
Canad. Math. Bull.Vol. 34 (4), 1991 pp. 499-513 

BASIC DOUBLE SERIES, QUADRATIC TRANSFORMATIONS 
AND PRODUCTS OF BASIC SERIES 

BASSAM NASSRALLAH 

ABSTRACT. A basic double series is expressed in terms of two 5^4 series which 
extends Bailey's transformation of an 8^7 series into two 4(̂ 3 's. From this formula we 
derive some quadratic transformations; one of them is a new ^-analogue of a trans
formation due to Whipple. Product formulas as well as Gasper-Rahman's ^-Clausen 
formula are also given as special cases. 

1. Introduction. In an earlier version of [8], I felt the need for a formula that trans
forms a sum of two balanced 5(^4 series. It had to be an extension of Bailey's [4, 8.4(2)] 

8 W7{A; D, E, F, G, H; Azgz/ DEFGH) 

(1.1) 

{Ag, Ag/ FG, Ag/ FH, Ag/ GH)^ 
{Agj F, Ag/ G, Ag/ H, Ag/ FGH)0 

4<t>3 
Ag/DE, F, G, H 

Ag/D,Ag/E,FGH/A,q 

{Ag,Ag/ DE, F, G, H, A2 g2/ DFGH,A2g2/ EFGH)^ 
{Ag/ D, Ag/ E, Ag/ F, Ag/ G, Ag/ H, A2 g2/ DEFGH, FGH/ Ag)0 

where 

(1.2) 

* 493 
Ag/FG,Ag/FH,Ag/GH,A2g2 /DEFGH 
Ag2/ FGH,A2g2/ DFGH,A2g2/ EFGH ' q\ 

r+l 4>r+j 
ao,...,ar ,g,z b\,...,br+j 

8 W-j{a; b, c, d, e,f; a2g2/ bcdef) 

^ o o (ao,..,ar)k(-iy
k y(*)jt 

8</>7 
a, gy/à, —gy/à, b, c, d, e,f 

y/à, —y/a, ag/ b, ag/ c, ag/ d, agj e, ag/ f 
',g,a2g2/bcdef 

When r+\<l>r+j is non-terminating, we assume \q\ < 1 and it converges for all z when 
j' ^/ 0 and for | z\ < 1 when j = 0. Throughout this article we use the following notation 

(1.3) {a,b)oo = (a)oû(^)oo, {a,b)m = {a)m{b)n 
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500 BASSAM NASSRALLAH 

where 

(a)oo = (a; q)^ = n£L0(l ~~ ac^^ whenever the product converges, 

f (^)oo/ («^m)oo, for any complex number m, (1.4) 
(a)m = (a;q)m = < 

I n^lJCl — aq"), when m is a natural number. 

In ( 1.2) and ( 1.4), the q appearing immediately after the semicolons is called the base. 
It is usually suppressed in our notation unless different from q, in which case it is shown. 

To find the required extension of (1.1), use was made of Askey-Wilson's ^-analogue 
of the beta integral [3], namely 

(1.5) / dxw(x;a,b,c,d) = . , , , , , , 
J-1 (q, ab, ac, ad, be, bd, cd) QQ 

max(\a\,\b\,\c\,\d\,\q\) < 1, where 

f wf r- n h r /A = h(x;l)h(x;-l)h(x;^q)h(x;-^) 
<T 6) l y/ï^h(xvMxfi)h(x;cMxyl)' 

I h(x; a) = n£L0(l ~ lax(t + * V " ) = I (aew )«> 12, x = cos9. 

This is done in Section 2 where we derive 

oo (A, qj, -q^J, D, E, F, B, C, G)k(ACGq/ a2)2k 

(1-7) 

to(<l^>-y/>Aq/ D'Aq/ E,BCG/ a\ACGq/ Fa2)k 

(A2q2/DEFa2)k 

' (ACq/a2,AGq/a2)k(Aq)2k 

• 8 W7(ACGq2k/ a2,Aql+k/ B, Fqk, Cqk, Gqk, CGj a2\ABqj Fa2) 

_ {Aqj a2, ACGqj a2,ACqj Fa2,AGqj Fa2)^ 

~ {Aqj Fa2, ACGqj Fa2, ACqj a2, AGqj a2)œ 

\ Aq/DE,F,B,C,G ] 
' 5 0 4 [Aq/ D,Aq/ E,Fa2/ A,BCG/ a2'q\ 

(ACGqj a2, Aqj DE,F,B,C,G,A2q2/ DFa2,A2q2 / EFa2)^ 
+ (Aq/ D, Aqj E, BCG/ a2, ACGqj Fa2, ACqj a2, AGqj a2)^ 

(ABCGq/Fa4)^ 

504 

(Fa2/ Aq,ABq/ Fa2,A2q2/ DEFa2)^ 

A2q2j DEFa2,Aqj a2,ABqj Fa2, ACqj Fa2, AGqj Fa2 . 
A2q2/DFa2,A2q2/ EFa2,Aq2/ Fa2,ABCGq/ Fa4 ' ' 

The radical signs in the above equation are over the top /. h. s. term, A in this case. Clearly 
if we let a2 — CG and replace C by H, we get (1.1). 

