
Canad. Math. Bull. Vol. 51 (1), 2008 pp. 32–46

On Linear Independence of a Certain
Multivariate Infinite Product

Stephen Choi and Ping Zhou

Abstract. Let q,m,M ≥ 2 be positive integers and r1, r2, . . . , rm be positive rationals and consider the

following M multivariate infinite products

Fi =

∞
Y

j=0

(1 + q−(M j+i)r1 + q−2(M j+i)r2 + · · · + q−m(M j+i)rm)

for i = 0, 1, . . . ,M − 1. In this article, we study the linear independence of these infinite products. In

particular, we obtain a lower bound for the dimension of the vector space QF0 +QF1+· · ·+QFM−1 +Q

over Q and show that among these M infinite products, F0, F1, . . . , FM−1, at least ∼ M/m(m + 1) of

them are irrational for fixed m and M → ∞.

1 Introduction and Result

For any integer m ≥ 1 and fixed q ∈ C with |q| > 1, the infinite product

∞
∏

j=0

(1 + q− jz1 + q−2 jz2 + · · · + q−m jzm)

defines an entire function in Cm. In the case where m = 1, the one variable version

of the above product,
∏∞

j=0(1 + q− jz), has been studied extensively and results on

its irrationality have been obtained since 1943 [1, 4–10]. For example, Lototsky [5]

showed that for any integer q ≥ 2 and r ∈ Q, r 6= 0,−q j ( j = 1, 2, . . . ),

∞
∏

j=0

(1 + q− jr)

is irrational. For the cases when m = 2 and m > 2, there are only few results

[2, 3, 12, 13]. Recently, the second author [12] investigated the infinite products for

the multivariate case when m ≥ 2 and showed the following.

Theorem 1.1 If q,m,M ≥ 2 are positive integers and M ≥ m2 − 2, then for any
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positive rationals r1, r2, . . . , rm, at least one of the infinite products

F0 :=
∞
∏

j=0

(1 + q−M jr1 + q−2M jr2 + · · · + q−mM jrm),

F1 :=
∞
∏

j=0

(1 + q−M j−1r1 + q−2M j−2r2 + · · · + q−mM j−mrm),

...

FM−1 :=
∞
∏

j=0

(1 + q−M j−(M−1)r1 + q−2M j−2(M−1)r2 + · · · + q−mM j−m(M−1)rm)

is irrational. In particular, when M = m = 2, we have that at least one of the two

infinite products

∞
∏

j=0

(1 + q−2 jr1 + q−4 jr2) and
∞
∏

j=0

(1 + q−2 j−1r1 + q−4 j−2r2)

is irrational.

Since
∞
∏

j=0

(1 + q−2 jr1 + q−4 jr2) ×
∞
∏

j=0

(1 + q−2 j−1r1 + q−4 j−2r2) =

∞
∏

j=0

(1 + q− jr1 + q−2 jr2),

the last result of Theorem 1.1 also shows that at least one of the two infinite products

∞
∏

j=0

(1 + q− jr1 + q−2 jr2) and
∞
∏

j=0

(1 + q−2 jr1 + q−4 jr2)

is irrational.

Like the one variable infinite product, one should expect all such M infinite prod-

ucts to be irrational. So when M is large, the above result is weak. In this article, we

improve this result by considering the linear independence of these infinite products

and prove the following theorem.

Theorem 1.2 If m,M ≥ 2 are positive integers, let r1, r2, . . . , rm be positive rational

numbers and let q = α/β > 1 be a rational number with α > β > 0. Then the

dimension of the vector space QF0 + QF1 + · · · + QFM−1 + Q over Q is at least

(1.1)
⌈ 1 + M(M + 2 − m2)

m(Mm + M + 2)

log q

logα
− log β

logα

⌉

+ 1

where ⌈x⌉ is the smallest integer ≥ x. In particular, if q is a positive integer and

M ≥ m2 − 2 + m
√

m2 − 4

2
,

then the dimension of the vector space QF0 + QF1 + · · ·+ QFM−1 + Q over Q is at least

⌈ 1 + M(M + 2 − m2)

m(Mm + M + 2)

⌉

+ 1 ≥ 2.
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We remark that when m is fixed and M → ∞, the expression in (1.1) is

∼ M

m(m + 1)

log q

logα
.

