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1. Introductory. In integrating ^-functions with respect to their parameters the contours
are usually of the Barnes type, deformed if necessary to separate the increasing and decreasing
sequences of poles of the integrands. Also the constants are taken to be such that the integrals
converge. The following formulae are required in proving the theorems given in this paper.

E(p ; « r : q ; Ps: z) = I 77' 7 > m - ar) [ 77
r=l m = i (=1

x.F{<xr, xr-Pl + l, ,.., «r-pQ + l : a r - a i + l, ...*..., a r - a j ) + l : (-l)"-8z} (1)

E(a, /3: :«)=r(|3) f° e-^X'-^l +\jz)-U\, R(a)>0 (2)
J o

ra)nr(«r-c)
E(p; ar:q; P f : Z ) = _ — - = ! zld£, (3)2771J n r { p(=

the contour being of the Barnes type.

K,« + 8; a-j8 + l ; z) (4)

This result can be obtained by evaluating the residues at the poles of the integrand.

For these formulae see MacRobert's Functions of a Complex Variable, 4th edition.

2. THEOREM 1. The theorem to be proved is

where the integral is of the Barnes type.
To prove this, substitute for each jB-function in the integral from (2) and change the
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order of integration, so getting

I I J I ^ " ^ " " V 8 - 1 (1 + A/z)- (1 + W*)-" dX dp ± J (1 + A/z)-<(l +/*/z)«r(a + {)r(]8 - £) dt,

\]\l ( ^ ) , by (3).
Thus, since

^(a::z)=r(a)(l+l/z)-,
the left hand side is equal to

2-°-T(a + j3) e-*-»\y-Y-1(l+^) dXda.
J 0 J 0 \ AZ I

Here put A=/xrj, and it becomes

2-"-0.T(a + /3) f" f" e-"(1+"'/x>'+s-17jv-i{l + M ( l +7/)/(22)}---^d/xdi?
Jo Jo

y-1 /•«

^ * , J o ^—
and from this, on applying (2), the result is obtained.

In particular, ifj3 = £ + « - a , h = \-n-y, it follows from (7) that

= 2-»J(ZITT) r(y) r($+n) r($-n-y)e°Kn(z) (9)
3. THEOREM 2. The formula to be proved is

+ 3( |3 + y j ^ + § • | ( a + Jg + y + g), | (« +j3 + y + 8 +1) : 2z}.

(10)
To prove this, substitute from (1) for each jB-function on the left and get

o m!n!(a-/5 + l ; m ) ( y - 8 + l ; n)

Now, from (3), the last line is equal to

Hence the above expression is equal to

s rr(a+y)r(i3-a)r(8-y) E s
»!(a-/S + l ; m)(y-8 + l ; TO)

On appljdng Gauss's theorem to the last summation it becomes

P(a - p +1 +y) JT(a - P + y - 8 +1
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and therefore the given expression is equal to

From (1) the result then follows.

In particular, if y = a, 8 = /?,

(11)
4. THEOREM 3. The theorem to be proved is

S , ^ , . . . , a , : a + jS+ y + 8, P l , ..., p«, : z) (12)
To prove this, consider the case p =<7 = 0 ; then the left hand side can be written

(1 "ffi "' J J> + «-TO + 0 nv - O r(& - £)
and, from (4), this is equal to

( \J (a + 8, i3 + 8; 8 - y + l ;

provided that < 1 . From (5) it follows that this is equal to

V« + jS + y + 8 ' /

l a + ^ + y + S l z ) ,

and the result can then be deduced by generalising.
In particular, i£p = l,q=2, ax - a + j8 + y + 8, px = a + 8, p2 = j8 + 8,

- l /z ) (13)
5. THEOREM 4. The theorem to be proved is

,a + B, ]8 +8 : | ( a + )3+ y + 8), | ( a + /3+ y + 8 + 1) : 4z}. ...(14)

To prove this, substitute for the jE-function on the left from (1) and get

—-jr^-. f
; m)2«J

-*) s

27 r(j8-«) 21 —n 5-— -^(a + y+m.a + S+m: : z)

E r(B-a)r(8-y) S E
; m) (y - 8 +1 ; n)

E r(fi-a) PfS-y) r(a + v)z°t+y 27 .vr^ ^' . :F\ ' " I ' J
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and from this, using (1), the result follows.
In particular, if y = a, 8 = |3,

• : 4z) (15)
6. THEOREM 5. The theorem to be proved is •

= P(a + 0)2—"JS{a + 8, jB + y, £(y + 8), Hv + 8 +1): i(« + I8 + V + 8)> H« + Is + Y + 8 +1): *}•
(16)

The following two formulae are required in the proof.

, J8(jB)>0,

F A-1 (1 + A)—" E [p ; CLT : q ; p , : z (1 + A)2/A} <ZA
J o

If ?» is a positive integer and if B(k)>0,

e-^Xk~1E(p; ar:q; p 3 : zlXm)dX=mk-l(2,n)l-lmE(p+m ; a r : <? ; p,:z/mm) (18)
J o

where aB+1+1, = (i + v)/m, v = 0, 1, 2, ..., m - 1 .
For (17) consider the case p ^ g +1, expand in powers of z and integrate term by term.

Then generalise to get the case p>q +1.
Now, from (2), if iJ(a)>0, J?(j8)>0,

£ ( « , j 8 : : z ) = f™ e-*A«-1dA f" e " " ' 1 ^ ' * ) ^ - 1 ^ (19)
Jo Jo

Hence, on substituting in the left hand side of (16), and changing the order of integration,
it becomes

I"" e-W-^dX F e - ^ « ' ' V w ( J ^ f r(a-{)
Jo Jo Z7Tt J

» f" e-^Av-1 dA f" e-"<
Jo Jo

Here replace /A by pX, change the order of integration, and get

F ^ - i ^ : : jL\dX
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by (18). On applying (17) the right hand side is obtained.

For example if, in (16), y = %-k+m, § = \-k-m, then, from (6),

j / ) (20)

7. THEOREM 6. The theorem to be proved is

±f'E{a + Z,p-Z,«1,...,«,:q; Ps : z) dt,

i « ! , . . . , a,:q; p3 : z) (21)
To prove this, consider the case in which p=q=0, substitute for the 2?-function on the

left from (2) and change the order of integration ; then the left hand side becomes

= f °° e-AA«+ -̂1 exp ( - A - A2/z) dX = 2 — p f°° e-"^"^-1 E( : :
Jo Jo

Now generalise and obtain (21).

8. THEOREM 7. The theorem to be proved is

) ...(22)

To prove it, substitute on the left from formula (3) and so obtain

Here replace Z by Z - £ and change the order of integration, so getting

2m) nr(Ps-z)(e z)dZl2ni) r(k-z-o ~&

Now the inner integral is equal to

eit"" £ (a + jS, a + Z : k + a - Z : eT«"),

and, by Gauss's Theorem, this ^/-function has the value

Hence, on applying the duplication formula for the gamma function and formula (3), the
right hand side is obtained.
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