To see some of the applications of (1.7) one should be able to manipulate the g W7 
series on the l.h.s. In Sections 3 and 4 we consider some of the cases when this %Wq 
series is summable. This leads to some nice quadratic transformation formulas as well 
as other summation formulas. 
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BASIC DOUBLE SERIES, QUADRATIC TRANSFORMATIONS 501 

(1.8) 

In Sections 5 and 6 we look into the cases when the %Wj series is transformable 
into 2<̂>i series. This will lead to product formulas among which is Gasper-Rahman's 
^-analogue of Clausen's formula [6]. 

Before going on to the next section, we should mention that if we go from the r. h. s. 
to the /. h. s. in (1.1) after interchanging the roles of the 4 0 3 series on the r. h. s. we obtain 

8 W7(A; D,E, F, G, H; A2q2/DEFGH) 

_ (Aq,Aq/ GH,A2q2/ DEFG,A2q2/ DEFH)^ 
~ (Aqj G,Aq/ H,A2q2/ DEF,A2q2/ DEFGH)^ 

• 8 W7(A
2q/ DEF; Aqj EF, Aqj DF, Aqj DE, G, H; Aqj GH), 

which is a limiting case of [11, (3.4.2.4)]. This transformation will be very useful in the 
coming sections. 

2. Derivation of (1.7). Equation (1.7), once known, can be proved easily using 
(1.1): transform the 8 Wj series on the /. h. s. into two 4^3 series, interchange the summa
tions and use the summation formulas for 6</>5 series [11, (IV. 7) and (IV.9)]. But to be 
fair to the original method of obtaining this formula, we present the following. 

Let G = aew, H = ae~w in (1.1), rearrange the terms, multiply by dx w(x; a, b, c, d) 
and integrate from —1 to 1 to get 

(Aq/F,Aq/Fa2)0 

E 
(A,qVX,-qVX,D,E,F)k 

(Aq,Aqj a2)^ k=0 (q, JÂ, -y/X,Aqj D,Aqj E,Aqj F)k 

(A2q2/DEFa2)k J* dxw(x;aqk,b,c,d) 
Aql+kew ja)0 

(2.1) 

= fs (Aq/DE,F)k 

kt0(q,Aq/D,Aq/E,Fa2/A)k 

(Aqe»/Fa)oo 

q I dx w(x; aq , b, c, d) 

(Aqj DE, F,A2q2/DFa2,A2q2/ EFa2,Aq/ Fa2\ 
+ (Aq/ D,Aq/ E,Aq/ a2,A2q2 / DEFa2,Fa2 / Aq\ 

(Aq/a2,A2q2/DEFa2)k ^ 
E q £ j (q,Aq2/ Fa2,A2q2/ DFa2,A2q2/ EFa2)k 

• jT1 dxw(x;Aql+k/Fa,b,c,d). 

By (1.5), we can easily evaluate the integrals on the r. h. s. of (2.1). Equally easy is the 
evaluation of the integral on the /. h. s. when we use our integral representation formula 
for an 8W7 series [9]. The latter gives 

rl A < kh J(Aql+keid/a)œ\2 

/ dxw(x;aq ,b,c,d)\ 
J-1 I (Aqew/Fa)oo | 

(2.2) _ 2T: (abcdqk,Acdql+k/ F,Aql+2k,Acqi+k/ a,Adql+k/ aU 

(q, abqk, acqk, adqk,Aql+k/ F, be, bd, cd, Acq/ Fa, Adq/ Fa, Acdql+k)oo 

• sW7(Acdq2k; Aql+k/ ab, Fqk, acqk, adqk, cd;Abq/ Fa). 
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502 BASSAM NASSRALLAH 

At this point, evaluate the integrals on the r. h. s. of (2.1) by (1.5), substitute (2.2) for 
the integral on the l.h.s., simplify using (aqm)oo = (a)^/ (a)m and set ab = B, ac = 
C, ad = G. This will lead directly to (1.7). 

3. Special cases of (1.7); quadratic transformations. In this section we look into 
the cases when the 8 Wj series on the /. h. s. of (1.7) is summable. Two summation for
mulas will be used. They are 

2 / - /- {ax2q,a2q)00 . . 
sW1(ajr;a9x,-x,Xy/q,-x^/q',aq)= 2 2 , \aq\ < 1, 

{aq, a x q)oo 

(3.1) 

and 

? / i- r- i (ax2^2/ q)oo . , . 
(3.2) gWMor/q\a,x,-x,Xy/q,-x^/q\alq) = 2 — , \aj q\ < 1. 

{a x I q, aj q)oo 
The proofs of both (3.1) and (3.2) are similar; they are done with the help of (1.1). 

For the sake of completion we present the proof of (3.1). 

