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Abstract We prove that many, but not all, injective factors arise as crossed products by nonsingular
Bernoulli actions of the group Z. We obtain this result by proving a completely general result on the
ergodicity, type and Krieger’s associated flow for Bernoulli shifts with arbitrary base spaces. We prove
that the associated flow must satisfy a structural property of infinite divisibility. Conversely, we prove
that all almost periodic flows, as well as many other ergodic flows, do arise as associated flow of a weakly
mixing Bernoulli action of any infinite amenable group. As a byproduct, we prove that all injective factors
with almost periodic flow of weights are infinite tensor products of 2 X 2 matrices. Finally, we construct
Poisson suspension actions with prescribed associated flow for any locally compact second countable
group that does not have property (T).
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1. Introduction

To a countable infinite group G and a standard measure space (Xg,uo), called the
base space, one associates the Bernoulli action G ~ (X,u§) = [1,ec(Xo:p0) given by
translating the coordinates by left multiplication. Bernoulli actions are at the heart
of many classical, as well as recent, theorems in ergodic theory and operator algebras.
Especially the role of Bernoulli actions in the theory of von Neumann algebras has been
very prominent; see [42, 43, 12, 33, 44].

By construction, ug is a probability measure, and it is preserved by the Bernoulli action
of G. We rather equip X = X§ with a product of possibly distinct probability measures
g on X and thus consider the Bernoulli action

G (X = [ Kowmg) : (97" 2)n = gn - (1.1)
geG

We require that the action (1.1) is nonsingular, i.e., preserves sets of measure zero. By
Kakutani’s criterion for the equivalence of product measures, this is equivalent to all the
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measures (iy)gec being equivalent and

Z H?(p1gn, 1) < +oo for every g € G, (1.2)
heG

where H(u,v) denotes the Hellinger distance; see equation (2.1).

The key question that we address is the following: Given a countable infinite group G,
what are the possible Krieger types of nonsingular Bernoulli actions G ~ (X,u)? This
question is particularly interesting in the classical case G = Z.

Recall that an essentially free ergodic nonsingular action G ~ (X, ) is said to be of type
II; if it admits an equivalent G-invariant probability measure, of type Il if it admits
an equivalent G-invariant infinite measure and of type III otherwise. Moreover, type III
actions are further classified by Krieger’s associated flow [38], an ergodic nonsingular
action of R that is also equal to the Connes—Takesaki flow of weights [14] of the crossed
product von Neumann algebra L>°(X) x G. If the associated flow is trivial, the action is
of type III;. If it is periodic with period |logA| and A € (0,1), the action is of type III,. If
the associated flow is properly ergodic, the action is of type Iy, and we are particularly
interested in understanding which associated flows may arise from nonsingular Bernoulli
actions.

The first example of an ergodic Bernoulli action of type III was given by Hamachi for the
group of integers [30]. Much later in [35], Kosloff could give an example of a nonsingular
Bernoulli action of Z that is of type III;.

In the past few years, the study of nonsingular Bernoulli actions has gained momentum.
The first systematic results for nonsingular Bernoulli actions of nonamenable groups
G were obtained in [49]. In [7], very complete results on the ergodicity and type of
nonsingular Bernoulli actions with base space Xy = {0,1} were obtained, building on
important earlier work in [36, 22, 37, 18]. In particular, it was shown in [49] that the free
groups F,,, n > 2, admit Bernoulli actions of type IIT, for all A € (0,1]. In [7], it was proven
that locally finite groups admit Bernoulli actions of all possible types: 111, II, and IIIy
for A € [0,1]. In [8], we proved that the same holds for all infinite amenable groups if we
allow the base space X to be infinite. The latter is a necessary assumption since it was
proven in [7] that Bernoulli actions of Z with finite base space are never of type Il. In
[39], it was proven independently that infinite amenable groups admit Bernoulli actions
of type III, for all A € (0,1].

Ergodic, essentially free, nonsingular actions G ~ (X,u) of amenable groups are
completely classified, both up to orbit equivalence and up to isomorphism of their crossed
product von Neumann algebras, by their type and associated flow; see [38, 13, 14, 11,
29]. Tt is thus a very natural question to ask which ergodic flows arise as the associated
flow of a nonsingular Bernoulli action, in particular of the group Z. Put in an equivalent
form, the question is which factors arise as crossed products L>°(X) x Z by nonsingular
Bernoulli shifts.

We prove in this paper the surprising result that not all injective factors can arise in this
way. We also prove that many injective type Il factors do arise. In particular, we prove
that all infinite tensor products of factors of type Iy (i.e., 2 x 2 matrices), the so-called
ITPFI, factors, arise as crossed products of nonsingular Bernoulli shifts.
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In this paper, we call a flow any nonsingular action of R. We introduce below (see
Definition 3.12) the concept of an infinitely divisible flow. By the classification of injective
factors, the flow of weights of an injective factor M is infinitely divisible if and only if
for every integer n > 1, there exists an injective factor N such that M = N®n, By [28,
Theorem 2.1], not every injective factor, and not even every ITPFI factor, is a tensor
square. So not all ergodic flows are infinitely divisible.

Our first main result says that the associated flow of a nonsingular Bernoulli shift
Z ~ (X, ) must be infinitely divisible. We prove this result in complete generality, without
making any other assumptions on the nature of the base space Xy or the probability
measures i, apart from the shift being nonsingular.

We thus also need a completely general result on the ergodicity of nonsingular Bernoulli
shifts. Ruling out the trivial cases where p admits an atom or where the action Z ~ (X, )
admits a fundamental domain (i.e., is dissipative), we prove the following result. We
actually provide in Theorem 4.1 below a more precise description, also saying exactly
what happens in the trivial cases with an atom or a fundamental domain.

Theorem A. Let Z~ (X, 1) = [],,cz(Xo,tn) be a nonsingular Bernoulli shift such that
(X,u) is nonatomic and Z ~ (X, ) is not dissipative.

There exists an essentially unique Borel set Co C Xo such that C¥ C X has positive
measure and the following holds.

e The nonsingular Bernoulli shift Z ~ C% is weakly mizing, and its associated flow
is infinitely divisible.
o The action Z ~ X \ C% is dissipative.

Note that it was proven in [7, Theorem A] that a Bernoulli shift of Z with base space
{0,1} is either weakly mixing, dissipative or atomic. This is compatible with Theorem A
because a two-point base space is the only case in which a subset Cy C X is either empty,
a single point or everything. Theorem A says in particular that, for every conservative
nonsingular Bernoulli shift Z ~ (X,u), the associated flow is infinitely divisible. The
crossed product L*°(X) x Z associated with a Bernoulli shift can only be a factor if
Z ~ (X, ) is conservative and ergodic. As mentioned above, by [28, Theorem 2.1], it thus
follows that not every injective factor, and not even every ITPFI factor, is of the form
L>(X) X Z where Z ~ (X, 1) is a nonsingular Bernoulli shift.

Complementing Theorem A, we determine in Theorem 4.3 in equally complete
generality the type of an arbitrary nonsingular Bernoulli shift Z ~ (X, u).

In the converse direction, we prove that many ergodic flows do arise as associated flows
of nonsingular Bernoulli actions. By [17], the possible flows of weights of ITPFI factors are
precisely the tail boundary flows, i.e., the actions of R on the Poisson boundary of a time-
dependent random walk on R given by a (nonconstant) sequence of transition probability
measures u, on R. If the transition probabilities u, can be chosen to be compound
Poisson distributions, we call the tail boundary flow a Poisson flow', see Definition 3.7.

ISOmetimes, the term Poisson flow is used as a synonym for Poisson process. In this paper, a
flow is always a nonsingular action of R so that no confusion should arise.
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We prove in Theorems 3.8 and 3.9 that the class of Poisson flows is large: It includes
all almost periodic flows (i.e., flows with pure point spectrum), and it includes the flow
of weights of any ITPFI, factor. By definition, Poisson flows are infinitely divisible, and
therefore, not every ergodic flow is a Poisson flow. In Section 3, we obtain several results
on the class of Poisson flows. They can be equivalently characterized as the tail boundary
flows with transition probabilities pu, supported on two points and having uniformly
bounded variance (see Proposition 3.11). Also, the flows of weights of ITPFI, factors can
be precisely characterized as the Poisson flows of positive type (see Definition 3.7 and
Theorem 3.9).

We then prove that all these Poisson flows arise as the associated flow of a weakly mixing
nonsingular Bernoulli action of any amenable group. As a corollary, it thus follows that
every ITPFI; factor is of the form L>°(X) x Z for a nonsingular, weakly mixing Bernoulli
shift Z ~ (X, p).

Theorem B. Let G be any countable infinite amenable group, and let R ~ (Z,n) be
any Poisson flow. There exists a family of equivalent probability measures (pg)gec on a
countable infinite base space Xo such that the Bernoulli action G ~ (X, p) =[] ,cq(Xo,1g)
18 monsingular, weakly mixing and has associated flow R ~ Z.

As a byproduct of our results on Poisson flows, it follows that every almost periodic
flow is the flow of weights of an ITPFI; factor, answering a question that remained open
since [32, 27].

Theorem C. FEvery injective factor with almost periodic flow of weights is an ITPFI,
factor.

To put Theorem C in a proper context, recall that an ergodic almost periodic flow is
precisely given by the translation action R ~ A where A C R is a countable subgroup.
So, for every countable subgroup A C R, there is a unique injective factor M, with flow
of weights the translation action R ~ A. Connes’ T-invariant of My equals A. In [32,
Theorem 2], it was proven that, for every a € R\ {0} and every subgroup A C aQ, the
factor My is ITPFI,. In [27, Proposition 1.1], it was proven that for every countable
subgroup A C R, there exists an ITPFIy factor M with T(M) = A, but it remained
unclear if M = M. We now prove in Theorem C that all M are ITPFI; factors.

Every ITPFI, factor is infinitely divisible. It is natural to speculate that also the
converse holds. One may also speculate that the infinitely divisible ergodic flows are
exactly the Poisson flows. If both of these speculations are true, it follows from Theorem
A and Theorem B that the class of injective factors that can be realized as the crossed
product L>(X) x Z by a conservative nonsingular Bernoulli action Z ~ (X, 1) equals the
class of ITPFI,. We refer to Remark 3.16 for a further discussion.

Poisson flows also appear naturally in the context of nonsingular Poisson suspensions
(see Section 5 for terminology). Given an infinite, o-finite, standard measure space
(Xo, o) with Poisson suspension (X, 1), under the appropriate assumptions, a nonsingular
action G ~ (Xo,p0) has a canonical nonsingular suspension G ~ (X,u). To a certain
extent, Poisson suspensions can be viewed as generalizations of Bernoulli actions, and
many results were obtained recently (see [46, 20, 21, 19]). In particular in [19], it was
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proven that any locally compact second countable group G that does not have property
(T) admits nonsingular Poisson suspension actions of any possible type. We prove that
in type Iy, any Poisson flow may arise as associated flow.

Proposition D. Let G be any locally compact second countable group that does not have
property (T). Let R ~ (Z,n) be any Poisson flow. Then G admits a nonsingular action
G ~ (Xo,10) of which the Poisson suspension G ~ (X,u) is well-defined, weakly mizing,
essentially free and has associated flow R ~ Z.

By [21, Theorem G], Proposition D is sharp: If G has property (T), then every
nonsingular Poisson suspension action of G admits an equivalent G-invariant probability
measure. We actually prove first Proposition D and then deduce Theorem B as a special
case by taking G ~ G xN: g-(hn) = (gh,n) and choosing the measure py on G x N
appropriately.

2. Preliminaries

2.1. Nonsingular group actions

Suppose that (X, ) is a standard measure space. The push forward of p along a Borel map
©: X — X, that we denote by o or . pu, is the measure given by (.u)(U) = (=1 (U)).
We say that ¢ is nonsingular if the measures ¢.pu and p are equivalent. If in addition
@ is invertible, we say it is a nonsingular automorphism. In that case, we will also use
the notation po¢ for the push forward measure ¢~ !u. The set Aut(X,u) is the group
of all nonsingular automorphisms of (X,u), where we identify two elements if they agree
almost everywhere. It caries a canonical topology, making it into a Polish group. Both
the set Aut(X,u) and its topology only depend on the measure class of p.
For a nonsingular automorphism ¢: X — X the Radon-Nikodym derivative
M c Ll( X, 1)
dp
is uniquely determined by the equality

d(pop) _ o
[ Petan 2 @)inte) = [ Pla)dnte). tor every P e L (X0,

A nonsingular action of a locally compact second countable group H on a standard
measure space (X,u) is a continuous homomorphism «: H — Aut(X,u), which we will
also write as H A (X, ). Such an action induces an action H ~ L (X, u) by (h-F)(z) =
F(h=!.2). Conversely, if A is a separably represented abelian von Neumann algebra, and
H ~ A acts by automorphisms, then there is a standard measure space (Y,v), together
with a nonsingular action H ~ (Y,v), such that the action H ~ A is the action induced
by H ~ (Y,v). We will frequently identify the actions H ~ A and H ~ (Y,v). Recall
that a nonsingular group action H ~ (X,u) is called ergodic if there are no nontrivial
H-invariant Borel sets (up to measure zero).

We call a flow any nonsingular action of H = R. We say that a flow R ~ (X,u) is
periodic if there exists a t € R\ {0} such that t- F = F for every F € L*™°(X,pu).
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A nonsingular action G ~ (X,u) of a countable group G on a standard measure space
(X, ) is called essentially free if the set {x € X : g-x = x} has measure zero for every
g#e If G (X,pu) is essentially free and if there exists a fundamental domain, i.e.,
a Borel set W C X such that (¢-W)4eq is a partition of X up to measure zero, then
G ~ (X, p) is called dissipative. On the other hand, if for every nonnegligible Borel set
U C X there are infinitely many g € G such that u(gd NU) > 0, then we say the action
G ~ (X, ) is conservative.

If G~ (X,p) is an essentially free nonsingular action, there is a unique partition (up
to measure zero) X =UUW of X into G-invariant Borel sets & and W such that the
action G ~ (U, ) is conservative and G ~ (W, ) is dissipative. The actions G ~ U and
G ~ W are called the conservative, resp., dissipative parts of the action G ~ X. Finally,
note that an essentially free ergodic action must be conservative, except when the action
is transitive, i.e., when g is atomic and supported on a single G-orbit, which means that
the action is isomorphic with the translation action G ~ G.

2.2. Nomnsingular Bernoulli actions

Suppose that X is a standard measurable space and that G is a countable infinite group.
For a family of equivalent probability measures (u4)geq on Xo, consider the product
probability space

(X, 1) = T (Xooy).

geG

The action G ~ (X,p) given by (g-2)n = x4-1p, is called a Bernoulli action of G or
Bernoulli shift if G =Z.

By Kakutani’s criterion for the equivalence of product measures [34], the Bernoulli
action G ~ (X, ) is nonsingular if and only if equation (1.2) holds, where H (u,v) denotes
the Hellinger distance defined by

H ) =3 [ VA~ A G =1~ /. 0 \/% \/idcz (2.1)

where ( is any probability measure on X with u,v < (.

If (X,p) = [l,ec(Xo.pg) is nonatomic and if the Bernoulli action G~ (X,pu) is
nonsingular, then it is essentially free, by [7, Lemma 2.2].

