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PROPERLY EMBEDDED AND IMMERSED MINIMAL SURFACES
IN THE HEISENBERG GROUP

JIH-HSIN CHENG AND JENN-FANG HWANG

We study properly embedded and immersed p(pseudohermitian)-minimal surfaces
in the 3-dimensional Heisenberg group. From the recent work of Cheng, Hwang,
Malchiodi, and Yang, we learn that such surfaces must be ruled surfaces. There are
two types of such surfaces: band type and annulus type according to their topology.
We give an explicit expression for these surfaces. Among band types there is a class
of properly embedded p-minimal surfaces of so called helicoid type. We classify all
the helicoid type p-minimal surfaces. This class of p-minimal surfaces includes all the
entire p-minimal graphs (except contact planes) over any plane. Moreover, we give
a necessary and sufficient condition for such a p-minimal surface to have no singular
points. For general complete immersed p-minimal surfaces, we prove a half space
theorem and give a criterion for the properness.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In [1] we developed a surface theory in pseudohermitian geometry. In particular we
defined the notion of p (pseudohermitian)-minimal surface. The equation for a graph
(z,y,u(z,y)) in R? to be p-minimal reads

Vu+ F
v(IVZ+F"'|)

where F' denotes the plane vector (field) (—y,z) (associated with the standard contact
structure of R®). As a differential equation, the above p-minimal surface equation is
degenerate (hyperbolic and elliptic). By analysing the singular set (where Vu + F = 0),
we solved the analogue of the Bernstein problem in the 3-dimensional Heisenberg group
H; (identified with R3 as a set). Namely we showed that two known families of examples
([15]) are the only entire C? smooth p-minimal graphs over the zy-plane. In this paper
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we want to study general C? smooth p-minimal surfaces properly embedded in H; (we
shall often omit “C? smooth” hereafter).

First let us recall the history of (Riemannian or Euclidean) minimal surface theory
in R3 briefly (for example, [14, 13, 4, 5], et cetera). Until 1980 only a few complete em-
bedded minimal surfaces had been found, such as, for instance, the helicoid, the catenoid,
Scherk’s surface, Riemann’s examples, and so on. Among these surfaces the catenoid and
the helicoid were the only known complete embedded minimal surfaces with finite genus
in R3 at the turn of 1980. It was only in 1982 that Costa ([3]) discovered a new complete
minimal surface immersed in R? of genus one. This example was shown to be embedded
soon after it was discovered ([9]). Subsequently various complete embedded minimal sur-
faces were discovered ([9, 8], et cetera; see also [4]). In 1997 Collin ([2]) proved that the
catenoid is the only annulus type, properly embedded minimal surface. Around the year
2000, it was announced that a properly embedded, simply connected minimal surface in
R3 is either a plane or a helicoid ([11]).

In contrast to the Riemannian case, a properly embedded p-minimal surface in R3,
identified with H;, must be a ruled surface with the rulings generated by Legendrian
lines ([1]). A general ruled surface satisfies a 3rd order equation (see {12, p. 225] or [1,
last paragraph of Section 4] for a brief explanation). Requiring the rulings lie in contact
planes (this is what “Legendrian” means) restricts such a surface to satisfy a 2nd order
equation. It is not hard to see that a connected, properly embedded ruled surface must
be homeomorphic to either R? (band type) or R'xS! (annulus type). So there are no
properly embedded p-minimal surfaces of positive genus type in R3.

A band type, properly embedded p-minimal surface is called of helicoid type if its
Legendrian rulings lie in parallel planes and the union of all such parallel planes is the
whole space H, (if we remove the latter restriction, we call such a surface of helicoid type
in the weak sense, see Example 4.1). This includes the class of entire p-minimal graphs
(excluding the contact planes) over any plane. To classify all such entire C? smooth
p-minimal graphs (by “entire” we mean “defined on the whole plane”), we first extend
the class of such graphs to the class of helicoid type. Then we find all the helicoid type
p-minimal surfaces (see Theorem B). Let us explain this idea in detail.