PROOF OF (3.1). By (1.1), the /. h.s. of (3.1) is equal to 

(ax2q,x^/q, -x^/q, -a)^ 

(x2q, axyfq, -axy/q, -1)Q 
"4</>3 

Xy/q, —Xyjq, a, — aq 
axq, —axq, —q 

(3.3) 

(ax2q, -aq, x<fq, -xJq, a)^ 
+ —^ 7= 7= 7 — 4</>3 

(xzq, axy/q, -ax^/q, aq, -l)oo 

_ (ax2q,Xy/q,—xy/q,~aq){ 

(x2q, aXy/q, —ax^fq 

x\[<ïi ~x\/cli ~ai acL 

axq, —axq, —q 
\<1 

+ £ 
°° (x2q,a2;q2)k 

d-<xfW 
k%{q2,a2x2q2;q2\ 

(a^q^y/q, -xjq, -aq),*, 

(x2q, axy/q, -ax^/q, -q)^ 

} 
2<t>\ 

x2q,a2
 2 

The 2</>i series on the r.h.s. of the last equality in (3.3) is summable by ^-Gauss's 
formula [11, (IV. 2)] and is equal to 

(3.4) 
(a2q,x2q2\q2)0 

(a2x2q2,q;q2)oo' 

Equation (3.1) is obtained from (3.3) and (3.4) with the use of 

(3.5) (a',q2)n = ( ^ , - ^ ) „ , [11,(//. 16)], 

(3.6) 

and the fact that 

(3.7) 

(a)2n = {a,aq\q2)n, [11,(//.17)], 

(y/q,-y/q,-q)oo = l. 
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Now let's go back to (1.7) and set A = aq, a = yfaq/x, B — —qyfôcq, C = — G = 
qy/a, F — yfâ~q. The /. h. s. becomes 

oo (aq, q^J, -q^J, D, E, y/âq, -qy/a~q, q^/â, -qy/a)k(-axq3)2k 

k=o (q, y/, -y/, ocq2JD, aq2/E,xq2y/â~q, -xq2y/â~q,xq2y/a~, -xq2yfâ~\ 

(xq2
y/Wq/DE)k 

(aq2hk 

(3. 8) . sWl(_ajaf+2k. q*^, -qkyfa~q, ql+ky/~a~, -ql+ky/~a~, -xq; -xq2) 

°° (aq, -qy/ôcq, D, E)k(-axq3)2k 2 — k 

t 0 (q, -y/âq, aq2/D, aq2 j E)k(ax2q*)2k
 W ^aq/ Utt) 

(-axq^^q3)^ 
' (-xq2,ax2qMk)OQ' 

by (3.1), (3.5) and (3.6). 
Simplifyingther./j.s. of (3.8), equating it to the r.h. s. of (1.7) with the special values 

of the parameters and then rearranging the terms yield 

403 

(3.9) 

r a«-qyffD9E 2V-/DE 
[—y/âq,aql / D,aql / E v ^' 

(l-xq)(xq2y/â~q) |~ y/âq, -qy/âq,qy/~a~, -qy/â, aq2 j DE 
(xyj^foc)^ 5 4[ aq2/D,aq2/E,y/âlj/x,xq2y/âq ' q 

(a q2/ DE, xq2 y/âqj D, xq2 y/âqj E, a q)œ 

(aq2j D,aq2j E,xq2y/âqj DE,yja j qj x)OQ(\+ y/âq) 

xq, —xq2, xq3^ 2, —xq3l2, xq2 y/âqj DE 
• 59A 4 4 xq2 y/âqj D, xq2 y/âqj E, xq2 / y/âq, x2q y>v 

This is another ^-analogue of Whipple's quadratic transformation [12] 

3^2 

(3.10) 

a,b,c 
;x I + a — b, I + a — c ' 

l+a-b-c,%,^. 4JC 
= (l-x)-a

3F2 l+a — b,l+a — c' (1 — x)2 

The other one is Gasper-Rahman's extension of Carlitz's quadratic transformation [5], 
namely 

a,D,E 
302 [aq/ D,aqj E 

(ax) 

; axqj DE 

(3.11) too 504 
y/a,—y/a, y/âq,—y/âq,aqj DE l 

aq/ D,aq/ E,ax,q/ x 

(a, axqj D, axqj E, aq/ D£)oo 
(aq/ D, aq/ E, axqj DE, x_1)oo 

Xy/a, —Xy/a, Xy/cxq, —Xy/âq, axqj DE 
axqj D, axqj E, xq, ax2 5</>4 
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The 3F2 function used in (3.10) is the ordinary hypergeometric function, see [4,11]. 
It's obtained from (1.2) by letting q —-> 1~ after a typical parameter a is replaced by qa. 

The quadratic transformation (3.11) is easily obtained from (1.7) as follows. First we 
use (1.8) to transform the g W7 series on the /. h. s. of (1.7). This results in 
(3-12) 

00 (A, qj, -qj, D, E, F, C, G, A2 CGq2/ Fa\ 

S (q, J, -yjMl D,Aq/ E,ACGq/ Fa2,ACq/ a2\ 
(A2q2/DEFa2)k 

' (AGq/a2,a2q2/Fa2\ 

• 8 W7(A
2CGql+k/ Fa4;Aql+k/ B,AGq/ Fa2,ACq/ Fa2,Aq/ a2, CGJ a2; Bqk) 

_ (Aqj a2, BCG/ a2,Aq,A2CGq2/ Fa4,ABqj Fa2,ACq/ Fa2)^ 
(Aq/ Fa2,ACGq/ Fa2,ACq/ a2,AGq/ a2,B,A2q2/ Fa2)^ 

