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NORM ONE MULTIPLIERS ON SUBSPACES OF L/

KATHRYN E. HARE

ABSTRACT.  We present a new elementary proof of the fact that anorm one multiplier
¢ on LP(T) satisfying ¢ (0) = ¢ (k) = 1 is k-periodic, and extend this result, when
possible, to multipliers on translation invariant subspaces of L”. A consequence of our
work is that all such multipliers on H?(T) are the restriction of a norm one multiplier
on [P(T).

0. Introduction. Let G be a compact abelian group and let I" be its dual group.
A function ¢:T" — C is called a multiplier on a subspace S of L”(G) if the map M,
defined on S by mf(x) = ¢ (x)f(x) forf € S, x €T, maps S to L”(G). The class of all
multipliers on S will be denoted M(S) and the operator norm of the multiplier ¢ € M(S)
will be denoted by || ¢ || ss). If p is a measure on G then g € M(L”) for 1 < p < 00, and
indeed all elements of M(L') and M(L*™) are of this form. The reader is referred to [3,
Ch. 16] for standard results on multipliers.

In this paper we are interested in studying an extreme face of the unit ball of M(S),
namely

WS):{¢ €eM©S):[|¢llms =1=¢)}.

(Here 1 is the identity element of T".) The space W(L”(G)) was introduced by Shapiro
[5]. For 1 < p < oo the space W(L”(G)) is known to contain multipliers which are not
the Fourier Stieltjes transform of a measure [4]. Shapiro and subsequently Benyamini
and Lin (in [1] and [2]) have shown a striking similarity between certain multipliers
in W(L”(G)) and the multipliers arising from probability measures on G. For example,
Benyamini and Lin show that all multipliers ¢ € W(L’(T)) for 1 < p < 00,p # 2,
satisfying ¢ (k) = 1 for some k # 0, are k-periodic sequences on Z. The cases p = 1
and p = oo are easy as any such multiplier ¢ = i where u is a probability measure
supported on the k-th roots of unity.

We present new elementary proofs of these results and extend them (when possible)
to multipliers on translation invariant subspaces of L” such as the classical Hardy spaces
HP(T). A consequence of our results is that any ¢ € W(H”(T)) satisfying ¢ (k) = 1 for
some k # 0, is the restriction of a norm one multiplier on L?(T).
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1. Multipliers on subgroups. Motivated by properties of probability measures,
Shapiro [5] proved that if p # 2, ¢ € W(LP(T)) and ¢(—1) = 1, then ¢ = 1. Sub-
sequently it was shown that if G was any Ica group and ¢ € W(L”(G)) for p # 2, then
{7 €T :¢(y) = 1} was a subgroup of I'. (See [2] and remark (a) at the end of [5]).
(Of course the p = 2 case is different since any bounded sequence is an L>-multiplier.)
Deep results about norm one projections of L”(G) were used by Benyamini and Lin to
give an elegant proof of this generalization.

Shapiro’s method was to find an appropriate test function f € LP(G) and show
M, = f. Our approach is a little different. We choose test functions f belonging to the
translation invariant subspace which is the domain of the map My and then use Taylor
series expansions to estimate the p-norms of f and Myf. We make repeated use of the
fact that if [x| < r < 1 then

ala — l)x2+a(cx — D(ax — 2)x3+a(a — 1) —2)(x — 3)x4+

31 41 R)

(1+x)* = l+ox+

where |R(x)| < C(a,r)|x|°.
First a preliminary estimate:

LEMMA 1.1. Let1 <p < oo, x € Tand x* # 1. Ifb is a real number and |r| < 1,
thenas b — 0

- 1 1 p
1 _ 2 2 2 3
l1+bx+rbx |, =1+b (5(1+|r| )+§(§—1)|1+r| ) +0(b]).

