
SCHLICHT DIRICHLET SERIES 

M. S. ROBERTSON 

1. Introduction. For power series 

(1.1) /(*) = z + a2z
2 + . . . + anz

n + . . . 

for which 

(1-2) £ n\an\ < 1, 
2 

it has been known for four decades (1) that jf(V) is regular and univalent or 
schlicht in \z\ < 1. This theorem, due to J. W. Alexander, has more recently 
been studied by Remak (5 ) who has shown that w = f(z), under the hypothesis 
(1.2), maps \z\ < 1 onto a star-like region, and if (1.2) is not satisfied/(z) 
need not be univalent in \z\ < 1 for a proper choice of the amplitudes of the 
coefficients an. 

We may recast the theorem of Alexander in the following form. Let the 
power series 

(1.3) /(*) = z + a2z
2 + . . . + anz

n + . . . 

have a radius of convergence R > 0, and let p be the largest positive number, 
0 < p < R, for which 

CO 

(1.4) £ n\an\pn~l < 1. 
2 

Then f(z) is univalent and star-like with respect to the origin in \z\ < p. 
For Dirichlet series 

CO 

(1.5) f(s) = - e~Xls + £ an e~XnS, s = a + it, 

whose abscissa of absolute convergence is â, — oo < <x < » , there is a smallest 
real number r, d < r < oo , for which 

(i.6) É x»kl«~XBT < i. 

Working by analogy with power series one might guess that under the hypo­
thesis (1.6), f(s) would be univalent in the half-plane dts > r. However, this 
is not the case, as the simple example 

m = - e-Xis 
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shows, and because of the almost periodic character of the functions f(s) in 
general. 

Functions/(s) given by power series (1.1) which satisfy (1.2) are said to be 
of Hurwitz class (5). Similarly, those functions f(s) given by Dirichlet series 
(1.5) which satisfy (1.6) will be said to be of class r. 

Recalling certain concepts of univalency introduced by Montel (3), we say 
that/(z) is locally univalent in a region D if f(z) is regular in D and if, for every 
closed domain D* Q. D and for every point ZQ of D*, there exists a positive 
number p independent of Zo such that f(z) is univalent in every circle \z — z0| 
< p lying within D. Moreover, if there is a class of functions {f(z)} regular 
in the region D we shall say that the functions f(z) of the class are uniformly 
locally univalent in D whenever f(z) is locally univalent in D and p has the same 
value for each member/(z) of the class. 

We shall show that the functions f(s) given by a Dirichlet series (1.5) of 
class r are uniformly locally univalent in a half-plane. If r < (log Xi)/Xi, 
the half-plane is the one for which 9fa > r. If r > (log Xi)/Xi the half-plane 
is the one for which 

^ > - F ^ 1 > *. 
Aq — Ai 

where q is the suffix of the first non-vanishing coefficient ag of the numbers 
an, n > 2. The theorem is a best possible one. More explicitly we prove 

THEOREM 1. Let 

(1.7) f(s) = - <TXls + Ë On e~Xn\ aq^0, s = a + it, 
n—q 

have d as its abscissa of absolute convergence, — <*> < <x < » . Let f(s) be of 
class T. Let e be an arbitrary real number in the range 0 < e < 1. Then f(s) 
is univalent in every circle \s — s0\ < (1 — t)ir/\\ for dlso > a where 

(1.8) a = maxjr + - ^ - = - ^ , 

3 log (2 - e) - log (Xie) + Xgr + (1 - e)7rXg/X1 

\q — Xl 

The factor ir/Xi in the radius (1 — €)TT/XI cannot be replaced by a larger one. 

An application is made to the Riemann Zeta-function f (s) which is shown 
to be locally schlicht in the half-plane 9îs > 6.32. 