(AGq/Fa2)^ [" Aqj DE,F,B,C,G 1 
" (ABCGq/Fa4)oo 5<p4 [Aq/D,Aq/E,Fa2/A,BCG/a2'q\ 

{Aqj DE, F, C, G,A2q2/ DFa2,A2q2/ EFa2)^ 

(Aq/ D,Aq/ E,ACGq/ Fa2,ACq/ a2,AGq/ a2,Fa2 / Aq)0 

(Aq,A2CGq2/Fa4)OQ 

(A2q2/DEFa2,A2q2/Fa2)0 

504 
A2q2/DEFa2,Aq/ a2,ABq/ Fa2,ACq/ Fa2,AGq/ Fa2 . 

A2q2/ DFa2,A2q2/ EFa2,Aq2/ Fa2, ABCGq/ Fa4 ' q 

Now let A = a, a2 — q^fct/x, B = —yfa, C — —G = yfâ~q and F = <Ja~. The 
8 W7 series on the /. h. s. of (3.12) becomes summable by (3.2), and upon simplifying and 
rearranging the terms we obtain (3.11). 

Other quadratic transformations can be obtained by taking other special values of the 
parameters. For example, if A = a, a = aq/ x, B = —^fâ~q, C = —G = q\fa, 
F = y/a~q, then (1.7) and (3.2) give Gasper-Rahman's transformation of a very well-
poised 504 series into two balanced 504 series [5, (3.5)]. 

A special case of (3.9), when xq = 1 and aq = A, is 

4</>3 

(3.13) 

A,~qy/A,D,E /r / np 

-VÂ,Aq/D,Aq/E>qVA/DE. 

_ (Aq, qy/Aj D, qVÂ/ E,Aq/ DE) 

(Aq/ D, Aq/ E, qy/Â, qy/Â/ DE) 

provided \qy/Â/ DE\ < 1, which is the ^-analogue of Dixon's summation formula [11, 
(IV. 6)]. We will be using this formula in the next section. 

4. More special cases of (1.7). In this section we look into the special cases when 
the sWV series on the l.h.s. of (1.7) reduces to a 403 series of the form summable by 
(3.13). To do this, we consider (3.12) instead and set A = C2/q,a = -C3?2/ (aFq)1/4, 
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B = C2/ a,C = —G. The &Wj series on the /. h. s. becomes 

(4.1) 

8W7(-aqk; aq\ -yJaq/F, y/aq/F, yfaJq/ C, -yJa~Fq/ C; C2qk/ a) 

4</>3 
" a 2q2k, -q2^, aq/ F, aFq/ C2 . 2 l k 

-^aFq^a&q^lF ' * ' * / 

_ (a2q2+2k, Fql+k, C2ql+k/ F, C2q2k; q2)^ 
~ (aFqi+2ki0cC2q\+2k/F aq2+kiciqkja. q2)oQ' 

by (3.13). Using (4.1) in (3.12), after substituting the above special values for the param

eters, results in 

(4.2) 

^ (C2/q^-q^D^n^+kXW+k/F;g2U f-Jf, ^ 
toiq.^-^^/D^/E.aqUaq^^q^/^q^'^ q/ ' ) 

_ (y/a~F^/'C-Cy/Fq/a,C2,Cy/qJa~F,-y/aq/'F,y/aq/F)oo 

5</>4 

(y/aq/F/ C, C2/ a, -q, C, -C, aq){ 

C2/DE,F,C2/a,C,~C 

C2/D, C2/ E, Cy/Fq/a, -C^Fqfa '' ' 

(C2/ DE, Cy/aq/ F/ D, Cy/ag/ F/ E, F, C2)Q 

(C2/ D, C2/ F, Cy/aq/F/ DE, Cy/F/' aq, aq) 
Cy/aq/F/DE,Cy/q/aF,y/a~FJ/C,y/aq/F,-y/aq/F^ ' 

Cyjaq/F/ D, Cy/aq/F/ E, qy/aq/F/ C, -q ' q 

Of course if a = C2/ Fq, (4.2) gives the sum of the 6</>5 series mentioned at the beginning 
of Section 2. 

If we let F = 1 in (4.2) and replace F, C2/ a, C by a, b, c, respectively, we obtain 

(4.3) 

493 
a, b, c, —c 

c2, y/abq, —y/abq 

(y/q/ab, a, b, c, -c, -q, c2 y/q/ ab)0 

493 ;# 

(y/aq/ b, y/bq/a, -^fabq, y/abjq, -cy/q/ ab, Cy/q/ ab, c2)0 

y/aq/ b, y/bq/ a, cy/q/ab, -Cy/q/ ab 

c2y/q/ab,qy/q/ab,-q 

(y/g/ ab, y/a~bq)oo(aq, bq, êqj a, eg/ b; q2)^ 

(y/aqjb, y/bq/a)oo(q, abq, c2q, c2q/ ab', q2)^ 

On the other hand, if we replace y/aq/ b, Cy/q/ ab, qy/q/ ab by a, c, e, respectively, 

https://doi.org/10.4153/CMB-1991-080-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1991-080-7


506 BASSAM NASSRALLAH 

(4.4) 

4</>3 

and rearrange the terms, then (4.3) becomes 

, [ a, a I a,c,—c 1 
^Uql e,e,-q>

q\ 
^ (a, q/ a, -q2/ e, qj e, c, - c , c2q2/ e2)^ 

(e/ q, aqj e, q2/ ae, cqj e, -cqj e, -q, c2qj e)0 

aq/ e, q2/ ae, cqj e, —cqj e 
(^q2 je2,q2 /e,—q2 je 

_ (q/ e^ja^q/ e, c2q2/ ae\ q2)^ 
(c2q/ e)oo(aq/ e,q2/ ae;q2)œ 

Equations (4.3) and (4.4) are the non-terminating extensions of Andrews' ^-analogues 
of the Watson and Whipple summations respectively [1, Theorem 1 and Theorem 2]. By 
(1.1), they can be seen to be the same as Gasper-Rahman's [5, (3.21) and (3.22)]. 

