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A NOTE ON A PAPER OF BOWCOCK AND YU
I.P. STAVROULAKIS

n
Consider the first order differential equation (1) z'(t) + E piz(t — ) =0, where p; and
=1
7, for ¢ = 1,...,n, are positive constants. To find necessary and sufficient conditions,
in terms of the coefficients and the delays only, under which all solutions of (1) oscillate,
is a problem of great importence. In a recent paper, Bowcock and Yu claimed that

n

Z piTi > 1/e is a necessary and sufficient condition for all solutions of (1) to be oscillatory.
=1
In this paper a counterexample shows that the above result is not valid and the error in
this paper is indicated.

Retarded differential equations provide mathematical models for systems in which
the rate of change depends not only on their present stage, but also on their past history.
Such equalions appear in control theory, biology, ecology, economics, physics etcetra.
Recently the study of the oscillatory behaviour of solutions of first order differential
equations with retarded and advanced arguments has been a subject of great interest.
See, for example, [1—8] and the references cited therein. A characteristic feature of the
work is that when the arguments are zero, that is, in the case of a first order ordinary
differential equation, there are no oscillatory nontrivial solutions.

As is custormary, a solution is called oscillatory if it has arbitrarily large zeros.
Otherwise it is called nonoscillatory.

For the differential equation with one retarded argument
(1) z'(t) +pz(t—71)=0

and the equation with one advanced argument

(1') z'(t) —pz(t+7) =0

where p and T are positive constants, the condition
1

(2) pT > .

is necessary and sufficient for all solutions of (1) and (1') to oscillate (see [4, 6]).

For differential equations with several arguments no such statement has been found
yet. However, combining results due to Ladas and Stavroulakis [7], Arino, Gyori and
Jawhari (1] and to Hunt and Yorke [3], the following sufficient conditions were obtained.
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THEOREM 1. Consider the differential equation with retarded arguments
(3) z'(t) + Ep;z(t -7)=0
i=1
and the differential equation with advanced arguments
n
(3") z'(t) — Zp;z(t +7)=0
i=1

where p; and 7; for i = 1,...,n are positive constants. Then any one of the following

conditions

i 1
(4) Zprr.- > =
=1

or

n n 1

q1/n ) Z

(5) [gl’t] (; Tt) > e
implies that all solutions of (3) and (3') oscillate.

It is easily seen that the conditions (4) and (5) above are independent. They are
also sharp in that the lower bound 1/e cannot be improved. Finally when n = 1, that
is, in the case of one argument (4) and (5) reduce to (2).

Note that the characteristic equation of (1) and (1'}) is
(6) A+pe™ =0

and the condition (2) is equivalent to seeing that (6) has no real roots.

A necessary and sufficient condition (in terms of the characteristic equation) for
the oscillation of all solutions of (3) and (3') is given in the following theorem (see [8,
5,1, 3)).

THEOREM 2. A necessary and sufficient condition for the solutions of (3) and (3')
to oscillate is that

(7) —A+ ) pie* >0, forall A >0,

=1

or, equivalently, that the characteristic equation

(8) A+ Zp,'eAT‘ =0

=1
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of (3) and (3') has no real roots.

The advantage of working with the two conditions (4) and (5) rather than the
characteristic equation (8) directly is that (4) and (5) are explicit (in terms of the
coeflicients and the arguments only), while determining whether or not a real solution
to Equation (8) exists may be quite a problem in itself. Therefore, to find a necessary
and sufficient condition, in terms of the coeflicients and arguments only, for all solutions
of (3) and (3') to oscillate, is a problem of great importance.

Very recently Bowcock and Yu [2], based on [1], obtained the above condition (7)
and also claimed that (Theorem 2.4 and 3.4 of [2]):

A necessary and sufficient condition for all solutions of (3) and (3') to oscillate is
that

= 1
(4) ;p;ﬂ' > pe

That is, condition (4) is not only sufficient (as is stated in Theorem 1) but also
necessary. However, as the following counterexample (|7, Example 4.3]}) indicates, the

above result is not valid.

Example. Consider the differential equations

z'(t) +z(t 110) + lz(t -1)=0
" 2(t) — (t + 11—0) - e+ =0,

Observe that

cnlr—'

1 1 ll
= — 1 1- =
(71 + 72)v/P1p2 (10 + ) 2 20

that is, condition (5) of Theorem 1 is satisfied and therefore all solutions of these

equations oscillate. However

T1 + pP2T; l+1<1
P17y T P2T2 = 10

that is, condition (4) is not satisfied.
In fact, the proof of Theorems 2.4 and 3.4 in [2] is not correct, since the authors
use the well-known inequality

win{y_ fi(2)} 2 Y (min fi(=))

i=1
with the sign of equality only. That is, in their proofs inqualities (2.13) and (3.13) do
nol imply inequalities (2.14) and (3.14) respectively.

Therefore, the interesting problem mentioned above remains open.
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PROBLEM. Find necessary and sufficient conditions, in terms of the coefficients
and arguments only, for all solutions of Equation (3) to oscillate
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