Let & be an entire C? smooth p-minimal graph over a plane P in H;, identified with
the Euclidean space R®. As mentioned above ¥ is a classical ruled surface with the rulings
generated by Legendrian lines, called characteristic lines. If two such lines intersect, we
can show that ¥ must be a contact plane past the intersection point (see Proposition
2.1). Otherwise we can project all characteristic lines to a family of parallel lines [, on P
(note that ¥ is a graph over P). For each I'; we can find a unique plane P, perpendicular
to P and containing I';. It follows that all P,’s are parallel to each other. Thus we can
extend the problem of finding entire C? smooth p-minimal graphs (excluding the contact
planes) to the following one:
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PROBLEM A. Suppose {P, :t € R} is a family of disjoint parallel planes in H; such

that |J P, = H;. Find all C? smooth p-minimal surfaces £ such that [L=SNPisa
teR
characteristic (whole straight) line of ¥ for each ¢. Equivalently {see Section 2) find all

C? smooth, helicoid type p-minimal surfaces in H;.

Take a plane P perpendicular to P, for all t. Some characteristic lines T, may be
perpendicular to P. So a solution surface to Problem A may not be a graph over a certain
plane.

In Section 2 we start with a study of general immersed and properly embedded
p-minimal surfaces in H;. Define X by (2.1), (2.2), and (2.3), describing a C? smooth
p-minimal surface in H;. We obtain a necessary and sufficient condition for X being
embedded (implied by X being immersed, injective, and proper). We also obtain a
criterion for a point to be singular (see [1, definition) and the generalised definition in
the proof of Theorem A (b)).

THEOREM A.

(a) X is immersed if and only if for any (s,t) either (2.8a) or (2.8b) fails to
hold.

(b) X is singular at (s,t) if and only if (2.9) holds.

(¢) If we take & = 0in (2.7), then X is injective if and only if for t; # ty 75 — 7,
in (2.15) is not 0 in the case that Ty, N Ty, consists of exactly one point
while v, # 72 in the case that I'y =Ty,.

Note that we do not lose generality by assuming £ = 0 in Theorem A (c). We give a
geometric interpretation (see (2.16)) for the formula (2.15) and a direct application (see
(2.18)).

In Section 3 we deal with the helicoid type p-minimal surfaces. We observe that the
following are two families of solutions to Problem A:

(1.1) u = —abz? + (a? — b¥)zy + aby® + g(—bz + ay)
(a, b being real constants such that a® + %> = 1 and g € C?);
(1.2) (z — zo) cosO(t) + (y — yo)sinb(t) =0

where t = z — yoz + Toy, § € C*(R), and g, yo are real constants

(see also [15] for (1.1)). The following result resolved Problem A.

- THEOREM B. Any C? smooth, helicoid type p-minimal surface in H, can be
expressed in the form of either (1.1) or (1.2).

We also give a criterion for (1.2) to have no singular points.
THEOREM C. (1.2) has no singular points if and only if §'(t) > 0 for all t € R.

Note that (1.1) has no isolated singular points, but does have one {connected) sin-
gular curve ([1]). By taking 8(t) = —cot~!(¢) and 2o = yo = 0 in (1.2), we obtain y = zz.
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This is an entire p-minimal graph over the zz-plane having no singular points. We re-
mark that the vertical planes az + by + ¢ = 0 have been the only known entire p-minimal
graphs having no singular points before ([6]). After this paper was completed, we were
informed that another example of entire p-minimal graph having no singular points and
the result about entire p-minimal graphs over any plane (the graph case of our Theorem
B) are also obtained in a new preprint ([7]).