Recall that for any permutation p of G (finite or infinite) such that the induced
transformation

Qp: X=X (pl’)h =Tp-1(n)
is nonsingular we have that

d d
(Moa’) H o) ) ), with unconditional convergence a.e. on X.

heG d'uh

https://doi.org/10.1017/51474748022000263 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000263

Bernoulli actions of type Illy with prescribed associated flow 7
We then have that

1= H*(poa,p) = [ (1= H?(upenyon)) > 0.
heG

2.3. Maharam extension and associated flow

Let A be the Lebesgue measure on R. The Maharam extension of a nonsingular
automorphism ¢ € Aut(X,u) is the nonsingular automorphism @ € Aut(X x R, pu x \)
that is given by

~ d(po
QD((L',t) = (@(x)vt"_lOgT

Note that @ preserves the infinite measure du(z) x exp(—t)dA(t). Also note that v +— @ is
a continuous group homomorphism between the Polish group Aut(X,u) and the Polish
group Aut(X xR, x ).

The translation action s- (x,t) = (z,t + s) commutes with every @. For any nonsingular
action G ~ (X,u) Krieger’s associated flow (see [38]) is defined as the action of R on
the ergodic decomposition of the Maharam extension G ~ X X R, which amounts to the
action of R on L>(X x R)“.

Recall from the introduction how the type of a nonsingular group action G ~ (X, ) is
defined and that, for essentially free, ergodic actions of amenable groups, the type and
associated flow form a complete invariant of the action, both up to orbit equivalence and
up to isomorphism of the crossed product factors L (X) x G.

3. Poisson flows and infinite divisibility: proof of Theorem C

3.1. Tail boundary flows

Recall from [17] the construction of the tail boundary flow as the Poisson boundary
of a time-dependent Markov random walk on R with transition probabilities (tin)nen-

Consider
(97/1’) = H(R,Mk) and (anﬁn) = H (Rvﬂk) . (31)
k=1 k=n+1

Choose a probability measure po on R that is equivalent with the Lebesgue measure, and
define the nonsingular maps

Tip (R X L, pig X .UJ) — (R Xy, g X ﬁn) : ﬂ'n(tvw) = (t+w1 + o wWn,Wntds - ) .

Define the von Neumann algebras B = L (R x Q) and A, = (7,)«(L°(R x Q,,)). Then
the tail boundary is defined as A =(), -, An. The translation action of R in the first
variable defines an ergodic action of R on A, which is called the tail boundary flow.

We refer to [8, Section 2.3] for several basic results on tail boundary flows.

Tail boundary flows play a key role in this paper. When working with elements z of a
product space as in equation (3.1), we always denote by xj or x,, the natural coordinates
of z.
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Note that the tail boundary flow does not change if we permute the probability measures
tn- More precisely, if o : N — N is any bijection, then the tail boundary flows of (p,)nen
and (fy(n))nen are canonically isomorphic in the following way. Denoting by (ﬁ,ﬁ) the
path space for the family (tis(n))nen, the map

0: (R X Q7/-110 X /’6) - (R X §vl),“() X /j) : e(taw) = (t?wa(l)awa(Q)a o )

is a measure preserving bijection. We consider the von Neumann subalgebras A, C
L®(R x Q) and A, C L>®(R x §2), with intersections A = N, An and A= N, A, realizing
the respective tail boundaries. For every n € N, there exists an m € N such that
o({1,...,n}) c{1,...,m} and o' ({1,...,n}) C {1,...,m}. Then, 0.(A,,) C A, and A,, C
0.(A,). Therefore, 6,(A) = A, implementing the isomorphism.

Note that tail boundary G-actions can be associated in a similar way to any family
(ttn)nen of Borel probability measures on a locally compact second countable abelian
group G.

We prove in this section two results on tail boundary flows that are of independent
interest. First recall for future reference the following well known and easy result. For
completeness, we include the short proof. The Hellinger distance H was defined in
equation (2.1). We also make use of the total variation distance between probability
measures u,v on a standard Borel space X:

1
drv (1) = sup{|u(4) ~v()] | A€ X Borel } = 5 [ |dyfd¢ — v/,
b'e
whenever ( is a probability measure on X with p,v < (. Note that

HZ(:MaV) < dTV(M’V) < \[2H(,u,l/)

for all probability measures p and v on X.

Lemma 3.1 (Cf. [17, Lemma 2.5]). If (in)nen and (Vn)nen are sequences of probability
measures on R such that

oo

> H (i, vn) < o0, (3.2)

n=1

then the tail boundary flows of (in)nen and (Vp)nen are isomorphic. This conclusion
holds in particular if Yo | drv (fin,vn) < +00.

Proof. Partition R into Borel sets R = U,, UV,, UW,, such that u,|v, ~ valu,, vn(Va) =0
and py, (W;,) = 0. From equation (3.2), it follows in particular that

Z,un ) <400 and ZV” ) < 4o00. (3.3)

n=1
Define (£2,1) and (Q,,fin) as in equation (3.1) so that the tail boundary A of (in)nen is
realized as the intersection of A,, = (7,)«(L>®(R x Q,,)) inside B = L*°(R x Q). Similarly
define (,v), (,,,) and 7, so that the tail boundary C of (vy,)nen is realized as the
intersection of C), = (n],)« (L (R x ) inside D = L= (R x ).
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Define X,, CR x Q,, by (t,x) € X,, iff x,,, € Uy, for all m > n+ 1. Similarly, define
X, CRx Q. Denote p, = (m,)«(1x,) and p;, = (m,,)«(1x7 ). The Kakutani criterion
for the equivalence of product measures implies that the identity map X, — X is
a nonsingular isomorphism, inducing a #-isomorphism 6,, : A,p, — Cy,p.,. By equation
(3.3), the projections p, € A and p/, € D are increasing to 1. The *-isomorphisms 6,, are
compatible so that there is a unique #-isomorphism 6 : A — C satisfying 6(a)p!, = 0., (ap,)
for all a € A and n € N. By construction, € conjugates the tail boundary flows of (1 )nen
and (Vp)nen- O

We start by proving that such an identification of tail boundary flows also holds under a
different approximation assumption, replacing the Hellinger distance by the Wasserstein
2-metric. We can do even slightly better by taking the Wasserstein 2-metric w.r.t. the
metric on R given by d(x,y) = |Tx(x —y)|, where for k > 0, we denote by T, the cutoff
function

-k ifx < —kg,
T.:R—=[—krK]: Tp(z)=< =z if —k<z<k, (3.4)
K if x > k.

Recall that a coupling between probability measures u, v on R is a probability measure
n on R? such that, writing 71 : R?> = R : 7 (2,y) = 2 and 7y : R? — R : ma(z,y) = y, we
have (71)«(n) = 1 and (m2)«(n) = v. The set of all couplings between p, v is denoted as
I'(u,v). For every k > 0, we then denote by

) ) 1/2
Wo,k(p,v) = inf ( / T.(x—vy) dn(%y))
nel (p,v) R2

the Wasserstein 2-metric between p and v, w.r.t. d(x,y) = |T,(x —y)| on R. Note that the
metrics Ws ,; are equivalent for different values of x > 0 and are dominated by the usual
Wasserstein 2-metric Wa w.r.t. the metric d(z,y) = |z —y|.

Proposition 3.2. If (tun)neny and (Vp)nen are sequences of probability measures on R
such that for some k > 0,

Z WQ,N(M’IHVTL)Q < +OO,

n=1

then the tail boundary flows of (tn)nen and (Vn)nen are isomorphic.

Proof. Fix x> 0, and choose couplings ¢,, € I'(in,vy) such that

/ To(z —y)? dCn(2,y) < 27" + W, 1o (tn, v )?
R2

So we get that

3 xTr — 2 X 0
;/WTE( Y)? dn(2,y) < +00.
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Define 1 : R? — R? : ¢(z,y) = (z — y,y), and put 1, = ¥.(¢,). Fix a probability measure
A on R that is equivalent with the Lebesgue measure. Consider

ﬁRun Yl/:ﬁRl/n and ﬁ ,nn.

Whenever z,y € RY, we denote by (z,y) € Q the element (z1,y1,22,%2,...). As in the
definition of the tail boundary flow, define

oo

(Qmaﬁm) = H (RZJM) and
n=m-+1

Sm RxQ—Rx Qm : Sm(t,l',y) = <t+2(xz —|—yi),xm+1,ym+1,xm+2,ym+2, .. > .
=1

Note that the maps S, are nonsingular factor maps. Denote B = L>®(R x QA x 1), and
define A,, C B by Ay, = (Sm)«(L®°(R x Q). Define A =*_, A,,. We let R act by
translation in the first variable and obtain in this way an ergodic action R ~ A.

We identify the ergodic action R ~ A with both the tail boundary flow of (g, )nen and
the tail boundary flow of (v, )nen-

The first identification can be easily proved as follows and basically holds by definition.
Writing

oo

(Xma ,Enb) = H (Ra ,un) and
n=m-+1

Sm i RXX 5 RX Xyt si(tyz) = (t—&—Zwi,me,merg,...) ,
i=1

the tail boundary of (u,) is defined by the intersection C of C,, = (8)« (L (R x X;,))

inside D = L*°(R x X). Write S : R? — R : S(z,y) =  +y. By construction, S, (1,) = jin,
and we get the measure preserving factor map

P:RxOQ—->RxX: P(t,(E,y) = (t,(El +y17x2+y2,...) .
By independence, we have that A C P.(D) and A,, N P.(D) = P.(Cy,). Therefore, A =
P.(C).

The second identification requires more work. We disintegrate the probability measures
7, w.I.t. the second variable. We thus find probability measures 7, , on R such that

/RQF din = /]R dvn(y) /R i,y () F(2,)
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for all bounded Borel functions F : R? — R. Writing, for y € Y,

Qy,ny) = H R, 7, y,,)

we can view (£y,m,)yecy as the disintegration of (£2,7) w.r.t. the measure preserving factor
map R:Q—Y : R(x,y) =y.
Define the Borel functions

fn R [rn]: m):/ (%) dn,2()  and
F:Y —[0,+00 Z/ dnnyn()

Since

/Y Z/ V2 dny, (2,1) < 400,

we get that F(y) < oo for v-a.e. y € Y. Also note that

el < [ Tl dmy(a) sothat Y [ u)dvn(s) < +oc.

Write s, = [ ©n(y) dvy(y). Define the Borel sets i C Y and V, C Q, by

n

yeUu iff o(y)= lim > (on(ys)—sn) exists,
k=1

n

zeV, iff 0,(x)= ngrfooz:(xk — ok (yg)) exists.
k=1

Also define the Borel set
V={(z,y) €Q|F(y) < +oo, yeU and z € V,}.

We already proved that F(y) < +oo for v-a.e. y € Y. By van Kampen’s version of
Kolmogorov’s three series theorem (see, e.g., [47, Theorem 3 in Section 4.2]), we have
that v(Y'\U) =0 and that for all y € Y with F(y) < +o0, also n,(£,\V,) = 0. Since
F(y) < +oo for v-a.e. y € Y, it follows that n(Q2\ V) = 0. Write

n

TV = Rem(a,y) =0y(z) +(y) = ngglm;(xk — 58, (3.5)
and define the nonsingular factor map Q :RxQ = R xY : Q(t,z,y) = (¢t +7(z,y),y). We
view the tail boundary of (vp)nen as a von Neumann subalgebra N C L®(R xY'). W

prove that A = Q.(N).
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More precisely, we write

oo

YoZm)= | (Rwn) and
n=m-+1

Tm RXY =5 Rx Y, irp(ty) = <t+2yi,ym+1,ym+27...> .

i=1

Defining Ny, = (74,)« (L (R X Y,,)), we have N = () -_; N,

It immediately follows from (3.5) that Q.(N,,) C A, so that Q.(N) C A. To prove the
converse, fix F' € A. It follows that for v-a.e. y € Y, we may view the function F(-,y) as an
element of the tail boundary for the measures (1, ,)nen. By e.g. [8, Proposition 2.1], this
tail boundary is given by the translation action R ~ R and we find a unique K, € L>°(R)
such that F(t,z,y) = K, (t+0,(x)) for a.e. (t,x) € R xQ,. Defining G, (t) = K, (t—(y)),
we get that F'(t,z,y) = Gy(t+m(z,y)) for ae. (t,x) € RxQ,. Writing G(t,y) = G,(t), we
have found G € L>®(R x Y') such that Q.(G) = F.

It also follows from equation (3.5) that Q.(L*(RxY))NA,, = Q«(Ny,,). Therefore,
G € N,,, for all m € N so that G € N. This concludes the proof of the proposition. O

In our applications of Proposition 3.2 in this paper, we will only need the following
elementary estimate for the Wasserstein 2-distance. Assume that (3, )nen are probability
measures on R, and assume that, for every n € N, we have t,, € R and p,, € [0,1] with
>0 pn = 1. Define the probability measures 3=3 " p, B, and v =3 p, &, . Then,

WaB < Y opn [ (0=t d5, (o), (3.6

which follows immediately by using the coupling n=>""" p,, (Bn X &,,)-

Secondly, we prove a generalization of Orey’s fundamental result in [40, Theorem 3.1].
He proved that, if (un)nen i a sequence of probability measures on R with uniformly
bounded support, i.e., for which there exists a C > 0 such that u,([-C,C]) =1 for all
n € N, the tail boundary flow is never properly ergodic: if Y- | Var u, = +o0, the tail
boundary flow is periodic, and if Zzozl Var i, < 400, the tail boundary flow is given by
the translation action R ~ R.

The following result says that periodicity of the tail boundary flow already follows if we
can find finite positive measures (3, < u, such that the sequence (8, )nen has uniformly
bounded width and such that the sum of the properly normalized variances of 3, is
infinite.

More precisely, we prove the following and, in particular, provide a functional analytic
proof to [40, Theorem 3.1].

Proposition 3.3. Let (pn)ner be a sequence of probability measures on R. Assume that
Brn are positive finite measures on R satisfying B, < pr. Assume that there exists a C >0
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such that |z —y| < C for Bp-a.e. x,y e R. If
> Ba(R) Var(B,(R) ™' 8,) = +o0, (3.7)
n=1

then the tail boundary flow of (in)ner is periodic.

Note that, by convention, if certain (3, are zero, we interpret the corresponding term
in equation (3.7) as zero. The assumptions of Proposition 3.3 say in particular that, for
each fixed n, the measure (3,, has a bounded support so that its mean value and variance
are well defined and finite.

Proof. Note that it suffices to prove the proposition assuming that all 3,, # 0. Indeed, it
then follows that for I = {n € N| 3, # 0}, the tail boundary flow of (u,)ner is periodic,
from which it follows that, a fortiori, the tail boundary flow of (i, )nen is periodic.

Assume that the sum in equation (3.7) is infinite. We prove that the tail boundary flow
of (tin)ner is periodic.