Hence, at least∼ M
m(m+1)

log q
log α of these infinite products F0, F1, . . . , FM−1 are irrational.

2 Some Properties of the Infinite Products

In this section, for positive integer m and q, x1, x2, . . . , xm ∈ C with |q| > 1, we define

f (x) := fq(x1, x2, . . . , xm)

:=
∞
∏

j=0

(1 + q− jx1 + q−2 jx1x2 + · · · + q−m jx1 · · · xm).

(2.1)

This infinite product defines an entire function in Cm and we write its Taylor expan-

sion as

f (x) =

∞
∑

j1,..., jm=0

c j1,..., jm
x

j1

1 · · · x jm
m , c j1,..., jm

∈ C.

Clearly since f (0, . . . , 0) = 1, so we have c0,...,0 = 1. Moreover, in view of (2.1), the

exponent of xk in the Taylor expansion of f (x) is not less than the exponent of xl if

k ≤ l. Hence the non-zero term x
j1

1 · · · x
jm
m appearing in the Taylor expansion must

satisfy the condition j1 ≥ j2 ≥ · · · ≥ jm. It then follows that

(2.2) c j1,..., jm
= 0 if j1, . . . , jm is not in a decreasing order.

In view of (2.1), the infinite product f (x) also has the following functional equation

(2.3) f (qx) = (1 + qx1 + q2x1x2 + · · · + qmx1x2 · · · xm) f (x)

and hence the coefficients c j1,..., jm
satisfy the recurrence relation

(2.4) (q j1+···+ jm − 1)c j1,..., jm
= qc j1−1, j2,..., jm

+ q2c j1−1, j2−1, j3,..., jm
+ · · · + qmc j1−1,..., jm−1.

The following estimate to the coefficients is essential in the later sections.

Lemma 2.1 For j1, . . . , jm ≥ 0, let N = j1 + j2 + · · · + jm. If N ≥ 1, then

c j1, j2,..., jm
=

qN

∏N
j=1(q j − 1)

Q(q)

where Q(q) ∈ Z[q] of degree at most N(N − 1)/2.
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Proof The proof is by induction on N . If N = 1, by (2.2), the only non-zero

c j1, j2,..., jm
are

c j1, j2,..., jm
= c1,0,...,0 =

qc0,...,0

q − 1
=

q

q − 1

by (2.4). Suppose the lemma is true for any j1, . . . , jm ≥ 0 such that j1 + · · · + jm ≤
N − 1. We now suppose that j1 ≥ j2 ≥ · · · ≥ jk > jk+1 = · · · = jm = 0 for some

1 ≤ k ≤ m and j1 + · · · + jm = j1 + · · · + jk = N . Clearly, N ≥ k. Now by the

induction assumption and (2.4), we have

(qN − 1)c j1, j2,..., jm

= qc j1−1, j2,..., jm
+ · · · + qkc j1−1, j2−1,..., jk−1,0...,0

= q
qN−1

∏N−1
j=1 (q j − 1)

Q1(q) + · · · + qk qN−k

∏N−k
j=1 (q j − 1)

Qk(q)

=
qN

∏N−1
j=1 (q j − 1)

{

Q1(q) + (qN−1 − 1)Q2(q) + · · · +
( N−1

∏

j=N−k+1

(q j − 1)
)

Qk(q)
}

:=
qN

∏N−1
j=1 (q j − 1)

Q(q),

where the degree of Q j(q) ≤ (N − j)(N − j − 1)/2. Therefore the degree of Q(q) is

at most

(N − k + 1) + (N − k + 2) + · · · + (N − 1) + (N − k)(N − k − 1)/2

= N(N − 1)/2 − (N − k)

≤ N(N − 1)/2.

