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1. Introduction. Let G be a given group and 4, B be two subgroups of @ which may or
may not coincide. A homomorphism g which maps 4 onto B is called a partial endomorphism
of @. When 4 coincides with G then we call p a total endomorphism or as it is usually called an
endomorphism of Q. If p* is a partial (or total) endomorphism of & supergroup G* 2 @, then
we say that u* extends, or continues, p when p* is defined for at least all the elements a € 4
and moreover ap = au* foralla € A. If the partial endomorphism p is an isomorphic mapping
then we speak of a partial automorphism of G.

It is known [3] that any number of partial automorphisms p () of a group @ can be
simultaneously extended to inner automorphisms of one and the same supergroup.

When p(«) are partial endomorphisms (no longer necessarily isomorphic) then necessary
and sufficient conditions for their simultaneous extension to total endomorphisms of a super-
group G* 2 G were derived in [1]. These conditions are in fact a generalisation of a result
obtained by B. H. Neumann and Hanna Neumann {4] in the case of extending a single partial
endomorphism.

In a recent paper {2] the author has derived necessary and sufficient conditions for a
partial endomorphism p of a group @ to be extendable to a total endomorphism p* of a super-
group G* such that p* acts as an isomorphism on G* (u*)™, for some given positive integer m.

In the following work we take a group G and a sequence u(«) of partial endomorphisms of
@, where « ranges over some well-ordered set Z, and using transfinite induction we generalise
the conditions of [2] to give necessary and sufficient conditions for the simultaneous extension
of the pu(a) to total endomorphisms u*(«) of one and the same group G* 2 @ such that u*(«)
acts as an isomorphism on G*{u* («)}™®, where, for each « € 2, n(«) is a given positive integer.

2. Derivation of the necessary conditions. Let u (), where « ranges over a well-ordered
set £ whose ordinal is ¢, be a partial endomorphism of the group ¢ mapping 4, onto B,
where 4, and B, are subgroups of &. To find the necessary conditions for p(«) to be simul-
taneously extendable to total endomorphisms u* («) of one and the same supergroup G* 2 @
such that p*(a) acts 8s an isomorphism on G*{u*(«)}*=), where n(«), for each € Z, is a
positive integer, we assume that the extension is already established, i.e., we assume that
G*, p*{a) exist with the required properties.

Let £2* be the semigroup generated by p*(«) ; then any w* € £* is an endomorphism of
G*. Denote the kernel of u(x) by K, and that of w* by K(w*).

The canonic mapping of G* onto G*/K[u*(«)] must induce the canonic mapping of 4,
onto 4,/K,. But it also induces the canonic mapping of 4, onto 4,/[K {u*(«)} n4,]; thus

K, = K[p*(2)] n4, = kernel of u(«).

Let £2 be the semigroup freely generated by a set of elements whose ordinal is o which we
denote, conveniently but without ambiguity, by u(x). To every word w = w[p(a)] in 2 there
corresponds an element w* = w[p*(a)] in 2*. For every word w € 2 and its corresponding
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element w* € 2* we put
L(w) = K (w*) AG.
As in [1] we can show that K (w*) (w* € £2*) are normal subgroups of G* such that
K (%) C K (w*wy¥),
for any w*, w,* € 2*, and thus L(w) (w € 2) are normal subgroups of @ for which we can

also prove as in [1] that
L(w) € L(ww,) for any w, w, € 2,

Llp(e)] 04, is the kernel of p(a),

[L{p (@)} nA,u (@) = L{w) NB,.
Moreover, we prove the following lemma.

LEMMA 1. The normal subgroups L(w) satisfy the relations
L{p(@)}*] = L{{p(a)} =],
for any @ € X and any integer ¢ > 0.
Proof. We have

K[{p*(a)}@] C K[{p* (a)JM1] i, (i)

If x € K[{u*(«)}"=)+1], then
z{u* ()} = [2{u* (@} )u* (@) = e,
where ¢ is the unit element of G*. Since u* («) is an isomorphism on G*{u* («)}**), then
z{p* (@} = e,

ie., z € K [{p* («)}"@],
and thus

K[{p* (o)} @+1] © K[{u*(a)}P™). it (ii)
(i) and (ii) together give

K{{p*(@)}"@] = K[{u*(a)j"@+1].
Intersecting both sides with @, we get
L{p (@)}?@] = L{p(a)r+1],

which proves the lemma when ¢ = 1. The proof for ¢ > 1 is the same. Thus we have the
following theorem.,