The fact that either of (4.3) or (4.4) furnishes an extension of Andrews g-analogues 
of Watson's and Whipple's summation formulas is reflected in the following. If in (4.3), 
for example, we replace a, b, c by qa, qb, qc, respectively, and let q —» 1", we obtain 

a,b, c 
3^2 \+a+b ,2c ;1 

+ r 
(4.5) 

r l+fl—fr l+b—a a+b—l l—a—b , 9 
I 2 ' 2 ' 2 ' 2 ' 

3^2 

2 '^'^'^' 2 
\+a—b l+b—a l—a—b . 

2 ' 2 ' 2 • 1 
3—a—b l—a—b . <-y » x 

= r 

2 ' 2 
l+a-b l+b-a , I l-a-b , r \ - \ 

1-fl—b a+l b+l 
2 ' 2 ' 2 ' 

+ C, ̂  + C 

which can be proved directly using the above mentioned Watson's and Whipple's sum
mations [11, p. 245 (III. 23) and (111.24)]. 

In the process of taking the limit q —* 1 ~, we have used Jackson's g-Gamma function 

(4.6) Tq(x) = 

see [2] for example. 

(q)o 

(qx)c 
( 1 - 4 ) 1 " lim Tq(x) = T(JC), 

q-^l-

5. Products of basic series. As seen in the previous two sections, the g W7 series 
on the l.h.s. of (1.7) can be handled in many ways. In this section we will consider 
some of the cases when it is transformable into a 2</>i series. Our means in doing so is 
Gasper-Rahman's quadratic transformation [5], namely 

8^7(ax/ b\ x, \[a, —\[a, *faq, —^Jaq\ xqj b2) 
(5.1) _ (axq/ b^q/ b2)oo 

(xq/ b, ax2qj b2)^ 
a, b 
aq/b 

\xqjb2 
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Let A = a/(3, a2 = —aq/x9 B = qy/a//?, C = —G = y/a~q and F = — v̂ cx in 
(1.7). It becomes 

°° (a/P,qyf9-qf9D,E,-y/iï9qy/à/l3)k 

h (q,f,-f,aq/PD9aq/l3E)k 

(y/c7q9 -y/ôq)k(axq/ P)lk(xqyfâj DE(32)k 

(xqy/âj /?, -xqy/âj P, x y ^ / /?, -Xy/ccq/ (3 )k(<xq/ P )2k 

• iWnictxq^lP ; v W * ~V<xqk, y/âqqh\ -y/âqqk
9x\xq/ p2) 

_ ( -*/ j9, <*•*<?/ /?, x ^ g / /?, -Xy/ql P )<» 

(5.2) 
(*/ (3 y/ci, -xqy/â j $, x^/a 4/ /?, -Xy/cTqj (3 )«, 

aq/PDE9—y/c79y/ôiq9—y/ôiq9qy/ôi/P 
aqj$D9aqlpE9Pqy/ajx9xqjâj$ ,q\ 5<t>4 

(axq/ p9aq/ pDE9-y/ci9y/c7q,-y/c7q9qy/â/ P)œ 

(aq/ PD9aq/ PE9xqy/â/ p9-xqy/ôi/ P9Xy/c7q/ P)oo 

(xqy/b7/ Dp2
9xqy/â/ Ep2

9x
2q/ P2)^ 

(-Xy/c7^/ p9py/â/x9xq/ p2
9xqy/â/ DEP2)^ 

xqy/â J DEp2
 9-xj P 9xqj p2

 9x Jqj P ,-XyJ qj P _ 
xqy/oi/ Dp2

9xqy/â/ Ep2
9xq/ Py/â9x

2q/ P2 ,q 5<t>4 

By (5.1), the g W7 series in the above equation is equal to 

(5.3) 
(axql+2k/p9x

2q/p2)0 

(xq/P9ax2ql+2k/P2)0 

and thus the /. h. s. becomes 

2<P\ 
aq2*, P 

aql+2k/P 
•9xq/P< 

(5.4) 

(axq/P9x
2q/p2)0O ^ ^ (a / P 9qy/9-q^/9D9E9qy/â/P)k 

(xq/P,ax2q/P2)oo k=ot=o 
(q,^,-^,aq/f3D,aq/l3E,y/a~)k 

(aq/ f3hk+e(q)e 

It is easy to see that 

(5.5) {fi)t 
(0q-k)k+e (Pq )M UM) 

(Pq~k)k (q/pM-P? 

