. For x, y € G, let (x, y) be the commutator
x~1y~lxy. If H and K are subgroups of G, let C5(K) be the centralizer of K in
H and let (H, K) be the subgroup of G generated by the commutators (x, y)
for x € H and v € K. Note that this agrees with our previous notation if K
normalizes H, and K is considered as an operator group on H. Let G’ = (G, G),
and let Z(G) be the centre of G. Denote by F(G) the Fitting subgroup of G,
that is, the maximal normal nilpotent subgroup of G. (By 10, Theorem 10.5.2,
p. 153, F(G) must exist.) Let F,(G) be the subgroup of G that contains F(G)
and satisfies F2(G)/F(G) = F(G/F(G)). We denote the characters of the
regular representation and of the trivial representation of G by ps and 1g.

Suppose that 7 is a set of primes. An integer is a w-number if each of its prime
divisors lies in 7. For every positive integer #, let #, be the largest m-number
that divides n#. A subgroup H of G is called a Hall 7-subgroup of G if |H| = |G-

Suppose that G is a p-group for some prime p. The Frattini subgroup of G,
denoted by D (G), is the subgroup of G generated by the elements x? and (x, y)
for x, y € G. Since D(G) 2 G’, D(G) is a normal subgroup of G. We say that
G is a special p-group if D(G) = G’ = Z(G) and if D(G) is an elementary
Abelian group.

The direct sum of subspaces ¥V and W of a given vector space will be denoted
by V@ W.

In this section we apply our previous results to prove the following theorem.

THEOREM 6. Let G be a finite solvable group. Let v and s be two primes that do
not divide |G|. Suppose that A X B is an operator group on G such that 4 is a
cyclic r-group, B is a group of order s, and Ce(B) C C¢(A4). Let H = (G, A).
Then H is a normal subgroup of G. Furthermore, if H is not contained in F(G),
then the following conditions hold:

(@) r = 2;

(b) 25 — 1 25 a power of some prime g;

(c) H/(H M F(G)) is a non-Abelian special g-group of exponent q which is
centralized by o? for every a € 4;
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(d) AB ceniralizes Z(H/(H M F(G))); and
(e) H C F:(G).

Remark. This theorem was originally announced (see 8) for the special case
that |A| = r. In (14, pp. 261-262), Thompson pointed out that A need only
be a cyclic r-group.

LeMMA 6. Let A be a relatively prime operator group on a group G, and let
T = Cg(A). Then (G, A) is a normal subgroup of G and is fixed by A. Moreover,

@) ((G, 4)4) = (G, 4);

(b) #f G s an Abelian group, then G = (G, A) X T'; and

(c) if G is a solvable group and w is a set of primes, then A fixes a Hall -
subgroup of G.

Proof. By (9, proof of Corollary 3 of Theorem 1), (G, 4) is normal in G
and is fixed by 4, and ((G, 4), 4) = (G, 4). By (9, Corollary 2 (ii) of
Theorem 4), (c) holds. Finally, consider G as a normal subgroup of the semi-
direct product GA. Then (b) follows from (16, Lemma, p. 172).

LeEMMA 7. Let A be an operator group on a finite group G. Let S be a normal
subgroup of G that is contained in Cq(A). Then (G, A) centralizes S.

Proof. Clearly, S is a normal subgroup of GA. Hence, C¢4(S) is a normal
subgroup of GA that contains 4. Let g € Gand a € A. Then a € C¢4(S) and
g_la_lg € CGA (S). Thus g——lga = g“la_lga € CGA (S).

LEMMA 8. Let A be a relatively prime operator group on o finite solvable group
G.Let T = Cg(A), and let m be the set of all prime divisors of [G:T). Then (G, A)
is @ T-group.

Proof. By Lemma 6 (c), A fixes some Hall =w-subgroup H of G. Moreover,
G = TH, since
|TH| = |T| [H|/|T N H| 2 [T |H|/|T]s = |T||Gl+/|T]= =

ITG: T = |T][G:TT = |G].

Now let g € Gand a € 4. Take ¢t € T and % € H such that th = g. Then
g7gx = U4k = h~1he. Thus (G, 4) C H.