The radius of univalency of the function e~%lS about any point So is exactly 
TT/XX and the function has a period 2iri/\i. Since this function is also univalent 
in every strip of width 27r/Xi parallel to the real axis, this suggests that perhaps 
semi-infinite strips would form more natural domains in which to investigate 
properties of univalency for functions represented in half-planes by Dirichlet 
series. Accordingly, in §4 we obtain several results applicable to strip domains. 
The following theorem is proved. 
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THEOREM 3. Let 

(1.9) f(s) = - e~Xls + f a » e~XnS, s = <r + it, 
n=2 

be absolutely convergent for a > â, — oo < <j < a>, and letf(s) be of class r < r0 

where 

M i m logXi log 2 log Xi - I log 2 
(L10) T0 = ~xT " Tx7= xi * 

Let k be an arbitrary integer and let 

( eXlT\ 
i r r rnel I 0 <r* /rt << 

2Xi 
(1.11) *0 = ^ arc c o s ^ j , 0 < t0 < ^ ~ 

Z,^ £># denote the strip of the s-plane defined by 

* > r, t r- ^ ô. 
A l I 

Then W = f(s) is univalent in Dk and maps the interior of Dk onto a bounded 
region Ak which is star-shaped with respect to the point a = + a> at an end of 
the real axis, this region being convex in the direction of the real axis. The theorem 
is not true in general if the strip is enlarged, or if T exceeds TO. If TO is replaced 
by r*o = (log Xi)/Xi f(s) is still univalent in Dk, but Ak is in general no longer 
convex in the direction of the real axis. Again, the theorem is not true if r exceeds 
r*o. 

2. Preliminary lemmas. Let f{s) be defined by a Dirichlet series, and 
normalized as in (1.5), with à as abscissa of absolute convergence, — o° 
< <j < oo, and where \n is a given sequence 

0 < Xi < X2 < . . . < K < • • . , K -> °° • 

We shall suppose that not all the coefficients an are zero. 
It is well-known that the derived series 

(2.1) f\s) = x 1 < r X l ' - É W " * " ' 
n=2 

also converges absolutely for a > à. If 
oo _ 

(2.2) £ * » k k " w 

n=2 

diverges to + a> and à is finite there exists a unique real number r, <r < r < <», 
for which 

oo 

(2.3) E KK\e~UT = 1. 
n=2 

This follows since 

(2.4) g(a) = f, \n\an\e-*"° 
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is a strictly decreasing continuous function of a for a > â which assumes 
arbitrarily large positive values for a near â, a > d, and which assumes 
arbitrarily small positive values for sufficiently large positive values of a. 
Since <x was assumed finite, there are an infinite number of coefficients an 

different from zero. 
The same conclusion about r in (2.3) may be drawn if the series (2.2) 

converges to a positive number not less than 1. In this case <r < r < °°. If 
the series (2.2) converges to a positive number less than 1 we define r = d 
so that in this case (2.3) is replaced by 

(2.5) J2 K\an\e XnT < 1. 

If <x = — °°, g(cr) assumes arbitrarily large positive values for r sufficiently 
small (algebraically) and negative so that again there exists a unique r for 
which (2.3) holds. In all cases â < r < oo. We shall call r the "class" of the 
Dirichlet series (1.5). Thus we have the lemma: 

LEMMA 1. Letf(s) be defined by the Dirichlet series (1.5) with â as its abscissa 
of absolute convergence, — oo < ^ < oo. Then there exists a smallest real number, 
r, d < r < oo, for which 

(2.6) X Xn\an\e XnT < 1. 

LEMMA 2. Let s\ and s2 be any two distinct points in the circle \s\ < r. Let 
X be a positive number. Then 

(2.7) 
-X$2 -Xsi 

< \er 

S2 — Si 

Lemma 2 follows immediately from the expansion 

(2.8) 
-XS2 -Xsi 

S2 - Si 
= X 

Q?2 + Si) (S2
2 + S2Si + Si2) 2 

2! A i " 3! 

<< 1 + IT + r ¥ + -- + 
ft f+...)-A«'\ 

LEMMA 3. Let Si and s2 be any two distinct points on the circle \z\ = r. Let 
X be a positive number. Let e be an arbitrary positive number less than one. Then 
for r = (1 — e)7r/X 

(2.9) 
-XS2 -Xsi 

Xs2 \Si 
> 

(2 - ^ > 8 > a 

To prove Lemma 3 we observe that if 

(2.10) F(t) = t + b0 + ^ + ...+,± + 

is regular and schlicht for |f| > 1, and if fi and Ç2 are two distinct points for 
which |fi| = |f2| = R > 1 then it is known (2) that 

https://doi.org/10.4153/CJM-1958-018-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1958-018-9


