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Recently Scheiblich (7) and Munn (3), amongst others, have given explicit
constructions for FIA, the free inverse semigroup on a non-empty set A. Further,
Reilly (5) has investigated the free inverse subsemigroups of FIA. In this note
we generalise two of Reilly's lesser results, and also characterise the surjective
endomorphisms of FIA. The latter enables us to determine the group of auto-
morphisms of FIA, and to show that if A is finite then FIA is Hopfian (a result
proved independently by Munn (3)). Finally, we give an alternative proof of
Reilly's main theorem, which uses Munn's theory of birooted trees.

Any results on free inverse semigroups which follow easily from (3), (7)
are stated without proof. For the basic theory and notation of inverse semi-
groups see (1).

1
Let S be an inverse semigroup with semilattice of idempotents E. Recall,

(8), that the natural partial order ^ s on 5 (usually denoted merely by ^ )
is defined as follows:

x ^ y iff x = ey for some ee E,
or equivalently,

x ^ y iff x = yffor some/e E;
and that p(S) = {(x, y) e S x S | z ^ x, z ^ y for some z e S} is the minimum
group congruence on S.

Throughout this paper, let A be a non-empty set and let FIA together with
the canonical embedding, here denoted by d:A->FIA, be presented as in (3).
In the notation of (3), for all u, veF, [u] ^ [i>] iff T(u) c T(v), <x(u) = a(v)
and P(u) = P(v).

The inverse semigroup S is said to be proper, (6), if Ep(S) = E; in particular,
FIA is proper. Moreover, FIA/p(FIA) together with the canonical embedding
dp(FIA)\ :A-+FIA/p(FIA) is " the " free group FGA on the set A.

Recall also, (9), that Fl\ is an f-inverse semigroup, in the terminology of
(4). Scheiblich's theory (7) has an obvious interpretation in terms off-inverse
semigroups. Moreover, the set of maximal elements of FIA is in 1 — 1 corre-
spondence with the underlying set of the free group on A. This correspondence
can be visualised in different ways, depending on whether one works with
Scheiblich's theory (7) or with Munn's (3).

Let U be an inverse subsemigroup of an inverse semigroup S. Then
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18 L. O'CARROLL

so that a homomorphism a:U/p(U)-+S/p(S) is induced, given by:

for each ueU, (up(U)))a = up(S). (1)

Proposition 1. Let S be a proper inverse semigroup, and let U be an inverse
subsemigroup of S. Then

Proof. Let {x, y) e p(S)n(Ux U), and consider the element xy~*y of U.

Now xy'1 e UnEp(S) = UnE, since S is proper. Moreover, y~lye UnE.
Hence xy-1y = x.y-1y f±vx, and xy~ly — xy'1 .y ^vy, so that (x, y) e p(U).

On the other hand, it is always the case that p(U) c p(S)n(Ux U), and the
result follows.

Corollary. Following the hypotheses of Proposition 1, the homomorphism a
defined by (1) is injective. Each p(S)-class contains at most one p{U)-class.

It is easily seen that the hypothesis that S be proper is essential in Pro-
position 1.

We now consider the case where the proper inverse semigroup 5 is, in fact,
FIA. The induced homomorphism a then has codomain FIA]p(FI~)A = FGA.
We deduce immediately:

Proposition 2. Let U be an inverse subsemigroup of FIA. Then

is injective.
A subset K of an inverse semigroup [a group] S is called a set of free

generators for the inverse subsemigroup [the subgroup] U of S it generates if,
given any mapping g of K into an inverse semigroup [a group] T, there exists
a unique homomorphism h of U into T such that g = ih, where /:AT-> U is the
inclusion map.

We now state the main result of this section.

Theorem 1. In Proposition 2, suppose further that U has a set of free
generators K. Let i:K-+U be the inclusion map, let y = /p(£/)'a, and let
H = (C//p(C/))a. Then H « U/p(U), \K\ = \Ky\, and Ky is a set of free
generators for the group H.

Proof. By Proposition 2, a is injective and so H « U/p(U). Clearly
Kip(Uy is a set of free generators for the group U/p(U). As remarked above,
ip(Uy is the canonical embedding of K in the group Ujp(U), and the result
follows.

Theorem 1 can be paraphrased:
Let A and K be non-empty sets. If FIA contains a copy of FIK, then FGA

contains a copy of FGK.
Proposition 2.8 of (5) now follows immediately.
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Suppose the hypotheses of Theorem 1 hold. Then in the light of Theorem 1
and the Corollary to Proposition 1, K is a transversal of the set of congruence
classes Kp(FIA), where Kp{FIA) is a set of free generators for the subgroup
Up(FIA) = (t//p(f/))a of FGA. In particular (5), Proposition 2.6 considers
such transversals which moreover consist of maximal elements of FIA.