Define the finite positive measures o, such that p, = ay, + 3,. Define Xq = RUR?2, and
equip X with the probability measures ¢, = a, LI 3,(R)~(B,, % 3,). Define the map T :
Xo—RbyT(z)=0ifz € Rand T(z,y) = x —y if (2,y) € R?. Define (X,¢) =[1,,en(X0,¢n)
and the independent random variables T, : X — R : T, (z) = T'(zy,). Note that |T,,| < C
for all n, E(T,) =0 and

Since Yo7 | E(T?) = +o0 and E(T?) < C? for every n € N, we can choose 0 <ny <ng <---
such that
MNk+1
(40C)* < > E(T2) < (50C)*

n=ng+1

for all k € N. Since |T,,| < C for all n, we have that E(|T,|®) < C E(T?) for all n € N.
Define oy, € [40C,50C] by

Nk+1
oi= . ET}).
n=ng+1
Write
Nk+1
Sk = Z T, and Fi(t)=(({z € X |Si(z) <owt}).
n=ng+1

Denote by G the distribution function of a standard Gaussian random variable. By the
Berry—Esseen theorem (see, e.g., [48, Theorem 2.2.17]), we get that

10C 1
_ <~ <z
Fu() =GO < =< ]
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for all k € N and all ¢t € R. Take § < 0 such that G(6) = 1/3. Then, Fj(d) > 1/12. Since
o > 40C and 0 < 0, we conclude that

C({o € X | Sulz) < 4005)) > 1% for all k € N, (3.8)

Define (€,) = [[,,en(R,tn). Denote by po the probability measure on R given by
dpo(t) = (m(1+t%))~1dt. Consider the Hilbert spaces

H=L*RxQuxp) and K=L*(RxX,uxC),

and define the subspaces Hy C H by Hy = L2((R,1) x T2, (R, 1))
Define the maps

01:Xo = R:0,(x) =z if x €R, O;(z,y) =z if (z,y) € R,
02: Xo = R:0s(x) =2 if z €R, Ox(x,y) =y if (x,y) € R

Note that T'(z) = 61(z) — 62(z) for all z € Xy. We consider the associated measure
preserving factor maps

O2(zn) ng+1<n<mnpiq,

T X = Q1 (m(2))n = 01(2n) and pi : X = Q: (p(2))n = {91(2 ) otherwise.

Define the isometries V : H - K and Wy, : H — K by

V()(t2) =&(tm(2)) and  Wi(§)(t2) = £t pr(z)) -

When & € Hy, we have Wi (£) = V(§) for all k large enough. By density, we get that
Wy, — V strongly.

Let F € L (R x Q) be a function that generates the tail boundary of (g, )nen. Since F
belongs to the tail boundary algebra, we have

(Wr(F))(t,z) = (V(F))(t—Sk(2),z) for all k€N and a.e. (t,z) eRx X. (3.9)

Since

1+ (t+s)?

T <2(1+s% forall 5,t € R, (3.10)

and since each Sy is a bounded function, we can define the bounded linear operators

Ry : K — K : (Rp(£))(t,z) =&(t— Sk(2),2) .

Write D = /2(1+ (50C)2). We claim that

IRe(E)3 < DIElloc Iz for all € € L= (R x X) C K. (3.11)
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To prove this claim, note that the left-hand side can be estimated, using the Cauchy—
Schwartz inequality and equation (3.10), by

1 2
2 26 [ sy >'5“’Z)'
<l [ dcce B

e ) e 5T
1 2 1/2
< lefle el ( /X ) [ ar W(H(tfék(z))g)z)
/

= el el ([ ac(e) [ ar U=

< lelelellz ([ a6(a) [ analt) 200+ 8:)) " = Dl el

So, the claim is proven.
Define the probability measure 7 = (Si)«(¢). Then

/ t2dni(t) = E(S?) < (50C)?  for all k € N
R

so that 7 is a tight family of probability measures. Choose a sequence k; — co such that

Nk, converges weakly to a probability measure 1 on R with [ t%dn(t) < (50C)* < +oc.

By equation (3.8), we have that n;((—00,40C4]) > 1/12 for all k € N. Therefore, 1 # do.
We can then define the bounded convolution operator

K%K:an*f:(n*f)(t,z):/Rf(tfs,z)dn(s).

Note that by the Cauchy—Schwarz inequality and equation (3.10),

* &2 z s —5.2)|?
I 5||2§/Xd<< )/Rdn( )/Rdﬂo(tﬂf(t 2|
< [ ac) [ints) [ dnote)20+52) ko)

so that [[nx&|l2 < D||{||2 for all £ € K. We have a similar convolution operator & — 1§
on H. Note that V(nx&) =n*xV ().
We finally prove that, for every £ € L™ (R x X) C K and every & € K, we have that

lim(Ry, (€).€) = (n+€.€) (3.12)

Define the closed subspaces K = L?(R x ]_[7]:;1 Xp)of K. Fixé e L*(RxX)C K and ¢ €
K. The orthogonal projection Fy : K — Ky corresponds to the conditional expectation
so that || En(§)]lece <[]l for all N € N. By equation (3.11), the sequence || Ry, (§)]|2 is
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bounded. To prove equation (3.12), we may thus assume that £ € Ky for some N. By
(3.11), we also have that

IRk, (€) — Ri, (Bx(€)3 = 1 Br, (€ ~ En(€)IE < DIIE ~ En(©)lloe 1€~ En(©)]l2
< 2D [€]oc €~ En (€)1,

which tends to zero as N — oo, uniformly in j. To prove (3.12), we may thus also assume
that £ € Ky. When &,¢' € Ky and ng; > N, we have

<Rkj (6)7£I> = <77kj *€7£I>

for all j so that equation (3.12) follows.

We now return to our element F' generating the tail boundary. By equation (3.9), we get
that Wy (F) = Ri(V (F)). Since Wy, — V strongly, we get that |[W(F)—V (F)||2 — 0. By
equation (3.12), we have that Ry (V(F)) = n*V(F) =V (nxF) weakly. We thus conclude
that F'=mnx* F. Since n # Jp, it follows from the Choquet-Dény theorem (see [9]) that F'
is periodic in the first variable. So, the tail boundary flow is periodic. O

In our applications of Proposition 3.3, we will use a few times the following elementary
equality and estimate

Var 3 = %/}Rz(z*y)zdﬂ(l’) dB(y)
1
>

(3.13)
m2 /aR*x{O})u({O}xR*)

(x—y)* dB(z) dB(y) = A0} / 2 df(x)

for every probability measure 8 on R.

Proposition 3.3 already says that aperiodic tail boundary flows can only occur if the
measures (i, )nen are sufficiently sparse: For each sequence of intervals I, C R with
uniformly bounded length |I,,|, there exist points s,, € I, such that

Z/I (2 — 8,)2 dpn (1) < 400 . (3.14)

In the following proposition, we develop this further and prove that, under the appropriate
assumptions, the resulting sequence s,, must itself be sparse: Partitioning R into intervals
I, of uniformly bounded length, we may assume that, within each Iy, the points s, lie
close to a single element t; € Ij.

The proof of Proposition 3.4 is closely inspired by [26, Proposition 1.1] and [3, Lemma
8.6]. Although this is not strictly needed for the rest of this paper, we use the opportunity
to also deduce from Proposition 3.4 a more conceptual proof for the main result of [26]
saying that every ITPFI factor of bounded type is isomorphic with an ITPFI, factor; see
Theorem 3.5. Recall that, by definition, an ITPFI factor of bounded type is an infinite
tensor product of matrix algebras M, (C) with sup, nj < +o0.

Proposition 3.4. Let (un)nen be probability measures on R. Let (Ji)ken be a family of
disjoint subsets of N. Assume that, for every k € N, we are given px,qr > 0 and an interval
I, R\ (—1,1). Assume that |I| < C for all k € N.
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Assume that, for each k € N and n € Ji, we are given a probability measure (3, with

Bn(Ii) =1 and pido + qxBn < pin.
If the tail boundary flow of (un)nen is aperiodic, each Jy is a finite set and there exist
tr € I, such that

Z Z kak/R(I*tk)zdﬂn(I) < +00. (3.15)

k=1n€eJg

Note that there is a twofold difference between equations (3.14) and (3.15). In equation
(3.15), the concentration points ¢, only depend on the interval I} and are thus the same
for each n € Ji. On the other hand, the factor prqr appearing in equation (3.15) is strictly
smaller than the factor ¢ = (qx 5, )(Ix) that we would get in equation (3.14).

Proof. For a fixed k € N, we have that the measures (prdo + qxBn)nes, have a uniformly
bounded support in {0} U ;. It thus follows from Proposition 3.3 that

(Pr+ar) > Var((pe +qx) " (Pdo + qBn)) < +00 .
neJy
Since I, CR\ (—1,1) and S, is supported on Ij, by equation (3.13), the left-hand side is
larger or equal than prqx(px + qx) 1| Jk| so that Jy is a finite set.
We can also apply Proposition 3.3 to all the finite measures g8, < ., with £ € N and
n € Ji, because they have uniformly bounded width C. Defining for any k € N and n € Ji,
the point s, € I by

snz/Rxdﬁn(a:),

we get that

S o [ (-8, (0) < 0. (3.16)

k=1neJg

For every k € N, we consider the finitely many points (s,)ney, in the interval I,. We
denote by t; a ‘middle point’. More precisely, if |J;| is odd, we write Jy, = Ap U B U{jr}
with |Ag| = |Bg| such that s, <s;, <s,, for all n € Ay and m € By,. We put ¢, =s;,. If
|Jk| is even, we write J, = A U By, with |Ag| = |Bg| such that for some ¢ € I, we again
have that s, <ty <s,, for all n € A; and m € By. We choose a bijection oy, : Ay — By.

Since the tail boundary flow of (1 )nen is aperiodic, also the measures fi,, * fiq, () With
k€N and n € Ay have an aperiodic tail boundary. By construction,

Pi@i(Bn 4 Bag(n)) < Hn * oy (n) for all k € Nyn € Ag.

Moreover, the measures on the left have their support in Iy, with |I| < C for all k € N.
Again applying Proposition 3.3, we conclude that

o0

SN prar Var((Ba + Baymy)/2) < +00 .

k=1n€Ay
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The mean value of (8, + Ba,(n))/2 18 (8n + Say(n))/2, and we conclude that

>3 ma |

2
+ « n
<x w’“”) B () < +00 . (3.17)
k=1n€Ay R

2

A direct computation gives that, for n € Ay,

2
/ <$5"+50‘k(”)) dﬂn(ﬂf) :Var(ﬂn)*kl(sak(n)isn)z
R 2 4

>~ ((Sag(n) = te)* + (tk — sn)?)

e~

because s, <ty < 54, (n)- It thus follows from equation (3.17) that

Z Z Prar (80 —tg)* = Z Z Prar ((Sapn) —ti)> + (t — sn)?) < +00.

k=1neJy k=1n€Ay
Since (r —t)? < 2(x —8,)% +2(s, —tx)? and since py < 1, in combination with equation
(3.16), we have proven that equation (3.15) holds. O
Theorem 3.5. Every ITPFI factor of bounded type is isomorphic with an ITPFI, factor.

Proof. By induction, it suffices to prove that, for every integer N > 2, every ITPFIy 1
factor of type Illj is isomorphic with the tensor product of an ITPFIy factor and an
ITPFI, factor.

We denote in this proof by d(a) the Dirac measure in a € R. For every a > 0, we define
the probability measure

7(a) = (1+exp(—a)) ™" (8(0) +exp(—a)(a)) - (3.18)

For every a € Révo, we define the probability measure

pla) = <1+Zexp(—ai)> (5(0)+Zexp(—ai)5(ai)>

and the state 1, on Mn41(C) by

N -1 N
wa(A) = <1+Zexp(—ai)> (Aoo—l—Zexp(—ai)Aii) .
i=1

i=1
By diagonalizing states, any ITPFIy,; factor can be written as the tensor product of
a sequence (My41(C),1,,) with a, € RY,. By [17, Theorem 3.1], its flow of weights is
precisely the tail boundary flow of the sequence (p(an))nen.
We thus fix such a sequence a,, € RY,, we assume that the tail boundary flow of

Hn = p(an)7 n €N,

is aperiodic and we prove that it is isomorphic with the tail boundary flow of a family of
probability measures of the form p(b), b € Rg&l, and vy(c), ¢ >0.
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For every k € N and 1 <i < N, we denote Ji; ={n € N|a,,; € [k—1,k)}. We put
p=(1+N)"!and g, = pexp(—k). Fixie {1,...,N}.
For every n € Jy ;, we have that

p0(0) +pexp(—an,i)d(an,:) <

and that the measures d(an ;) are supported on the interval [0,1]. It follows from
Proposition 3.3 and equation (3.13) that

Z exp(—an,i)afm < +o00. (3.19)

neJi;
For every k > 2 and n € J ;, we have that
Pd(0) +qrd(an) < pn

and that the measures at the left are supported on the interval [k —1,k). For n € J ;, we
have that exp(—ay, ;) <exp(1l) (N +1) gx. By Proposition 3.4, we thus find by ; € [k —1,k)
such that

Z Z exp(—an,;) (br,i — an,i)2 < +00. (3.20)

k=2neJ,;

Defining by ; =0 for all ¢ € {1,...,N} and summing over ¢ € {1,...,N}, it follows from
equations (3.19) and (3.20) that

ZZ Z exp(—an,i) (br,i — an,i)*> < +00. (3.21)

k=1i=1neJy

Define the maps o, : {1,...,N} = N by a,(i) =k if and only if n € J; ;. Define the
probability measures

N -1 N
= <1+ZGXP(_an,i)> (5(0)+ZeXp(_an,i)(S(ba”(i),i)) :

Using the Wasserstein 2-distance, it follows from equations (3.21) and (3.6) that
oo Wapin, pth,)? < +00. It thus follows from Proposition 3.2 that (p,)nen and (u, )nen
have isomorphic tail boundary flows.

When s,t € R satisfy |s —¢t| < 1, we have that

(exp(—s/2) —exp(—t/?))2 = exp(—s) (1 —exp((s — 25)/2))2 <exp(—s)(s—t)%.

It follows that for all n € Jy ;,

(exp(—an.i/2) —exp(—br.i/2))” < exp(—an.i) (bgs — an)? - (3.22)
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Defining f1;, = p(ba,, (1)1 b, (¥),n), it thus follows from equations (3.21) and (3.22)
that

ZH2 Mn’/’&n < +00.

By Lemma 3.1, also (u},)nen and (p4]))nen have isomorphic tail boundary flows.

We order the elements (b ;)i=1,... v in [k —1,k) from smaller to larger, remove duplicates
and relabel so as to find an increasing sequence 0 < by < by < --+ with b,,, > m/N —1 for
all m € N and with all b, ; appearing in this sequence. Permuting elements (dy,...,dx)
does not change the probability measure p(dy,...,dy). So every !’ is of the form

/’1/;; = p(ben(1)7" . 7b9n(N))

for a nondecreasing function 6,, : {1,...,N} — N.
For every 1 < M < N, denote by Fys the set of nondecreasing functions from {1,...,M}
to N. For every 0 € Fj;, denote

C(0) = p(bg(1y,--->bo(ary) -

Define the subset J C Fn as the set of all 8 € Fy that are of the form 6, for some
n € N. Define Ly € N as the cardinality of {n € N|6,, =60}. As explained in the beginning
of Section 3.1, the tail boundary flow does not depend on the order of the transition
probability measures. So, by construction, the tail boundary flow of the family (u!'),en,
and hence also the tail boundary flow of (g, )nen, is iSomorphic with the tail boundary
flow of the family of measures (60 )*L9 e J.

For every 6 € Fy, we denote by 0 the restriction of 8 to {1,...,N—1}. For every f € J,
we apply Lemma 3.6 below to

N-1
a= Z exp(—bg(i)) > B =exp(—bgny) and

i=1

=a™ ) exp(—by(i)d(boi)), Q=05(bac)) -

By Lemma 3.6, we thus find Ky, My € N such that with the notation of equation (3.18),

drv (C(6)*20,C(0) 5% 5y (bp(n))*Me) < dexp(—by(n)/2) - (3.23)

Given k € N, the number of elements § € Fy with §(N) =k is smaller than £V ~1. Also
recall that by > k/N — 1. Thus,

Z exp(—by(n)) < Z Lexp(— Z Lexp(1) exp(—k/N) < +oo0.
0cFnNn k=1 k=1
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It then follows from equation (3.23) and Lemma 3.1 that the tail boundary flow of (1, )nen
is isomorphic with the tail boundary flow of the family of measures

(O 10 €Ty {r(bon)"™M [0 €T}
This concludes the proof of the theorem. O

Although the following lemma is an immediate consequence of [26, Lemma 2.2], it has
never been stated in this very general form.