THEOREM 1. Let (), where « ranges over a well-ordered set X whose ordinal is o, be a partial
endomorphism of a group G mapping the subgroup A, C G onto another subgroup B, C Q.
Then the necessary conditions for the existence of a supergroup G* 2 @ with total endomorphisms
p* (@) extending p(«) such that p* («) is an isomorphism on G* {u* ()}, where n(«), for each
a € Z, 18 a positive integer, is that if we denote by 2 the semigroup freely generated by the p(a),
then for every w € 82 there exists a normal subgroup L(w) of G such that

L(w) € L(ww,)  forall w,w; € 2,  cociiiiiiiiiiiiine e en s enins s reesenaeas (2.1
L{{p(a)}*®] = L[{p(a)}*>+7]),  for any « € Z and any integer 1 > 0, ............... (2.2)
Lip(e)]nd, 18 the kernel of t(ar), veveevireeiiieiiiiiiii e (2.3)
[L{u(a)w} N4, Ju(a) = L(w) NB,, forevery a € 2, w € 2. oevevvviiiiiiinniinineiiinnnnn, (2.4)
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CoroLLARY 1. If z{u(«)}* is defined, then
(@)} =eifand only if xe LE{p (o)} 1nd, vivvrviiniinniiiiinnens (2.5)
Proof. If x € L[{u(a)}] n4,, then
zp (@) € {L[{p (a1 nd}p(x) = L{p ()} ] NB,
from (2.4). Since x{u(«)}? is defined, then
zp (@) € Li{p(a)} 1B, N4, & Ll{u(«)}]1n4,,
and o{p ()} e {L[{n (a1 nd}u(a) = Ll{u(2)}*]NB,.
Repeating this procedure a finite number of times, we get
z{u(x)}-1 e Llp(@)] N4,
from which, because of (2.3), it follows that
z{p(@)) = e.
Conversely, if {u(«)}* = e, then
z{u (@)} e Lp(@)] N4,
But also z{u(«)}1 € B, ; thus
2{u(@)} € L{p(a)] N4, By
C L{u(«)] B,
= {Ll{n ("] nd}p ().
Thus 2 (@2 € L[{u(@)}] N4,
The proof can then be completed by induction.
CoroLLARY 2. If x{p(a)}P@+1 is defined, then
z{p (a)}r @D+l = ¢ implies that x{u(a)}™=) =e, . oiiiiiiiiiiiiinnns (2.6)
Proof. z{p (x)}¥=)1+1 = ¢ implies, by Corollary 1, that
z € Li{u(@)@+1] nd, = L{{p@)®] A4,
from (2.2). Thus, by Corollary 1 again,
2{u (@)@ = e.

3. Important lemma. Before proving that conditions (2.1)-(2.4) are also sufficient, we
prove the following important lemma which will be required later on.

Lemma 2. Suppose that we have a sequence of groups
Gy, Gy, ..., Ghy ooy
defined for every A in a well-ordered set A, such that G € G, whenever A, me A and A < .
Let u(A, o), where A € A and o ranges over an index set Z, be a partial endomorphism of @,
which maps the subgroup 4, , € G, onto a second subgroup B, . C G,, such that
4,,C4 B,.,CB,,

= {gas =

and p(m, o) extends p(A, o) wherever A < .
Let @, also contain the normal subgroups L(A, w) for every w in the semigroup 2 freely
generated by p(a), such that L(A, w) € L(n, w) whenever A < w. Let, for all Ae 4,
LA w) SL(Aww) forallw,w €8, ovviiviiiiiiiiieiiiiiiiiinninieiriniiineens (3.1)
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LA, {p()}r=] = L[A, {u(e)}H=)+i] Sor any integer i > 0, ..oovvviniiiiniiniin, (3.2)
LA p(@)]nd, , be the kernel of (A, @), eeveeviiiiiniiiieiiiiniiiiii 3.3
(LA, (@)@} N Ar Ji( @) = LA, @) QB gy wrveererereiensisesinsesessresssssesesenn, (3.4)

and put
@ =UG, 4:=U4,, B.=UB, L()=ULQRw).
Aea Aed

Aeda Aea
Define p' («) to map A onto B, as follows. If x e A,, that is to say x € A, , for some suitable
A€ A, we put
zp' (@) = 2p (A, o).
Then @, A;, By, L'(w) and p'(w) satisfy the following relations :