In Section 4, we discuss the properness (Proposition 4.1) and non-helicoid type

p-minimal surfaces. The first possibility is that |J P, ¢ H; where P,’s are the parallel
teR
planes containing characteristic lines. This can occur as shown in Example 4.1. However,

if we confine the surface to the upper half space RS = {(z,y,2) € R®: z > 0}, then this
is not possible unless the surface is a contact plane (see Theorem D below and observe
that the zy-plane is the contact plane past the origin). A contact plane P in H, divides
H, into two halfspaces P (H;\P = P, U P_). Since P is not perpendicular to the
zy-plane, we can talk about the upper halfspace P, (containing “(0,0,+00)”) and the
lower halfspace P_ (containing “(0,0, —oc0)”). We have the following halfspace theorem.

THEOREM D. Suppose that T is a C? smooth, connected, complete, immersed
p-minimal surface in the halfspace P, (or the halfspace P_). Then ¥ is a contact plane
parallel to P. '

We remark that the halfspace theorem in the Riemannian minimal surface theory
was proved by Hoffman and Meeks III ([10]).

2. GENERAL p-MINIMAL SURFACES AND PROOF OF THEOREM A

We learned from [1] that a C? smooth p-minimal surface in H; must be a ruled
surface in R® (identified with H,). Consider a connected, C? smooth, complete p-minimal
surface ~ immersed in H; (by connectedness we mean the domain of the immersion is
connected). First we observe the following fact.

PROPOSITION 2.1. Suppose there are two characteristic lines on Y. meeting
at a point p locally. Then p is a singular point, the tangent space T,Z is the contact
plane past p, and £ = T,%.

By “meeting at a point locally”, we exclude the possible intersection due to the
“return” of characteristic lines.

PROOF OF PROPOSITION 2.1: Locally we can express ¥ as a graph (a:,' v, u(z,y))
over the zy-plane. Let § be the projection of p on the zy-plane. First by the definition
of characteristic curves (see [1, Section 1]), p () must be a singular point. By [1, The-
orem 3.3, either p is an isolated point in the singular set S(u) or S(u) is a C' smooth
curve in a neighbourhood of . In the latter case, only one characteristic line can meet 7
according to [1, Corollary 3.6]. So this case is impossible. In the former case, the union
of all characteristic lines passing through p, the contact plane past p, forms the tangent
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space T,E by (1, Lemma 4.3]. By completeness ¥ must contain T,Z. By connectedness
L must coincide with T,%. 0

Now let us start with (1, (4.9)]: describe a C? smooth p-minimal surface £ in H, in
parameters s and ¢ as follows:

(2.1) z = s(sin8(t)) + a(t)
(2.2) y = —s(cosO(t)) + B(t)
(2.3)" z = s[B(t) sinO(t) + a(t) cos O(t)] + ()

where a, 3, v, and 6 are all in C?. Let X(s,t) = (:c(s, t),y(s,t),z(s,t)).

PROOF OF PART (A) OF THEOREM A: X being an immersion implies a certain
relation among @, B, 7, and 8. It is easy to see that 9, X = (sin8, — cos 8, §sin @+ a cosf)
and 8,X = s#'(cos #,sinf, S cosf —asind)+5(0,0, 8'sinf+ ' cos#) + (o', §,7'). Then a
straightforward computation gives the z, y, 2 components of the cross product 9, X x ,X:

(2-4) —5B68 — scosB(B' sinf + o' cos@) — §'(Bsinf + acos ) — v cos b,
(2.5) saf — ssin@(f'sinf + o cos @) + o/ (Bsin 6 + acosf) — 7' sind,
(2.6) 56’ + f'sin @ + o cos b,

respectively. Write
(2.7) (a(t), B(t)) = 8(t)(cos B(t),sin 8(t)) + &(t) (sin B(t), — cos B(t))

where 6(t) = a(t) cos8(t) + B(t) sin 8(t) and £(t) = a(t) sind(t) — 5(t) cos 8(t). Substitut-
ing (2.7) into (2.1), (2.2), and (2.3) gives

(2.1) z = (s +£(t)) sin O(t) + 6(t) cos 6(¢)
(2.2) y = —(s +£(t)) cos 6(t) + &(t) sin 6(t)
(2.3) 2 = s8(2) +7(t).