For the final part of this section, the reader is referred to (2), Section 7.2.
Taking the converse situation, let H be a non-trivial subgroup of FGA,

and let N be a Schreier system of left coset representatives of H. Suppose W
is the corresponding set of Schreier generators of H—the gs <j>(gs)~ * which
are not equal to 1, in the terminology of (2), Section 7.2. Then W is a set of
free generators for the group H, the elements of W are reduced as written, and
W possesses central significant factors, namely the J'S. Further, an element
gs (frigs)'1 of W is clearly uniquely determined by its initial segment gs. Thus
the proof of (5), Corollary 2.7, shows that K = {(/(w), H>)| W e W}—in the ter-
minology of (5)—is a set of free generators for the inverse subsemigroup of
FIA it generates; moreover, | W\ = \K\.

In the terminology of (5), if (R, r) and (5, s) are any elements of FIA, then
(R, r)p(S, s) iff r = s, while (R, r) g (S, s) iff r = s and S ^ R. Thus K in the
preceding paragraph is a transversal of pCF/^-classes consisting of maximal
elements of FIA. Note also, given non-empty sets B and C, that

FIBstFIciff\B\ = \C |,

since the set of maximal idempotents {xx~l \ xe Adu(Ad)~1} of FIA has
cardinality 2 | A \.

Thus the above can be paraphrased:
Let A and K be non-empty sets. If FGA contains a copy of FGK, then

FIA contains a copy of FIK.

2
For convenience, let A = Adu(Ad)~1. This notation will be used for the

rest of this paper.

Lemma 1. Let aeA. Then FIA\{a, a'1} is an inverse subsemigroup of
FIA.

Proof. This is obvious.

Suppose %:Ad-*FIA is a map. We define an extension T* of T to all of A
as follows:

The domain of T* is A, z* | Ad = x, and for each x e Ad, (x'1)?* = (xr)"1.

Proposition 3. (i) Let S be a surjective endomorphism of FIA. Then A^ Ad.

(ii) Conversely, let x:Ad-*FIA be a map such that A £ /IT*. Then % can be
extended to a unique endomorphism f of FIA, and f is surjective.
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Proof, (i) Suppose there exists a e A\A5. Then a'1 e A, and if a"1 = x8
for some xe A then a = x~ 18, where x~1 s i Hence a~ * e Z\/45. It follows
that Ab E F/A\{a, a"1}, which by Lemma 1 is an inverse subsemigroup of
FIA. But (FIA)6 is the inverse subsemigroup of FIA which is generated by A8,
so that {FIA)5 £ FIA\{a, a~1}, which is a contradiction.

(ii) Since Ad is a set of free generators for FIA, i can be extended in a unique
manner to an endomorphism f of FIA. Moreover, x* = f \ A and it follows
that A £ (FIA)x. Since .4 generates FIA, we deduce that f is indeed surjective.

Let Aut FIA denote the group of automorphisms of FIA. Given a non-
empty set X, let Sx denote the symmetric group on X.

Now follows the main result of this section:

Theorem 2. Let A be a non-empty set, and let A' be a set disjoint from A
such that there exists a bijection j:A-*A' from A on to A'. Extend j to a per-
mutation j * on AKJA' as follows:

for each xe A[xe A'~\, xj* = xj [xj* = (x)j~1'].
Then

Aut FIA « ty e SAuA. | xjjj* = j * * } . (2)

Proof. Define the permutation t on A as follows:

for each x e A, xt = x"1.

Let V = {\p e S3 \ i//t = ti[/}, and let T denote the right-hand side of (2). Then
it is easily checked that V and T are groups, which are seen to be isomorphic
when one identifies j * and t. It suffices therefore to prove that Aut FIA x V.

Consider de Aut FIA; then 0'1 e Aut FZA, so that 6 and 6'1 are, in
particular, surjective endomorphisms of FIA. By Proposition 3, therefore,
A^ A 6 and A S A6~1. Hence A9 = A, so that 9 | A e SA and in fact 6\ AeV.

Define the map k on Aut FIA as follows:
for each 6 e Aut FIA, k:9->0 \ A.

From the preceding discussion it is clear that k maps into V, and that A: is a
homomorphism. Since A generates FJA, we deduce that k is injective.

Conversely, given \j/ e V let T = i//\Ad. Then \j/ = T*. By Proposition 3,
x can be extended uniquely to a surjective endomorphism f of FIA; clearly
i// = f | A. Similarly \j/~l, which is in V, can be extended uniquely to a
surjective endomorphism f' of FIA. Now ff' | A and f'f | A are both the identity
map on A. Since A generates FIA, it follows that ff and f'f are both the
identity automorphism on FIA. Hence f and f' are mutually inverse auto-
morphisms on FIA, so that k is surjective.