Lemma 3.6. Let P and @ be probability measures on R and o, > 0. For every L € N,
we have that

dTV(((1+a+ﬁ)_1(50+aP+5Q))*Lv
(14+a) " (o +aP)™ + (1+8) (50 +8Q) ™) < 2v/B
for K=L—|(1+a+B)"'8L] and M = |(1+a+8)"1(1+3)L].

Proof. For integers k, m > 0 with k+m < L, we write

L! ak gm
L—k—m)'k!m! 1+a+B)L"

p(k,m) = (
For all other integers k,m > 0, we write p(k,m) = 0. Then,

(1 +a+8) " (Go+aP+5Q)) " = > ulkm)PFQ™.

k,m>0
We similarly write for all integers 0 < k< K and 0<m < M,

K! ¥ M! gm

#km) = TR A a)F (T —m)imd (13

and g/ (k,m) =0 for all other integers k,m > 0 so that

* M _

(1+@) 7 (B +aP) ™ (148) (60 +8Q) ™ = S W (kym) PFQ™™.

k,m>0

Parts (a) and (b) of the proof of [26, Lemma 2.2] are saying that H?(u,u’) < 28. Then
also drv (u,p') < 24/B. O

3.2. Poisson flows

Recall that to every finite positive measure p on R is associated the compound Poisson
distribution on R, which is defined as the probability measure

E(n) = exp(—||pl) exp(p) = exp(—u(R)) <5o +>° 2,/1’“) .
k=1
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Note that €(u) is supported on R>q = [0, +o0) iff p is supported on Rsg. If 2+ 2?2 is
p-integrable, we have

/Rxdé’(u)(x)z/Rxdu(x) and Var(é’(,u))z/x du(x) . (3.24)

R

Definition 3.7. We call a Poisson flow any ergodic flow R ~ (Z,n) that arises as the tail
boundary flow of a sequence of compound Poisson distributions on R. If these compound
Poisson distributions can be chosen with support in R>q, we call R ~ (Z,n) a Poisson
flow of positive type.

Note that compound Poisson distributions and tail boundary flows make sense on any
locally compact second countable abelian group G, leading to the concept of a Poisson
G-action, which we will use for G =R and G = Z. In Remark 3.16, we discuss the relation
between general Poisson flows and Poisson flows of positive type.

The two main results of this section are the following.

Theorem 3.8. Every ergodic almost periodic flow is a Poisson flow of positive type.

Theorem 3.9. The Poisson flows of positive type are precisely the flows of weights of
ITPFIL; factors.

By [26, Theorem 2.1], which we reproved as Theorem 3.5 above, every ITPFI factor of
bounded type is isomorphic with an ITPFI; factor. So Poisson flows of positive type are
also precisely the flows of weights of ITPFI factors of bounded type. Note that Theorem
C is an immediate consequence of Theorems 3.8 and 3.9.

For Poisson flows with a nontrivial eigenvalue group, Theorem 3.9 was proven in [25,
Proposition 7.1]. It is easy to see that 27/p is an eigenvalue of a Poisson flow R ~ (Z,7)
ifft R ~ (Z,n) is the tail boundary flow of a sequence of compound Poisson distributions
with support in pZ. The main step in the proof of Theorem 3.9 is to show that in general,
if R~ (Z,n) is a Poisson flow that is aperiodic, then we may realize R ~ (Z,7) as the tail
boundary flow of a sequence of compound Poisson distributions with very sparse support:
at most one atom in each length one interval.

Before proving Theorem 3.8, we recall the following definition from [31, Section 3], which
we generalize in the natural way to multiple flows of locally compact abelian groups. We
only use this concept for G =R and G =Z.

Definition 3.10 ([31, Section 3].). Let G be a locally compact second countable abelian
group. For i € {1,...,n}, let G ~ (Z;,n;) be a nonsingular action. Consider the direct
sum G®" and its natural action G¥" ~ Z = Z; X --- x Z,,. Define the closed subgroup
Go={(g1,---,9n) € G®" | g1 +---+ g, = 0} and the ergodic decomposition A = L>(Z)%0
for the action Go ~ Z.

The action of G on A in the first variable (or, which is the same, in any of the other
variables) is called the joint action of G ~ (Z;,n;). When G =R, we use the terminology
joint flow, instead of joint action.

By construction, the tail boundary flow of the disjoint union (g )nerus of two countable
infinite families of probability measures on R is the joint flow of the tail boundary flows
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of (ttn)ner and (pn)nes- Also by construction, the flow of weights of a tensor product
factor M7 ® My is the joint flow of the flows of weights of M;.

As a final preparation to proving Theorem 3.8, we discuss the relation between tail
boundary flows and induced actions. Assume that G is a locally compact second countable
abelian group with closed subgroup H. Choose a probability measure v on G/H that is
equivalent with the Haar measure. Recall that any nonsingular action H ~ (Y,n) has an
induced action G ~ (G/H x Y,v x n), which is defined as follows. Choosing a Borel lift
¥ : G/H — G, one defines the 1-cocycle Q: Gx G/H — H : Q(g,x) = g+¢(z) — (g +x)
and the induced action

GG/HXY :g-(zy) = (9+2,2g,x)-y) .

Another choice of lift ¢ gives a cohomologous 1-cocycle and, thus, an isomorphic induced
action.

If (tn ) nen is a family of probability measures on H, we have an associated tail boundary
H-action. We can also view (u,)nen as a family of probability measures on G. Since the
induction of the translation action H ~ H is, by construction, the translation action
G ~ G, we have by definition that the tail boundary G-action of (u,)nen is isomorphic
with the induction to G of the tail boundary H-action of (t,)nen-

Proof of Theorem 3.8. The cases of a trivial flow or a periodic flow are straightforward.
By, e.g., [8, Proposition 2.1], taking @ > 0 and u,, = £(d,) for all n € N, the tail boundary
flow is the periodic flow R ~ R/aZ. Similarly, taking a > 0 irrational and p,, = £(1 + 04)
for all n € N, the tail boundary flow is trivial.

So, it suffices to consider an almost periodic, aperiodic, ergodic flow. Such a flow is given
by the translation action of R on a compact second countable abelian group L under a
dense embedding 7 : R — L. We have to realize this flow as the tail boundary flow of a
sequence of compound Poisson distributions &(u,,) with u, supported on R>o. We start
by reducing this problem to a similar question for Z-actions.

Fix a nontrivial character wg € L. Take to € R\ {0} such that wo((t)) = exp(2mit/to) for
all £ € R. So, wy gives rise to a surjective, continuous group homomorphism 6 : L — R /tyZ
such that o7 : R — R/tpZ is the natural quotient map. Define K = Ker6 as the kernel
of 6. Note that the restriction of 7 to tgZ is a dense embedding of tyZ into K. Note that
the translation action R ~ L is the induction to R of the translation action tyZ ~ K.
By the discussion preceding this proof, it thus suffices to prove that this translation
action tgZ ~ K can be realized as the tail boundary action of tyZ associated with a
sequence of compound Poisson distributions & (), where p,, are finite positive measures
on toN C tgZ. Since we can rescale everything with ¢y, we may assume that ty = 1.

Combining [16, Corollary 2.8] and [17, Theorem 3.4], we can take finitely supported
probability measures (7, )neny on Z such that the associated tail boundary flow is given
by the translation Z ~ K. Denote by 7,, the probability measure given by 7, (U) = n,,(—U).
The tail boundary flow of (7, )nen is given by the action of Z on K by n-k=—n+k.
Through the isomorphism k — —Fk, this flow is isomorphic with the original translation
action Z ~ K. Since the joint flow of Z ~ K with itself is again Z ~ K, the tail boundary
flow of the measures (7, * 7, )nen is still given by Z ~ K.
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For every p € (1(Z), we consider the Fourier transform

i:T—C:fi(z) =Y pu(k)z".

kEZ

We view K as a dense countable subgroup of T. The Fourier transform of n, *n, is a
positive function. We replace n,, by 0, *7,,, and we may thus assume that the probability
measures are finitely supported, with 7,(w) >0 for all n € N and w € K , and with
associated tail boundary flow Z ~ K.

As each w € K is an eigenvalue of the translation action Z ~ K, we know from [17,
Theorem 4.2] that

oo
lim H (W) =1 for every w € K.
m=n

n—-+oo

Choose an increasing sequence of finite subsets Fj, C K such that K = Urpe; Fi. Then
inductively choose 1 <nj <ng < --- such that

oo
H Mm(w)>1—(k+1)"2 for all w € Fpyq.
m=1+nyg

Then define the probability measures oy on Z by
1 =M1 kM ke kN, and Qg = N14p,_, k- k7, for k> 2. (3.25)
Since 0 < Npp(w) <1 forallmeN, we I?, we thus have
ap(w)>1—k=3 for every w € Fy. (3.26)

Also, the tail boundary flow of (ay)ken is still given by Z ~ K.
For every k € N,

Uy ={ge K| |w(g)—1| <k forall we F; }

is a neighborhood of 0 € K. Since Z C K is dense, there are arbitrarily large positive
integers n € Uj. Since the measures oy have finite support, we can choose my € N large
enough such that my € Uy, and such that the translated measures defined by ~;(V) =
a(V —my) have their support in N. Since my, € Uy, using equation (3.26), we get that

|1 —Ak(w)| <273 for every w € Fy. (3.27)

The tail boundary flow of (v¢)gen is still given by Z ~ K.

Define the compound Poisson distributions 8 = £(k7x), and denote by Z ~ X the tail
boundary flow of (8k)ken. We prove that Z ~ X is isomorphic with Z ~ K.

Since Bi(w) = exp(—k(1 —F,(w))), we get that |Bx(w)| = exp(—k(1 — ReFx(w))). From
equation (3.27) and the assumption that K = Upe; Fr, it follows that

H |Bk(w)| >0 forallwe K.
k=1
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Again by [17, Theorem 4.2], it follows that each w € K isan eigenvalue of the tail boundary
flow of (/ka)kEN'

Since exp(—k) is summable, by Lemma 3.1, the term exp(—k)dp in the definition of
Br = E(kvi) is negligible so that Z ~ X is isomorphic with the tail boundary flow of

fi+1
pe =G where Gy = (exp(k)— 1) k60+Z Gt

Denoting by Z ~Y the tail boundary flow of the sequence ((;)ren, we conclude that
Z ~ X is the joint flow of Z ~ K and Z ~ Y. Realizing this joint flow inside L (K xY)
with Z acting in the first variable, we conclude that the action Z ~ X can be continuously
extended to an action of K. This means that Z ~ X is isomorphic with a factor of Z ~ K.
We have already seen that each w € K is an eigenvalue of Z ~ X. So, Z ~ X must be
isomorphic with Z ~ K. O

We finally prove Theorem 3.9. Here and in the rest of this section, we often make
use of Prokhorov’s theorem (see [45]) estimating the total variation distance between a
binomial distribution and a Poisson distribution. Given n € N, p € [0,1] and A > 0, define
the binomial distribution 8 and Poisson distribution « by

Brp(k) = (1) p*(1=p)"=* for ke {0,1,...,n}, and

k

ma(k) = exp(—/\)% for k € {0,1,2,...}.

In the version of [4, Theorem 1], Prokhorov’s theorem says that

drv (B p,mnp) <p forallmeN,pe[0,1]. (3.28)

Proof of Theorem 3.9. The trivial flow and every periodic flow arise as the flow of
weights of an ITPFI, factor and also arise as a Poisson flow of positive type. We thus
only consider the aperiodic case.

First assume that R ~ X is the flow of weights of an ITPFI, factor and that R ~ X is
aperiodic. As we have seen in the proof of Theorem 3.5, we find for all £ € N, elements
b € [k —1,k) and integers L > 0 such that R ~ X is isomorphic with the tail boundary
flow of the sequence ~(by)*F*, where ~(b) is defined by equation (3.18). By equation
(3.28), we get that

Ly, exp(—by,)

dTV (’y(bk) 7g(>\k5bk)) ~ exp( bk) where )\k l—l—exp(—bk) .

Since exp(—by) < exp(—k + 1) is summable, it follows from Lemma 3.1 that R ~» X is a
Poisson flow of positive type.

Conversely, assume that R ~ X is the Poisson flow of positive type defined by the
sequence of probability measures p, = (1, ), where each 7, is a finite positive measure
supported on (0, +00). We may assume that R ~ X is aperiodic. Taking integers L,, >
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nn(R), we can replace u, by E(nn/Ly), each repeated L, times. We may thus assume
that A\, :==n,(R) < 1.
For every fixed C' > 0, we have that

B = exp(—An)(do JF777L|(O,C]) < bin
for all n € N and that all 8,, are supported on [0,C]. It follows from Proposition 3.3 that

Zﬁn ) Var(3,(R) ™ 8,) < +oo. (3.29)

Since exp(—Ap) > exp(—1) and 1,,((0,C]) <1 for all n € N, it follows from equations (3.29)
and (3.13) that for every C' >0,

> / x2dn, (z) < +oo. (3.30)
n—1"(0,C]

Denote p,, =1y (0,1) and, for all & € N, 9, 1, = 1 |(x, k41)- Since £(ny,) is the convolution of
the measures €(py,,) and E(ny, 1), n,k €N, we conclude that R ~ X also is the tail boundary
flow of the union of the probability measures £(py,), n €N, and E(n,x), n,k € N.

By equations (3.30) and (3.24), we have Y ° Var(&(p,)) < +oo. By, e.g., [8,
Proposition 2.1], the tail boundary flow of (€(p,))nen is given by the translation action
R ~ R, so that R ~ X is the tail boundary flow of the measures (1, k), n,k € N.

For every fixed k € N, it follows from equation (3.30) that Y >, 7, x(R) < +00. We
define ¢, = >_° | 1,k and conclude that R ~ X is the tail boundary flow of £((x), k € 1,
where (j, is a finite positive measure supported on (k,k+ 1].

Write £, = (x(R), and fix integers Ly > £j. Since R ~ X also is the tail boundary flow
of the measures £((y,/Ly), each repeated Ly, times, and since exp(—1)L; '¢x < E(Cx/Ly),
it follows from Proposition 3.3 that the points

b =1, /dek € (k,k+1] satisty Z/ (z—bp)? dl(x) < +o0.

Denote by Wy the Wasserstein 2-distance. By equation (3.6), we have that
2 1 N2 g
W2 (E(Ck), € (rbw,)) Sexp(_gk)Zﬁ R(ff—ﬂ)k) ¢, () -
=17

For every j > 1, we have that

[a=amn @)= [ (@bt (- 00) ) -+ dei(a)

R RI

=i /(x—bk)Qde(x).
R

We conclude that

Wg(g(ck),g(gk(sbk))Q S /R(ib‘—bk)2 de(LL') so that ZW2(5(Ck)7g(€k5bk))2 < 400 .

k=1
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By Proposition 3.2, R ~ X is also the tail boundary flow of the sequence E(¢x0, ), k € N.
Write ¢}, = exp(—by)(1+exp(—by))~'. Take integers My, > 1 such that [Mgl} — | < £).
For all ¢,d > 0 and k € N, one has
k=1 .
|cF —d¥|=|c—d| ‘Zczdk_l_” < k|c—d| (max{c,d})*1
i=0
so that drv(E(cdy),E(ddp)) < |c—d| for all ¢,d > 0. Therefore,
drv (5(]\4}%}C 5bk);5(£k 6bk)) < exp(—bk) for all k € N.
By equation (3.28), we have
drv (5<Mk€;€ 5bk),’y(bk)*M"') < E;C < exp(—bk) .