LemMMA 9. Let x be a faithful irreducible complex character of a finite nilpotent
group G of nilpotence class two. If x € G and x ¢ Z(G), then x(x) = 0.

Proof. Let R be a representation of G that affords x. Take y € G such that
xy #= yx. Let 2 = x~ly~lxy. Then z € Z(G) and z 5 1. Hence R(2) is a scalar
multiple of the identity transformation I, say, R(z) = al. Since y~lxy = x3z,
R(y~xy) = aR(x). Therefore, x(y~1xy) = ax(x). Since characters are class
functions, x(y~lxy) = x(x). Since a # 1, x(x) = 0.

The main step in the proof of Theorem 6 is the following lemma.

LeMMA 10. Let G be a finite group, and let q, r, and s be distinct primes.
Suppose that G contains subgroups Q, A, and B with the following properties:
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(1) Q s a normal non-identity q-subgroup of G;

(i1) A4 1s a cyclic r-group;

(iii) B 1s a group of order s;

(iv) B centralizes A and Co(B) C Cq(4);

(v) G = QAB; and

(vi) (Q, 4) =0.
Suppose that G is represented by a group of linear transformations on a vector
space V of finite dimension over a field F. Assume that Q is faithfully represented,
that the characteristic of F does not divide |G|, and that Cy(B) C Cy(4). Then:

(@) r = 2 and 2s — 1 is a power of g;

(b) Q s a non-Abelian special q-group of exponent q;

(c) AB centralizes Z(Q); and

(d) a2 ceniralizes Q for every o € A.

Proof. Let d be the dimension of 7 over F. We use induction on |G| + 4.
Let S be a basis for V over F, and let E be an algebraically closed field that
contains F. Clearly, we may consider V as a subset of a vector space U over
E that has S as a basis. Then G is represented by a group of linear transform-
ations on U over E. An easy calculation shows that a basis for Cy,(B) over F
is also a basis for Cy(B) over E. Thus Cy(B) C Cy(4). Since G, U, and E
satisfy the hypothesis of the lemma, and since U has dimension d over E, we
may assume that U = Vand E = F.

Suppose that G is not represented irreducibly on V. Let W be a non-trivial
proper G-invariant subspace of V. By Maschke’'s Theorem (10, p. 253), V
contains a G-invariant subspace X such that V' = W ® X. We may assume
that Q is represented non-trivially on W. Since Q/Cq(W) is non-trivial and is
faithfully represented on W, G/Cqo(W) and W satisfy the hypothesis of
Lemma 10. (We use Lemma 3 (c) to obtain condition (iv).) By induction, we
obtain (a) and observe that Co(W) contains (4B, D(Q)) and (4B, Z(Q))
and also contains (a2, Q) and g7 for all @ € 4 and g € Q. Similarly, Cq(x)
contains the same groups and elements if Q is represented non-trivially on X.
It obviously contains them if Q is represented trivially on X. Hence

(4B, D(Q)) S Co(W) M Co(X) = 1.

Furthermore, (c) and (d) hold, and Q has exponent g¢. Since Q = (Q, 4), by
Lemma 7 we have that D(Q) € Z(Q). Regarding 4 as an operator group on
Q/Q', we obtain Q/Q" = (Q/Q’, A). Thus, by Lemma 6 (b), 4 has no fixed
points on Q/Q’. Since 4 centralizes Z(Q), we have that Z(Q) C Q'. Therefore,
D(Q) C Z(Q) S Q C D(Q). Hence, Q is a non-Abelian special g-group of
exponent g.

Thus, it suffices to prove the lemma when F is algebraically closed and when
G is represented irreducibly on V. Suppose that the characteristic of F is not
zero. As in the proof of Corollary 3, there exists a representation of G on a
complex vector space W that corresponds to the representation of G on V.
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Since the multiplicity of the trivial representation of subgroups is preserved
by the correspondence in (13, Saiz 206), Q is faithful on V. Similarly, the
dimensions of Cy(4B) and Cy(B) coincide, since Cy(4AB) = Cy(B). But
Cw(AB) C Cw(B). Therefore, Cw(B) = Cx(4B) C Cw(4).