Substituting this into (5.4), replacing k + E by 7 and simplifying give 

where A7 is equal to 

zW^a/ f3;D,E,q^fa~l j5,aq>,q-j;q,fâ~l PDE) 

(5.7) (ag/P,Ja~/D)j 

(aq/pD,y/Z)j 
l<t>3 4<P3 

q-i,D,qJZlP,ql-il0E 
aq/0E,ql-i/l3,Dql-J/,/â~,q 
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by Watson's transformation [4, 8.5 (2)], the terminating case of (1.1). Next, we substitute 
(5.7) into (5.6) and use 

(a)Nqï(n+l) 

(5.8) 

to get 

(91_7«)» = (a)N-„(-a)nq-n„Nn ' [11, p. 241(11.9)], 

(5.9) 

(axq/p^q/p2)^ °° ^ (a,PE)0, Ja/D)M 

(q,aqf pE)t 

= (axq/ p^q/^U™™ (a, p E)k+i(p, ^ / D)k 

(yxqlp,ax1qlP1)ao h h (aq/pD,^)k+i(q,pE)k 

• ^^(xqlP^ixq^lDEply. 

Finally, we equate this to the r. h. s. of (5.2) to obtain 
(5.10) 

g {a^)^D^ (xq/P^.^J «q\pEct^q^lP 

= (xq^fot/ / ? , - * / j3)Q 

(x/Py/a9-xq/l3)o 

;xqy/a/DE(32 

504 

aql+k/(3D,y/ôïqk,aq/(3E 

aq/pDE,—^/^t,^/ôcq,—y/^cq,qy/ôc/P # 

aq/(3D,aq//3E,/3qy/a/x,xqy/a/(3 '* 

(aq/ (3DE,xqyfâ/ Dp2,xq^/cë/ E(32,a,xq/ (3,qy/cc/ /3)0 

(xqy/â/ DEf32,aq/ f3D,aq/ f3E,^/â,p./â/ x,xq/ p2)^ 

'xqyjâ/DEp2,-x/(3,xq/(32,x^q//3,-x</q/P . 
xq^/ D[32,xqy/cc/ E(32,xq/ P^/â,x2q/ (32 ,q\ 

An interesting special case of (5.10) is when D = q/ P ,E — \fa~/P. In this case the 
403 on the /. /z. s. reduces to 

* 594 

(5.11) q^/P^q/P mjc 
qy/a ' _ 

(xq/P2)o 
Wo 

2^1 qja~ 
•xq/(32 

by Heine's transformation formula [4, 8.4 (2)] 

(5.12) 01 291 
a, b 

\z 
(abz/ c)o 

(z)oo 
01 291 

cj a,cj b 
;abzI c 

Hence, and after setting *Ja~ — aqj b,p —b and replacing x by xb, (5.10) gives 
(5.13) 

201 
a,b 

[aq/ b 
\xqj b 201 

aq,b t 

[aq2/b 
\xqjb 

(xb,xaq2 / b)0 
-(1+X)504 

(xq/b,xb/ aq)oo 

(aq, aq2/ b2, xaq/ b, xq, xq)^ 
(aqj b, aq2/ b, aq/ xb, xq/ b, xq/ b)c 

aq/ b,aq2/ b2,aq3'2/ b,~aq3/2/ b,aq ^ 
a2q2 / b2,aq2 / b,aq2/ xb,xaq2/ b "q 

"594 
-x, xq/ b, Xy/q, —x^Jq, xb 

xaq/ b,xq,xb/ a,^q 
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(5.14) 

Going back to (1.7), transform the 8 Wj on the/, h. s. using (1.8) again to get 

(ACGql+2k/ a2, BCG/ Fa2,ABqi+k/ a2,A2q2+k/ Fa2)^ 

{BCGqk/ a2,ACGqx+k/ Fa2,A2q2+2k/ a2,ABq) Fa2)^ 

• 8W7(.A
2ql+2k/a2;Aqi+k/B,Aql+k/C,Aql+k/G, 

Fqk,Aq/a2;BCG/Fa2). 

Now let A = a2/ b,B= —aqj b, C = —G = a^fqj b, F = a, and replace the a2 that 
appears in (1.7) and (5.14) by a2q/xb2. With these new values and (5.14), (1.7) becomes 
(5.15) 

oo (a2/b,q^,-q^/,D,E,a, -aqj b\ 

k=o (#> y^ —y/> al(ll bD, a2q/ bE,xaq, -xaq)k 

(ay/qf b, -dy/ql b)k(xa2q)2k 
(xaqJDEf 

(xay/q, -xa^/q)k(a
2ql b)2k 

• gW1(xa2q2k; aqk, —aqk, a<sfqqk, —ay/qqk,xb; xqj b) 

(xaq/ b, xa2q, —xq, xb, x^/q, —x-sJ~q)OQ 

{xqj b, xaq, —xaq, xa^fq, —xa^fq, xbj a)oo 

, \a2qj bDE,a,—aq/ b,a^fqj b,—ayfq/ b 
I a2qj bD,a2q/ bE,aq/xb,xaq/ b J 

(xa2q, a2qj bDE, a, —aqj b, a^/qj b, —a^fqj b, xaq/ D, xaq/ E, x2q)oo 

(xq/ b, xaq, —xaq, xa^fq, —xa^fq, a2q/ bD, a2q/ bE, a/ xb, xaq/ DE)^ 

. T xaq/ DE, xb, —xq, x^/q, —x^fq 1 
[ xaq/ D, xaq/ E, xbq/ a, x2q ' J ' 