Since by > k, the sequence exp(—by) is summable. It then follows from Lemma 3.1 that
R ~ X is the tail boundary flow of the measures (y(b;)***)en and, hence, is isomorphic
with the flow of weights of an ITPFI, factor. O

The proof of Theorem 3.9 relied on Prokhorov’s (3.28). Using the full force of [4,
Theorem 1], we can also prove the following result.

Proposition 3.11. The Poisson flows are exactly the tail boundary flows of sequences
(n)nen where the support of all ., consists of two points and sup,,cy Var p,, < +00.

The Poisson flows of positive type are exactly the tail boundary flows of such sequences
(fn)nen with support an, < by and pin(an) > pn(bn), and sup,, oy Var g, < +oo.

Some bound on the variances Var i, must be imposed in order to get a Poisson flow.
Combining [28, Theorem 2.1] and Proposition 3.13 below, it follows that the tail boundary

flow of the sequence of probability measures ((do+ ds»)/2) nen 18 not a Poisson flow.

Proof. First, assume that R ~ Z is a Poisson flow. In most of the proof of Theorem
3.9, we did not use that the measures are supported on the positive real line. Writing
I =7\ {-1,0}, we find for every k € I, elements by, € (k,k+ 1] and constants Ay > 0
such that R ~ Z is isomorphic with the tail boundary flow of the family (£(Ax0s,))rer-
Choose for every k € I an integer My > 1 such that M,;l)\k < 27k Define for k € I, the
probability measure

Nk = (1 —Ml;lkk)éo—‘eril)\kébk .

By equation (3.28), we have drv (E(Ak§bk),nZMk) < M; '\, < 271 which is summable.
By Lemma 3.1, R ~ Z is isomorphic with the tail boundary flow of the probability
measures 7 repeated My times, k € I. Since

Varn < M )M\pb7 <27 F(k+1) — 0,

one implication of the proposition is proven.

Conversely, assume that (u,)nen is a sequence of probability measures whose support
consists of two points and that satisfy Var u,, < C for all n € N. Denote by R ~ Z their tail
boundary flow. We have to prove that R n Z is a Poisson flow. We may thus assume that
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R ~ Z is aperiodic. Since translating the measures p,, does not change the tail boundary
flow, we may assume that p,(0) > 1/2 for all n € N, and we denote by d,, € R the other
atom of pu,. Write p,, = in(dy) Since Varp, < C, we get that p,d; < 2C for all n € N.

For every k € Z, write J, = {n eN|d, € [k,k+1)}. Write I =Z\{-1,0,1}. Arguing as
in the proof of Theorem 3.9, it follows from Proposition 3.3 that

Z Var(py,) < 400, (3.31)

neJ_1UJoUJy

and it follows from Proposition 3.4 that we find for every k € I an element by, € [k,k+1)
such that

Z Z pn(bk *dn)Q < +o00. (332)

kel nelJy

By equation (3.31), the tail boundary flow of the measures (tin)nes_,ui,ut, IS given by
the translation action R ~ R so that these measures may be ignored. Defining for every
k € I and n € J the probability measure 7, = (1 — p,)do + pnds,, note that equation
(3.32) is saying that

Z Z Wa(pin,mn)? < +00 .

kelneJdy

It thus follows from Proposition 3.2 that R ~ Z is the tail boundary flow of the measures
M, k€1, n € J. Write A\ = Enelk Pn. By [4, Theorem 1], we have for every k € I that

2C
drv (% ma, Ed)) AT DT pE < maxp, < max20d,? < =,
w0 o i EQuOn) J S AT 2 b < peon < e 20T S Ty
neJg

where we used that d,, € [k,k+1) if n € Ji. Since the right-hand side is summable, it follows
from Lemma 3.1 that R ~ Z is also the tail boundary flow of the Poisson distributions
(E(Mk0b,))ker and thus is a Poisson flow.

The positive case is proven entirely analogously. O

3.3. Infinitely divisible flows

Definition 3.12. We say that a flow R ~ (Z,n) is infinitely divisible if for every integer
L > 1, there exists a flow R ~ (Z1,11) such that R ~ (Z,n) is isomorphic with the joint
flow of L copies of R ~ (Z1,m1).

Proposition 3.13. FEvery Poisson flow is infinitely divisible.
Every tail boundary flow of a sequence of infinitely divisible distributions is a Poisson

flow.

Proof. If R ~ Z is the tail boundary flow of the sequence (£(pn))nen, where i, is
a sequence of finite positive measures on R, and if L > 1 is an integer, we can define
R ~ Z; as the tail boundary flow of the sequence (£(L ™1 j1,,))nen. By construction, R ~ Z
is isomorphic with the joint flow of L copies of R ~ Z.
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Since compound Poisson distributions £(u) are weakly dense in the set of infinitely
divisible distributions (see, e.g., [48, Theorem 3.2.7]), the second statement follows directly
from Lemma 3.14 below. O

Lemma 3.14. Let F C Prob(R) with weak closure F. Every ergodic flow that can be
obtained as the tail boundary flow of a sequence in F can also be obtained as the tail
boundary flow of a sequence in F.

Proof. Let (i,)nen be a sequence in F. Denote by v, the uniform probability measure
on the interval [~1/n,1/n] so that Varv, =n~2/2 is summable. By, e.g., [8, Proposition
2.1], the tail boundary flow of the sequence (v, )nen is the translation action R ~ R.
Therefore, (tn)neny and (fi, * Uy )nen give rise to isomorphic tail boundary flows.

Since F is weakly dense in F and since v, is absolutely continuous, we can choose !, € F
such that drv (N;I * Upy, i * Vn) <n~2. By Lemma 3.1, also (in, * v )nen and (p1), * vy )nen
give rise to isomorphic tail boundary flows, with the latter being isomorphic to the tail
boundary flow of (u],)nen. O

Define for every A > 0 and a € R the standard Poisson distribution with support {ka |
k=0,1,2,...} given by

k
o a({ka}) = exp(—\) % for all k€ {0,1,2,...}. (3.33)

Proposition 3.15. Fvery Poisson flow is the tail boundary flow of a sequence
(O, an )nen With A, >0 and a, € R.

Proof. The convolution products of measures of the form o} , are precisely the compound
Poisson distributions £(u) where p is a finite positive measure with finite support. These
E(u) are weakly dense in the set of all compound Poisson distributions. The conclusion
thus immediately follows from Lemma 3.14. O

Remark 3.16. Because of Proposition 3.13, it is tempting to speculate that every
infinitely divisible flow is a Poisson flow, at least if the flow is assumed to be approximately
transitive (and thus, the tail boundary flow of some sequence of probability measures, by
[17, Theorem 3.2]). We have, however, no idea how to prove such a statement.

Going back to Theorem 3.9, it is also unclear whether every Poisson flow is auto-
matically of positive type. Because of Theorem 3.9, this question is equivalent with the
following seemingly innocent, but highly tantalizing, problem: If R ~n* Z is the flow of
weights of an ITPFI, factor, does it follow that the reverse flow B;(z) = a_¢(z) also is
the flow of weights of an ITPFI; factor?

Combining both open problems, it is tempting to speculate that the ITPFI, factors are
precisely the injective factors M that are infinitely divisible, in the sense that for every
integer L > 1, there exists a factor N such that M = N®L or to speculate that at least,
infinite divisibility characterizes the ITPFI, factors among the ITPFI factors.
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4. Nonsingular Bernoulli shifts: proof of Theorem A

The goal of this section is to prove the following more precise formulation of Theorem A.
Since we want to describe absolutely general Bernoulli shifts, the formulation becomes a
bit lengthy because we have to deal with the less interesting cases that may arise where
the space has atoms or the action is dissipative.

We denote by S the group of finite permutations of the countable set Z and let S act

on (Xnu) = HneZ(Xna/j'n) by (O'Z‘)n =To—1(n)-

Theorem 4.1. Let Xy be any standard Borel space, and let (pun)nez be any family
of equivalent probability measures on X such that the Bernoulli shift Z ~ (X,u) =

[1,,c2(Xo,1tn) is nonsingular.
Then precisely one of the following statements holds.

1. There exists an atom b€ Xo with Y, (1 —pn({b})) < +o0. Define a € X by ap, =b
for alln € Z. Then, a is an atom in X that is fized by Z. The action of Z on X\ {a}
s essentially free and dissipative.

2. The action Z ~ (X, ) is essentially free and dissipative.

3. The space (X,u) is nonatomic, and there exists a Borel set Coy C Xy of positive
measure, unique up to a null set, such that ) (1 —pn(Co)) < +00 and such that
the following holds.

e The action Z ~ CZ% is a weakly mizing Bernoulli shift, and its associated flow is
infinitely divisible. Moreover, the permutation action S ~ C% is ergodic, and for
every ergodic probability measure preserving (pmp) action Z ~ (Y,v), the actions
ZACE ZACEXY and S ~ CE have the same associated flow.

e The action Z ~ X \ CZ is essentially free and dissipative.

As already suggested by the formulation of Theorem 4.1, we again exploit the relation
between a Bernoulli shift and the action S ~ (X, p). This method was discovered in [37,
18] and has been further developed in [7, §].

Because of Theorem 4.1, to study nonsingular Bernoulli shifts in their full generality,
it suffices to consider Bernoulli shifts that are conservative. Also, given any conservative
Bernoulli action G ~ [[,c5(Co,ng), we can add a standard Borel space C1 to Co by
putting Xo = Co Uy and by choosing ji, to be a family of equivalent measures on X
such that »° o pe(C1) < +00 and such that pg]c, = pg(Co)ny. The result is again a
nonsingular Bernoulli action G ~ (X, ) = [ ,cq(Xo,pg) with dissipative part X\ C§
and conservative part Cg; .

Note that if Z ~ (X,p) is a conservative ergodic nonsingular Bernoulli shift, it follows
from Theorem 4.1 that it is has stable type in the strongest possible sense. Indeed,
whenever Z ~ (Y,v) is an ergodic pmp action, the diagonal action Z ~ X x Y is ergodic
of the same type, and with the same associated flow as Z ~ (X, ). This rigidity property
for the group Z is not shared by all countable infinite groups G, see [49, Proposition 7.3]
and [7, Remark 6.4].

When we rephrase Theorem 4.1 in terms of von Neumann algebras, we get the following
result.

https://doi.org/10.1017/51474748022000263 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000263

Bernoulli actions of type 11y with prescribed associated flow 101

Corollary 4.2. Every crossed product L>°(X) xZ by a nonsingular Bernoulli shift Z. ~
(X, ), decomposes as

L®(X)XZ=NaoM,
where N is a type I von Neumann algebra, and M is an injective factor that is a p’th

tensor power for every integer p > 2.

In addition to the structure result of Theorem 4.1, we are able to give a complete
type classification for conservative nonsingular Bernoulli shifts, distinguishing between
types IIj, 1o, and III. The formulation of the result is similar to [8, Theorem 4.1], but
the important difference is that in our Theorem 4.3, we make no assumptions on the
behavior of the Radon—Nikodym derivatives dp,,/d .

Theorem 4.3. Let Z ~ (X,p) = [],,c2(Xo,itn) be a conservative nonsingular Bernoulli
shift. Then Z ~ (X,p) is weakly mizing and the following holds.

1. Z ~ (X,p) is of type I if and only if there exists a probability measure v ~ pg on
Xo such that v% ~ p.

2. Z~ (X, p) is of type Il if and only if there exists a o-finite measure v ~ py on X
and Borel sets U, C Xy such that v(Uy,) < +00 for all n € Z and such that

Z,un(Xo \Uy,) < +o0, ZH2 (umu(un)_1u|un) < 400, ZI/(XO\L{n) = 400.

neZ neZ neZ
3. Z~ (X,u) is of type III in all other cases.

A key point in relating the Bernoulli shift Z ~ (X,u) to the permutation action S ~
(X, ) is the following lemma. The proof uses a key idea of [7, Theorem 3.3].

Lemma 4.4. Let Z ~ (X,u) = [[,,cz(Xo,un) be a nonsingular Bernoulli shift that is
essentially free and not dissipative. When viewing Z and S as subgroups of Aut(X,u), we
have that Z belongs to the closure of S.

Proof. We start by proving the following claim.
Claim. There exist sequences ny — —oo,my — +0o such that

kILH;OH(Manmk) =0. (4.1)

We prove this claim using essentially the same argument as the one given in [7, Theorem
3.3]. Indeed, if such sequences do not exist, there are § > 0 and N € N such that for all
n < —N,m > N we have that H (t,tm) > 6. Define the 1-cocycle

¢: Z— 3(2) @ L*(Xo,p10) : en(k,-) = \/dp /dpo — v/ dpsge—n /dpso,
as introduced in [49, Theorem 3.1]. We have that

—-N
lewll® = lle- k> =2 H* (mtkottm) 22 H* (tn ko i) > 2(k —2N) 5
meZ m=N-—k
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for every k > 2N. Therefore, Y, exp(—|lcx][?/2) < +oo, and it follows from [49,
Theorem 4.1] that the action Z ~ (X,p) is dissipative, which is in contradiction with
our assumptions.

Let ni — —oo and my — 400 be sequences such that equation (4.1) holds. We may
assume that ny <0 < my for all k € N. Let o € Aut(X,u) denote the shift by one, i.e.,
(a(z))k = xx—1. To prove the lemma, it suffices to show that a belongs to the closure of
S.

For each k € N, we define the permutation o, € S by

n ifn<ng orn>1+my
op(n)=<n—1 if 24n <n<my

my ifn=1+n;

and write 8 = oo € Aut(X,u). Define the unitary operators 0y : L*(X,u) — L?(X, )
by

() (@) = | T2 () 5 ).
m
We will show that [|0x(F) — F||2 — 0 for all F' in a total subset of L?(X,u) so that 8 — id
as k — 4o00. This then concludes the proof of the lemma.
Take F' € L™ (X, ) depending only on the coordinates x,,, for |n| < N, for some N € N.
With unconditional convergence almost everywhere, we have that

(o), Ty dpnsr,  dpm, > dptn
du (x) = H djin (Tn) - dfin, (Tny) - H djin (Tn)-

n=—o00 d n=myg

Therefore,
/ \% d(ﬂoﬂk)/dﬂd/‘: (1_H2(/‘L’ﬂk7/‘Lmk)) H (1_H2(/~Ln71aﬂn)) —1
X n<ni or n>1+my

as Hz(pn,l,,un) is summable and by our choice of ng,my. We see that for n, < —N and
my > N we have that

106(F) = Fll2 < || Flloo |1 = v/d(r0 Br) /du

which converges to 0 as k tends to infinity. O

27

Lemma 4.5. Let Z ~ (X,u) = [],,cz(Xo,un) be a nonsingular Bernoulli shift that is
essentially free and not dissipative. Let C C X denote its conservative part. Let Z ~ (Y,v)
be any ergodic pmp action, and consider the diagonal product action Z. ~ X XY . Then
the following holds.