We compute 3, X = (siné, — cos,d) and 3, X = (Acosf+Bsin8, Asinf—B cosb, s6'+v')
where A = (s + £)§ + 8 and B = & — 6¢'. Then the z,y, z components of the cross
product 9,X x 8,X read

(2.4) —cosf(séd' + ' — 6B) — Adsind,
(2.5) —sinf(sé’ +v' — 6B) + Ad cos¥,
(2.6') A,

respectively. Now we can deduce the condition for a point where X is not immersed
(8, X x 8,X = 0) as follows:

(2.8a) (s+E@)FR)+6(2)
(2.8b) s8'(t) ++'(t) — 6(t) (€'(t) — 6()8'(2))

0
0

https://doi.org/10.1017/50004972700034766 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034766

512 J-H. Cheng, J-F. Hwang (6]

So X is an immersion if and only if for any (s, t) either (2.8a) or (2.8b) fails to hold. We
have proved part (a) of Theorem A. 0

PROOF OF PART (B) OF THEOREM A: First observe that a singular point is
where 8,X x 8,X is parallel to the vector (—y, z,1) (the vector dual to the contact form
dz + zdy — ydz) (we may take this property as the generalised definition of a singular
point where X may not even be an immersion). It follows that s¢'++' — 6B = —(s+ &) A
at a singular point by comparing (2.4'), (2.5'), (2.6") with (2.2'), (2.1'). Substitution of
A and B gives

(2.9) [(s+8)?2+8%0 + (2s+ )8 ++ — € =0. 0
Next we shall discuss the injectivity of X. Eliminating s in (2.1), (2.2), and (2.3),

we obtain

(2.10) (z — a(t)) cosb(t) + (y — B(t)) sinf(t) =0

(2.11) z = Btz — aft)y + (1)

For a fixed ¢, (2.10) is the equation for the zy- plane projection I'; of the characteristic
line T'; while (2.11) together with (2.10) describes I';. Suppose Iy, NIy, consists of exactly
one point (Z,%) for t; # to. Write a(t;), B(t:), v(t:), 6(t:) as ai, Bi, W, 0;, respectively for
i = 1,2. Then from (2.10) we can easily deduce

o cos 8 sin @, — ap cos by sinfy — (B2 — By) sin by sin b,

@12)  z= sin(B; — 67)
~ _ PasinBycosf) — Py sinb cos by + (ay — a;) cos b, cos 92
(2.13) y= sin(6, — 6,)

Let Z; = B;T — a;§ + ; denote the z2-coordinate of the point in f,i, projected down to
(Z,7) in the zy-plane by (2.11) for ¢ = 1,2. We can then compute the difference of Z;
and Z, by the substitution of (2.12) and (2.13):

(2.14)

o~

-7 =

—[(ag — a1) cos Oz + (B2 — B1)sin B;][(az — ay) cos by + (B2 — 1) sin 6]
sin(6; — 6,)

~(@fr —arf2) + 2 — .

Let 1/) = 02 - 01- Denote the pOiﬂtS (5)@\)’ (aluBl)a ((12,,32), (O’ 0) by Pv Ql’ QZ;O
respectively. Assume that PQHOQ:P is in the order of the counterclockwise direction as
shown in Figure 1.
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Q2(e2, B2) L,

Qi(a1, B1)
Figure 1
Observe that the first term of the right hand side in (2.14) is
PQIIELIY _ _(pQu)(PQy)siny

sin ¢
= -2 Area(APQ:1Q>).

