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F u n c t i o n s employed for i n t e rpo l a t i on and curve fitting a r e 
for the m o s t p a r t po lynomia l s with n u m e r i c a l coef f ic ien ts . I n ­
deed t h e s e a r e functions whose va lues for n u m e r i c a l l y given 
a r g u m e n t s can be computed d i r e c t l y without r e s o r t i n g to non-
a l g e b r a i c d e s i g n s . It i s known, howeve r , that t h e r e a r e c a s e s 
w h e r e po lynomia l i n t e rpo la t ion does not yie ld an adequate a p ­
p r o x i m a t i o n to a given function (cf. [4] , p . 34). 

Ano the r c l a s s of functions whose va lues can be computed 
without the aid of t a b l e s or advanced m e t h o d s i s the c l a s s of the 
sec t iona l ly l i n e a r func t ions . T h e i r use for the purpose of i n t e r ­
pola t ion and c u r v e fitting is fu r the r sugges ted by the wel l known 
fact that e v e r y function F (x ) , continuous over a c losed i n t e r v a l 
£ a , b j , can be a p p r o x i m a t e d uniformly by a sequence of s e c t i o n a l ­
ly l i n e a r funct ions ove r a d i s t inguished sequence of p a r t i t i o n s 
of the i n t e r v a l [ a , b j . It s e e m s that t h i s a p p r o x i m a t i o n by s e c ­
t ional ly l i n e a r functions which i s ba sed on a l i n e a r i n t e rpo l a t i on 
over the p a r t i n t e r v a l s of the p a r t i t i o n s , h a s not been s tudied so 
far for o ther than t h e o r e t i c a l p u r p o s e s ; L e b e s g u e ' s proof of 
W e i e r s t r a s s 1 f i r s t a p p r o x i m a t i o n t h e o r e m m a k e s use of the 
p r o c e s s (cf. [ 5 ] , p . 3). Th i s i n t e rpo la t ion wil l be cons ide r ed 
h e r e wi th expl ic i t e x p r e s s i o n s for the app rox ima t ing sec t iona l ly 
l i n e a r func t ions . In the s a m e way a l so cu rve fitt ing by the 
me thod of l e a s t s q u a r e s wi l l be studied* M o r e o v e r an o r thogona l 
s y s t e m of sec t iona l ly l i n e a r functions over a given pa r t i t i on is 
i n t roduced in o r d e r to s impl i fy the computa t ion of the coeff ic ients 
of a c e r t a i n expans ion . The e n t i r e l y a l g e b r a i c c h a r a c t e r of the 
d i s c u s s i o n m a k e s the r e s u l t s i m m e d i a t e l y appl icab le to n u m e r i ­
ca l w o r k . 
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1. Sectionally l inear functions over a parti t ion. ILet 
a = XQ < xj < . . . < x ^ . j < 3 ^ = b be a parti t ion Jfn of the 

interval [a,b] , i . e . a ^ x £. b . A rea l function f(x) is said to 
be sectionally l inear over the parti t ion ~$n if i ts graph is a 
polygon curve having the points (xy , f(xv ) ) ( v = 0, 1, . . . , n) 
as ve r t i ce s . Clearly every such sectionally l inear function is 
continuous over £a,b] . If f(x) and g(x) a r e two sectionally 
l inear functions over ^ n , then also ocf(x) + j3g(x) is sectionally 
l inear over ^ n , where ot, /3 a re rea l constants* All sectionally 
l inear functions therefore form a l inear space. 

This space has the dimension n + 1. 

Proof. JLet 

f ( t ) = i ( | t | + t ) = ^ t ° ff 

Put 

The functions £^(x) a r e l inearly independent. Indeed suppose 
that with r ea l coefficients X0 , ^ > • » • » ^ n *ke r e l a t i o n 

*o + *1 fl(x>+ ••• +^nfnW = ° 

is satisfied for all x in La,bj . For x = xQ we have 
^ ( X Q ) = 0 (v = 1, 2, . . . , n) and therefore kQ = 0. Put x = x j ; 

then f 1(x1) = x2 « xQ > 0, but <f 2(X 1) = 0, . . . , ^ n ( x i ) =. 0; 
hence X^ = 0, e tc . Thus the dimension of our space is at least 
n + 1 and if a function f(x) can be writ ten in the form 