1. Cis S-invariant.

2. The Maharam extensions satisfy

L¥(CxRxY) 2 =L®(CxR)*®1=L%(CxR)Z®&1.
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Proof. Let oy, € Aut(X,p) denote the translation by &, i.e., (k- 2)m = m—_r. We proceed
as in the proof of [7, Lemma 3.1] and show that the dissipative part D C X given by

D:{xeX‘ZW(x)<+oo}

keZ

is S-invariant. It suffices to show that D is invariant under the permutation o, € S that
interchanges the coordinate 0 and n. Fix n € Z\ {0}. For each n > 0 and each k € Z, we

define
Al ={z € Xo | |Vdpnir/dur(z) = 1] 2 n},
Bl ={x e Xo | |\/dpx/dpnir(z)—=1] > n} .
For every nn > 0, we have that

d
S (A =% / o <y / e =1

keZ kEZ kEZ

<2972 H (g i) < 400,
kez

(4.2)

This means that the set
Ay ={zeX|zyeXo\A] foralkeZ}

has positive measure, p(A,) > 0. From the nonsingularity of Z ~ (X,pu), it follows that
plam (Ay)) > 0 for every m € Z. Since x € oy, (A,) if and only if ), € Xo\ A}, for all
k € Z, we conclude that >, fik+m(A}) < +oo for every m € Z.

Similarly, we have that Y, . fix+m(B)!) < +oc for every >0 and every m € Z. Write
Cl'=A]UB]. For z € X, we define W) ={k € Z |z € C}'}. For m € Z, denote m,,: X —
Xy for the coordinate projection 7, (x) = x,,. For any m € Z, we have that

d(poag uoak
/ Z (du)du /XZlcnowm Z lcnoﬂm+kdu

X wewy, keZ kez (4.3)
=D Hietm () < Fo0.
kezZ
Therefore, we have that
d
Z %(m) < +4oo for a.e. x € X. (4.4)
keWQ}OUWI}n H

Borrowing some notation form [7], we write

dpy, dpim
()

Dnma =
m(T,y) T

(z), for n,m € Z and z,y € Xp.

Note that

W (on(x)) = W(x) Dk7k+n($0,$n) Dn,O(xo,Jﬁn)- (4.5)

https://doi.org/10.1017/51474748022000263 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748022000263

104 T. Berendschot and S. Vaes

By the definition of W and the sets A} and B}l in equation (4.2), we have that 1/16 <
D, (20,2,) < 16 whenever k ¢ W7 UW, . So it follows from equations (4.4) and (4.5)
that D is invariant under o,,.

We now prove point 2. Let G ~ (Y,v) be an ergodic pmp action. One can repeat the
proof of [7, Lemma 3.1], making use of the ergodic theorem established in [18, Theorem
A 1], to conclude that

L¥(CxRxY)2C L®(CxR)SBL®(Y). (4.6)
Write A for the Lebesgue measure on R. As the Maharam extension map
Aut(X,p) > Aut(X xRiux A) i o=@
is continuous, it follows from the S-invariance of C' and Lemma 4.4 that
L®(C'xR)S ¢ L=®(C xR)Z.
In combination with equation (4.6), we get that
L¥(CxRxY)2C L®(C xR B L>®(Y).

As Z ~ (Y,v) is ergodic, the Z-invariant elements of L>(C x R)2® L>(Y) are contained
in L>®(C x R)2® 1. The converse inclusion L>®(C x R)2® 1 C L=(C x R x Y)Z holds
trivially, proving the second statement of the Lemma. O

Remark 4.6. Except for the point where we invoke Lemma 4.4, the proof of Lemma
4.5 remains valid for a nonsingular Bernoulli action G ~ [],c5(Xo,p4) of any countable
infinite amenable group G, as long as also the right Bernoulli action is nonsingular, e.g.,
when G is abelian. However, we were unable to prove an analogue of Lemma 4.4 for
arbitrary abelian groups. That is the main reason why this section is restricted to the
group of integers. Note that it is nevertheless straightforward to generalize our results
from Z to virtually cyclic abelian groups.

Proof of Theorem 4.1. First, assume that (X, ) admits an atom d € X. Then d,, € X,
is an atom for every n € Z and ), ., (1 —pn({d,})) < 4+o00. Writing

U={xe X |z, =d, for all but finitely many n € Z },

it follows that p(X \U) = 0. Since the shift is nonsingular, the set 1-U NU has measure
1. We thus find N € N such that d,,—1 = d,, for all |n| > N.

There are now two possibilities. Either we find an atom b € X, such that d,, = b for all
[n| > N, or we find two distinct atoms b,c € X such that d, =b for alln > N and d,, =¢
for all n < —N.

In the first case, we get that ) ., (1—pu,({b})) < +o0, and we define the atom a € X
by a, = b for all n € Z. Clearly, g-a = a for all g € Z. We define for every k € N, the Borel
set Wy, = {x € X |2, = b whenever |n| >k }. We have (J, .y Wi =U so that this set has
a complement of measure zero. Also, g- Wy \ {a}) N Wy, =0 whenever g € Z and |g| > 2k.
So, for every k € N, the set Wy \ {a} belongs to the dissipative part of the essentially free
action Z ~ X. Taking the union over k, we conclude that Z ~ X \ {a} is essentially free
and dissipative.
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In the second case, we define for every k € N, the Borel set
Vi={reX|z,=cifn<—k and x,=bifn>k}.

Again, |, Vi =U has a complement of measure zero and g- Vi, NVy, =) whenever g € Z
and |g| > 2k+1. So, Z ~ X is essentially free and dissipative.

For the rest of the proof, we may thus assume that (X,u) is nonatomic. Then the
Bernoulli shift Z ~ (X, 1) is essentially free by [7, Lemma 2.2]. If Z ~ (X, ;1) is dissipative,
the conclusion of point 2 holds. It now remains to consider the case where the conservative
part C C X of Z ~ (X,u) has positive measure. We have to prove the structural result
in point 3 of the theorem.

Note that C is Z-invariant. By Lemma 4.5, C is also S-invariant. We claim that for
any integer p > 2 we have that

L>®(0)PE = L*°(C)~. (4.7)

To prove this claim, fix p > 2 and define Y = Z/pZ, equipped with the normalized counting
measure v. We let Z act on Y by translation. From Lemma 4.5, we get the equality
L>®(C xY)E=L>*(C)2®1, and this is exactly the statement (4.7).

For any integer p>2 and ¢ € {0,1...,p— 1}, we write (Z, ;,vp ;) = HnerZ(Xo,un). We
identify

p—1

(X,p) = H(Zp,i’Vp,i)v (4.8)

=0

and we obtain measure preserving factor maps m, ;: X — Z, ;. For each i € {0,1,...,p—1},
we have a Bernoulli action pZ ~ Z,, ;, and the factor maps 7, ; are pZ-equivariant. Let
Sy, denote the group of finite permutations of i 4 pZ. We also have a nonsingular action
Sp,i ™~ Zp,i, and Ty ; is Sy j-equivariant as well.

For i € {0,1,...,p— 1}, write a; € Aut(X,p) for the shift by i. There is a natural
nonsingular isomorphism 6, ;: Z, o = Z, ; such that 6, ;07,0 = ;0.

We start by using equation (4.7) for p =2 to show that L°°(C)? is discrete as a von
Neumann algebra. To simplify the notation, we will drop the index p for this special case
p=2.

Let Ey C Zy be a Borel set such that (7).l ~ vo|g,- Then Ey is uniquely determined
up to a null set. As C is Z-invariant and mg is a 2Z-equivariant factor map, FEqy is 2Z-
invariant. Similarly, Ey is Sp-invariant. Since 2Z C Z has finite index, the action 2Z ~ C'is
conservative. Therefore, also 2Z ~ Ej is conservative, and it follows that Ey is contained
in the conservative part of the Bernoulli action 2Z ~ Zy. By Lemma 4.5, we have that

LOO(EO)QZ _ LOO(E())SO.

Put Ey = 01(Ey) C Z1. As 010my = m o, we have that (m1).plc ~ vi|g,. By the
equivariance of #1, we also have that F is 2Z- and S;-invariant and that

LOO(El)QZ — Loo(El)Sl
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Let F € L>°(Ey)?2 be arbitrary. Then Fomy € L>(C)?%, and we apply equation (4.7) to
conclude that Fomg is Z-invariant. Using that 6, omg = w1 oy and viewing X = Zy x 27,
we can also express this as

Fol=1®(Fof') ae. on C. (4.9)

The equality (4.9) holds for any F' € L>(Ey)?%, forcing L™ (Ey)?” to be discrete. Similarly,
we see that L>°(E;)?Z is discrete as well.

Using once more the identification X = Zy x Z1, we have that C C Ey x E;. Therefore,
by Lemma 4.5, we have that

LOO(C)Z :Loo(C)S C Loo(C)Soxsl
=1c(L®(Eo)*° ® L™ (E1)>") = 1c (L™ (Eo)** @ L™ (E1)*")

so that also L>°(C)% is discrete.

Take a Z-invariant Borel set & C X with p(U) > 0 such that 15, is a minimal projection
in L>=(C)%. So, Z ~ U is ergodic. We prove that U is of the form U = CZ for some
Cy C Xop.

For any integer p > 2 and i € {0,1,...,p— 1}, define the Borel set U, ; by (7p,i)xtles ~
(Vp,i)lu,, ;- First of all, note that U, ; is pZ-invariant and S, ;-invariant. By equation (4.7)
the action pZ ~ U is ergodic so that also pZ ~ U, ; is ergodic. Since we can view pZ ~ Z,, ;
as a Bernoulli action, it follows from Lemma 4.5 that S, ; ~ U, ; is ergodic as well.

Using the identification (4.8), we have that U CUp 0 X Up 1 X - -+ XUy, p—1 for any p > 2. As
U is invariant under the subgroup S 0 X Sp1 X...Sp p—1 and as Sp ; VU, ; acts ergodically
for each i € {0,1,...,p— 1}, we have that

U=UpoxUp1x...Up,—1mod p, for every p> 2. (4.10)

Let n € N, and let 4,, C L*°(X) denote the subalgebra of elements only depending on
the variables x;, for —n < j <n, and let E,: L™ (X) — A,, be the unique conditional
expectation preserving the measure p. For any n € N, we apply the decomposition (4.10)
to p=2n+ 1. Since the numbers {j | —n < j < n} are distinct representatives of the
elements of Z/(2n+ 1)Z, there exist a,, ; € L>°(Xo,u;) such that

E,(1y) =0n,-n®0n—ny1 Q@ @apnn and 0<a, ; <1 ae. for every —n <j<n.
Expressing that F, o E,, = E, for m > n yields
En(ll/{) :an,fn®an,7n+1®"'®an,n:am,fn®am,*n+1®'”®amyn' H ,U/j((lm,j) .
n<|j|<m

(4.11)

For each j € Z, letting m — 400, we have that a,, ; is a sequence in L*°(X, ;) such that
0 < apm,; <1 for all m. Similarly, for a fixed n € N, we have that

H wj(am,;) €[0,1] for every m > n.
n<|jl<m
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Thus, we can choose a subsequence my — +oo such that a,, ; — b; weakly for every
Jj € Z and bj € L>(Xo,p;) satistying 0 <b; <1 and such that [],, /i<, #i(@my,j) = An
for every n € N for some A, € [0,1]. The equality (4.11) implies that

E,(1y) = Ab_n®b_p11 ®---®b,, for every n € N.

As E,(1y) is nonzero for every n, we see that \,, and b; are nonzero for every n € N and
j € Z. Expressing once more that E, o E,, = E, for m > n, we obtain that

M=An [T wmp< TI ),

n<|j|l<m n<|jl<m

which shows that the infinite product [T ; -, #;(b;) converges to a nonzero limit for each
n € N. Let A € [0,1] be any limit point of the sequence A,. Using that E,(1y) — 1y
strongly as n — 400, we see that the infinite product of the b; converges and that we

have an equality
1y = A@bj .
JEZ
Together with the fact that I/ is Z-invariant, this implies that there is a Borel set Cy C X
such that U = CZ. Write C; = X\ Co. As u(U) > 0, we have that

> 1n(Cr) < +00.

neZ

By construction, the action Z ~ X \ C% is dissipative. It follows that C = C% =U. We
have chosen U such that Z ~ U is ergodic; thus, it follows from Lemma 4.5 that S ~ C¥
is ergodic, that Z ~ C% is weakly mixing and that for any ergodic pmp action Z ~ (Y,v)
the nonsingular actions Z ~ C%, S ~ C% and Z ~ C¥ x Y have the same associated flow.
It remains to prove that this flow is infinitely divisible. For this remaining part of the
proof, we may replace Xy by Cy and thus assume that Cy = Xj.

To prove this, let p > 1 be an integer. We use the notation introduced in equation (4.8).
Let Sp,; C S denote the subgroup of finite permutations of ¢ + pZ. We have that

L®(X xR)Z = L(X xR)S C L™®(Zpo X -+ X Zp 1 x R)Sp0X % Epp=1, (4.12)

For each i € {0,1,...,p—1}, we write I'j ; for the group I'), ; = pZ, acting naturally on Z,, .
We can view the action I'), ; ~ Z, ; as a nonsingular Bernoulli action, which is a factor
of the conservative nonsingular Bernoulli action pZ ~ (X,p). Therefore, Iy ; ~ Z, ; is
conservative, and by Lemma 4.4, we have that L°°(Z,; x R)S»i C L>(Z,; x R)»i, for
each i € {0,1,...,p—1} so that

Lo (Zpo X =+ X Zp 1 X R)S00XXEpnmt  [2( 7 oo x Zy y g x R)Tm0X Do
(4.13)

Each I' ; is a copy of pZ, and the diagonal copy of pZ inside I'y o X --- xI'p ,—1 acts on
X by the Bernoulli action pZ ~ X. Continuing the chain of inclusions (4.13), we obtain

L®(Zpo X % Zppo1 x R)FroX Xl c [oo(X x R)PZ = L°(X x R)?, (4.14)
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where the last equality follows from point 2 of Lemma 4.5, applied to the ergodic pmp
action Z ~Y = Z/pZ. Combining equations (4.12), (4.13) and (4.14), we see that all
inclusions must in fact be equalities.

Put (Dpmp) = [1,,epz(Xosptn). For each i € {0,1,...,p—1}, the action I'p; ~ Z; is
conjugate with pZ ~ D,. From the equality

L®(X xR)2 = L>®(Zpo X+ X Zp p—1 x R)FpoX > Top-1,

it then follows that the associated flow of Z ~ X is the joint flow of p copies of the
associated flow of pZ ~ D,. This concludes the proof of the theorem. O

We end this section by proving Theorem 4.3. We first need the following lemma.

Lemma 4.7. Let Xy be a standard Borel space equipped with a sequence of equivalent
probability measures p,. Let S denote the group of finite permutations of N, and let
81 C S be the subgroup firing 1 € N. Consider the nonsingular group actions S ~ (X,p) =
1= (Xo.pin) and S1 ~ (Z,n) = [T —s(Xo,ptn). Assume that the action Sy ~ (Z,n) is
ergodic.

Then S ~ (X, ) is ergodic and the following holds.

1. S~ (X,u) is of type Iy if and only if there exists a probability measure v ~ uy on
Xo such that VN ~ p.

2. S~ (X,u) is of type Il if and only if there exists a o-finite measure v ~ py on Xg
and Borel sets U, C Xy such that v(Uy,) < 400 for all n € N and such that

D b (Xo\Un) <400, > H? (pn,v(Un) "', ) < +00, Y v(Xo \Uy) = +00.

n=1 n=1 n=1

Note that Lemma 4.7 strongly resembles [8, Theorem 3.3]. There is, however, an
important difference: In [8, Theorem 3.3], it is part of the hypotheses that the Radon—
Nikodym derivatives dpu,/dug satisfy a certain boundedness condition. We do not
make such an assumption because we will use Lemma 4.7 in the context of totally
arbitrary Bernoulli shifts. As a compensation, we make an ergodicity assumption on
the permutation action. Thanks to Theorem 4.1, this ergodicity assumption will hold
automatically when the Bernoulli shift Z ~ X is conservative.