This proves the lemma.

Lemma 2.2 Let q > 1 be a real number and m be a positive integer. Define the

non-negative function ψ(N) recursively by ψ(N) = 0 for N < 0, ψ(0) = 1 and

(2.5) ψ(N) = q−(N−1)ψ(N − 1) + · · · + q−(N−m)ψ(N − m)

for N ≥ 1. Then for N ≥ m, we have

(2.6) ψ(N) ≤ K(m, q)q−
N2

2m
+ N

2 ,

where K(m, q) is an explicit constant defined below and depending only on q and m.

Proof By writing ψ(N) = q−N2/(2m)+N/2χ(N), (2.5) becomes

χ(N) =

m
∑

i=1

q−(2N−i)(m−i)/(2m)χ(N − i).
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We claim that

(2.7) χ(N) ≤ max{χ(0), . . . , χ(m − 1)}
N−m
∏

j=0

(1 − q−(2 j+m)/(2m))−1,

for N ≥ m. We prove this claim by induction on N . For N = m, we have

χ(m) = χ(0) + q−
m+1
2m χ(1) + · · · + q−

(2m−1)(m−1)
2m χ(m − 1)

≤ max{χ(0), . . . , χ(m − 1)} ×
{

1 + q−
1
2 + q−

2
2 + · · · + q−

m−1
2

}

≤ max{χ(0), . . . , χ(m − 1)}(1 − q−
1
2 )−1.

This proves (2.7) for N = m. By induction assumption, we have

χ(N) ≤ max{χ(0), . . . , χ(m − 1)}
m

∑

i=1

q−
(2N−i)(m−i)

2m

N−m−i
∏

j=0

(

1 − q−
2 j+m

2m

)−1

≤ max{χ(0), . . . , χ(m − 1)}
N−m−1

∏

j=0

(

1 − q−
2 j+m

2m

)−1
{

m
∑

i=1

q−
2N−i

2m
(m−i)

}

.

Here we understand that the empty product is 1. Now (2.7) follows from

m
∑

i=1

q−
2N−i

2m
(m−i) ≤

∞
∑

i=0

q−
2N−m

2m
i
=

(

1 − q−
2N−m

2m

)−1
,

and this proves the claim. We next observe that

N−m
∏

j=0

(

1 − q−
2 j+m

2m

)−1 ≤
(

1 − q−
1
2

)−1 N−m
∏

j=1

(

1 − q−
j

m

)−1

≤
(

1 − q−
1
2

)−1 ∞
∏

j=1

(

1 − q−
j

m

)−1
.

Hence this proves (2.6) for

K(m, q) = max{χ(0), . . . , χ(m − 1)}
(

1 − q−
1
2

)−1 ∞
∏

j=1

(

1 − q−
j

m

)−1
.

Corollary 2.3 Let j1, . . . , jm ≥ 0 and N = j1 + · · · + jm. For N ≥ 1, we have

c j1,..., jm
≤ K1(m, q)q−

N2

2m
+ N

2 ,

where K1(m, q) is an explicit constant defined below and depending only on q and m.
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Proof We will show that

(2.8) c j1,..., jm
≤ ϕ( j1 + · · · + jm)

for any j1, . . . , jm ≥ 0 where ϕ(N) is the non-negative function defined recursively

by ϕ(N) = 0 for N < 0, ϕ(0) = 1 and

(2.9) (qN − 1)ϕ(N) = qϕ(N − 1) + q2ϕ(N − 2) + · · · + qmϕ(N − m).

We claim that for N ≥ 1, ϕ(N) ≤ ψ(N)
∏N

j=1(1 − q− j)−1 where ψ is defined in

Lemma 2.2. The claim is clearly true for N = 1 because ϕ(1) = q/(q − 1) =

(1− q−1)−1 and ψ(1) = 1. From (2.5), (2.9) and the induction assumption, we have

ϕ(N) =

m
∑

i=1

qi

qN − 1
ϕ(N − i)

≤
m

∑

i=1

qi

qN − 1
ψ(N − i)

N−i
∏

j=1

(1 − q− j)−1

≤
{

m
∑

i=1

q−(N−i)ψ(N − i)
} N

∏

j=1

(1 − q− j)−1

= ψ(N)
N
∏

j=1

(1 − q− j)−1.