(1) f(x) = c 0 + C l f i(x) 4 . . . + c n fn(x) 

then the coefficients c 0 l c^, • . . , c n a re uniquely defined* 

Conversely every sectionally l inear function f(x) can be 
writ ten in the form (1) which is equivalent with 

f (x) = C 0 - C] XQ+ C] X X Q ^ X ^ X I 

f(x) = c 0 - c i XQ - c 2 x j + (cj + c z )x x j ^ l x 4 x 2 

t £ 0 
t > 0 » 

1° i f x ^ x y . i _ 
1 x » x y œ i if x x y , i ( v - l , . . . ,n) 
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F r o m h e r e i t i s evident tha t the c 0 , c\, c 2 , . . . can be adap ted 
to e v e r y p r e s c r i b e d polygon c a r v e ove r £? n • 

Exp l i c i t va lue s of the cv can be e x p r e s s e d by m e a n s of 
the s u c c e s s i v e divided d i f fe rences of the function f(x). We apply 
Newton ' s i n t e r p o l a t i o n fo rmu la to the function f(x) ove r t h e 
p a r t i t i o n J?n ; mak ing use of Steffensen !s no ta t ion (cf. {4J , §4) 
we thus ob ta in the following e x p r e s s i o n for f(x)« 

f(x) = f(xQ) + ftxfc.xj) (x - xQ) + f ( x 0 , x 1 , x 2 ) (x - xQ) (x - xx) 

+ * . . + f ( x 0 , x l f . . . , x n . 1 ) ( x - x 0 ) (x - x j ) . . . ( x - X&-2) 

+ f ( x O J x i , . . . , x n „ i , x ) ( x - XQ)(X - x i ) . . . ( x - x n . 2 ) ( x - x n . i ) . 

Hence fol lows tha t 

f (x i ) = f(x0) .+ f ( x 0 , x 1 ) ( x 1 - x 0 ) 

f(x2) = f(x0) + f ( x 0 , x i ) ( x 2 - x 0 ) + f ( x 0 , x 1 , x 2 ) ( x 2 - x 0 ) ( x 2 - x 1 ) 

f(x3) = f(xQ) + f ( x 0 , x 1 ) ( x 3 » x 0 ) + f ( x 0 , x 1 , x 2 ) ( x 3 - x 0 ) ( x 3 - x 1 ) 

+ f (x 0 »x 1 ,X2 ,X3) (x 3 - x 0 ) ( x 3 - X i ) (x 3 - x 2 ) 

« a • • ' • , « » » a « • • a % a • « • • 9 «t e « a 

On the o the r hand we have by (1) 

f(*o) = c o 

£(xi) = c 0 + c i (xi - XQ) 

H*2) = C 0 + CI (X2 - XQ) + C2 (X2 - XI) 

f(x3) = c 0 + c x ( x 3 - x 0 ) + c 2 ( x 3 - x x ) 4 c 3 ( x 3 - x 2 ) 

and s ince the cv a r e uniquely defined i t follows tha t 

c c = f(x0) 

c i = f ( x 0 , x i ) 

c 2 = f ( x Q , x 1 , x 2 ) ( x 2 - x 0 ) 

C3 = f ( x 0 , X l , x 2 , x 3 ) ( x 3 - x 0 ) ( x 3 - x x ) 

43 

https://doi.org/10.4153/CMB-1960-009-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1960-009-4


c n ~ M x o» x l » • • • ' ^ - I ' ^ J ^ n " x o ) ( x n " x l ) # • * (*n " x n - 2 ^ • 

These cy define the function f(x) , and i t s propert i e s are 
ref lected in cer ta in propert i e s of the sequence cQ , c i , . . . , c n . 
Thus we find f(x) to be monotonical ly increas ing if and only if 

c i > 0, c ^ + C £ > 0 , C 2 + C 2 + C 3 > 0 , . . . ., 

m o n o t o n i c a l l y n o n - d e c r e a s i n g if i n s o m e (or al l ) of t h e s e r e l a ­
t i ons the s ign > m a y be r e p l a c e d by =. The funct ion f(x) wi l l be 
s t r i c t l y convex ( f rom below) if the s e q u e n c e c^ , c j + c^, 
c l + c 2 + c 3 > * • • * s m o n o t o n i c a l l y i n c r e a s i n g , A convex 
funct ion f(x) wi l l have i t s m i n i m u m wi th in the i n t e r v a l 
[ x ^ _ 1, x^] if c 1 + . . . + c ^ _ j <• 0, c 1 + . . . + c y u . . < i + c / u . = 0J 

