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Abstract

Some fixed point theorems on H-spaces are presented. These theorems are then applied to
generalize a theorem of Fan concerning sets with convex sections to H-spaces and to prove
the existence of equilibrium points of abstract economies in which the commodity space is an
H-space.
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1. Introduction

In a recent paper [10] we have a fixed point theorem which contains our
earlier fixed point theorem in [11] as a special case and used this fixed point
theorem to prove the existence of equilibrium points of abstract economies.
The object of this paper is to extend this theorem to the more general situation
of H-spaces. As in [10] we have applied our theorem to obtain a generalized
version of a theorem of Fan [3, Theorem 16] concerning sets with convex
sections. In the final section we consider the abstract economy in which
the commodity space is an H-space and prove by means of our fixed point
theorem the existence of equilibrium points of such economies.

To begin with we explain the notion of an H-space introduced by Horvath
[5], [6] and [7] and related concepts on H-spaces.

Let X be a topological space and ¥ (X) the family of all nonempty finite
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subsets of X . Let {F,} be a family of nonempty contractible subsets of
X indexed by 4 € #(X) such that F, C F; whenever 4 C A'. The pair
(X, {F,}) is called an H-space. Given an H-space (X, {F,}), a nonempty
set D is called H-convex if F, C D for each nonempty finite subset 4 of
D . For a nonempty subset X of an H-space we define the H-convex hull of
K, denoted by H-coK as

H-coK = ﬂ{D C X: D is H-convex and D D K}.

Then H-coK is H-convex (see [12]) and is the smallest H-convex set con-
taining K . It is also known [12, Lemma 1] that

H-coX = U{H-coA: A is a finite subset of K}.

The following lemma is also proved in [12].

LEMMA 1.1. The product of any number (finite or infinite) of H-spaces is
an H-space and the product of H-convex subsets is H-convex.

Proor. Let {(X_, {F; }): @ € I} be a family of H-spaces where I is a
finite or an infinite index set. For each nonempty finite subset 4 of X =
[I{X,:a €I}, weset F, = [[{F,:a € I} where foreach a €I, 4, =
P (A4) and P : X — X_ is the projéction of X onto X . Now it is easy to
see that (X, {F,}) is an H-space (for details see [12].

Following Debreu [2] and Shafer and Sonnenschein [9], we will describe
an abstract-economy or generalized qualitative game by & = {(X_, {F{ ),
A,,U,:a €I}, where I is a finite or an infinite set of agents or pla)('xers;
foreach a €/, (X, {F:a}) is an H-space, the commodity space; 4,: X =
[[{X,:ael} - 2% is the constraint correspondence (set valued mapping)
and U, : X — R is the utility or pay off function. We denote the product
H{Xﬂ: BclI and B #a} by X_, and a generic element of X__ by x_, .
An abstract economy instead of being given by {(X, {Fj‘a}) ,A,,P:acl}
may be given by & = {(X,, {F;}), 4,, P,: a €I} where P : X — 2% js
the preference correspondence. The relationship between the utility function
U, and the preference correspondence P, can be exhibited by the definition:

P(x)={y,eX,:U(y,,x_)) >U,/(x)}

where for each o € I, x_, is the projection of x onto X_, and [y, x_,]
is the point of X whose ath coordinate is y_ .

In the case of the economy being givenby & = {(X_, {F }),4,, U, a€
I}, a point ¥ € X is called an equilibrium point or a gueneralized Nash
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equilibrium point of the economy & if
U&x)=Ulx,,x_,J= sup U]z, ,X_.|]
zaeAu(x)
for each a € I where X, and X__ are respectively projections of X onto
X, and X_ . In this case the equilibrium point is the natural extension of
the equilibrium point introduced by Nash [8]. Now let

& ={(X,, {F; }), 4,, U, a €}

be an abstract economy and let for each a € I, P, be obtained as above.
Then it can be easily checked that a point X € X is an equilibrium point
of & if and only if foreach a € I, P (X)N A4, (X) =2 and X, € 4,(X).
Thus given an abstract economy & = {(X_, {F;}), P, , A, :a €I} wecan
define an equilibrium point of & as follows: a plbint X € X is said to be an
equilibrium point of the abstract economy & = {X_, P, 4,: o € I} if for
each a€l, P (X)NA(X)=2 and X, € 4 (X) where X, is the projection
of X onto X .
For more references on this topic we refer to [1], {2], [4], [9] and [10].