SCHLICHT D1RICHLET SERIES 165 

(2.11) > 1 - R' 

From (2.11) it follows that if 

(2.12) /(*) = z + b*1 + . . . + bnz
n+ . . . 

is regular and univalent in \z\ < 1, and if Z\ and z2 are any two distinct points 
on \z\ = p < 1, then 

(2.13) / ( f t ) ~ / ( * i ) 
22 — Z\ 

> I-P 
(1 + PY ' 

(2.13) follows from (2.11) if we define F({) = {/(f"1)} -1 and use the well-
known inequality for univalent functions (2.12): 

(2.14) > (1 + P) , \z\ = p < 1. 

Since ez is univalent in \z\ < ir, it follows from (2.13) that 

(2.15) 

(2.16) 

%2 — Z\ 

—XS2 

> 

- X s i 

7T (7T — p ) 
3~ , P l | | ^ 2 | = p < 7T 

\ s 2 — \S\ 

. 7T (TT - Xr) , , , , 

(TT + Xr)6 

Choosing r = (1 — e)7r/X in (2.16) we obtain (2.9). This completes the proof 
of Lemma 3. 

3. Proof of Theorem 1. Let s0 = a0 + ito be a complex number for which 
co = 9fao > <r + (1 — e)T/\ly 0 < e < 1. Let Si, s2 be any two distinct values 
of s in the circle \s — s0\ < r where r < o-0 — <r. Let s\ = si — so, s2' = s2 — So 
so that \s/\ < r. For an appropriate r we shall show tha t / ( s ) , given by the 
Dirichlet series (1.5) which is of class r, is univalent in \s — So\ < r, provided 
(70 is sufficiently large. In proving 

(3.1) /fa) -/fa) ^ 0 
S2 - Si 

it will be sufficient to assume \si\ = \s2
f\ = r. This follows from the fact 

that if the image curve of the circle \s — s0\ = r by the mapping function 
bounds a simply connected region, the mapping function is schlicht in the 
interior when it is schlicht on the boundary. Choose r = (1 — e)ir/\i. We 
now have 

(3.2) /fa) - /(• 
52 

/ \ / — XlS2 — X i s i \ œ / —XnS2 — XnSl \ 

^ = - (---=--- + z 4-—=-—-) 
1 \ S2 — S\ / n==2 \ S2 — Si / 

S2 — Si 

-XlS2 

S2 

-Xisi 

Si 
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(3.3) 

where 

(3.4) 

/ ( * ) - / ( s i ) 
Si - Si 

>e 
-Xiero 

5 2 ' 

î ff = 52 Me Xn<ro 

Si 

— e 

-R. 

-Xn*l' 

52 - 5 i 

and aQ is the first non-vanishing coefficient ant n > 2. By Lemma 2, we have 
for r < o-Q — r < (To ~ cr 

(3.5) 7? / V* \ U |>n(r-(ro) 
Ka ^ 2~< K\a<n\e 

n=q 
oo 

/ V"* \ | _ |„-XnT —Xn(<r0—r—T) 

< 2^ *n\an\e • e 

< e ~Xa(<ro-r— T) Z A I I —Xnr 
A n | 0 n | 0 

< e 
—X9((T0—r-r) 

where we have used the inequality (1.6) for functions f(s) of class r. From 
(3.3) and (3.5) we have for r < a0 — r. 

(3.6) 

where 

(3.7) 

52 - 5 i 
> Aie 

> Xi*?" 

-Xi<ro 

-Xiero 

—XiS2' - X i s i ' 

Xi52 — AiSi 

w(Xir) — e" 

— e 
-\q{<TQ—r—T) 

-Xg(<ro— r— T) 

m(r) mm 
| z l | = | 2 2 | = r 

Z2 — Z\ 

If r < 7T, m(r) > 0 since e2 is univalent in |z| < ir. In spite of the fact that 
ez is a simple elementary function, the problem of finding m(r) as a function 
of r appears to be far from simple. It can be shown that 