c j + . . . + c„ + i > 0; the m i n i m u m wil l be a t x ^ if 

c i + . . . + C/c-1 < 0, c i + . • . + c „_ i + c ^ > 0 , 

The equa t ion f(x) = 0 can be solved by a t r i a l and e r r o : 
m e t h o d . Suppose for e x a m p l e tha t f(x) i s i n c r e a s i n g and t h e r e ­
fore the s u m s c j + . . . + c v > 0 (* = 1, 2 , . . . ) . The roo t :£ 
the equa t ion wil l l ie in the l e f t -open i n t e r v a l ( x ^ . i , x / * l if 

c o ~ c x XQ - . . . - c ^ x ^ . i 
x , ^ — — _ ^ x 

Z*-*"1 c^ + C£ + . . . + c-,. ^ /*• 

The m i d d l e t e r m r e p r e s e n t s the va lue of the r o o t . 

T h i s i s in out l ine the e l e m e n t a r y a n a l y s i s of the s e c t i o n a l -
ly l i n e a r func t ions . 

In the c a s e of a p a r t i t i o n wn wi th equ id i s t an t poin ts 

x „ = a 4- ? (b - a ) / n ( v = 0, 1, . . . , n) 

one has in the u sua l no ta t ion 

c 0 = f (a) , c v = ( l / 4 a ) 4 K f ( a ) ( 4 a = (b - a ) / n ) . 

2* Sec t iona l ly l i n e a r funct ions , o r thogona l ove r a p a r t i ­
t i on . In m o s t p r a c t i c a l c a s e s the d i r e c t c o m p u t a t i o n of the 
coef f ic ien ts e, wil l be t e d i o u s . T h e r e f o r e we sha l l e s t a b l i s h 
for f(x) a n o t h e r expans ion the coef f ic ien ts of which can be c o m ­
puted m o r e e a s i l y . 
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The inner product of two functions f(x), g(x) over the 
partit ion 5?n is defined as 

(*.g) ?n = (f»g) = Z v = 0 *(*v )g(xv ) . 

It has the usual formal propert ies of an inner product. It is 
symmetr ic , and linear and homogeneous in each of its factors 
f(x) and g(x). The square of the norm of f(x) over Ç?n is given 
by (f ,f) > 0; in the case of a sectionally linear function f(x) one 
has (f,f) = 0 if and only if f(x) s 0 over [a,b] . 

The two functions f(x) and g(x) are said to be orthogonal 
over the partition fin if (f,g) = 0 (cf. [l] , p . 80; [3] , p . 283). 

The following formulae a re readily established. 

(f, f r ) = Z v ^ f(xv)(xy - x ^ . i ) 

and in part icular 

(?o> ?o) = n + ^ ( ?x >?**} = £v*x ( xv - x x - l ) ( x v - x^.x) 

if X>/u-. 

Since the functions ^>Q(x), . • . , ^n(x) a re linearly indepen­
dent one can determine an orthogonal system }^0(x),.. . , y n (x) 
spanning the same space so that 

(2) (¥>> f * ) = 0 * * / *£* • 

The orthogonal functions Y^(x) m a Y ^ e determined either by 
the well-known Schmidt orthogonalization process or , as it will 
be done he re , by the determinant formulae. 

Notice first that if 

f(x) = !o + l i y>i(x) + • . . + I n ^n(x) 

is a sectionally linear function with the variable coefficients 
%^ , then i ts norm square 

(f.f) = Z^ 0
f ( x v) 2 = 2 i = 0 Zj=o (? i . Pj) ? i I j 

is a positive definite quadratic form. Similarly one can see that 
the mat r ices 
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Q° vro-fo)) . Qi [{fl> fo) ( f l > fi)j ..... 