It is easy to see that the second term of the right hand side in (2.14) equals twice the
negative area of the triangle Q,0Q,. Note that if PQ10Q:P is in the order of the
clockwise direction, then the first and second terms of the right hand side in (2.14) are
twice the positive area of AP Q> and AQ; OQ;, respectively. Without loss of generality,
we may take (a,8) to be proportional to (cos,sin #), the normal to Ty, as expressed in
(2.7) with £ = 0. Then we can have a simpler expression for Z; — 2z;: (denote 4(t;) by §;)
- ~ 2610y — ((512 + 622) cos(02 — 01)
(215) 29 — 21 = sin(02 — 01)

Here we have combined the first and second terms of the right hand side in (2.14) using
the equality —(a281 — a1B2) = 618, sin(f, — 6,). The first term of the right hand side in
(2.15) being the negative or positive twice area of the quadrilateral PQ,0Q; (see Figure
2 below) can be deduced from elementary plane geometry as follows.

+72-".

Figure 2
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Since APRQ, is similar to AORQ,, we have

PQ, _ 82| + |61](cos ¢)~!
[d:] 61| tan ¢

(¢ denotes the degree of the angle ZQ,PQ;). Note that §,,, may be negative. It follows
that PQ; = (|62| + |61](cos ¢)~*)cotd. Now we compute

(2.16) 2 Area(PQ,0Q;) = 2(Area(APRQ,) — Area(AORQ,))
= (162] + |611(cos $) ') cotd — 6,% tan ¢

_ 26162 + (6% + 6,%) cos ¢
- sin ¢ ‘

For the situation shown in Figure 2, PQ,0Q:P is in the order of the counterclockwise
direction while d, is negative, 6 is positive, and ¢ = 6, — 0;. So |81d,| is in fact -§;8,.
PROOF OF PART (C) OF THEOREM A: The map X (given by (2.1), (2.2), and
(2.3)) with the above choice of ¢, S is injective if and only if Z; — 2} given by the formula
(2.15) is not 0 in the case that I'y, NIy, consists of exactly one point (Z,7) for t; # t,.
Suppose I';, coincides with I'y, (in this case sin(f; — 6,) = 0). Then (ay, 5;) = (a, Ba).
Therefore in this situation a neéessary and sufficient condition for the injectivity of X is
" # 72 by (2.11) (note that I~“t, is parallel to, but not identified with, f‘,, ifn # 7). We
have proved part (c) of Theorem A.
EXAMPLE 2.1. We take a = 0, B(t) = ¢, ¥(t) = —t, and 8(t) = tan~'t + w/2 for
—00 < t < +0o in (2.1), (2.2), and (2.3). We claim that the associated X = X (s,t)
defined over Rx R is a proper embedding. First observe that cosé(t) = —t/v/1 + £ and
sinf(t) = 1/v/1+ t2. It is then easy to eliminate the parameters s,t to get the equation
in Cartesian coordinates as follows:

(2.17) 2z +1)=y(z—-1).

Now to prove that X is an immersion, we argue that (2.8a) and (2.8b) can not hold
simultaneously for some (s,t) (note that § = —cos8(t) = t/v1+ 2 and £ = t2/V/1 + £2).
Since y(t) = —t is monotonically decreasing and the first two terms of the right hand side
in (2.14) are both nonpositive (—2 Area(PQ;0Q:)), we conclude that z, — Z; is always
negative for t; > t;. By part (c) of Theorem A (another situation never occurs), we know
that X is injective. Observe that |X(s, t)| — o0 as |(s, t)| — 00. We can then easily
show that X is proper and a homeomorphism between Rx R and the image of X with
the topology induced from R3. Thus X is a proper embedding.

Also this is an example of helicoid type. Namely, the characteristic lines ft are
lying in a family of parallel planes as explained below. Observe that (sin 6(t), — cos 8(¢),
B(t) sin(t) + a(t) cos6(t)) is tangent to T',. The cross product of two such vectors must
be parallel to a constant vector for all ¢; # t; if T, are lying in a family of parallel planes.
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Computing the cross product of such vectors for ¢, = 0 and ¢, # 0, we obtain the vector
(0, —t5sinB(ty), — cos B(t,)). This is parallel to a constant vector (0, —1, 1) for any t,. In
Example 3.1, we shall express this helicoid type p-minimal surface in the form of (1.2).