When X is a finite set and (p,)n>1 are equivalent probability measures on Xy, there
is a necessary and sufficient ergodicity criterion for the nonsingular permutation action
S~ (X,pu) =112, (Xo,in) in terms of the measures j,,; see [2, Theorem 1.6]. However,
when X is infinite, only sufficient conditions are known; see [2, Theorems 1.8 & 1.12].

The measure v appearing in statement 2 of Lemma 4.7 is either finite or infinite. Of
course, if v is finite, the condition v(U,,) < +oo is automatically fulfilled. Similarly, when
v is infinite, the conditions v(U,,) < +oo trivially imply that > oo | v(Xo \Uy,) = +oo.

Proof. Suppose that F' € L*°(X) is S-invariant. As S; acts ergodically on (Z,n), we
see that F' essentially only depends on the coordinate z;. But as F' is S-invariant, it
follows that F' essentially only depends on the coordinate xo; thus, F' must be essentially
constant. So the action S ~ (X, ) is ergodic.
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If z,y € X are elements that differ in only finitely many coordinates, we write

CV({E,y) = Z (O‘n<xn) - an(yn))v where a;, = log %
neN dﬂl

Assume that the action S ~ (X, 1) is semifinite. Then there exists a Borel map F': X — R
such that

a(x,o(x)) = F(x) — F(o(z)) for every 0 € S and a.e. x € X. (4.15)

Define ()?,ﬁ) = (Xo X Xo X Z,p1 X 1 X 1), by doubling the first coordinate, and consider
the map

H: X 5> R: H(z,2',2)=F(2,2)— F(z,2) .

For each o € Sy, we have that H(z,2,z) = H(z,2',0(2)) for a.e. (z,2/,2) € X. As the action
81~ (Z,n) is ergodic, H is essentially independent of the z-variable. Therefore, there
exists a Borel map L: Xo X Xo — R such that H(z,2’,z) = L(z,a') for ae. (z,2',2) € X.
Let z € Z be an element that witnesses this equality a.e., and put g(z) = F(z,z). So we
have found a Borel map 5: Xg — R such that

F(z)—F(y) = B(x1) = B(m),

when z and y are unequal only in the first coordinate. For n > 2, using equation (4.15)
and the element o, € S flipping the elements 1 and n, we see that

F(z) = F(y) = an(ry) + B(2n) — an(yn) — B(Yn); (4.16)

whenever z,y € X are unequal only in the n’th coordinate. When x,y € X are elements
that differ in only finitely many coordinates, write

neN

Let Rq be the equivalence relation on X xR that is given by (z,t) ~ (y,s) if and only
if z and y differ only in finitely many coordinates and s —¢ = Q(z,y). Then the flow
R ~ L>®(X x R)R2 is isomorphic with the tail boundary flow associated to the sequence
of probability measures (ay, + )« ptn. By equation (4.16), we have that Q(z,y) = F(z) —
F(y) for x,y € X that differ only in finitely many coordinates. We conclude that the tail
boundary flow associated to (a, + )« is isomorphic with the translation action R ~ R.

We again use the cutoff function Ty : R — R for x > 0, as defined in equation (3.4). By
[8, Proposition 2.1], there exists a sequence t,, € R such that

nz_:l /X Tl + B(x) — t)2dpin(z) < +00, (4.17)

for every k > 0. Define the o-finite measure v ~ uq by dv/du; = exp(—p3). If v is finite,
then we can add a constant to 3 so that v becomes a probability measure. Then equation
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(4.17) still holds with a potentially different sequence t,, € R. Thus, we may assume that
v is either infinite or a probability measure. Define the sets

Uy ={z € Xo| |an(z)+8(z)—t,] < 1}.

By equation (4.17), we have that Y | 1,(Xo \U,) < +00. There exists a C' > 0 such
that |1 —r| < C|log(r)| for all r € [exp(—1), exp(1)] so that

|1 —exp(—(an(x)+ B(x) —t,)/2)| < Clan(x) + B(x) —ty,|, for every x €U, .

Taking k =1, it follows from equation (4.17) that
i/u |1 exp(—(an(x) + B(@) = tn)/2) Pdpn (z) < +00.
n=1"Un
The left-hand side equals
f: /u (V/djtn fdjir — exp(tn/2)\/dv/dpn)* dyuy
n=1"Un
and since
f:/x (V/pn s — Ly, /A Jdpir)” dpsr = iﬂn(Xo \Un) < 00,
n=1"Xo n=1
we conclude that also

Z/X (Vdpin /dpy — exp(ty /2) 1, \/du/d,ul)Qdul <+400. (4.18)

On U,, we have that exp(—f) < exp(1+ |tn|)exp(an). As exp(a,) is pi-integrable, it
follows that exp(—pf) is pu|u,-integrable, so v(U,) < +oo. For each n € N define the
probability measure v, = v(U,) vy, .

For any pair of nonzero vectors £1,&2 in a Hilbert space, with [|£1]| = 1, we have that
€1 — ||&2]| 7L |l < 2]|€1 — &2]|. Thus, it follows from equation (4.18) that

ZH2(,un,1/n) < +o0.

n=1

Define the map =, by
d
i Xo = R: n(z) = 1og$(x) Flog(v(Uy)) -

Let D > 0 be such that T} (r) < D|1 —exp(—r/2)|, for every r € R. It follows that

/ T (9 (2))? djun () < D? / 11— exp(—n/2) Pdpin < D* B2(pm) . (419)

n n

Define an increasing sequence of subsets Z;, C X by

Zy ={x € X | xy, €Uy, for every m >k} .
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Note that (X \ Zx) — 0 as Y oo | pn(X \U,) < +00. By equation (4.19) the function

Ga) =3 (tog B2 (2,) +log(w(th,)) (4.20)

converges unconditionally a.e. on Zj, for every k € N. Therefore, the sum converges
unconditionally a.e. As in the proof of [8, Theorem 3.3], the o-finite measure ¢ ~ p defined
by d(/du = exp(—QG) is S-invariant and ¢ is a finite measure if and only if v is finite and
Sood  v(Xo \Up) < +o0.

If S ~ (X, p) is of type I, then ¢ must be finite, and we have that u ~ . Conversely,
if there exists a probability measure v ~ pu; such that u ~ v, it follows directly that
S~ (X,u) is of type II5.

If S ~ (X, ) is of type I, then ¢ must be infinite. So we have shown that all conditions
in point 2 of the lemma are true. Conversely, if there exist a o-finite measure v and subsets
U, C X satisfying the conditions of point 2, then the sum (4.20) converges a.e. and the
o-finite measure ¢ ~ p defined by d¢/dp = exp(—G) is infinite and S-invariant. O

Proof of Theorem 4.3. First of all, by Theorem 4.1 the Bernoulli shift Z ~ (X,u) is
weakly mixing and S ~ (X, ) is ergodic. Moreover the Maharam extensions of Z ~ (X, )
and S ~ (X, ) satisfy

L®(X xR)2 = L= (X xR)S. (4.21)

Write (Z,7) = [[,.cz nz1(Xo:ftn). Let Si C S be the subgroup of finite permutations that
fix 1 € Z so that S; ~ (Z,n). Let 0 denote the partial shift

Ty if n<0

0: (X,p) = (Zm): 0(x)n = {xn_l —

It follows directly from the Kakutani criterion that 6 is a nonsingular isomorphism. It
intertwines the actions S ~ (X, 1) and S1 ~ (Z,n). So §1 ~ (Z,n) is ergodic, and Lemma
4.7 applies. If Z ~ (X, ) is semifinite, then by equation (4.21) also & ~ (X, 1) is semifinite.
To complete the proof of the theorem, it suffices to show that Z ~ (X, u) is of type Il
if there exist a o-finite measure v and Borel sets U,, C X satisfying the conditions of the
second point of the theorem.

Assume we are given such v and U,,. Then, as in equation (4.20), the sum

Gla) = 3 (108 12 o) + oxv4) )

neEZ

is unconditionally convergent a.e. By equation (4.21), the map (z,t) — t — G(x) is invariant
under the Maharam extension of Z. Also, it is R-equivariant.

It follows that the o-finite measure ¢ ~ pu defined by d¢/du = exp(—G) is an infinite
Z-invariant measure. O
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5. Nonsingular Poisson suspensions: proof of Proposition D

We start this section by recalling the construction of the Poisson suspension. For a detailed
treatment, we refer to [46, 21]. Let (Xo,10) be a o-finite standard measure space. We write
By ={AC Xy | A is Borel and po(A) < +00}. To (Xo,uo), one associates a standard
probability space (X,u) and random variables P4 : X — {0,1,2,...} for every A € By such
that the following holds.

1. The random variable P, is Poisson distributed with intensity pg(A).

2. If A,B € By are disjoint, then P4 and Pg are independent random variables and we
have that Paug = P4 + Pg.

3. The family (Pa)acg, separates the points of X.

These three properties uniquely characterize (X,u) and the random variables (Pa)acg, -
The probability space (X, u) is called the Poisson suspension over the base space (Xo, o).

By the functoriality of this construction, every measure preserving Borel automorphism
0 : Xy — Xo gives rise to an essentially unique, measure preserving Borel automorphism
0: X — X such that for every A € By, we have

Pa(0(z)) = Py-1(ay(z) for p-ae. € X. (5.1)

In [21, Theorem 3.3], it was discovered that a nonsiEgular Borel automorphism 6 : Xy —
X gives rise to a nonsingular Borel automorphism 0 : X — X satisfying equation (5.1) if
and only if

AOupto) _ 1€ L3(Xo,10) - (5.2)

dpio
For completeness, we include below a short proof of one implication, namely that every 6
satisfying equation (5.2) has a suspension 9. This proof is essentially taken from [21] but
presented in a more direct way.
So, whenever G ~ (X, 110) is a nonsingular action of a locally compact second countable
(lesc) group such that

supH\/d(g,uo)/duo — 1“2 < +oo for every compact K C G, (5.3)
geK

we have an essentially unique nonsingular action G ~ (X, 1) characterized by Pa(g-x) =
P,-1.4(x), which is called the Poisson suspension action.

The main goal of this section is to prove Proposition D. We actually prove the following
stable version, that also considers the associated flow of the diagonal action G ~ X xY
for any ergodic pmp action G ~ (Y,v).

Proposition 5.1. Let G be any lcsc group that does not have property (T'). Let R ~ (Z,()
be any Poisson flow. Then G admits a nonsingular action G ~ (Xg,uo) of which the
Poisson suspension G ~ (X, ) is well-defined, weakly mizing, essentially free and such
that for any ergodic pmp action G ~ (Y,v) the diagonal action G ~ X XY has associated
flow R~ Z.
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Proposition 5.1 is sharp in the following sense: By [21, Theorem G, if G has property
(T), then every Poisson suspension action admits an equivalent invariant probability
measure. This follows by applying the Delorme—Guichardet theorem (see, e.g., [5,
Theorem 2.12.4]) to the 1-cocycle g+ +/d(guo)/dpo — 1 with values in the Koopman
representation of G ~ (Xo, o).

Before proving Proposition 5.1, we introduce some further background, based on [21].
In particular, we give a short proof that every nonsing}llar automorphism 0 : Xg — Xj
satisfying equation (5.2) admits a Poisson suspension . This proof is essentially taken
from [21], but since our approach is direct and short, we include it here for convenience
of the reader.

Write H = L2(Xo,/0), and denote by H, C H®" the closed subspace of symmetric
vectors (i.e., invariant under the action of the symmetric group S, on H®"). The key
point is that there is a canonical isometric isomorphism

U:Re@Hn — La(X,p) (5.4)
n=1

between the symmetric Fock space Fs(H) of H and LZ(X,u). This isomorphism U is
defined as follows. For every £ € H, denote by exp(§) € Fs(H) the usual exponential given
by

=1
exp(§) = 1@@ E'f@n :
n=1"""

For every A € By and a € R, define T,, 4: X = R by
To A =exp(—(a—1)po(A))a . (5.5)

If £ € 1+ L3 (Xo,110) takes only finitely many function values, i.e., is of the form £ =14+
S aily, for a; € R, disjoint A; € By and A =R\ J]", 4;, we define T (&) € L3(X,u)
by

T(g) = HTai,Az‘ .
i=1

A direct computation shows that

(T(€).T(&)) =exp({— 1,6 1)) = (exp(§ — 1), exp(§’ — 1))

for all £,&’ of such a form. The vectors exp(§ — 1) are total in the symmetric Fock space
Fs(H), and the functions T () are total in L2 (X,u). Therefore, 7 uniquely extends to a
continuous map 7 : 1+ L2 (Xo,p0) — L& (X, ), and the isomorphism U in equation (5.4)
is uniquely defined by U(exp(£ —1)) = T (€) for all £ € 14 L2 (X, o).

When &,&’ € 1+ L2 (X0, o) are such that their product £¢’ still belongs to 1+ L& (X0, 1o),
we have

TE)T(E) =exp((§—1,¢ = 1)) T(£), (5.6)

which is immediate when &,£’ only take finitely many values and is then valid for all £,&
by density and continuity.
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When € € 1+ L2(Xq,u0) satisfies £(x) >0 for a.e. x € X(, we have by construction
that 7(£)(x) > 0 for a.e. x € X. We next prove that if £(z) > 0 for a.e. z € X, then
T(€)(x) >0 for a.e. x € X. To see this, define C,, = {z € X |n~! <&(x) <n} and define
&n € 14+ L& (Xo,p0) by &n(z) =&(x)7! if 2 € Oy, and &,(z) =1 if z & C,,. Define F, €
L3(X,p) by F, =exp(—(£ —1,&, — 1)) T(&,). By equation (5.6), we get that T (§)F, — 1
in L2(X,p). Therefore, T(£)(z) # 0 for a.e. x € X.

Note, for later use, that it follows in particular that if £ € 14 L2 (X, o) is such that
also €71 € 1+ L2 (Xo, o), then

T(E) ' =exp(—(€ -1, =1))T(€7). (5.7)

Now assume that vy is a o-finite measure on Xg such that vy ~ po. Write € = +/dvg/duo,
and assume that & € 1+ L3 (Xo,p0). Define F € L?(X,u) by F =exp(—||€ —1]13/2) T (£).
By the discussion above, F(x) > 0 for a.e. z € X. Also,

[ Frau=es(-le-113) (T©.7©) - 1.
We can thus define a unique probability measure v ~ p such that

Vv /dp = exp(=|/dvo/dpo — 1]15/2) T(\/dro/dpo) - (5.8)

We show that, for every A € By, the variable P4 has, w.r.t. v, a Poisson distribution
with intensity 19(A). Let « > 0 be arbitrary. Still writing & = \/dvy/dug, define €4 €
14 L2 (Xo,10) by €a(z) = aé(z) if x € A and €4(z) =&(z) if # € A. By equation (5.6),
we get that

P T(€) = exp((a=1) [ £dm) T(e).
It follows that
/X a4 dv = exp(— € ~ 1]3) (@™ T(€), T(€)) = exp((— 1)ro(A))

Since this holds for every a > 0, the distribution of P4 w.r.t. v is Poisson with intensity
[Z0) (A)

Finally, given A € By, the partition Xy = AU (Xo\ A) gives rise to a decomposition of X
as the direct product of the Poisson suspension of (4,uq) and the Poisson suspension
of (Xo\ A,10). By equations (5.6) and (5.8), also v is a product measure in this
decomposition. It follows that P4 is independent from Ppg for every B € B that is disjoint
from A.