Q ;m 

{<f>m> ?o) ' • ' ( ? m . fm>/ 

a r e pos i t ive def ini te and t h e r e f o r e t h e i r d e t e r m i n a n t s 

/ „ , = | Q m | > 0 . 
' m 

Now we pat 

r 0 (x) f o ( x) i . ^ ( x ) 0 i ̂ (x) ^{x) t • • • t 

-1 
tm<x) = &m-l ( 9 l ' <P0) < «Pi» P i * 

^ m - l ' V o ) ( V - 1 ' < P 1 ) 

? 0 ( x ) f x ( x ) 

<<?>o> P m » 

<V-PV 
<P (x) 

m 

R e f e r r i n g to e l e m e n t a r y p r o p e r t i e s of d e t e r m i n a n t s i t i s readily-
s e e n that 

(3) ( 7 " m ? ?u) = 0 (m = 1, . . . , n ; / ^= 0 , 1 , . . . , m - 1 ) . 

On the o t h e r hand we o b s e r v e tha t the funct ions Y£(x), 
defined by the d e t e r m i n a n t f o r m u l a e can be r e p r e s e n t e d in the 
f o r m 

y0(x) =1 

Yx(x) = at™ + ft(x) 

V2(x) = oél] + eéf fi(x) + <pz{x) 

yn(x) = « ( ? + * ( ? ^(x) + ec<|) p2{x) + . . . + « H j » n . i M + j»n(x) 

w h e r e the ^ a r e n u m e r i c a l coe f f i c i en t s , uniquely defined for 
a given p a r t i t i o n yPn . The o r thogona l i t y r e l a t i o n s (2) now follow 
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immediately from (3). The systems (2) and (3) a re indeed 
equivalent. 

In the same way one can calculate the norm square 

For any given partition of the interval £a,bj one can thus 
set up a system of n + 1 orthogonal functions 1^(x), . . . , Y^n(x), 
sectionally l inear over J?n , and every sectionally l inear func­
tion f(x) over pn can be represented by its "Fourier expansion" 

f(x) = a 0 + ax fi(x) + . . . +. a n yn(x) 

whose coefficients a re given by 

a^ =(1/6>J (f.-ft*) = tt/çj Z v ^ 0 f ( x y ) ^ ( x j . 

They satisfy a "Parseval equation" 

<f'f>= Z^0 ^ 4 
which may be used here as a check relation* For practical 
applications it is thus necessary and sufficient to have a com­
plete table of the orthogonal sectionally l inear functions for a 
partition, 

3» Minimum property of the orthogonal functions. Let 

W x ) = f o + %\ 7 W + • • ' + f m - l . y m - l < x > + fm( x ) 

be a sectionally linear function with the variable coefficients 
3 | 0 , § £ , . . « , § rn„ i (if necessary put !fm = 1). For a fixed 

index m, i . e . one of the numbers 1, 2, . . . , n, the function 
fm(x) is to be determined such that i ts norm square 

tfm.W = -2™=i ^"5=0 (f i> f j) #i fj + zS^Zj (ft, y»m)f; 

+ (fm-fml 

has the smallest possible value. 

Using m a t r i x notations with the prime indicating t ranspos i ­
tion we have 

(*m>*m) = I ' Q m - l f + 2 q ' | + q m ( 4 ' = ( ?o> 11»- «• ^ m - l ) ) 
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w h e r e q1 d e n o t e s the row v e c t o r ( ( f Q , J * m ) , • • • > (f m _ i > ^ m } ) 
2 ^ ^ clm = (97m> ^ m ) « The m a t r i x Q m . j was s e e n to be pos i t i ve 
de f in i t e . Consequen t ly the e x p r e s s i o n ( f m , f m ) h a s a m i n i m u m . 
I n f a c t , if we i n t r o d u c e the new v a r i a b l e c o l u m n 7) by t he s u b ­
s t i tu t ion 

1 = 7 + Z3 

we ob ta in 

(*m> f m)= f Q m - l 7 + 2 ( / ? , Q m - l + q , ) 7 + P&m-lh 2q'/3 + ^ . 

Now the c o l u m n 6̂ c a n be c h o s e n s u c h tha t the l i n e a r t e r m s in rj 
van i sh : 

T h i s i s a s y s t e m of l i n e a r equa t i ons wi th the coeff ic ient m a t r i x 
Qm-1» i t h a s a unique so lu t ion & s u c h tha t 

( fm>*m) = V% P m - l 7 + / Ô ' Q m - l ^ + 2 q ' £ + fe 

and the m i n i m u m of ( f m , f m ) * s a s s u m e d for y = 0, i . e . for 
^ = ^ . T h u s the m i n i m u m funct ion f m (x ) h a s to sa t i s fy the 

condi t ion 

Qm-iS + q = ° 

w h i c h by r e t u r n i n g to the o r i g i n a l no t a t i ons i s s e e n to be e q u i v a ­
l en t wi th 

B y c o m p a r i s o n wi th (3) one conc ludes tha t f m ( x ) = V r tn(x) a T h u s 
the o r t h o g o n a l funct ions have the r e q u i r e d m i n i m u m p r o p e r t y . 