We now give a direct application of (2.15) and (2.16). Denote I',, by T'; for 1<i<3.
Suppose 'y = {P}, I';NI'3 = {Q}, and I';nIN, = {R} (see Figure 3).

Figure 3

PROPOSITION 2.2. Suppose we have the situation as described above. Then
the sum of the height differences at the intersection points is twice the area of the triangle
region surrounded by I'y, [z, and I';. That is to say,

(2.18) (21 = 22)(P) + (22 — z3)(Q) + (23 — 21)(R) = 2 Area APRQ.

PrRoOF OF PROPOSITION 2.2: Without loss of generality, we consider the sit-
uation as shown in Figure 3. By (2.15) and (2.16) we obtain that (2, — z)(P)
= —2 Area(PTOS)+ v~ since PTOS is in the order of the counterclockwise direction
{(otherwise we would have the positive sign in front of 2 Area(PTOS)). Similarly we have
(23 = 22)(Q) = +2 Area(QUOS) + 73 — 712 and (21 — 2z3)(R) = +2 Area(RTOU) + v, — .
Summing up these three identities gives (2.18).

We can also prove (2.18) by integrating the contact form (restricted to a local graph)
along the boundary of APRQ. Recall that the contact form © = dz + zdy — ydz ([1])
vanishes along a characteristic curve. It follows that

0= 21(R) — 21(P) + z3(Q) — z3(R) + 22(P) — 22(Q) + f (zdy — ydz)
3(APRQ)
= (22 — 21)(P) + (23 — 22)(Q) + (21 — z3)(R) + 2 Area APRQ

where we have used Green’s or Stokes’ theorem. We are done. 0
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3. HELICOID TYPE p-MINIMAL SURFACES: PROOFS OF THEOREM B AND
THEOREM C

We first prove Theorem B. There are two cases:
CASE 1.  P,’s are not perpendicular to the zy-plane.

We observe that the Legendrian line I~“¢ always contains a point p() such that P,
is the contact plane past py). So if we write pyy = (zo(t), yo(t), 20(t)), the vector
(—yo(t), zo(t),1) is normal to P,. Since P’s are parallel to each other, we conclude
that (zo(t),y0(t)) is a constant vector (zo,70) for all t. Without loss of generality, we
may assume that 2p(t) = ¢ and hence P, is defined by z = yoz — zoy + t. Therefore we
can describe ¥ in parameters s and t as follows (see (2.1), (2.2), (2.3) in [1, Section 2 or

(4.9)]):

(3.1) z = s(sinf(t)) + zo

(3.2) y = —s(cosf(t)) + yo

(3.3) z = s[yosin O(t) + zocosf(t)] +t

where 8 € C?(R). From (3.1) and (3.2) we obtain

(3.4) (z — o) coso(tj + (y — yo)sin 8(¢) = 0.

Substituting s(sinf(t)) = z — zo and s(cos8(t)) = —(y — yo) into (3.3) gives
(3.5) t=2z—yo(z — z0) + To(y — W) = 2 — YoT + Toy-

We have shown that X is of the form (1.2) by (3.4) and (3.5).
Case 2.  P,’s are perpendicular to the zy-plane.

We may assume P,’s are defined by —bz + ay = t with a® + b* = 1 without loss of
generality. So we can describe ¥ in parameters s and ¢ as follows:

(3.6) z=as—bt
(3.7) y=bs+at
(3.8) z= f(t)s + g(t).

T; being Legendrian (that is, dz+xdy-ydx=0 along T';) implies that f (t}) = t. Expressing
s, tin z, y by (3.6),(3.7) and then substituting the result into (3.8), we obtain (1.1). We
have finished the proof of Theorem B.