L'{w) € L'(ww,) forall w, w; €82, covvvivvinniiiiiiiiiiiii (3.5)
L' [{p(a)}®)] = L'[{p(e)yu=)+1] for any integer 1 > 0, ............... (3.6)
L'lp(e)}nd,  isthe kernel of p'(a),«ccoveveennereiiiiiiniiiniiiininnin. (3.7)
(L e (@)} MAL () = L/(@) OBl weeeeeeeeeieeeeeeeeeieeeeeesseseseeeennns (3.8)

Proof. If l € L'(w), then
le L(A, w) € L(A, ww,) € L'(ww,) for some Ae 4,
which proves (3.5).
If x € L' [{p(a)}@+1], then
z€ LI\, {u(@)n@+1] = LA, {u(@)"@] C L'[{u(a)],

for some suitable A. Thus

L' [{p (@41} © L' [{p(a)}*@] ;
but also L [{F’(“)}"(a)] cr [{P' (a)}"(ﬂ)+1]

from (3.5). These two relations prove (3.6) when ¢ = 1. The proof for + > 1 is the same.
To prove (3.7) we notice that

L'[p(a)]nd, = [I\lSJA L{A, p.(a)}:l N "LGJA A,,'a]
= R UA[L{/\’ ,u.(oz)} nAn,a]‘

Let 2 € L'[pn(2)] N4, ; then

zeL[A p(e)]N4,,. forsome A,me4,

C L[r, p(a)] N4, ,, where 7 = max(A, n).
Thus, by (3.3),
au' (@) = zu(r,a) = e.
Conversely, if 2 lies in the kernel of ' (a), then
zp'(a) = zu(d, a) = e, for some Ae 4,

and thus xe L[A, p(2)]n4, , C L' [p(x)] n4,.
This completes the proof of (3.7).
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Finally, to prove (3.8), we note that
Llp@u]ndl = U (L pl2)o} n4,,.)

L'(w) nB, = U [L(A w)nB, ]

A,meA
Ifz e L'[p(a)w] NA,, then
z € L[r, pla)w] N4, , for some re4,
ap'(«) = zu(r, o) € L(r, ) NB,,,

by (3.4). Thus
[L{p(w} ndAdp'(a) € L'(w) NBy . ovveiiiiiiiniiinninnninnns (iii)

If, on the other hand, y € L'(w) N B;, then
ye LA, w)nB,,  C L(r,w)nB, ,,
where 7 = max (A, =), and there exists an element x € L[r, p(a)w] N4, , such that
y =zp(r, o) = ' (o).
Thus L'(w) B, © [L' {un(x)w} nAJp (). corrveniiniiiiiiiiieiannn, (iv)

(iii) and (iv) together prove (3.8).
This completes the proof of Lemma 2.

4. Sufficient conditions. Let « be an arbitrary element in 2. Put
H = G/Llp()].
Then H contains a subgroup
B, = A,0L[u(@))/L{p(2)] & 4./4,ALu(«) = B,.
The mapping: aL[u{«)] € B, corresponds to au(«) € B,, where a € A, defines an isomorphism
between B, and B,. Let G, be the free product of G and H with B, and B, amalgamated
according to this isomorphism, i.e., let
Gy ={G*H; B, = A, L[p(e))/Lps()}-
Denote by v(a) the canonic mapping of @ onto H. v(«) extends u(x). For every w € 2,

we define
M(w) = [L{p()w}y(a) v L(w)]%,

where XY denotes the normal closure of X in Y.
Lemma 3. If the subgroups L(w) are replaced by M (w), then the relation (2.2) will be pre-
served.
Proof. Applying (2.2) we get
M[{p ()] = {L[{p (@)} (@) L[{ ()]}
= {L{p(a)} "2y (o) » L[{pu (o)} ") +1]}0%
= M{{p (@@,
This, together with what was already proved in [1], shows that u(«) is extended to a partial
endomorphism v{«) of a supergroup @, of @ which maps G onto G/L[u(«)], such that when we

put
G, ; G, G/Llp(a)], v(a) ; Ag, Bp, pn(B) for all B(# a) € 2 and M (w)
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in the place of
G;A4, B

s F’(“) ;AB! Bﬂ: F’(B) for all ﬁ( # u) € 2 and L(w)’

relations (2.1)-(2.4) will be satisfied. As a corollary, relation (2.6) will also be satisfied.
We shall describe this process of embedding @ in @, by saying that @, is obtained from

G by an a-extension.