4« P a r t i t i o n wi th equ id i s t an t p o i n t s . I n s t e a d of [ a , b j we 
t a k e now the unit i n t e r v a l [0 , 1J . By 5^n we deno te i t s p a r t i t i o n 
in n e q u a l p a r t s , i . e . 

x v = v / n ( v = 0, 1, . . . , n) . 

The b a s i s funct ions a r e then 

CO i f x é ( / c - l ) / n 

£(*> = j 
(_ x - {ft. - l ) / n if x > ( / < - - l ) / n 
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In this case the orthogonal functions ^ x ) can readily be 
computed for every fixed n. (It might be pointed out that in our 
notation we are constantly omitting an index n; thus instead of 
£3 (x), yj,(x) we really should write #Jn)(x) and yjn)(x) 

and similarly in other symbols. This omission is however 
irrelevant as long as n is supposed to be fixed throughout the 
discussion. ) 

For all n it is found that the orthogonal sectionally linear 
functions over J?n are given by 

-y0(x) = i , y^x) = - \ + x 

VS(x) = n ~ 1 (n-l)(n+4) v + <P ?(*) 
ù (n+l)(n+2) (n+l)(n+2) ù 

and generally for k = 0, 1, 2, . . . , n-3: 

( 5 ) yn-kW - ik^Hk^j ^n-k-zW " 2FTT?n-k-lW + M x > • 

In particular we find 

yn .2(x) =(2/5)fn.4(x) -(6/5>n.3(x) + yn .2(x) (if n>5) 

Vn-l(x) = (3/10)fn.3(x) - ^n.2(x) + fn-i(x) (if n»4) 

VnW = f1/6) fn-2<x) - (^fn-lW + ?WX) (n>3>-

We notice that the coefficients of these expansions do not depend 
on n. 

The first two or three functions V̂ (x) a r e readily obtained 
from the general formula in $2. For the rest it has been ob­
served in cases of small values of n that each V^n-ic(

x) c a n ke 
written as linear combination of only three consecutive basis 

functions: ^n-k-2^x^' ^n-k-l(x)> ^n-k(x) w i ^ coefficients 
depending on k only. Consequently it was conjectured - and 
verified - that this is so for every n. 

Thus let us write 

Y n-k(x) = * ?>n-k-2(x) + fi f n-k-l(x) + ?>n-k(x) • 
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We express according to (3) that ^n-kfx) i s orthogonal to 
<Pn-k-2^x) a n d Pn-k-l(x)> This gives us two linear equations 
for the unknown coefficients <x and /3 : 

( fn-k-2 '^n-k) = ( fn-k-2>^n-k-2)«+ (Pn-k-2> ?n-k-l)/3 

+ (fn-k-2'fn-k) = ° 

( fn -k-1 'yn-k) = ( f n - k - l ' f n - k - 2 ) « + ( fn -k -1 - f n-k- l)(3 

+ ( f n - k - l ' f n - k ) = 0 

We evaluate the inner products and obtain the equations in the 
form 

(k+3)(k+4)(2k+7)* + (k+2)(k+3)(2k+S)/3 = -(k+l)(k+2)(2k+9) 

(k+2)(k-f3)(2k+8)a + (k+2)(k+3)(2k+5)0 = -(k+l)(k+2)(2k+6) 

whence 

„ s (k+l)(k+2) , A s , ? > + 1 . 
(k+3)(k+4) k+3 

To prove the formula (5) we have to show that with these 
coefficients all the orthogonality relat ions 

( <py , y n . k ) = ° (* = 0 , 1 , . . . , n-k-1) 

a re satisfied. Indeed 

and taking n^(k+3)(k+4) as common denominator on the right 
side we obtain as numerator 

(k+l)(k+2)(n-k-*'-l) + 2(n-k- v) + 3(n-k->M-l) + . . . + (k+3)(n-v+l)) 