Corollary. Let A be a non-empty finite set, with n elements say, and let B
be the set of integers r such that —n^r^n. Then

Aut FIA » { ^ e S , | ( - x ) ^ = -W)for all x s B}, (3)
and has 2"(n!) elements.
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Proof. We need only note that if ̂  is an element of the right-hand side of
(3), then ^(0) = 0 and if/ is defined by its action on {1, 2, .. . ,«}.

Proposition 4. If A is finite, then FIA is Hopfian; that is to say, any surjective
endomorphism 9 of FIA is in fact an automorphism.

Proof. By Proposition 3, A £ Ad. Since A is finite, we deduce that
A = A9 and that 9 \ A is injective. It follows, as in the proof of Theorem 2,
that 9 is an automorphism.

This last result was proved independently by Munn (3).

3
In his main theorem, (5, Theorem 2.2), Reilly gives a necessary and sufficient

condition that a subset of an inverse semigroup S is a set of free generators for
the inverse subsemigroup of S it generates. In this final section, we use Munn's
theory of birooted trees (3) to give an alternative proof of the sufficiency of
Reilly's condition, a proof which we hope renders the condition conceptually
clear. The necessity of the condition is almost immediate, especially if one
again uses Munn's theory. But first we introduce some notation.

An element t of FIA is said to be a reduced word in A if t = x1...xn for some
xlt ..., xn e A such that x, ̂  x^+\, 1 ̂  i' ^ n — 1; in this case, the expression
for / is unique and xt [*„] is called the first [last] letter in t. The reduced
words t-, = xl...xi, 1 ̂  / 5J n, are called the initial segments of t; these are
again unique.

Theorem 3. (Reilly). Let K be a subset of an inverse semigroup S such that
Kr\K~l = • • Then K is a set of free generators for the inverse subsemigroup
U of S it generates iff the following condition is satisfied:

n

If ke KKJK'1 and if kk'1 ^ Y\ w^1, where wt = kn...kin(i) for some
II

k{j e KKJK'1 such that ku ^ K}\xfor 1 g j ^ «(/)-1, 1 g / g », then k = kn

for some i.

Proof. (Sufficiency). Let 6:A-*K be a bijection of some set A on to K.
Then 9 determines a unique epimorphism of FIA on to U, which we also denote
by 9. As remarked in (5), clearly K is a set of free generators for C/ iff 0 is
an isomorphism. Let E denote the semilattice of idempotents of FIA, and let
a = (9°9~1)n(ExE).

Suppose, therefore, that 6 is not an isomorphism. Following the remarks
after Lemma 2.3 of (5), this is equivalent to supposing that a is not the identity
congruence on E. Now E satisfies the ascending chain condition, and the
<r-classes are convex subsemilattices of E. Hence we may suppose that
e9 = f9 for some e, feE such that e covers/; that is to say, e>/and if
e ^ g >/for some g e E, then e = g. Extend 9 to an epimorphism, also denoted
by 9, off /} onto U1.
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Since e covers/, with the notation of (3), we have that

e = (T, a, a)<t>, / = (T, a, a)<£,

where 7" is obtained from T by the addition of exactly one extra vertex, y
say, to T and a corresponding edge fiy, for some vertex /? e T. Let x be the

label on fly and let w e Fl\ be the (reduced) word corresponding to the shortest
path on T from a to /? (where H> = 1 if a = ft). Now let

e* = w~1ew,f* = w"1/^.

Then e* = (T, /?, 0)0, / * = (T1, 0, P)4>, e*B = f*9 and e* covers /* . Further,
e*xx~1 = / * .

Let k = x9e KKJK~K Then

=/*0 = (e*xx"1)0 = e*O.kk~\

so that fcfc"1 ^ e*0. Starting from /? and going in turn to each of the various
extremities of Tby the shortest path gives rise to reduced words in A, zit ..., zn

say, where zf = xn xinW for unique xu e A such that

Thus

No oriented edge in T emanating from /J is labelled by x, so that x 5* xn,
1 ^ / g n.

Thus

kk~i >e*9= n^r1 0 = n ^ ^ r 1 .
V1 / 1

where zt9 = xn9 x>n(l)0, 1 ^ i ^ ». Moreover, 0 is a bijection of ^ on
to KvK'1, so that for each i, 1 ^ 1 ̂  n, xtj9 # (xy+i^)"1 for 1 ^ 7 ^ n(i)—l,
and A: = x9 # x a 0 .

The result follows.

I would like to thank the referee for his helpful suggestions, and in particular
for his extremely neat formulation of part of the proof of Theorem 3.
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