PROOF. Let _
2Re x(rb + b) + 2Re x2b°F

=X =
X=Xbn IELE

With this notation
I+ bx +roy 2 = (14020 + 1) [+ X5,
If | b| is sufficiently small a Taylor series expansion gives
pG—1

/(1 08 = [(1+ gx+ 55 X2+ 0(IXII%))-

As [ x*! = [x*? = 0 the latter integral simplifies to
EE — Db |r+1)?

(1+52(1+]72)’

+0(|b)%).

After taking a Taylor series expansion for (1+ b%(1 +|r|?))* we see that

_ 1+[r]> 1p ;

o 2 2 3

1+ by +rbx ||p—[l+bp( S s =)+ )]

and one final Taylor series expansion completes the proof. ]

For EC T let L}(G) = {f € L’(G) : f(x) = 0if x & E}. Of course LI(G) = L7(G).
It is well known that all translation invariant subspaces of L? are of this form; for example

H/(T) = L (T).
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THEOREM 1.2. Let 1 < p < oo, p # 2 and suppose ¢ € M(LY) is a multiplier of
norm 1. Assume that x, x and x> (or xv =) belong to E, and ¢ (x) = ¢ (x¢¥) = L.
Then ¢ (x?) (or ¢ (x ¥ ~")= 1.

PROOF. We may assume 1> # 1 else there is nothing to prove and we consider the
cases p = coand 1 < p < oo but p # 2 separately. Note that when E # T the case
p = oo does not follow by duality from the case p = 1.

Suppose ¢ (x¥?) = s # 1. (The case ¢(xv ') # 1 is similar). Replacing ¢ if
necessary by the norm one multiplier % YN | #", we may assume |s| is arbitrarily small.

Letf = x4 +bx + rbxy? € L} for |r| < 1 and b real and small. Since

[Moflly _ lIx +bx +rbsxdllp
/11, Ix¥ +bx +rbxv?|, —

with |s| arbitrarily small, we may as well assume s = 0. (We could also reach this
conclusion by replacing ¢ by a weak cluster point of the sequence ,lVZ’IV ¢" in the
weak operator topology, but we prefer to keep the proof entirely elementary.) When
1 < p < ooLemma 1.1 shows that

[IMofllp _ 1+ 22 +0(b]%)
A1 L+ 21+ 2+ (& = D|1+r2)+0(b]3)

Since ¢ is a norm one multiplier, letting & — 0 we see that
p P2
2Rer(z — 1)+ = > 0.
er(Z =D+ 3" 2

When p # 2 we can clearly choose r with || < 1 but contradicting this inequality.
Hence s must equal 1.
For the case p = cosetr = —1 and b > 0. Then

17112 = sup{|1 +b(¢7l(x) —w(x))l2 :x € G}
= sup{|1 —2bilmy(x)|* : x € G} < 1+4b7,

while
Mo fl12 > [Mgf(0)|* = |1 +b— bs|*.

As before, if s # 1 we may assume s = 0, and since (1 + b)*> > 1+ 4b* for b small we
again obtain a contradiction. ]

COROLLARY 1.3. Let1 < p < 00, p # 2. If E contains the arithmetic progression
A= {x"",‘..,x_', 1,X,...,xX"} for somen,m,€ N, and ¢ € W(L’,'g) with ¢ (x) = 1,
then ¢ |z= 1.

Next we generalize from arithmetic progressions to subgroups.

https://doi.org/10.4153/CMB-1992-028-2 Published online by Cambridge University Press


file:////fWl
https://doi.org/10.4153/CMB-1992-028-2

NORM ONE MULTIPLIERS 197

THEOREM 1.4. Let 1 < p < 00,p # 2andsuppose ¢ € W(LG)). If 1, x, v, x¥ €
E, none of x,v or xy are of order 2 and ¢ (x) = ¢ () = 1, then ¢ (x¥) = 1.

REMARK. The condition (x1)* # 1 is unnecessary but without it several additional
cases need to be considered. Our purpose here is not to give as complete a proof as
possible, just to illustrate the technique.