This proves the claim. By the recurrence relation (2.4), the inequality (2.8) can be

proved by induction on j1+· · ·+ jm in the same way as above. Thus, from Lemma 2.2,

we have

c j1,..., jm
≤ K(m, q)q−

N2

2m
+ N

2

N
∏

j=1

(1 − q− j)−1

≤ K(m, q)q−
N2

2m
+ N

2

∞
∏

j=1

(1 − q− j)−1

=: K1(m, q)q−
N2

2m
+ N

2 .

This completes the proof of Corollary 2.3.

3 Padé Approximation

We need here the standard q analogue of factorial and binomial coefficients. Define

the q-factorial to be

[n]q! := [n]! :=
(qn − 1)(qn−1 − 1) · · · (q − 1)

(q − 1)n
,
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where [0]q! := 1 and the q-binomial coefficient to be

[

n

k

]

q

:=

[

n

k

]

:=
[n]!

[k]![n − k]!
.

Then we have see [11])

(3.1)
n
∏

k=0

(t − q−k)−1
= (−1)n+1qn(n+1)/2

∞
∑

l=0

[

n + l

l

]

t l.

Lemma 3.1 If q > 1, then we have

(i)
[

n
k

]

=
[

n−1
k−1

]

+ qk
[

n−1
k

]

, for n > k ≥ 1;

(ii)
[

n
k

]

is a monic polynomial in q over Z of degree k(n − k) for n ≥ k ≥ 0;

(iii) all the coefficients of
[

n
k

]

in q are positive with sum at most 2n;

(iv)
[

n
k

]

≤ 2nqk(n−k).

Proof The lemma follows easily from the identity

[

n

k

]

=
(qn − 1)(qn−1 − 1) · · · (qn−k+1 − 1)

(qk − 1)(qk−1 − 1) · · · (q − 1)

and the induction on n and k.

From now on, we assume q > 1 and integers M,m ≥ 2 and consider

F(x) := fqM (x) =

∞
∏

j=0

(1 + q−M jx1 + q−2M jx1x2 + · · · + q−mM jx1 · · · xm)

and write

(3.2) F(x) =

∞
∑

j1,..., jm=0

d j1,..., jm
x

j1

1 . . . x
jm
m .

Similar to (2.3), the entire function F(x) satisfies the functional equation

F(q−Mkx) =

∞
∏

j=0

(1 + q−M j−Mkx1 + · · · + q−mM j−mMkx1 · · · xm)

=

( k−1
∏

j=0

(1 + q−M jx1 + · · · + q−mM jx1 · · · xm)
)−1

F(x)

= Rk(x)−1F(x),

(3.3)

where

Rk(x) :=
k−1
∏

j=0

(1 + q−M jx1 + · · · + q−mM jx1 · · · xm)

and R0(x) := 1. Note that Rk(x) is a polynomial in x1, x1x2, . . . , x1x2 · · · xm of de-

gree k.
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Lemma 3.2 Let

R(x) := Rn(x)
M−1
∏

j=1

Rn−1(q− jx) ∈ Z[q−1, x1, x1x2, . . . , x1x2 · · · xm]

be a polynomial in x1, x1x2, . . . , x1x2 · · · xm of degree at most nM. Then for 0 ≤ xi ≤ 1,

1 ≤ k ≤ n and j = 0, 1, . . . ,M − 1, we have

∣

∣

∣

R(x)

Rk(q− jx)

∣

∣

∣
≤ uq,

where uq :=
∏∞

j=0(1 + q−M j + · · ·+ q−mM j)M is a constant depending on q,m and M.