Altogether, we have thus proven that (X,v) is the Poisson suspension of (Xg,vq). This
observation implies that, for every automorphisms 6 satisfying equation (5.2), there is an
essentially unique nonsingular Poisson suspension ) given by equation (5.1). So also, for
every nonsingular action G ~ (Xo, o) satisfying equation (5.3), the Poisson suspension
action G ~ (X, ) is well defined.
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An important step in the proof of Proposition 5.1 is to ensure that the Poisson
suspension action G ~ (X,u) is conservative. If in the discussion above, both & =
Vdvo/duo and €71 belong to 1+ L3 (Xo,uo), it follows from equation (5.7) that

Vip/dv =exp(|le = 1]3/2— (€~ 1,67 =1)) T(7)

so that
d
/X d*/,fdﬂ =exp(€— 13 —2(6—Le 1) +[lg —1)3) =exp(J6—€713).  (5.9)

So whenever G ~ (X, 10) is a nonsingular action, we denote

k(9) = ||/ d(gro) /dpo — /dpo/d(gpo) |3 € [0, + 0] - (5.10)

The following result is then an immediate consequence of equation (5.9) and [8, Lemma
2.6] (adapted to the locally compact setting) and is similar to [20, Lemma 1.3].

Proposition 5.2. Let G ~ (Xo,p0) be a nonsingular action of a locally compact second
countable group G on an infinite, o-finite standard measure space (Xo,puo) such that
equation (5.3) holds. Let A denote a left invariant Haar measure on G. If

+1 <
Jimsup log\({g € G | k(g™") < s}) >3

s—+o00 S

)

then the nonsingular Poisson suspension G ~ (X, ) is conservative.

For lesc groups G with the Haagerup approximation property, one can give a very short
proof of Proposition 5.1 by only using Proposition 5.2. For the general case, where G is
only assumed to be non-(T), we have to make use of recurrence of G ~ (X,u) along
specific subsets A C G. We thus recall the following two definitions from [1].

Definition 5.3 ([1, Definitions 7.12 and 7.13].). Let #: G ~ H be an orthogonal
representation on a real Hilbert space H and A C G a countable subset. We say that
m is mizing along A if

lim (my(§),n) =0 for every &,n € H.
gEA, g—©

A pmp action G ~ (X, p) is mizing along A if the reduced Koopman representation
m: G = O(LE(X, 1) OR1) : (meé) () = E(g™ " - 2)

is mixing along A.
A nonsingular action G ~ (X, ) is said to be recurrent along A if for every nonnegligible
Borel set A C X there exist infinitely many g € A such that u(g- AN A) > 0.

Similarly to Proposition 5.2, combining [1, Lemma 7.15] and [8, Lemma 2.6], we then
get the following.
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Proposition 5.4. Let G ~ (Xo,pu0) be a nonsingular action of a locally compact second
countable group G on an infinite, o-finite standard measure space (Xo,po) such that
equation (5.3) holds. Let A C G be a countable infinite subset. If

1 A ) <
lim sup ogl{g € Al k(g™") < s} >3

s——+00 S

)

then the nonsingular Poisson suspension G ~ (X, 1), and for every pmp action G ~ (Y,v),
the Maharam extension of the diagonal action G ~ X xY are recurrent along AA™".

The first step in proving Proposition 5.1 is to translate the absence of property (T) to a
dynamical property: There exists a measure preserving action G ~ (W, p) on a standard,
infinite, o-finite measure space such that the Koopman representation on L?(W,p) is
weakly mixing and the action admits a Fglner sequence, i.e., a sequence of Borel sets
A, CW such that 0 < p(A,) < 400 for every n € N and

lim p(g “Ap A An)

=0 uniformly on compact subsets K C G.
n—00 p(An)

This characterization is proven in [19, Section 4] and is a consequence of the Connes—
Weiss characterization of property (T) (see [15] and [5, Theorem 6.3.4]): Taking a weakly
mixing pmp action G ~ (B,3) that admits a Fglner sequence B,, C B with 5(B,)=1/2
for all n € N, we can pass to a subsequence and assume that for every compact K C G,

oo
Zsupﬁ(g~Bn A Bp) < +00.
n:lgeK

Then, the diagonal action of G on the restricted infinite product

W= H(B,Bn) ={z € B" |z, € B, for all but finitely many n € N }

n=1

equipped with the product measure p = (23)N is well defined and satisfies all the
requirements.

Lemma 5.5. Let G be an lcsc group and G ~ (W,p) a measure preserving action on a
standard, infinite, o-finite measure space such that its Koopman representation is weakly
mizing and the action admits a Folner sequence A, C W. Let A, >0 and a, € R\ {0}.
Define Xo =W x N, and define the measure pg on Xy by

o (U % {n}) = Ao p(An) ™ (p(UN )+ U\ A))

Consider the nonsingular action G ~ (Xo,uo) defined by g- (z,n) = (g-x,n).

After replacing A, by a subsequence, we get that the Poisson suspension G ~ (X, ) of
G~ (Xo,10) s well defined and weakly mizing and has the property that, for any ergodic
pmp action G ~ (Y,v), the associated flow of the diagonal action G ~ X XY is given by
the tail boundary flow of the sequence of Poisson distributions oy defined by equation
(5.33).

n,an
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Proof. Denote by m: G —U(L*(W,p)) : (7(9)€)(x) =&(g~ ! - z) the Koopman representa-
tion. By [1, Lemma 7.17], we can fix an infinite subset A C G such that 7 is mixing along
AA~'. Define

p(g ) An A An)
p(An)

o G— [0,400] : ro(g) = > knlg) -

1
Fn:G—=10,400): kp(g) = 3 An (e —e ) (e —1) and

Replacing A, by a subsequence, we may assume that

sup ko(g) < +oo for every compact subset K C G, and

geEK

1 €A ) <
limsup os /g | molg™ ) < s} >3.
s—4o00 S

Define the measure g as in the formulation of the lemma. A direct computation gives
that

v/~ 10) /dpo — /dpo/d(g - o) || = rolg) < +oo.

Since |a — 1] < |a—a~!| for all a > 0, we also find that equation (5.3) holds. So, the
Poisson suspension G ~ (X, ) of G ~ (Xg,p0) is well-defined. By Proposition 5.4, the
action G ~ (X, ) is recurrent along AA~L.

Let v: G ~ (Y,v) be any ergodic pmp action. We prove that the diagonal action G ~
X xY is ergodic and that its associated flow is isomorphic with R ~ Z. Part of this
argument is similar to the proof of [19, Proposition 1.17].

Denote by p,, the measure on W given by p,(U) = po(U x {n}). Viewing X, as the
disjoint union of the G-invariant subsets W x {n}, we identify (X,u) with []°7, (X, tn),
where (X, ) is the Poisson suspension of (W,p,,). Then o: G ~ (X, ) is the diagonal
product action of «,, : G ™~ (Xp, 14r). Define the probability measures v, ~ u, by

% :T(lw\An-i-ea"lA”) . (5.11)
Then G ~ (X,,,vy,) is the Poisson suspension of G ~ (W, 8,p), with 3, = \,e%" p(A,,) L.
Since G ~ (W,8,p) is measure preserving, the probability measure v, is G-invariant.
Through equation (5.4), the Koopman representation of G ~ (X,,v,) is the natural
representation of G on the symmetric Fock space Fy(L&(W,B,p)) associated with the
Koopman representation of G on L3(W,B,p). Therefore, G ~ (X,,,vy,) is weakly mixing
along AA™L.

Consider the Maharam extension G ~ X XY X R of the diagonal action G ~ X x Y.
Fix F € L>®(X xY xR)Y%. Define ,, = —logdp, /dv,. Fix N € N, and write

N e
(XNuy) = H(Xm:un) and (X, py) = H (X pin) -
n=1 n=N+1
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We identify X = X, x X}, and define
Uy : XX XE XY XR—= X\ x XExY xR:

N
\I/N(I,,l'”,y,t) = ($/,$//7y7t+ an(xln)> .
n=1

We denote by oy : G ~ X} and of; : G ~ X} the obvious diagonal product actions so
that « is the diagonal product of oy and o;.

Since v, is G-invariant, the map ¥y intertwines the Maharam extension of a X v with
the diagonal product of oy and the Maharam extension of %y x «. Since the pmp action
oy of G on (X),v1 X -+ X vy) is mixing along AA™! and since the Maharam extension
of a/{y x 7y is recurrent along AA™!, it follows from [1, Theorem 7.14] that the function
FoW,! is essentially independent of the X -variable.

So, for every N € N, we find a unique Fy € L= (X}, xY xR) with | F|loc = || F||cc and
F = FyoUy a.e. Define the probability measures (, = (¥, ).(ftn) on R. Denote

o
(2.0 = [[®.¢),
n=1
and realize the tail boundary B of the sequence ({,)nen inside L (R x Q). Consider the
natural factor map

D X XY XR=RxQXY : O(x,y,t) = (t,(Vn(Zn))nen,y) -

We have thus proven that for every F' € L>(X x Y x R)¢, there exists a unique H €
B®L>®(Y) such that F = Ho® a.e.

We also consider the diagonal action oy xid Xy of G on X x Y, with its Maharam
extension My : G~ X XY xR. Since (afy xid xv)y = (@ x ), in Aut(X xY), we
also have that My 4(F) — F weakly. For every K € B® L*(Y), we have that @, ((id®
Vo) (K)) = Mp,¢(®.(K)) for all N € N. Since F' = ®,(H), we conclude that ®,((id®
v¢)(H)) =@, (H) for all g € G. Since the action v is ergodic, we conclude that H € B®1.

Conversely, for every H € B, we find that ®,(H ®1) is invariant under My 4 for all
N €N and g € G. Since My, 4 converges to the Maharam extension of a x v, it follows
that ®,(H ®1) is invariant under the latter. We have thus identified the associated flow
of G~ X xY with the tail boundary flow of the sequence ((,)nen-

By equation (5.11) and using the notation (5.5),

VYo =log(Teen, a,,) = (1 =€ )pn(An) +anPa, .

Therefore, ¢, is a translation of the Poisson distribution with support {ka,, : k=0,1,2,...}
and intensity p,(A,) = Ay, i.e., a translation of oy, ,,. This concludes the proof of the
lemma. O

Proof of Proposition 5.1. Take an lcsc group G that does not have property (T),
and take a Poisson flow R ~ Z. By Proposition 3.15 and using the notation in equation
(3.33), we write R ~ Z as the tail boundary flow of a sequence oy, 4, with A, >0 and
an € R\ {0}. As explained above, we can take a measure preserving action G ~ (W, p)
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on a standard, infinite, o-finite measure space such that the Koopman representation
of G on L?(W,p) is weakly mixing and the action admits a Fglner sequence A, C W.
Replace A,, by a subsequence, and define (X, o) so that the conclusions of Lemma 5.5
hold. Define V = G x N, and denote by 79 the product of the Haar measure on G and
the counting measure on N. Let G ~ (V,n) be the Poisson suspension of G ~ (Vp,m0).
Then, G ~ (V,n) is a mixing pmp action that can be written as the infinite product of a
faithful pmp G-action. Hence, G ~ (V,n) is essentially free. Taking the disjoint union of
X and Vj, we obtain the nonsingular action G ~ (XoU Vo, o LU10) that, by Lemma 5.5
satisfies all the conclusions of the proposition. O

6. Bernoulli actions of amenable groups: proof of Theorem B

In Theorem 6.1 below, as in the previous section, we prove a stable version of Theorem B.

Theorem 6.1. Let R ~ (Z,{) be a Poisson flow, and let G be a countable infinite
amenable group. Then there exists a countable set Xy and a family of equivalent probability
measures (fig)gec on Xo such that the Bernoulli action

G H (XOHUQ)

geG

is nonsingular, weakly mizing and such that for any ergodic pmp action G ~ (Y,n) the
associated flow of the diagonal action G ~ X XY is isomorphic with R ~ Z.

For the periodic flows R ~R/Zlog, i.e., the type III, case, Theorem 6.1 was proven
independently in [8] and [39]. For the trivial flow, which corresponds to the type III; case,
the result was already proven in [7, Theorem 6.1]. The novelty lies in the type III; case,
i.e., the properly ergodic flows.

As in the introduction, for any countable subgroup A C R, we denote by My the unique
injective factor whose flow of weights is the almost periodic flow R ~ A. Combining
Theorems 3.9 and 3.8 with Theorem 6.1, we obtain the following immediate corollary.

Corollary 6.2. Let G be a countable infinite amenable group. Any ITPFI factor of type
111, and in particular all the injective factors M where A CR is a countable subgroup,
are isomorphic to the crossed product L*°(X) % G of a nonsingular Bernoulli action G

(X,u) of G.

If o is a measure on Vy = G x N that is equivalent with the counting measure and if the
nonsingular action G ~ (Vp,70) : g+ (h,n) = (gh,n) has a well-defined Poisson suspension
G ~ (V,n), then G ~ (V,n) is canonically isomorphic with the nonsingular Bernoulli
action

G [ Xong) with Xo=(NU{ODY and gy =[] png- (6.1)
geG neN

where (1, 4 is the Poisson distribution with intensity ~vo(g,n).
Therefore, Theorem 6.1 can be deduced as follows from Lemma 5.5.
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Proof of Theorem 6.1. By Proposition 3.15 and using the notation in equation (3.33),
we write R ~ Z as the tail boundary flow of a sequence oy, 4, with A, >0 and a,, € R\ {0}.

Denote by p the counting measure on G. Since G is amenable, the translation action
G ~ (G, p) admits a Fglner sequence A,, C G, which we may choose in such a way that |A,|
is an increasing unbounded sequence. Replacing A, by a subsequence, we may further
assume that

Ao |Ap |7 (1 4-em) <277 (6.2)
for all n € N. Define Vy = G x N, and define the measure v9 on Vy by

An |An] 71 ifge A,

’)’O(gan) = {)\n|An16a" lfggAn

After replacing once more A, by a subsequence, it follows from Lemma 5.5 that the
Poisson suspension G ~ (X, ) of G ~ (Vg,70) is well defined, weakly mixing and has the
property that for every ergodic pmp action G ~ (Y,n), the associated flow of the diagonal
action G ~ X x Y is isomorphic with R ~ Z. Note that equation (6.2) remains valid in
this passage to a subsequence.

By equation (6.1), we may view G ~ (X, ) as a nonsingular Bernoulli action. Since by
equation (6.2)

e (0) = exp(—0(e,n)) > 1 —yo(em) > 1— 277,

the base space (X, 1) of the nonsingular Bernoulli action G ~ (X, ) is atomic so that
Theorem 6.1 is proven. O

Remark 6.3. Note that, although our proof of Theorem 6.1 makes use of Lemma 5.5,
the proof actually does not rely in an essential way on the theory of Poisson suspensions.
It follows from equation (6.1) that the nonsingular Bernoulli action G ~ (X, ) that we
construct in the proof of Theorem 6.1 is an infinite product action G'~ [],,cn(Xn,tn),
where for each n, there is a natural G-invariant probability measure v, ~ u, such that
G ~ (Xp,v,) is a pmp Bernoulli action. The argument in the proof of Lemma 5.5 then
provides the identification of the associated flow as the correct tail boundary flow.
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