- 2(k+l)(k+4)(n-k-v + 2(n-k-i>+l) + , . . + (k+2)(n-v + l)) 

+ (k+3)(k+4)(n-k-v+l)+ 2(n-k->M-2) + . . . + (k+l)(n-v+l)) 

- (k+l)(k+2)(|(k+3)(k+4)(n-k-v) + (l/6)(k+l)(k+2)(2k+9) - 1) 

- 2(k+l)(k+4)(^(k+2)(k+3)(n-k-i') + (l/6)(k+l)(k+2)(2k+6) ) 

+ (k+3)(k+4)(|(k+l)(k+2)(n-k-y) + (l/6)(k+l)(k+2)(2k+3) ) 

which indeed equals ze ro . Thus (5) is proved. 
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n = 3 

n = 4 

= 5 
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For smal l values of n complete sys tems of sectianally 
l inear orthogonal functions over y?n a r e shown in the following 
table , their graphs in the f igure. 

= (1/12) - £ x + f2(x) 

= (1/10) - (7/10) x + jftj(x) 

(1/6) x - (2/3) $*2(x) + ^3<x) 

= (1/10) - (4/5) x + ^2(x) 

(3/10) x - f 2 ( x ) + f3(x) 

( l / 6 ) f 2 (x ) - (2/3)p3(x) + f4(x) 

= (2/21) - (6/7) x + f2(x) 

(2/5) x = (6/5) f 2(x) + ^3{x) 

( 3 / 1 0 ) f 2 ( x ) - y 3 ( x ) + % ( x ) 

(1/6) ^ 3 (x ) . ( 2 /3 )^ 4 (x ) 

+ ?5(x) * 

For l a rge - sca le numerical applications it would of course 
be neces sa ry to compute orthogonal sys tems for grea ter values 
of n. 

F o r the pract ica l computation of the "Four ie r coefficients" 
of a given function we also need the norm squares <5"m = ( y m , Ytn)» 
With regard to (4) and the preceding formulae we find for any n : 

eQ = n + 1 , &i = {n+l)(n+2)/12n , 

Sz = n-l/n(n+l)(n+2)" f &3 = <n-l)(n-2)/n3(n+l) ; 

and for any k ^ n - 3 : 

e n k = i L . = 1 (k+l)(k+2) 
n 2 ^Z (k+3)(k+4) 

In par t icular for n = 5 one has 

5"o = 6 , 6 ^ = 7/10, <3"2 = 2 /105, 6"3 = 2/125, ^4 = 3/250, ^5 = 1/150 . 

n = 2 : 

n = 3 : 

n = 4 : 

n = 5 : 

r2(x) 

%(*) 

f3<x) 

%(*) 

^ ( x ) 

V4<x> 

^2< x> 

v3(x) 

y4(x) 

r5(x) 
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As an application we shall obtain the sectionally l inear 
interpolation of the function x^ over the partition ^ 5 of (0> y • 
Evidently 

f(0) = 0, f( l /5) = 1/25, f(2/5) = 4 /25 , f(3/5) = 9/25, f(4/5) = 16/25, 

f(.l) = 1 
and 
(f, (f>0) = 11/5 , (f,fi) = 9 /5 , (f, f 2) = 34/25, (f, f3) = 116/125 , 

(f, f 4 ) = 66/125, (f, p 5) = 1/5 . 

Therefore 

(f, y/0) = 11/5, (f, fi) = 7/10, (f, y 2 ) = 2/75, (f, YZ) = 2/125 , 

(f, f4) = 1/125, (f, y 5 ) = 1/375 
and 

a 0 = 11/30, a i = 1, a 2 = 7 /5 , as = 1, a 4 = 2 / 3 , as = 2/5 . 

F r o m the "Four ie r expansion11 

f(x) = ZT v=0
 av v„(x) 

one derives the interpolating function in the form 

f(x) = ( l / 5 j f i(x) + f2/5jf2(x) +(2/5jp3(x) +(2/5^ 4 (x) ^2/5)?5(x) , 

which indeed satisfies the given conditions. 