Next we shall give a proof of Theorem C. Let F(z,y,z) = (z — z)cosé(t)
+(y —1yo) sin 8(t) be a defining function with ¢t given by (3.5) for £. Compute the gradient
VF of F. With the substitution of z — z; = s(sin0(t)) and y — yo = —s(cos6(t)), we
obtain

(3.9) VF = (syof'(t) + cos (t), —szof (t) + sin 6(t), —sb'(t)).
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It is easy to see that VF never vanishes. Moreover, a point (z,y,z) € X is a singular
0

point if and only if V,F=(e;F)e, + (€2F)€; = 0 where &; = P2 + ya,é} = i T
So the condition for (z,y,z) to be a singular point becomes the following one by (3.9)

through a straightforward computation:
(3.10) cos8(t) (1 + s*¢'(t)) = 0,sin6(¢) (1 + s°9'(t)) = 0.

Therefore if 6'(t) > 0, then 1+ s20'(t) > 1. It follows from (3.10) that cosf(t)
= sinf(t) = 0, a contradiction. Hence ¥ has no singular point. Conversely, if #'(t) < 0
for some t, we can take s> = —(1/68')(t) such that 1 + s%6'(t) = 0. So (3.10) holds, and
hence ¥ has a singular point. We have proved Theorem C.

ExaMPLE 3.1. In Example 2.1, we learned that the surface z(z + 1) = y(z — 1) (see
(2.17)) is a C? smooth, helicoid type p-minimal surface. So by Theorem B, we should be
able to express it in the form of (1.2). Since (0, —1, 1) is normal to the associated parallel
planes (see Example 2.1), we know that (zo,yy) = (—1,0) from the proof of Theorem B
case 1. Now from (1.2) we find that the associated 6(t) must satisfy tan 8(t) = —(z + 1)/y.
On the other hand, t = z — y = —(2y)/(z + 1) by (2.17). It follows that tan6(t) = 2/t,
hence 6(t) = cot™(t/2). :

4. PROPERNESS AND NON-HELICOID TYPE p-MINIMAL SURFACES

Let X : Q = H; be a C? smooth immersion of the p-minimal surface £ = X(Q) in
H,. Here the domain 2 denotes either R? = R! x R' (band type) or R! x S! (annulus
type) and the first parameter describes the rulings of ¥. We say that ¥ is proper if X
is proper, that is, X !(K N I) is compact for any compact subset K of H;. We say
that ¥ is complete if it is complete with respect to the metric induced from the standard
Euclidean metric of R3 identified with H;. Let I'y’s denote the rulings of £ (¢ is the
second parameter). Denote the distance between T, and the origin O by r;. We have the
following result.

PROPOSITION 4.1.
(1) Suppose that an annulus type (that is, @ = R! x S') immersed p-minimal
surface ¥ is complete. Then ¥ is proper.
(2) Suppose that a band type (that is, = R' x R') immersed p-minimal
surface ¥ is complete. Then ¥ is proper if and only if lim,_, 1., = +00.
PROOF: First observe that T is proper if and only if X~!(B(p, p) N T) is compact
(hence B(p, p) N T is also compact) for any closed ball B(p, p) of centre p and radius p
in R3. The completeness of ¥ implies that f, C ¥ must be the whole straight line.
For the proof of {2), if ¥ is proper, then the compactness of X ‘1(-5(0, p) N L) in
R? implies its boundedness for any large p. It follows that f‘t lies outside the closed ball
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B(O, p) for |t| large enough. This is just what lim;_,17: = +00 means. Conversely, the
condition limy 47 = +o0 implies that for any p, p > 0, there exist ¢;,%; € R, t; < ta,
such that

(4.1) B(p,p)NE C U T..

teft ta)

Since B(p, p) T is a compact subset of T, it is not hard to show that X (B(p,p)N¥)
C [s1, s2) x [t1,t2]. On the other hand, we can easily see that B(p, p)NX is a closed subset
of H, due to the completeness of £. So X~!(B(p,p) N L) is a closed subset of R?. We
have shown that X ~!(B(p, p) N T) is bounded and closed in R?, hence compact.