Thus, we may assume that F is the complex field and that G is represented
irreducibly on V. Let W be a homogeneous submodule of V under the action

of Q, and let I be the largest subgroup of G which fixes W. Let Igy, ..., Ig,
be the distinct cosets of I in G. By Clifford’s Theorem (2, pp. 343-345),
a7 V=Wnie...® Wi

Suppose that B € I. Then I/Q € AQ/Q; thus I € QA. Let X = Y qe o
By (17), V = ® X 3X?. Now, let » be an arbitrary element of X. Then B
fixes > gepr®. Hence A fixes 3 gepr®. Since A fixes X# for each 8 € B, A fixes
8 for each B. Thus 4 centralizes X? for each 8 € B. But then, 4 centralizes V,
which contradicts the hypothesis that (Q, 4) = Q # 1 and that Q acts faith-
fully on V. Therefore, B C I.

Since W is a homogeneous Q-module, each element of Z(Q) is represented
on W by a scalar multiple of the identity transformation. Therefore, (Z(Q), B)
centralizes W. Since G normalizes (Z(Q), B), (Z(Q), B) is contained in
Ce(W?) forevery g € G. By (17), (Z(Q), B) centralizes V. Hence (Z(Q), B) =
1, Z(Q) C© Co(B) © Co(4). Since Q = (Q, A), Q = Z(Q). Thus, Q is a non-
Abelian group and A B centralizes Z(Q). Since G = QAB, Z(Q) € Z(G).

Suppose that Q has nilpotence class ¢ = 3. Let Q = Q1, O, ..., be the
lower central series of Q. Since (Q._1, Q) = Q. # 1, we have that Q,_1 & Z(Q).
Therefore (Q,..1, 4) %1 by Lemma 7. However, Q.. is Abelian since
(Qc1, Qo1) T Q2e2 € Q1 =1 (10, Corollary 10.3.5, p. 156). Let R =
(Qo—1, A). By Lemma 6 (a), R = (R, 4). Since 4 and B normalize R, RAB
and V satisfy the hypothesis of Lemma 10. By the induction hypothesis, R
is not Abelian. This is impossible, since R is contained in the Abelian group
Q1. Thus Q has nilpotence class two.

Take W as above, and let K = Co(W). Since G centralizes Z(Q),
KNZ(Q) C Co(W?) for every g € G. By (17), KN Z(Q) centralizes V.
Hence K M Z(Q) = 1. Since

(K,QQ CSENQ S KNZEQ) =1,

we have that K C Z(Q). Thus K = 1. Consequently, Q is represented faith-
fully on W. Let x be the character of Q on an irreducible constituent of W
with respect to Q. By Lemma 9, x(x) = 0 whenever x € Q and x ¢ Z(Q).
Moreover, Z(Q) & Z(G). Hence, x(g7xg) = x(x) forallx € Qand g € G. By
Clifford’s Theorem, Q is homogeneous on V, that is, IV = W. Let us regard
AB as a relatively prime operator group on Q; then Q is irreducible on V, by
Theorem 2 (c).

Since Q is faithful on V, ¢ does not divide |C¢(V)]. Since Co(B) C Co(4)
Q, no conjugate of B is contained in Cg(V). Therefore, C¢(V) is an 7-group.
Thus, we may assume, henceforth, that G acts faithfully on V.
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Let @ = Q/Q'. By Lemma 6 (b), 4 has no non-identity fixed points on Q.
But 4 centralizes Z(Q), and therefore Z(Q) C Q'. Since ¢/ C Z(Q), we have
that Q' = Z(Q). Let ¢" be the exponent of Q. From (10, p. 150), we have that
(x, )" = («7, ) = (x, ") for all ¥, y € Q and all positive integers . Thus,
for arbitrary x, v € Q,

(x, )" = (&, 9) € (Z(Q), Q)

Thus Q' has exponent at most ¢".
We claim that # = 1. Suppose that # = 2. Let £ = ¢*!; then k2 = ¢". For
arbitrary x, y € Q,

(%, 9%) = (% ) = (¢, 9) € (Z(Q), Q) = 1.