(3.8) m(r) = min e 
0<X<T<T 

_(r2_x2)2 s i n x 

X 

We shall take r = (1 — e)ir/\\, where e is an arbitrary number in the range 
0 < € < 1. We require the value of m(Xi, r) = m(( l — e)x). For small values 
of e, 

w(( l - 6)TT) > - + o(e). 
7T 

However, we require a lower bound for m(( l — e)7r) which holds uniformly 
for all e in 0 < e < 1. A positive lower bound of the correct order in e is 
furnished in a simple way by the use of Lemma 3, which gives 

(3.9) w(( l — e)w) > 
(2 - € ) ' ' 

Thus, for r = (1 — e)x/Xi, <ro > T + (1 — t)ir/\i, we have 

0 < e < 1. 
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I Si — Si 

\g<ro) Xi€ ^(Xg-Xi)^ __ ^ (T+d-e J î r /X i ) 
(3.10) > e " ^ - 3 - ^ 3 . ^ ^ • - • - e 

> 0 , 

provided we choose <r0 so that o-0 > r + (1 — e)7r/Xi, and 

( 3 1 1 ) (Xfl-Xi)<r0 > (^ — 6) # X«(i4-(l-€)irAl) 

Xie 

that is 

(3.12) (70 > 3 lQg (2 ~ *) ~ lQg(Xi6) + X « ( T + ( 1 - 6 ) I T / \ I ) # 

Xff — Xi 

We observe that the number 7r/Xi, appearing in the radius (1 — e)7r/Xi cannot 
be replaced by a larger one since the radius of univalency of the function 

~—Xi* 

which is the first term of the Dirichlet series (1.7), is exactly 71-/X1. We remark 
that for functions of the same class r the value of a in (1.8) is independent 
of the function f(s) once the sequence {\n} has been selected. This completes 
the proof of Theorem 1. 

It is by means of Theorem 1 that we are now able to establish the uniformly 
locally univalent property for all normalized Dirichlet series of the same 
class r in a half-plane dis > fi where fi has the value given in the following 
theorem. 

THEOREM 2. Let the class of functions \f(s) ) where 
00 

f(s) = - e~Xu + £ ane-XnS, a, * 0, 5 = <r + it, 

be of the same class r. Then the functions f{s) are uniformly locally univalent in 
the half-plane dis > fi where 

f r, i f r < ^ l ) 

Xi 
\QT - logXi .. log Xi 

> T, it r > — - . 
A<7 — A i A l 

The functions f {s) of class (log Xi)/% are not uniformly locally univalent in dis > T 
— rj for arbitrarily small r? > 0, and the functions f(s) of class r > (log Xi)/Xi, 
are not uniformly locally univalent in dis > r while for an arbitrary rji > 0, 
the functions of a sub-class are uniformly locally univalent in dis > T + rji. 

Before proving Theorem 2 we remark that Theorem 1 shows that the func­
tions f(s) of the same class r are uniformly locally univalent in the half-plane 
dts > a — (1 — e)7r/Xi at least. As e —» 1 we have 
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(3.13) l i m a = max 
/ Xgr - log xA 
Y ' X, -Xx / 

logXi 
(3.14) l i m a = T i f r < . . 

e_>l X i 

/o 1K\ r <̂zT' — log Xi . - log Xi 
(3.15) lim a = - ~ f if r > ~ r . 

e-̂ l Xff — Xi Xi 
In (1.8) we have a = r + (1 — e)ir/Xi provided 

Suppose now t h a t r < (log Xi)/Xi. Then (3.16) is t rue for a range of e, 

0 < l - ^ < e < l , 
7T 

since 

(3.17) ^ < ^ g ^ - ^ = ^ 
Ai Ai Ai€ Ai 

for e = l , b u t for no value of e in the range 0 < e < 1. For cr0 > r + 5, / (5) 
is univalent in |s — 50| < 8 if r < (log Xi)/Xi since (3.16) is verified. T h u s 
the functions f(s) are uniformly locally univalent in dts > T + ô for arbi t rar i ly 
small 8 > 0. I t follows t h a t the functions f(s) are uniformly locally univalent 
in dts > T whenever r < (log Xi)/Xi. 