For the proof of (1), we note that (4.1) holds true with [¢,, t,] replaced by S* without
any condition (the right hand side is the whole surface ). A similar argument as in the
above proof of (2) shows that X~ (B(p, p) N L) is bounded in R? > R! x S' and closed
in R! x S!, hence closed in R2. 0

In the remaining section, we shall discuss the situation of a p-minimal surface being
not of helicoid type. The first possibility is that the union of the parallel planes containing
characteristic lines is no longer the whole space. This can occur as shown in the following
example. '

EXAMPLE 4.1.  We consider the surface T defined by (2 —xy)? = y in R3. This surface

can be viewed as an example of (1.1) with @ = 1, b = 0, and a two-valued function

g = £/y. We can easily verify that ¥ is a C? smooth, properly embedded p-minimal

surface with the characteristic lines {y = t?,z =t + t,—0o < t < +oo} lying in the

parallel planes P, = {y = t?}. Note that P, = P_;and |J P, = {y > 0} # R? or H,.
t€R

€
Since the characteristic lines are still lying in the parallel planes, such a surface is called
of helicoid type in the weak sense.

ExaMPLE 4.2. Take (a(t), B(t)) =(cos8(t),sinf(t)) where max0(t) — miné(t) < =
in (2.7) (that is 6 = 1,6 = 0) and ~(¢) such that lz’mt_‘iooh(t)l = 400, v'(t) has
the same sign as 6'(t), and 6'(t) never vanishes (for instance, #(t) = tan™'¢ and ~(t)
= t). Namely, we consider the C? smooth map X : R! x R! = H, defined by X(s,t)
= (z(s,t), y(s, t), z(s, t)) where z,y, z are given in (2.1), (2.2), (2.3) with the above data
(assuming 8,y € C?). Observe that z = s + 7(t). It follows that

2 +y?+ 22 =1+ 5+ (s + ()"

Therefore 7, = 1 + v2/2(t) by elementary calculus, and hence lim,_,+om; = +00 by our
assumption on 7. Now we can show that X is proper by a similar argument as in the
proof of Proposition 4.1 (noting that we only need that [,cr= X(R! x R') is a whole
straight line instead of ¥ being complete). We can examine the conditions in Theorem A
(a) and (c) respectively to conclude that X is immersed and injective. A proper injective
immersion must be an embedding.
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Next we claim that the characteristic lines I',’s are not lying in the parallel planes
P’s. If they are, we follow the argument as in the proof of Theorem B to reach a
contradiction. First Case 2 is ruled out apparently. In Case 1, f‘, must contain a point
having constant z,y components for any ¢t. This is clearly impossible since I';’s are not
having a common intersection point. We have constructed a family of C? smooth, band
type, properly embedded p-minimal surfaces in H,, which are not of helicoid type even
in the weak sense (that is, the characteristic lines are not lying in the parallel planes).

The condition (2.9) for a singular point reduces to (s + 1) + ' = 0. Since ¢ and
~' have the same sign by assumption, the surfaces under consideration are all having no
singular points.

Example 4.1 shows that a properly embedded p-minimal surface can exist in the
“right” halfspace. However, this can not occur for the upper halfspace (see Theorem D).

PrROOF OF THEOREM D: The completeness implies that £ = Uf, where each f,
is a whole characteristic line sitting in P, (or P_), hence parallel to the contact plane
P. Let P, denote the contact plane parallel to P, containing f,. Note that P,’s are
not perpendicular to the zy-plane since 3/8z is not annihilated by the contact form
dz + zdy — ydz. So a similar argument in the proof of Theorem B, Case 1 shows that T,
must pass through (zo,yo, ¥(t)). Let zo denote the minimum (or the maximum if in P_)
of y(t) over t. Our assumptions on X force that () = 2z, for all ¢, and T is the contact
plane past (xg, yo, 20), parallel to P. 8}
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