Thus, the elements x*, x € Q, generate an Abelian characteristic subgroup R
of Q. Since R € Z(Q), (R, A) # 1. As in our proof that the nilpotence class
of Q is at most two, we may obtain the contradiction that R is not Abelian.
Thus # = 1. Therefore, D(Q) = Q' = Z(Q) and Z(Q) has exponent q.

Now, Cqo(d) = Co(B) = Cq(4B) = Z(Q). Suppose that y € AB and
Coly) # Z(Q). Take @ € A and 8 € B such that ¥y = af. Since « and 8 have
relatively prime orders, @ and B are both powers of y. Therefore, Co(y) =
Cola) M Co(B). Consequently, 8 =1 and v = a € 4. Let C be the group
generated by @, and let R = (Q, C). Then C is a proper subgroup of 4.

Suppose that R 5 1. Since Q' € Co(C) and Co(C)/Q" # 1, we have that
RQ'/Q' # Q/Q' by Lemma 6 (b). Hence, R is a proper subgroup of Q.
Obviously, 4 and B normalize R. By Lemma 6 (b),

R2 R A4)2R 0 =(Q 0,0 =(Q 0 =R
By the induction hypothesis applied to RAB and V, 4 is a 2-group and every
proper subgroup of 4 centralizes R. Thus 1 = (R, C) = R. This contradiction
shows that R = 1, that is, C centralizes Q.

Now let Ay = C4(Q). By the above paragraph, if vy € AB and v ¢ A4,, then
Co(y) = Co(4B) = Z(Q). Obviously, every irreducible character of Z(Q)
has degree one. Let 5 be the character of QAB on V, and let { = 7o. Since Q
is faithful and non-Abelian, {(1) > 1. By Theorem 2 (c) and Corollary 5 (b),
there exists ¢; = =1 such that {(1) — & is divisible by |4B/A4,|. Therefore,

(18) |[AB/4o| £ ¢ (1) — e

Suppose that Ay % 1. Since 49 C Z(G) and G is faithful on V, Cy(4) # V
and Cy(4,) is fixed by G. Consequently, Cy(4,) = 1. Therefore, Cy(B) C
Cy(4) C Cy(4y) = 1. Applying Corollary 6 (b) to QB, we obtain a sign
€ = =1 and an irreducible character 6, of B such that

"7,3 = efly + lBl—l(f(l) — €)pp.
Since Cy(B) = 0, (3|5, 1z) = 0. Thus,

0 = (nls, 15) = ex(62 15) + (1/5) (¢ (1) — e2).

Il
=

https://doi.org/10.4153/CJM-1968-148-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-148-x

1486 GEORGE GLAUBERMAN

Since ¢ (1) > 1,
€y = —1, 02 = 13, and §(1) =3 + 1.

By (18), s + 1 — e, = |AB/Ao| = 7|B| = rs. Therefore, (r — 1)s < 2. This
is impossible, since 7 and s are distinct primes. Thus 4, = 1.

We have showed that whenever v € AB and v # 1, Cq(y) = Co(4B) =
Z(Q). By Corollary 6 (b), there exist ¢ = =1 and an irreducible character 6 of
AB with the properties that

|AB| divides {(1) — ¢ and 7n|sp = €0 + [AB|71(¢(1) — €)pasp.

Let w = |AB|7'(¢(1) — €). By hypothesis, Cy(B) € Cy(4). Consequently,
Cy(B) = Cy(4B) and ("][AB: 14p) = (77le 15). Thus

€0, 1) +w = 6(0|By 13) + 'wIA’;

Thus (0, 14) ¥ (8]z, 1p). Since 0 has degree one, 6|z = 1z and 6 5 1,5.
Therefore, e = —1, w = 1, and |4| = 2. Hence { (1) = [ABJw + ¢ = 25 — 1.
Since ¢ is an irreducible complex character of Q, ¢(1) divides |Q|. Hence
2s — 1is a power of ¢. If @ € 4, then a® = 1; thus, a? centralizes Q.