PROOF. The case p = oo is easiest and does not require the order 2 condition. For
c<Oanda=b=/|c|,letf = 1+ax +by +cx. As before, if p(x¥) =5 # 1 we
can assume s = 050 Myf = 1 +ax + by and || Myfl|oo = 1 + a + b. Certainly

Iflleo < sup{|1+ac +bp +caB]| : |a| = [B] = 1}.

One can verify by routine calculations that for ¢ sufficiently small ||f||co is strictly less
than || M, ]| 0. contradicting the fact that the norm of ¢ is 1.

Now assume 1 < p < 00, p # 2. Without loss of generality we may assume none of
the following products is 1; for if so then the fact that ¢ (x1) = 1 is either obvious or
follows immediately from Theorem 1.2:

XV, X%, X*v, v2x X9, vix.

Choose A = ), with A\? real so that
(1) if 39 = 1= 3 then A2(p — 2)p(2 — 1)+ & < 0;
(2) if precisely one of x ¢ or ¢*y = 1then A?p+§ —2)5(5 — 1)+ %2 < 0;or
(3) if neither x3¢ nor ¢3y is 1 then £A2(2 — 1)+ & < 0.
(Note that as p # 2 these are always possible to do.)
In either case 1 or 3 we letf = 1+ Xc(x +1)+c>xy where ¢ is a small real number.
If x3¢ = Lbuteypdy # lletf = L+cy + A2cp +c?xy (case 2a) and if 13y = 1 but
X3 # Lletf = 1+ A2cx +c +c?xy (case 2b). Fora,b € C,d € R let

1
(1+]al?+[b]?+1d|?

X(a,b,d) = (2Re(x(a+db) + ¥ (b +da) + xd + x¥ba)).

As usual we may assume ¢ (x ) = 0, thus
115 = (1 + [al? + [B[> + 1P/ [ (1 + Xa.b, )"

and
M5 = (1 +|al? + [BI2P/? [(1+ X(a,b.0)"

wherea=b = Acin(1)or(3),a =c¢, b= Acin(2a) and a = A?%c, b = c in (2b).
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Taylor series expansions show that

IF1Z = 1 M7llp = Qo+ [al> + 161>+ e H% [ {X(a,b,¢) = X(a,b,0)

%(% — Do 2 2
+ 2 — (X (a.b.) = X(a.b,0))
e _ p_
2(2_13_)'(2_2) (X*(a,b.c*) — X*(a,b,0))
22 _1y2 2y —
+ 207 DG =26 =3 4y 4 2) - x4(a,5,0))

41
+’§’c4/(1 +X(a,b,0))

14
2

+0(|c]).
Our assumptions clearly imply that
f X(a, b, ?) = f X(a,b,0) = 0

in each case, and that

f X4 a,b, %) — X4a, b,0)

_ ! _ 1 4 15
= (o ~ @ ame) 200 + 004
=0(|c|).
Similarly it can be seen that
/ X%(a,b,?) — X*(a, b, 0)
_ 1 _ ! 2 2 2 72
~2((1+lal2+|b|2+lcl4)2 (1+la|2+|b]2)2)(|a! +|b|* +|ab|* + e2Re(ab)’)

2
UEPERPERERE
where ¢ = 1 if (x¢0)? = 1 and € = 0 otherwise. This simplifies to

2¢ + 8N+ 0(|¢])

(2Reac’h + |c*b|* + 2Rebc?a + |c*a?| +|c|h)

in each of the cases.
The most complicated term to examine is [ X3(a, b, ?) — X>(a, b,0). This is where

the differences occur depending on whether or not 3¢ and/or ¢ 3y is 1. Let &; = 1 if
x31 = 1 and O otherwise and let £, = 1 if 1)y = 1 and O otherwise. A careful analysis

of all the terms appearing in X> shows that
f X3(a, b, ) — X3(a, b, 0)
1 1 \
= ((1 PPN R +|a[2+|b|2)3)0"‘| )
1
+
(1 +|a|?2+1|b|% +]|c|*?