As before, transform the %Wq on the /. h. s. of (5.15) into a 2<t>\ using (5.1) then use 
(5.12) to get 

(xa2q,x2q,xb)00 ™ (a2 j b,q^,-q^, D,E,b)k 

(5.16) 
(x2a2q, xq, xq/ b)^ k=0 (q, ̂ , -^J, a2q/ bD, a2q/ bE, a2q/ b2\ 

{a2q/b2)lk 
(xaq/DE)k

2h 
a2ql+2k/b2,q/b 

(a2q/b)2k 

Continuing with steps similar to (5.5)-(5.10), equation (5.15) yields 

~ (q/b,a2q/b2,aq/bD)k(xb)k 

S (q,aq/b,a2q/bD)k 

a2q1+2k/b 
\xb 

(5.17) 

' 4</>3 

(xaq/ b\ 
(xb/a)0 

a2ql+k/b2,Eql+k/b,a,D , _ 
a2qx+k/ bD, aql+k/ b, a2q/ bE; UXq/ Dt 

5<t>4 
r a2q/ bDE,a,—aqj b,a^/q/ b,—ayfq/ b 

a2qj bD, a2q/ bE, aq/ xb, xaq/ b 

(a, xq, a2qj b2, xaq/ D, xaq/ E, a2q/ bDE)^ 
(aq/ b, xb, a/ xb, a2q/ bD, a2q/ bE, xaq/ DE)0 

. T xaq/ DE, xb, —xq, x^/q, —x^/q 1 
[ xaq/D,xaq/E,xbqja,x2q \' 
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An interesting case of (5.17) is when D = b, E = a. In this case, the /. h. s. of (5.17) 

becomes a product of two 2</>i's, one of which is 

(5.18) h 291 
aq/b2,q/b.xb 

aq/b 
(xq/ b)0 

(xb)oo h 291 
a,b 

[aq/b 
\xq/b 

by (5.12). Thus we get 

a,b 
201 aq/b 

\xq/b 

(xb, xaq/ b)0 
<t>A 594 

(5.19) 

aq/ b2, a, — aq/ b, a^fq/ b, —a^/q/ b 
a2q/ b2,aq/ b,aq/ xb,xaq/ b (xq/ b, xb/ a) 

(a, aq/ b2, xq, xq, xaq/ b)^ 

(aq/ b, aq/ b, xq/ b, xq/ b, a/ xb)^ 

lxq/b,xb,-xq,Xy/q,-Xy/q_ 
[ xaq/ b,xbq/ a,xq,x?q 

This is due to Gasper and Rahman [6] which they used to obtain their ^-Clausen 

formula as well as some other product formulas. 

6. Special cases of (5.13) and (5.19). To see the importance of formulas (5.13) and 

(5.19), we shall look into the special cases when they give ^-analogues of products of 

ordinary hypergeometric series. To start with, using (5.1) and then (1.8) we have 

291 ',xq/b 
a,b 

aq/b 

(xq,^aq) 
8 W1(ax\ sfa, —\[a, \Jaq, —y/aq, xb; xq/ b) 

(6.1) 

(6.2) 

(xaq,x2q)0 

(x2aq, xq, —xq, xqyj a/ b, —xq^/a/ b)^ 

(x2q, xq/ b, —xaq/ b, xq^fa, —xq^fa)^ 

' %Wi(—xa/ b\ y/a, —\fa, y/a~q/ b, —y/a~q/ b, —x; —xq), 

(x2aq, xq, —x, xq^/aq/ b, —xq^Ja~q/ b)oo 

(x2q, xq/ b, —xaq2/ b, x^fâq, —x^/âq)^ 

• 8Wj(— xaq/ b; ^/a~q, —y/a~q, q\fa/ b, —qyfa/ b, —xq', —x). 

On the other hand, we can use Jackson's [7] 

(6.3) 

and thus obtain 

(6.4) 2<t>x 

(6.5) 

291 
a,b 

,x 

a,b 
aq/b 

; xq/ b 

_ (ax)oo 

Woo 

(xaq/ b\ 

(xq/ b)0 

(xq)oo 

(xq/ b)oc 

2<t>2 
a,c/ b 

c,ax 
,bx 

292 
a, aq/ b2 

[ aq/ b, xaq/ b ' 

292 
q/b,b . 

[ aq/ b, xq 
; x a q / b 
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At this point, we proceed to use (5.13), (5.19), (6.1), (6.2), (6.4) and (6.5) to give, as 
mentioned, ^-analogues of products of ordinary hypergeometric series. Replacing a, b 
by qa, qb and letting q —* 1~, we can show that (5.13) and (5.19) are ^-analogues of 

2^1 

(6.6) 

and 

(6.7) 

;x 

ir\ 

a9b 
\+a — b 

(1+*) 
(\-X)2a+2 

a,b 

3^2 

a+ \,b 
2 + a-b;X 

a + 2-2b,a + 3/2-b,a+l -Ax 
2(a+l-b),a + 2-b ' ( 1 - J C ) 2 J 

1 \2 

1+a-b 
;JC 3^2 

l+a-2b,a,a+ 1/2 — Z? -4x 
2a+l-2b,l+a-b ' (1 - x ) 2 

respectively. If we use (6.1), (6.4) and (6.5) in (5.19), we get the results given in [6]. And 
if (6.2) is used, then (5.19) gives 