Again, if r > (log Xi)/Xi we have 

(3.18) a = [3 log (2 - e) - log (Xx e) + \qr + (1 - 6)7rX,/X1]/(X,-X1) 

provided 

(3.19) r > - [3 log (2 - e) - log (Xl€) + (1 - 6)TT]/X1 

I t is readily seen t h a t (3.19) is verified for all e, 0 < e < l , w h e n r > (logXi)/Xi. 
Then for 

(3.20) ,o > H ^ f - ^ + 5, fi > 0, 
Aq — Ai 

f(s) is univalent in every circle |^ — 5o| < (1 — e)ir/\i provided 

(3.21) hL=J2K±l + ô>a 
Kq — Ai 

where a is given by (3.18). B u t since when e = 1, a has the value given by 
lim a in (3.15) we see t h a t for each given 8 > 0 there exists a range of values 
o f e , 0 < l — 5i < € < 1 for which (3.21) is verified. Since 5 m a y be taken 
arbi trar i ly small it follows t h a t the functions f(s) are uniformly locally 
univalent for 

(3.22) ^s>hL=J^lliST>]£&h. 
Aq — Ai Ai 

https://doi.org/10.4153/CJM-1958-018-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1958-018-9


SCHLICHT DIRICHLET SERIES 169 

If r > (log Xi)/Xi, there exist functions f(s) which are not locally univalent 
in dts > T although they are locally univalent in dis > r + m f° r a given 
rji > 0. For example, let f(s), defined as 

oo 

(3.23) f(s) = - e~Us + £ ane~Ks, an > 0 for n > q, 
n=q 

be of class r > (log Xi)Xi and choose q sufficiently large so that 

(3.24) V- logXx < r + m, Vl> 0. 
A? — Ai 

The size of the coefficients an determine the value of r, 
oo 

(3.25) f'(r) = Xie-
XlT - £ Kane-XnT = X ^ 1 7 - 1. 

If r = (log Xx)Ai, / ' (r) = 0. If r > (logXOAi,/ W < 0, whereas/ ' (</) > 0 
for large values of c, since 

lim eXl'f(a) = Xi > 0. 
0"->+oo 

Thus/'(o-), being continuous, must vanish for at least one value a = <ri > T. 
But ci < r + rji since /(s) is locally univalent at least for dis > r + 771, 
and/'(o-) can not vanish for a > r + *?i. It follows tha t / (s ) is not schlicht in 
the neighbourhood of <n. Thus, if r exceeds (logXi)/Xi,/(s) need not be locally 
univalent in dis > r even though it is for dis > r + 771. It is also seen that if 
r = (log Xi)/Xi, f(s) need not be locally univalent in dis > r — 77, 77 > 0. 
This completes the proof of Theorem 2. 

We shall now make an application of Theorem 2 to the Riemann zeta-
function f (s). 

00 00 

(3.26) 1 - us) = - z .-s,og("+2) = - E (» + D"s-
Now 1 — f (5) is of class r where 

(3.27) É l 2 S r X ^ ^ = !• ^ + 2_Tl0^2 + ! = °-
W=2 (» + 1) 

Since 
logXi = log log 2 

Xi log 2 

and r > 1, we see that f (s) is locally univalent for 

(3.28) 9?, > TX* ~ l 0 f X l = T ' ° g 3 ~ ' ° g ' ° g 2 = 2.70749 r + 0.90428, 
X2 — Xi log 3 — log 2 

where r is the solution of the equation (3.27). Since 

lA \n + 1) J 2 x (T - 1) 2 
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for a value r = r0 in the range 1.9 < r0 < 2.0 it follows that 1 — f (s) is of 
class r < 2. Also, since 

,Oo0N »-2 ( » + l ) 3 J 3 X 

= Iog3 ( T - l ) l o g 4 + l 
3 r "*" (r - l)2 47"1 

for a value of r = n in the range 1.9 < ri < 2.0 it follows that 1 — f (s) 
is of class r > 1.9. Hence, the class of 1 — f (s) lies in the range 1.9 < r < 2.0. 
We conclude that f (s) is locally schlicht in a half-plane 9?s > c where c < 6.32. 