= £16a*c? + 12abc® + £,6b% +0(| c|®).

(616 Rea’c? + 12Re abc® + £,6 Re b>c?)
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To finish off consider each case separately. In case 1 for example, ¢y = &, = 1,
a=b=MXcso

2
A1l = 1Mafl = (5 + 320 — 2pE = D) +0(l<l).

By (1) this is negative if |c| is sufficiently small, contradicting the fact that ||| = 1.
The other cases are similar. .
Since there are no elements of order 2 in Z the following corollaries are obvious.

COROLLARY 1.5. If ¢ is any norm one multiplier on LZ(T) with ¢(1) = ¢(n) =
é(k)=1,andn+k € E, then ¢ (n+k) = 1.

COROLLARY 1.6. If¢ € W(L”(T)) then {n: ¢(n) = 1} is a subgroup of Z.

3. Periodicity on cosets. Benyamini and Lin were able to generalize the results
of the first section to show that if ¢ was a norm one multiplier on L”(G), then ¢ was
constant on each coset of {7 € I : ¢(¥) = 1}. This answered a question of Carleson
(see [S]). We will show that this result does not generalize to norm one multipliers on
L}, although it is true for multipliers on HP(T).

EXAMPLE 2.1. Let E = {0,1,4,5} and let ¢: Z — C satisfy $(0) = 1 = ¢(4),
¢ (1) = s, $(5) = t. We will show that there exists an € > 0 such that if |s], || < ¢
then ¢ is a norm one multiplier on LE(T).

PROOF. Let f = d + ae™ + be™®* + ce*. It is routine to verify that
I£13 = 1Mol < lal*( = [s|*) +]el (1 —[eh)
+4(1 — |s|®)(|ad|? + |ab|*) + 41 — |7|*)(| bc|* + | cd|?)
+4(1 — |st|»)|ac|® + 8 Re adbe(1 — si).

If d = 0 then clearly ||f||§ > ||Msf]|3 for all choices of s, ¢ provided |s|,|#| < 1. Thus
assume d = 1. Now

8| Reabi(1 — st)| < 2|1 — st|(|ab|* + |c|* + |a|* + | bc]?).
Hence if s, t are chosen so that
2|1 —sf] < min(4(1 — |1]%),4(1 — |s]?))

then ||f||7 > ||Msf||4, hence ¢ is norm one. .
Itis well known that there are multipliers on H'!(T) which are not multipliers on L' (T).
Our next example shows there are multipliers in W(H l(T)) which are not in W(L‘ (T)).

EXAMPLE 2.2. Let¢(0)=1,0< ¢(1) =a < % and ¢ (n) = O for all other inte-
gers. The norm of ¢ as a multiplier on L'(T) is equal to || 1 +ae”||; which by Lemma 1.1
is greater than one if a is small enough. Thus ¢ ¢ W(L’(T)).
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Let f € H'(T), say f(1) = b+ ce” + g(t), where g € H'(T), $(0) = g(1) = 0.Ifb=0
then clearly ||Mf|l1 < ||f]l1, so assume b = 1.1If |c| > 2 then

[Mofllr < 1+lac| <[c| <|Ifll1.

Thus assume |c| < 2. Let F() = 1 + 3(¢" +e ™). As || F||; = 1, [|F xf]l; <||f]l. But

IF* £l

I

c ; c
1+ Selh =+ Sen' V23,

Since |¢/2] < 1 we can compute a Taylor series expansion for (1 + %ei’ )'/2 to obtain
the inequality

o|?
F >1+—
1Pl > e L
From Lemma 1.1
Mt = 11+ ace < 1+ 4 oacf,
so for a sufficiently small ||Mf||; > ||f]|: proving that ¢ € W(H‘(T)). .