5» Curve fitting by least squares . The problem of curve 
fitting (or data fitting) is really a generalized interpolation 
problem. Like the ordinary interpolation problem it is usually 
solved by polynomials. Given a function F(x) tabulated over the 
part i t ion 

^ m : a = xo < xX < . . . ^ 5 ^ . i - C x m = b 

of the interval £a,b] , it is required to find a polynomial p(x) of 
degree not greater than n < m such that the values of p(x) fit 
best to the values of F(x) at 5£m "in the sense of the method of 
least squares11 , i . e . such that 

Z^ 0 (F(x A ) - P (x^)) 2 

becomes as small as possible. If n = m the minimum of this 
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express ion will be ze ro ; it will be obtained if one uses for p(x) 
the ordinary interpolation polynomial of degree é, n as i t is 
given by Lagrange1 s formula or Newton1 s formula without the 
remainder t e r m ; if n < m the minimum will in general be posi­
t ive . 

A t rea tment of the data fitting problem is given for instance 
by Nielsen [3] , Chap. VIII; a more elegant method has been pro­
posed by Forsy the [l] and Herzberger [z] , We shall adapt this 
method for data fitting by means of sectionally l inear functions 
instead of polynomials. 

Again we assume that the number m + 1 of the data 

Yo = F(5o) , . . . , y m = F ( x m ) 

is l a rge r than n + 1 where n is the "degree" of the sectionally 
l inear function f(x) over î ? n , by which the data a re to be fitted 
best in the sense o£the method of least squares . We also suppose 
that the parti t ion $5 m contains the part i t ion >&n» i . e . each xy 

is an x . (The reason for the inequality n < m ? preventing 
s t r ic t interpolation, could be that orthogonal systems a re not 
available for sufficiently high values of n. ) 

Let 
f(x) = c 0 + C l f i(x) + . . . + c n f n(x) 

= aG + a2 Y"i(x) + . . . + a n y n (x ) . 

The coefficients cv or ay have to be found such that 

It will be sufficient to establish the 'procedure for the c, 
will be formally the same for the a„ . 

a s it 

We introduce the vectors (columns) 

c l 

y ° \ 

Ym/ 

, * = 

(f(x0) - y 0 \ 
f(5q) » y i 

U(xm) - Ymj 

and the rectangular (m + 1) x (n+ 1) - matr ix 
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1 «Mxi) «MSi) . . . y , ( x i ) \ 

§ = 

Then 

and 

Pl(*l) f2<x l) 
1 fl<x2) f2(x2) « 
• • • 
• • • 
: : : 

J = ^ c - y 

fn(x i ) 
fn(x2> 

/ 

4 = j ! S = c ! § ' £ c « 2c1 g5'y + y'y 

is the expression to be minimized» Patting 

G = <£'£ , z = ^ ' y 

one has 

A = c'Gc - cfz - z !c + y !y , 

Now we observe that the mat r ix ç& has the rank n + 1 . 
It contains as submatrix the regular (n + 1) X (n + 1) - mat r ix 

(6) 

/ 1 0 0 
1 ft(xi) 0 
1 ft(xz) f2(x2) 
• • • 
1 ?l<xn) f2<xn) 

0 
0 
0 

fnW 

because ^ n CT >2m . Thus the Gram matr ix G of # i s positive 
definite, and G"* exis t s , and we can write 

à = c'Gc •GG-1 l G" 1 Gc + z 'G" 1 z + y'y - z!G - 1 

= (c - G"1 z)!G(c - G-1 z) + y!y - z ' G - 1 z . 

It follows that A has a minimum, viz. y !y - z!G~* z , which 
actually will be assumed if 

c - G"1 z = 0 ; 

hence c has to be the unique solution of the "normal system11 

Gc * £ ' y , 
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ox in explicit form 

<m + l)c0 + H ^ 0 f i ( x j c i + . . . + Z^o fn&^i 

_ tri m 

£ A T o f ^ ) C o + ^ A fl(V) cl + - -+^Af0f l (V^n(^)Cn 

= X^ 0^l(xA)y^ 

If m = n the mat r ix 5F coincides with the ma t r ix (6) and 
we have <tf = 0; the data fitting problem then is the interpola­
tion problem. 

6. Final r e m a r k . "We have studied the theory and some 
applications of the sectionally l inear functions over a finite 
part i t ion of a finite interval only. The theory can be extended 
to functions over an infinite parti t ion of a finite or infinite 
in terval . This will be the object of a forthcoming paper . 
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