4. Proof of Theorem 3. Univalency in strips. Instead of examining 
f(s), given by (1.5) and of class r, for univalency in circles \s — $o| < r, we 
shall turn now to a similar task for strips. Let Dk denote the strip of the 
s = a + it plane denned by a > r, where r < r0 in the notation of (1.10), 
and — to < / — 2kir/\i < /0, where & is an arbitrary integer and 

1 /eX l T \ 
(4.1) *o = T- arc cos I — J , 0 < to < TT/2XI. 

Let Ox denote the boundary of Dk and consist of the three line segments ak, 
fit, yk denned as follows. 

ak: that part of Ck which lies on t — U + 2kir/\i, 

f3k: that part of Ck which lies on a = r, 

yk: that part of Ck which lies on t = — to + 2kir/\\. 

Let D*k denote the rectangular sub-domain of Dk whose boundary C** consists 
of the parts of the two line segments ak and yk for which r < a < r*, together 
with /^ and 5fc, where dk denotes the line segment a = r* > r, — /o + 2^7r/Xi 
< / < /o + 2&TT/XI. 

We shall show that f(s) is univalent in the domains Dk and that w = f(s) 
maps Ck onto a simple, closed Jordan curve Tk which is convex in the direction 
of the real axis, which is to say that the region bounded by Tk is star-shaped 
with respect to the point at infinity at an end of the real axis. Since lim/(cr) = 0, 

it follows that the only zero f(s) has in Dk corresponds to the point of Dk at 
infinity. Thus Tk passes through the origin in the ^-plane. li Wi and w2 are 
any two distinct points of the image of Dk by w = f(s) for which 3Î£>I = $W2, 
it will follow that the line segment joining w^ and W\ lies entirely within the 
region encompassed by Tk. If w\ and w2 are any two points interior to Tkj they 
must also lie interior to r*^, the image of C*k, if r* is taken sufficiently large. 
Thus it is sufficient to prove that the region bounded by r** is convex in the 
direction of the real axis for every r* > r. 
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On 0* we have a = r and 

(4.2) /(r + it) = - e~^+it) + É ane-
x"^+i". 

Because /(s) is of class r, /(s) and / ' (s) are continuous on a = r > <r, and we 
have 

(4.3) 3f(r + #) = <TXirsin (KJ) - £ («n sin (X„0 - & cos (Xn0}e"XnT 

n=2 

where an = an + i(3n, an and /3W real, and 

(4.4) | 3f (r + it) = X ^ 1 ' cos (Xx/) 

oo 

- Z Xw{arecos (\nt) + A sin (Xn0}e~XnT. 
«=2 

Since 

(4.5) | an cos 0 + ft, sin 0 | < (a,2 + &2)* = \an\ 

for all 0 we have 

«J CO 

^ 3 / ( r + it) > Xnf^'cos (XiO - E Xn|an|e~XnT 

(4 ,6 ) > XierXl'cos(X!/) - l > o 

for 

, / , 2k7r / / n ^ , ! / ^ ^ * 
— to < t — < /o, 0 < t0 = — arc cosl — J < — . 

Thus, $f(s) is a monotonically increasing function of t on fik. 
A similar proof holds on 8k where a = r* > r with a slight modification. 

Here we have 

A <fe CO j ^ 

^ 3 / ( r * + it) > \ie~MT cos (XiO - £ XK|an|e-x"r 

( 4 J ) = e-XlT*{xlCos (XiO - £ X„|a„|e-
(X"-Xl)r*} 

> e-XlT*{xlCos (XxO - £ XnK|e-(X"-Xl)r} 

>e-XlT*{X1cos(X10 -e X l T } > 0 

for \t — 2ibr/X1| < t0. Thus 3 / M is a monotonically increasing function of 
t on 5A. 
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(4.9) 

On ak we have t = tk = to + 2&7r/Xi, T < CT < T*, and 

oo 

(4.8) 3/(<r + «**) = e-
Xlffsin(X1/0) - £ {a„sin(X^) - ft, cos(XA) }e~X"', 

w=2 

---/(o- + ifo) = - Xie 1<rsin(X^o) 
(7(7 

oo 

+ X Xnîansin(Xn/fc) - /3„ cos(X„J*) }éfXn<r 

n = 2 

oo 

< - Xie~Xl<r sïn(Xi^o) + X) K\an\e~Xn(T 

< e - X l V XlSin(Xrf0) + £ XB|an|e-
(X"-Xl)7 

< e - X l ' { - Xisin(Xi<0) + £ XBk|e~ (Xn_Xl>7 
V n=2 J 

<e~Xia{- Xisin(\i/o) + eXlT} 

= <TXl<r{- (X2!- e2XlT)è + eXlT} < 0 , 

provided, in the notation of (1.10), 

(4.10) T < To, a > T. 