This example shows that properties of multipliers in W(H ‘(T)) do not follow auto-

matically from the corresponding results for W(L‘(T)); however it is possible to modify
[1] to prove

THEOREM 2.3. Let 1 < p < 00, p # 2. Suppose ¢ is a norm one multiplier on
HP(T) with ¢ (0) = ¢ (k) = 1 for some k # 0. Then if m and n are positive integers and
m = nmod k then ¢ (m) = ¢ (n).

PROOF. Thecases 1 <p < 2,2 < p < ooand p = oo are treated separately.

@2<p < 00: Assume ¢ (m) # ¢ (n) for some m = nmod k. Let f(f) = ™ — ™.
Note that f is 2& - periodic, and as f is continuous and f(0) = 0 an application of the
mean value theorem shows that there is a neighbourhood /. of 0 such that |I.| = Ce (for
C= = rnl yand |f| < e onl.. Since My (f)(0) = ¢ (m) — ¢ (n) # O there is an interval |
and constant Cy such that ]M¢ ()] = Cp > 0on I. Without loss of generality I, C I and
[I| < B LetJ. = UL + 27”) By periodicity |f| < e on J..

Choose 0 < r < p—2and s > 1+2/r. Choose a polynomial g, = g;(¢) such that

(i) 1—¢* <|g] <lonkl,

(i) [1g1 [ty lp <€, and

(i) lgifloo < 1.
Let g2(¢) = g1(kt) so &, is supported on kZ . Furthermore notice that

(i") 1—e°<|g2] <lonlJ, and

(i) llg2 lo.cllp <€
Since g>f1,, € L(T), it follows from the Riemann Lebesgue lemma that we can choose
N = N(¢) € N such that

/J. eiNk'ngdt} +

€

/J e~iNk’g2fdt’ < €',

€
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If in addition we choose N large enough we can assume g = g, € HP(T). Notice that
g has properties (i') and (ii"), and supp g C kZ, so g is 2% periodic.
Now we make some estimates. By (ii’) it follows that

/J{ |g+ e/ 7f|P < 2P(e + P/ T2P).

Also
[ lg+eliplr = [ (14|72 + g — 1+ 2Regfe!/ Nt

Since |f| < € on J, and ||g|2 — 1’ < 1— (1 —€)* onJ., we can use our usual Taylor
series expansion (provided ¢ is small enough) to obtain

/Is lg+e/7f|P = /Js(l + g(sz/’lflz +|g|> —1+2Regfe'/" +O(max(52/’+2,52‘)))
Recalling further the definition of g we see that
/J Regf' <&,

thus combining these results we get that

lle +5|/rf||,!)’ < |J5|(1 +O(max(52/’+2’gx))) +0(max(e”'/’,5“”,517/’))
= k|IE|(1 +0(max(52/“2,55))) +0(max(6.¥+l/r’ 5,,/,)).

Next we estimate || My (g + €'/7f)||5. By Corollary 1.3 we see that ¢(z) = 1 for
z € kZ*, so since g is supported on kZ*, My (g) = g. Thus

IMotg+e D2 [ g+ Mo (I
The definition of f ensures that
Myf(t+ 2—22) = M¢f(t)exp27ri—lr<ll.
Thus
Mot + DI 2 5 | | g/ Mafrexp2n 0
=0k

k=1 Myf(t) inj
> (1 —¢f 1/r2¢ r,
(1—¢ )l’;:o: /15 [1+¢ 20 exp2m X |

Holder’sinequality and orthogonality show that a lower bound for the sum is k( 14Coe?/ ")
(cf. [1, p. 43]), thus

My (g + "/ )|E > (1 — Y| L k(1 + Coe? 7).
Upon considering the ratio

[Mog+=PIE _
rfl|P —
llg+e'/"fllp
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and recalling that |I,| < Ce we see that we must have
(1 —pe® +0(e2))(1 + Coe?/ ") < 1+0(max(e?/ 72, e* e/ g0t gr/rmly),

Since 2/ r < s—1 < stheleft hand side is at least 1+0(¢%/"). Alsosp—1 > 2s—1 > 2/ r
andp/r—1> (r+2)/r—1 = 2/ r, so for e sufficiently small the right hand side is less
than the left, providing the contradiction.