2. Fixed point theorems in H-spaces

The following theorem, the proof of which is contained in the proof of
Theorem 1 of Horvath [7], will be the basic tool for our purpose.

THEOREM 2.1. Let X be a topological space such that for every subset J
of {0, 1, ..., n} there is a nonempty contractible subset F, of X having the
property that F, C F]' whenever J c J'. Then there is a continuous mapping
g:A, — X suchthat g(A;) C F, for each subset J of {0, 1, ..., n}, where
A, is the standard n-dimensional simplex with vertices e,, e, ..., e, and for
any subset J of {0, 1,...,n} A, (CA,) is the convex hull of the vertices
{e;:jeJ}.

THEOREM 2.2. Let X be a compact topological space and (Y, {F,}) an
H-space. Let T: X — 2Y be a set valued mapping such that

(i) for each x € X, T(x) is a nonempty H-convex subset of Y ,.

(ii) for each y € Y, T"l(y) ={x € X:y € T(x)} contains an open subset
0, of X (0, may be empty for some y),

(iii) U{Oy: yeY}i=X.
Then there is a continuous selection f: X — Y of T such that f = go¥
where g: A, — Y and W: X — A, are continuous mappings and n is some
positive integer.
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ProOF. Since X is compact, by (ii) and (iii) there is a finite subset
{v9>yy5--->y,} of Y such that U{Oy,: i=0,1,...,n} =X. For each
nonempty subset J of {0, 1, ..., n},lét F,=F,,where A={y;:ieJ}.
Then clearly F, C F,, whenever J C J ". Hence by Theorem 2.1 there is
a continuous mapping g: A, — Y such that g(A;) C F, for each subset
J of {0,1,...,n}. Now let {¥,,¥,,...,¥,} be a partition of unity
corresponding to the finite covering {Oy0 s Oyl Y eres Oy,.} of X, thatis, ¥,
is a real valued continuous function defined on X such that ¥, vanishes

outside OY.- , 0<¥,(x)<1 and

Zn:‘l’i(x) =1
i=0

for each x € X. We can thus define a mapping ¥: X — A by

¥(x) = zn:‘yi(x)ei s

i=0
x € X with ¥(x) € A0 where J(x)C {0, 1, ..., n} is defined by

ieJ(x) o ¥(x)#0ex€0, C T™'(y) &y, € T(x).

Hence by H-convexity of T(x), F 7o) © T(x) for each x € X. Now the
mapping f = go¥ has the property that foreach x € X, f(x) = g(W(x)) €
8, CF Ty € T(x). In other words, f is a continuous selection of 7 .

CoROLLARY 2.1. Let X be a compact topological space and (Y , {F,}) an
H-space. Let S, T: X — 2¥ be two set valued mappings such that

(i) for each x € X, S(x) # @ and foreach y € Y, S~ () is open,

(ii) for each x € X, S(x) c T(x),

(iii) for each x € X, T(x) is H-convex.
Then there is a continuous selection f: X - Y of T.

ProoF. For each y € Y, set 0,= S_l(y) . Then since for each x € X,

S(x) € T(x), it follows that 0, = S™'(y) c T~'(y) for each y € Y. Since
for each x € X, S(x) # @, it follows that U{Oy: y €Y} = X. Hence the
conclusion follows from Theorem 2.2.

COROLLARY 2.2. Let X and Y be as in Theorem 2.2 and T: X — 27
be a set valued mapping satisfying the conditions of Theorem 2.2. Then for
any continuous mapping h: Y — X there exists a point y, € Y such that
Yo € T(h(3y).
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ProoF. By Theorem 2.2, there is a continuous mapping f = g oV where
g:A,— Y and ¥: X — A, . Hence the continuous mapping Yohog: A, —
A, has a fixed point g, by the Brouwer fixed point theorem. Let y, = g(q,) .
Then go¥oh(y,) =y,. Butas f = go¥ isaselectionof T, y, € T(h(y,)).

