INTEGRALS INVOLVING E-FUNCTIONS
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1. In this paper two integrals involving E-functions are evaluated in terms of E-functions.
The formulae to be established are:
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where n is a positive integer, p = ¢+, Rea, 20 (r=1,2,...,p-1),
Re(B,—a)>0 (s=1,2,...,9), |argz| <n, Rey>0

and .
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Bori=2"0H120 (0 om),
2n

the prime and the asterisk denoting that the factor sin {(s—s)r/2n} and the parameter
By+s—By+s+1 are omitted. The definitions and properties of MacRobert’s E-function can
be found in [1, pp. 348-352] and [3, pp. 203—206].

The following formulae are required in the proofs:
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where | arg z| < 4(p—q+1)n, and where the contour of integration is of Barnes type with
loops, if necessary, to separate the pole at the origin from the poles at ay, a,, ..., @, [1, p. 374].
Also the proof depends on the expression of the generalized E-function in terms of E-functions
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where / and m are positive integers and the contour passes up the n-axis from — oo to oo, with
loops, if necessary, to ensure that the poles of the integrand at the origin and at

pq+l—'1, pq+2_1! ceey pq+m—1
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lie to the left, and the poles at a,, a5, ..., @, to the right of the contour. When necessary the
contour is bent to the left or right at both ends until it is parallel to the é-axis. The prime and
the asterisk denote the omission of the factor sin [(p,+;—pg+s)7] and of the parameter
Pars—Pq+s+1, and o =1 or e*™ according as /+m is even or odd.

If Rey > 02, p. 159],
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Finally, if m is a positive integer [3, p. 4],
[(mz) = Qu)t* " ™m™ % ] F<z+l—_—1> . (6)
=1 m

2. Proofs. To prove (1) substitute the contour integral (3) for the E-function in the
integrand of (1) and change the order of integration; the integral then becomes
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On using (5) and (6) this becomes
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The result now follows from (3).
Formula (2) can be derived in the same way. After using (5) and (6) we get
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and the result follows from (4).

3. Applications. When p = 1, g = 0, the E-function reduces to

E(@:2)=T(@r{1+z71)"" @)
and when p=¢=0,
E(::2)=e"1" ®)
Whenp =2,4=0,
cos nn E(3+n, +—n::22) = |/2nz)e*K,(2), %)
and
EG—k+m, y—k—m::2) = TG —k—mTG—k+m)z"*e W, (2), (10)

where W, ,(z) is the Whittaker function.
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Formula (1) together with (7), (8), (9) and (10) now give
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Similar results may be obtained from (2) by using (7), (8), (9) and (10).

EQ+2n; a,:2n; B;:2). (19
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