(b) 1 < p < 2: Again assume ¢ (m) # ¢ (n) for some m = nmod k. Construct f, I,
and J. as before and choose 0 < r < 2 —pand s > 1|+ p/r. Choose a polynomial
g € HP(T) such that ||glleo < 1, ]lgls ]I, < €%, |g] > 1 —¢* onJ, § is supported on kZ
and

- T < o
A Regf' + Vj RegM¢f| <e
Again simple estimates show
/JE |g + 51/’f|P < 2°(e” + 5”/’+”|15]) = O(max(el"‘, 5”/”’”]))

and
/J g +e'f1P < J¢| +0(max(e*, 2/ 7))

This time Holder’s inequality will not help in finding a lower bound for
My (g +€'/7f)||,- Instead we observe that since s > 1/r+1/p

/J{ (M, (g+e" )P > [(/J 15'/’M¢f|”)’l'—(A Igl”)’-‘]p
> [llalll’ﬁl/rco—ﬁ"']p
es—1/p=1/r
> kCC”O&H’]/r(l - 14
(kC)» Cy
> C|£l+p/r

for some constant C; > 0. (Assume ¢ is very small.)
Arguments similar to those used in the 2 < p < oo case of the proof for estimating
I5. |g +€"/7f|P, show that

/J" My (g+e'"PI7 > |J] + 0(max(e*,e%/")).

Thus
||M¢(g + El/rf)“,[; Z |‘1(5| + C15]+p/r +O(max(e“',52/’)),

while

llg+ 5'/’f||,’,’ <|J| +O(max(£“,52/', E”/”””)).

But 1 +p/r < max(s,2/ r,p/ r+p + 1), so we cannot have ||My(g+¢'/"f)||} < |lg+
e'/"f||5 for € sufficiently small, again giving a contradiction.

(c) p = oo: Once again assume ¢ (n) # ¢ (m) for some n = mmod k and construct
f, I and J, as before. Choose an H*°(T) function g with suppg C kZ, |g(0)| > 1 — ¢,
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llgllc < 1and|g| < e onlJS. Suppose |Msf(0)] > Cyp > 0andlet |\| = 2¢/ Cy where

sgn A M_¢ f(0) = sgn g(0). Then, for € small,

2¢?
g+ Mlloo = max g+ Af(D] <1+ —
t Co

while
1Ms(g + Af)lloo 2 [8(0) + AM4£(O)]
2
>U—e)+ 20 4,
0

Again when ¢ is small this contradicts the fact that ||¢ || < 1. =

Our final result, an application of the previous theorem, should be contrasted with
Example 2.2.

COROLLARY 2.4. Let 1 < p < 00. Suppose ¢ is a norm one multiplier on HP(T)
with ¢ (0) = ¢ (k) = 1 for some k # 0. Then ¢ is the restriction of a norm one multiplier
on LP(T).

PROOF. The case p = 2 is obvious so assume p # 2. By the previous theorem ¢ is
a k-periodic sequence on Z*. Let u be the measure on T given by

e

k=1
B = Z ¢(i)—(61() +-e +5x&-1)
=0k

where x; = 27j/ k.

Since ¢ (n) = fi(n) forn € Z*, ¢ is the restriction of the L” multiplier i to HP(T).
Clearly the multiplier norm of £ is at least one.

Let f be a trigonometric polynomial and assume g(t) = f(t)e™ € HP(T).

Since g(n) = f(n — Nk), and ¢ and i are k-periodic, ifn € Z*

My g(n) = ¢(m)g(n) = fi(n — Nk (n — Nk) = Mpf(n — Nk).

If n is a negative integer Myg(n) = 0 = Mpyf(n — Nk). Thus Myg = e™'M;f and
IMafll, = lIMsgll, < llglls = |Ifllp- Since the trigonometric polynomials are dense in
L7, 4 is a norm one multiplier on LP(T). ]
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