CoROLLARY 2.3. Let (X, {F,}) be a compact H-space and T: X — 2¥
be a set valued mapping such that

(i) for each x € X, T(x) is a nonempty H-convex subset,

(ii) foreach y e Y, T_l(y) ={x € X:y € T(x)} contains an open set O,
(Oy may be empty for some y),

@iii) U{0,:y e X} =X.
Then there is a point x, € T(x,).

ProoF. If we take h = I, the identity mapping on X in Corollary 2.2,
we obtain the corollary.

THEOREM 2.3. Let {(X_, {F, } a € I} be a family of compact H-spaces,
where I is a finite or mﬁmte index set. Let X = [[{X,: « € I}. For each

acl,lee T : X — 2%2 be a set valued mapping such that
(i) for each x € X, T (x) is a nonempty H-convex subset of X,

(ii) for each x, € X _l(x )={y € X:x, €T (y)} contains an open
subset O, of X such that U{O X, €EX}=X 0 may be empty for
some X ) Then there is a point x € X such that x € T =[I{T, (x

I}, ie x, €T,[(x) foreach a €1, where x, is the pro;ectton of x mto Xa
for each o€ 1.

ProOF. For each a € I, there are by Theorem 2.2 continuous mappings
g,: An(a) —X,and ¥ : X — An(a) such that the mapping f = g o¥, : X —
X, is a continuous selection of 7, . Now let S = H{An(a) a€l}. For each
a € I, let F, be the linear hull of the set {¢;, ¢, ... €n(a) }. Then for
each a € I, F, is a locally convex Hausdorff topological vector space as it
is finite dimensional. The convex hull A of the set {¢,,¢,, ..., €} 18
a compact convex subset of F, for each a € I. Thus § =[[{A,,): a € I}
is a compact convex subset of the locally convex topological vector space
F = [l{F,: a € I}. Now we define the continuous mappings g: § — X
and ¥: X - S by g(t) =[[{g,(P,(1):a €I}, t€S where P : S—= A
is the continuous projection of § onto An(a for each a € 1 and Y(x) =
[H¥, (x):a € I}, x € X. Let I, be the identity on X. Then by the
Tychonoff fixed point theorem the continuous mapping Yol,0g:§ — §
has a fixed point ¢ € S, ie., Yol,g(q) = q. Let g(q) = y. Then
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gO\PO X(y) =Yy, 1.€. goll"(y) =y = gao\lla(y) = ya foreach a € I.
(To see this let W(y) = ¢, then ¥ (y) = P (¢)). Hence y, = g o ¥, (y) =
£,0)c T (y) foreach a€1.

3. Sets with H-convex sections

Our next theorem generalizes a theorem of Fan [3, Theorem 16] and partly
a theorem of the author [13] to the case of an H-space.

THEOREM 3.1. Let {(X,, {F, }): a € I} be a family of compact H-spaces,
where I is a finite or an inﬁnitae index set. Put X = [[{X,:a € I} and
X_, = H{Xﬂ: Bel and B # o}. Let x__ denote a point of X_,. Let
{G,:a €1} and {H,: a € I} be two families of subsets of X having the
Jollowing properties:

(a) for each a € I and each x € X, the set

H(x)={x_,€X_,:[x,,x_JleH}

isopenin X__;
(b) for each o€ I and each x_, € X__, the set

H((x_)={x,€eax,,x_JeH}

«

is nonempty and the set

G (x_)=1{x,€eX, :[x,,x_1€G,}

a

contains the convex hull of H (x_,).
Then N{G,:a€l}# .

PrOOF. For each a € I and each x = {x } € X we set T (x) =
H-coH (x_,) where x, and x_, are projections of x into X, and X__ .
Then foreach a €/, T: X — 2%« is a set valued mapping satisfying (i) of
Theorem 2.3 (by virtue of the condition (b)). Now for each « € I and each
V. €X,,

-1

a

W) ={x={x}eXx:y €T (x)}={x={x,}eX:y,€H-coH (x_,)}
D{x={x}eX:y, e H(x_,)}
={x={x}eX:x_,eH(y,)}=X,xH(»,)=0,,

say, which is by (a) an open subset of X . Finally let x = {x,} € X be

arbitrary. Then by the first part of the condition (b) thereis y € H (x_,),
ie. x € O, . Thus for each a € I, {0, :y, € X,} = X and hence
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the condition (ii) of Theorem 2.3 is also fulfilled. Hence by Theorem 2.3
there exists a point x = {x_ } € X such that for each a € I, x, € T (x) =
H-coH (x_,) C G (x_,),ie x =[x,,x_,] € G, foreach a €1, iec.
x€{G,:a€el}.