To complete the proof of Lemma 10, we need only verify that Q has exponent
g.Sincer = 2and 7 # ¢, ¢ = 3. Let x, ¥y € Q. By an induction argument we
may verify that

(xy)t = xly'(x, y)i0-D2 1 =1,2,3,....

In particular, (xy)? = x%? Let « be a generator of 4 and let 2 = a—!xa. Then
(x712)? = (x71)%? = (x9) o %) = (x?)~1x? = 1. Thus, (Q, 4) is contained
in the kernel of the homomorphism of Q given by g — g% Since (Q, 4) = Q,
Q has exponent g.

LeMMA 11. Let G be a finite solvable group and let q be a prime. Suppose that
G has no normal g-subgroup except the identity subgroup. Let H be the largest
normal subgroup of G of order relatively prime to q. Then Ce(H) C H.

Proof. This is a special case of (11, Lemma 1.2.3).

Proof of Theorem 6. Let us assume the hypothesis and notation of Theorem
6, as stated at the beginning of this section. Clearly, F(G) N\ H C F(H).
Since H is a normal subgroup of G and F(H) is a characteristic nilpotent
subgroup of H, we have that F(H) C F(G). Thus F(H) = F(G) N\ H. By
considering the natural mapping of G onto G/F(G), we see that Fy(H) =
Fo(G) Y H. By Lemma 6(a), H = (H, A). Hence, we may assume that
G = H, thatis, that G = (G, 4). We may also assume that G is not nilpotent.

Let g be a prime for which G has no normal Sylow subgroup. Let Q, be the
largest normal Sylow g-subgroup of G and take K such that K/Q, is the largest
normal subgroup of G/Qy of order relatively prime to ¢. By Lemma 6 (c), 4B
normalizes some Sylow g-subgroup Q; of G. Let G = G/Qo, K = K/Q,, and
Q1 = 01/Qo. Then @ 5 1. Consider 4B as an operator group on G. Then
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(G, A) = G. Since ¢ divides |G|, 4 does not centralize Q;, by Lemma 8. Let
Q = (01, 4) and @ = QQo/Qo. Then @ = (Q, 4). )

Consider the semi-direct product QAB as an operator group on K. By
Lemma 11, @ does not centralize K. Let L = (K, Q). Then L 5 1 and, by
Lemma 6 (a), L = (L, Q). Furthermore, QAB fixes L. Let M be a proper
normal subgroup of L which is maximal, subject to the condition of being fixed
by QAB. Since L is solvable, there exists a prime p such that L/M is an
elementary Abelian p-group. Let V = L/M and R = Q/Cg(V). Since
L= (L, Q), V= (V,Q). Hence R # 1. By Lemma 3 (c),

Ca(B) = Co(B)Qo/Qo S Co(A4)Q0/Q0 = Cg(4),

and, similarly, Cr(B) C Cg(4) and Cy(B) € Cy(4). Let F be the field of p
elements. Since R acts faithfully on V, the hypothesis of Lemma 10 is satisfied.
Hence r = 2, and 25 — 1 is a power of ¢. Since 2s — 1 can be a power of only
one prime, ¢ is unique. Hence, for every prime distinct from ¢, the Sylow
subgroups of G are normal.

Thus G/ F(G) is a g-group. Furthermore, Q, is a Sylow g-subgroup of F(G).
Since G/F(G) is a g-group, F(G) = K. Then @, is isomorphic to G/F(G).
Since G = (G, A), Q-l = (Q_l, A) = Q_ Let

K=K DK:D...DK,=1

be a composition series of K with respect to QAB. Let g € Q and a € 4, and
let S= ((Q, Q), Q). Fori=1,2, ..., n, either Q centralizes K, /K, or
Lemma 10 applies. In both cases, (4B, Z(Q)) and S, and g? and (g, a?) all
centralize K, ;/K;. By Lemma 3 (c) and an easy induction argument,
(AB,Z(Q)) =S =1and g? = (g,a?) = 1. Hence D(Q) = Q' < Z(Q). Since
Q= (Q,A4),Z(Q) = @, by Lemma 6 (b). Hence @ is a non-Abelian special
g-group. This completes the proof of Theorem 6.
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