Now, for any A e 2, we define a group G, as follows. If we denote the first element of
Z by 0, then we construct &; by 0-extension from G.

Inductively, if @, for A € X' is defined and thus contains normal subgroups L(}, w) and
contains for every « € 2 a subgroup 4, , mapped homomorphically by p(A, «) onto another
subgroup B, , of @,, then we construct @, by a A-extension from G,, that is, we form

Gha = {Gh* GALIA, p(N)]; Bya = Ay a0 LA, p(R]/L[A, p(A)]}-

@, ,, contains, for every « € 2, a subgroup 4,,, , mapped homomorphically by u(A+1, «)
onto the subgroup B, , of G),,, where

AA+1,)\ = Gm

BA+1,A = GA/L[)‘: r{N)],

p(A+1, A) is the canonic mapping of G, on G,[L[A, p(A)]
and AA+1,¢ = AA,a)

B/\+1,a = B,\,a, when a # A.

pA+], a)is p(A, «) .
Define

LA +]1,w) = [L{A p(Qoln(A+1, AU LA, w)]f+1

for every w € 2. Then, according to [1] and Lemma 1, Ghy, 4)41.0 Bryre #(A+1, @) and
L(A +1, w) satisfy the relations (2.1)-(2.4) and, as a corollary, also relation (2.6).
If = is a limit ordinal and @,, 4, ., B, ,, #(A, a), and L(A, w) are defined for all A < =,
put
G,= UG, 4,.,= U4, B,.= UB, L@Ee)= UL}uw
A<n ALy

A<n A<n
and define p(r, «) to map 4, , onto B, , in the following way. Ifae 4, ,, ie., ifae 4, , for
some A < 7, we put
ap(m o) = ap(A, «).
Then, by Lemma 2, G,, 4, ,, B, ., p(m, «) and L(n, ») satisfy conditions (2.1)-(2.4)
and hence (2.6) also.
If o is the ordinal type of Z, then we continue this process until we form G,.
Put G =G 4= °4,, ple) = Ho (),
16 = OG‘” oAa,a = lAa! ,“'0(0) °‘) =M (a),
and form inductively
"G = "G, "—lAc,a = "4, pn-1(o, &) = I‘u(“)’

for any positive integer n. Let
@ = U Q.

n
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For any « € X we define a mapping u* («) as follows. If g e G*, that is if g € "G = »-1@,
for some suitable n, then we put
gu* (@) = gun(a).
Thus the p*(«) will become total endomorphisms of G* which extend the u(«).
Moreover, if g € G* and g{u* (¢)}=+1 = e, then
g{pn(a)}M=)+1 = ¢, for some suitable =,
which implies, by a relation corresponding to (2.6), that
g{pa (@} = e,
and thus gip* ()i = e,
This proves that p*(«) is an isomorphism on G*{u*(x)}™=). This completes the proof of the
following theorem.

THEOREM 2. The necessary conditions (2.1)-(2.4) of Theorem 1 are also sufficient conditions
for the existence of the required extension.

5. Special case. In this section we give the following theorem which is an immediate
consequence of Theorem 2.

THEOREM 3. With the previous notation, in order that p(x) should be extendable to one and
the same group, such that u*(e) 18 an isomorphism on G*{u* («)}™®), it is sufficient that there
exists for each a € X, a sequence

L{#, 1) € L, 2) € ... € Llo, n(@)] = L{o, n(@) +1] = ...
of normal subgroups in G, such that

L(a, 1) A4, is the kernel of p(a), «oovveevirneriiniiiiniiiiiinin, (5.1)
[L(a, i +1)NAJu(e) = L, 1) NB,, coeevviviiviiiiiiniiininn, (6.2)
L, 2) NBg = € cevviiiiniiiiniiiiin i (6.3)

fori =1,2,...,0,BecZand a # B.
For then we can satisfy conditions (2.1)-(2.4) by putting

Ll{p(a)fw] = L{p(@)}] = L(a 1),
orw = p(flo’, B + a.
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