{sW7(-xaq/ b\ y/âq, -yfâq, qyfâj b, —q\fajb, -xq\ -x)}2 

(6-8) I"(x2qyxq/b,—xaq2/b,x^fâq,—xyJ~âq)(> "" 

I (x2aq, xq, — JC, xq^/âq/ b, —xq^faqj b)0 
{r.h.s. of (5.19)}, 

which upon replacing y/a, <Jaqj b by qa, q@, respectively, and then taking the limit 
#—> 1~ give 

(6.9) 2^1 
a + 1/2 ,0+ 1/2 I ) 2 

a + / ? + l / 2 ; z J ) 

2a,2/? ,a+/3 
a + / 3 +1/2 ,2a+2/3 ; z (l-zrl 3F2 

If we use both (6.1) and (6.2), then (5.19) gives 

8Wj(—xaj b\ \fa, —y/a, \J~aqj b, —y/aq/ b, —JC; — xq) 

• g Wj(—xaq/ b\ y/âq, —\fâq, qyfàj b, —qyfaj b, —xq; —x) 

{—xaqj b, —xaq2/ b, x^fâq, —x^/âq, xqy/â, —xq^/a)^ 
(6.10) 

(—x, — xq, xqy/a/ b, —xq^fàj b, xq^/âq/ b, —xq^fâqj b)0 

x2qJxq/ b)0 
l2 

(x2aq,xq)0 

This is the ^-analogue of 

2^1 

(6.11) 

<x,/3 
, \z a+b+1/2 

(l-zrl/23F2 

{r.h.s. of (5.19)}. 

a + 1/2,/? + 1 / 2 
a+P + 1 / 2 

2a,2/3,a+/3 
a+(3 + 1/2,2a+ 2/3 

2F1 \z 

\z 

We should mention that (6.9) and (6.11) are easily obtained from Clausen's formula by 
Euler's transformation [4, 1.2 (2)]. 
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We now turn back to equation (5.13). Transforming the first 2</>i by (6.2) and the 
second by (6.1) yields 

sW7(-xaq/ b\ y/a~q, -y/âq, qy/aj b, -q\faj b, -xq; -x) 

• zWqi—xaq/b; y/âq, —yfâq,qy/â/b, —q\[a/b, —x; —xq) 

_ (xqjâq, -xqsJa~q,xyfa~q, -xjâq)oo 
(6.12) 

(x2aq,x2aq2, —x, —xq)^ 

(x2q, xq/ b, —xaq2/ b)0 . , {r.h.s. of(5.13)}. 
{xq, xqy/aq/ b, -xq^Jaqj b)^ J 

Replacing y/âq, q\[â/ b by qa, cp, respectively, and then letting q—>l~ give 

2^1 

(6.13) 

«,/? 
a+p - 1 / 2 

= 3F2 

;z ir\ 
a,P 

a + / 3 + 1 / 2 \z 

2a,2p,a+p 
2a + 2f3 -I,a+p + 1 /2 ' Z | 

a result due to Orr [10]. On the other hand, if we transform the first 201 by (6.1) and the 
second by (6.2), we get 

8 W-](—xa/ b; \[a, —\[a, yfaqj b, —y/aq/ b, —x; —xq) 

' %Wq(—xaq2Jb; q\fa, —qy/a,q\faqjb, —q\fa~q/b, —xq; —x) 

(6 1 4) _ i^q, xq/ b, xq^/â, -xq^/â^j-xag/ b, -xaq3 / b)^ 
(xq)2

Q(x2aq, x2aq2, -x, —xq, xqy/a/ b, xq2y/a/ b)^ 

>- y^r— 2 riu\ 'ir-h's- of (5-13)}, 
K—xqyJaj b, —xqly/a/ b)^ 

which is the ^-analogue of 

2*1 

(6.15) 

oc,P 
[a+p + 1 / 2 

3^2 

;z iF\ 
a + 1,/3 +1 . 

[a+p +3/2* \z 

2a + 1,2/3 + \,a+p +1 
2a + 2p + \,a+p + 3 / 2 U | 

Two more formulas can be obtained from (5.13) via (6.1) and (6.2). They are q-
analogues of formulas equivalent to (6.13) and (6.15). 

Finally, if we use (6.4) and (6.5) as we have done with (6.1) and (6.2), we get q-
analogues of 

2^1 

(6.16) 

and 

(6.17) 

oc,p 
[(a+p + l)/2 ;z iF\ 

a + 1,/3 + 1 
(a+p +3 ) /2 \z 

iF\ 

= ( l - 2 z ) 3 F 2 

a, 1 — a 

or + 1,/3 + l , l + ( a + / J ) / 2 . 

P \z iF\ 

a+P +l,(or+/3 +3)/2 

a, 1 — a 

0 + 1 

; 4 z ( i - z ) 

;z 

= ( l - 2 z ) ( l - z ) 2 ' 3 - 1 3 F 2 
1+/3 - a , / 3 + l / 2 , a + / 3 

2/3,0 +1 
; 4 z ( l - z ) 
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