Thus, 3/(5) is a monotonically decreasing function of a on a*. 
A similar argument shows that $f(s) is a monotonically increasing function 

of a on Yfc (£0 is replaced by — to). 
Combining the above results we have shown that, as three sides of the 

rectangle C*k are traversed in the counter-clockwise direction beginning at 
the point of intersection of /3k and yk and ending at the point of intersection 
of ak and /?*, the corresponding arc of the curve T*fc has the property that 
every horizontal straight line (parallel to the real axis) cuts it in at most 
one point since ^f(s) is non-decreasing. Similarly, the image of fik also has 
the property that every horizontal line cuts it in at most one point. Thus, the 
region bounded by r*^ is convex in the direction of the real axis for every 
T* > r. Since r** has therefore no double points f(s) must be univalent in 
D*k, and consequently univalent in Dk as well. 

We next see that there exist functions f(s) and certain sequences {Xn} 
for which the theorem is not true if the strip Dk is enlarged by keeping the 
sides parallel to the axes of reference. Let e > 0 be chosen arbitrarily. Choose 
X2 so that 

6(x2-xl)c > 2 ^ X2 > Xi> 

Choose the coefficients an of (1.9) positive and so tha t / ( s ) is of class r = TO. 
Then for a = T — e, t = 0 we have 
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(4.11) | 3/(r - e + it) = X!e-Xl(r-e) - £ W * * ^ " 
C* n=2 

< Xxe-Xir. eXie - eX2e 

= 2 * e X l € - eX 2 C<0. 

Thus $f(s) in this case is not steadily increasing as t increases on r = r0 — €. 
This shows that we cannot enlarge the strip D0 horizontally and have Theorem 
3 valid for all functions f(s) of the class considered. 

Next we shall show that the strip may not be enlarged vertically. Choose 
Xi > 0 and e > 0 arbitrarily, and, torn > 2, choose \n = (4n + l)w/(2to + 2e) 
where /0 is defined as in (1.11) and where 

T < To. 

We choose the coefficients an of (1.9) so that for n > 2, an = dtan = 0, fin 

= 3> an > 0, with a proper choice of magnitude of /3n so that /(s) is of the given 
class r. Then for t = to + e, e > 0, e small, and cr = r, 

<4-12> I 
9 °° 

.7 3/(r + it) = Xie-
Xir cos X!(/o + 0 - Z Xn^e"X"r 

< Xie lTcos Xi(/0 + e) — 1 

< Xî ~ i r cos (Xî o) — 1 
= 0. 

It follows that 3L/"(T + it) is not monotonically increasing for \t\ < to + e, 
e > 0, for this function of class r. Therefore the strip D0 cannot be enlarged 
vertically for all functions considered in Theorem 3. 

It is also seen that no larger value of r than the one given by (1.10) is per­
missible. Theorem 3 is, therefore, a "best possible'' one. This completes the 
proof of the first part of Theorem 3 where r is restricted as in (1.10). 

On the other hand, we may increase the range of r slightly if mere univalency 
is demanded in the strips Dk. We assume that the inequality r < TO where 
TO is defined in (1.10) is replaced by T < T*0 = (log Xi)/Xi and shall show that 
f(s) is still univalent in Dk. We make use of Noshiro's Theorem (4) and show 
first that dtf(s) > 0 in Dk. Since 

(4.13) 9tf(s) = XieTXl<rcos(Xi0 - £ Xn{ancos(Xw0 - /3nsin(Xn0K 
n=2 

dtf(s) > x1^-Xiacos(x1/) - É x»kk~Xn* 

(4.14) > e"Xl4x1cos(X1/) - É X»H<T(Xn-Xl)7 
V n=2 / 

>e-Xlff{XiCOs(X!0 - eXir} > 0 

if s is in Dk and r < T*0. 