4. Existence of equilibrium point of an abstract economy

In the present section we apply our Theorem 2.3 to prove the existence of
an equilibrium point of an abstract economy & = {X_, P , A4 :a €I} as
described in Section 1. We recollect that X = [[{X :a €I} and X_ is an
H-space for each a €.

THEOREM 4.1. Let & ={X_, P, A : a € I} be an abstract economy such
that for each o € I, the following conditions hold:

(i) X, is compact;

(i) for each x, € X, A (x) is nonempty and H-convex valued,

(iii) for each x, € X_, {P, 1(xm) UF,}nN A;l(xa) contains an open subset
Oxa of X such that U{Oxa: a€l}=X,where F,={x € X: P (x)NA4_(x) =
o},

(iv) for each x = {x,} € X, x, ¢ H-co P (x) for each a €.

Then & has an equilibrium point.

(Note that each X being an H-space is H-convex.)

PROOF. For each a € I, let G, = {x € X: P (x) N A4,(x)} # 2; ie.
G, = F; and for each x € X, let I(x) = {a € I: P,(x)NA4_(x) # @}. For
each a € I, we now define the set valued mapping 7,: X — 2% by

T (x) { (H-coP (x))N A, (x), forael(x),
X)) =
@ A, (x), for a ¢ I(x).
Then for each x € X, T, (x) is nonempty and H-convex valued and for each
y, € X, it can be easily seen that

T.'(y) =H{H-coP) " v )n A )} NG, 1U4] ' (v,)NF,]
SHP ') N4, 0 )}NGIUIA4] ()N F,]
=[P, (n) N4, W )IU[4, (V) NF,]
=[P W )UFIN4]',) =0, ,

say.
Thus in view of the condition (iii), for each y_ € X, Ta'l(ya) contains
an open subset Oy such that U{Oy 1y, € X} = X. Hence by Theorem
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2.3 there exists a point x = {x_} € X such that x, € T (x) foreach aeI.
By condition (iv) and the definition of T, it easily follows that x is an
equilibrium point of & .

REMARK 4.1. Condition (iii) of the theorem can be replaced by the stronger
condition:

(iii)’ for each x € X,, {P.'(x,)UF,} N4, (x,) is relatively open in
X (for example, see {10, Remark 3.1]).

COROLLARY 4.1. Let & = {X_, P,, A : o € I} be an abstract economy
such that for each o € 1 the following conditions hold:

(1) X, is compact;

(ii) for x € X, A_(x) is nonempty and H-convex valued,

(iii) the set G, = {x € X: P (x)N A, (x) # @} is a closed subset of X ;

(iv) for each y, € X, P l(ym) is a relatively open subset in G, and
A;l(ya) is an open subset of X ;

(v) for each x = {x,} € X, x, ¢ H-coP, (x) foreach a €.
Then there is an equilibrium point of the economy & .

Proor. By condition (iv), P, (y,) = G,NU, for some open subset U, of
X . Thus Pa_l(ya) UF =(G,NU)UF =Xn(U,UF,). Hence

(Pl )UEINA' v,)=(U UFE)NA'(v,)

is an open subset of X . Now the corollary follows from Theorem 4.1 and
Remark 4.1.

We now conclude by the following remark.

REMARK 4.2. As in [10] we can define a qualitative game by {X_, P.:a €
I} where index set I is finite or infinite and foreach a € I, X, is an H-space
and P: X = [[{X,:a €1} — 2% is a set valued mapping. If convexity
is replaced by H-convexity and convex hull is replaced by H-convex hull,
then results similar to [10, Theorem 3.2 and Corollary 3.2] concerning the
maximal element of a qualitative game can similarly be stated and proved.
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