Xn<r 
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Since we have shown that 9Î / ' (s) > 0 in Dk and since Dk is convex it follows 
at once by Noshiro's Theorem that f(s) is univalent in Dk. 

No larger value than T*0 for r is permissible in general. Indeed if an > 0 
for n > 2, and r > r*0 we have 

(4.15) / ' ( T ) = e"XlT(X! - eXlr) < 0 

if 
oo 

(4.16) E Koné~Ur = 1. 

But 
CO 

(4.17) /'(<r) = Xie -
X l ' - £ XB an e~K° 

n=2 

> 0 
for <T sufficiently large. Thus/ '(5) vanishes in the strip D0 in this case. In this 
case f(s) is not univalent. 

It should be noticed also that if r < r*0 then 

OCT 

on t = constant, | j | < /o, 0* > r. For 

T - 8 î / ( o - + Û ) = Xi6~ X l < r COs(XiO - YJ \ n { o n C O s ( X n O ~ j f f n s i n ( X „ 0 } e 
OCT w = = 2 

00 

> Xie~Xl<rcos(XiO — X l̂«wk"~Xn<r 

71=2 

(4.18) = e-x"{x1cos(X1/) - £ X„k|e- ( X"-X l ,4 
V n=2 / 

4x1cos(X1/) - É Xnk|e" ( X n _ X l )7 e-w 
n=2 

>e"Xia{X1cos(X10 - eXlT} 

>o 
for |l| < J0, r < r*0. Thus, if r < r*0, -D* is mapped into Akby w = f(s), and 
part of the boundary of Ak is convex in the direction of the imaginary axis 
while the remaining part of the boundary is convex in the direction of the 
real axis. These parts correspond to sides of Dk regardless of which function 
f(s) of class r is used. 

We have completed the proof of Theorem 3, and the following corollary is 
a consequence of the preceding remarks. 

COROLLARY 1. If {fn(s)} is a sequence of functions defined by Dirichlet series 
CO / -v 

(4.19) fn(s) = ~e~Xls+ £ 4 T V X ' " S , 
m=2 
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relative to the sequence {\(^ } , 

(4.20) 0 < Xi < X(
2
n) < X(sn) < . . . < X<f < . . . , j£> • 

and if eachfn(s) is of the same class T, SO that 

(4.21) Z ^ \a^\e-^)s< 1, r< . 
ra=2 Ai 

CM> |oS°| e-^*< 1, r < ^ \ 
A l 

then, for each sequence {An} of positive real numbers for which 
CO 

(4.22) <t>(s) = £ AJn(s) 

converges uniformly to <l>(s) in dts > a, a < r, ^e toe </>(s) analytic in dts > a, 
and cj)(s) is univalent in each strip Dk of Theorem 3. 

COROLLARY 2. Let 

00 

(4.23) f(s) = - e~Ms + £ a„e-
x"s, s = <r + *f, 

be absolutely convergent for 0- > <r, — <» < ^ < 00, and letf(s) be of class r < 
(log Ai)/Ai. Z,d 

(4.24) /o = ^ arc c o s ^ - j , 0 < t0 < ~-. 

77rew f(s) is univalent in every semi-infinite strip D of width 2U which is parallel 
to the real axis and lies in the half-plane dis ^ r. 

In order to see that Corollary 2 follows from Theorem 3 we observe that if 
t' is an arbitrary real number the function 

(4.25) F(s) = eiXlt'.f(s + it') = - e~Xls + £ awe"i(Xn-Xl)f/ • <TX*' 
n=2 

is a Dirichlet series of the same class r as the class oîf(s). Applying Theorem 
3 to F(s) we find that F(s) is univalent in each strip Dk of width 2t0. Hence 
f(s) is univalent in a strip obtained by a translation vertically of the strip 
Dk by the arbitrary value tf. 

If r < ro as in (1.10), we can conclude further tha t / ( s ) is convex in some 
one direction in each strip of width 2to, a > r, parallel to the real axis. The 
direction of convexity varies with the position of each strip in general. As in 
Theorem 3 Corollary 2 is sharp. 
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