Proof For j > 0, we have

∣

∣

∣

R(x)

Rk(q− jx)

∣

∣

∣
=

∣

∣

∣

Rn−1(q− jx)

Rk(q− jx)

∣

∣

∣
|Rn(x)|

M−1
∏

l=1
l 6= j

|Rn−1(q−lx)|

≤
n−2
∏

l=k

(1 + q−Ml− j + · · · + q−mMl−m j)
n−1
∏

l=0

(1 + q−Ml + · · · + q−mMl)

×
M−1
∏

l=1
l 6= j

n−2
∏

r=0

(1 + q−Mr−l + · · · + q−mMr−ml)

≤
{ ∞

∏

l=0

(1 + q−Ml + · · · + q−mMl)
}M

= uq.

The case j = 0 can be proved similarly.

For n ≥ 1 a fixed integer, we let

I(x) :=
1

2πi

∫

Γ

F(tx)dt

(

Mn
∏

k=0

(t − q−k)
)

tn+1

,

where Γ is a circle centered at origin with radius > 1.

As in [12], we define

ak(q) := (−1)k

[

Mn

k

]

qk(k+1)/2+nk, k = 0, 1, 2, . . . ,Mn,

A0(x) :=
qMn(Mn+1)/2

(q − 1)Mn[Mn]!

n
∑

k=0

aMk(q)R−1
k (x),

A j(x) :=
qMn(Mn+1)/2

(q − 1)Mn[Mn]!

n−1
∑

k=0

aMk+ j(q)R−1
k (q− jx), j = 1, 2, . . . ,M − 1,
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and

(3.4) B(x) :=
1

n!

dn

dtn

{

F(tx)
∏Mn

k=0(t − q−k)

}

t=0

.

It is proved in [12] that

(3.5) I(x) = A0(x)F(x) + A1(x)F(q−1x) + · · · + AM−1(x)F(q−M+1x) + B(x).

However, A j(x) and B(x) are not integral over q and x. For j = 0, 1, 2, . . . ,M − 1,

we let

A∗
j (x) := qmM2n(n−1)/2

(

Mn
∏

j=1

(1 − q− j)
)

R(x)A j(x),(3.6)

B∗(x) := qmM2n(n−1)/2
(

Mn
∏

j=1

(1 − q− j)
)

R(x)B(x).(3.7)

From [12], we know that for j = 0, 1, 2, . . . ,M − 1,

A∗
j (x),B∗(x) ∈ Z[q, x1, x1x2, . . . , x1x2 · · · xm].

and the degrees of A∗
j (x) and B∗(x) in x1, x1x2, . . . , x1x2 · · · xm are at most Mn and

(M + 1)n respectively.

Lemma 3.3 For integers q > 1,M,m ≥ 2 and positive real numbers 1 ≥ x1, . . . ,
xm > 0, we have

degq(A∗
j (x)) ≤ 1

2
M(Mm + M + 2)n2 + O(n)

and
∣

∣

∣
A∗

j (x)
∣

∣

∣
≤ q

1
2

M(Mm+M+2)n2+O(n)

for j = 0, 1, 2, . . . ,M − 1.

Proof By Lemma 3.2, we have

|A∗
0 (x)| = qmM2n(n−1)/2

( Mn
∏

j=1

(1 − q− j)
)

|R(x)A0(x)|

= qmM2n(n−1)/2
∣

∣

∣

n
∑

k=0

aMk(q)
R(x)

Rk(x)

∣

∣

∣

≤ uqqmM2n(n−1)/2

n
∑

k=0

|aMk(q)|.
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It then follows from Lemma 3.1(iv) that

|A∗
0 (x)| ≤ uqqmM2n(n−1)/2

n
∑

k=0

[

Mn

Mk

]

qMk(Mk+1)/2+nMk

≤ 2nMuqqmM2n(n−1)/2

n
∑

k=0

qMk(Mn−Mk)+Mk(Mk+1)/2+nMk

≤ 2nM(n + 1)uqq
1
2

M(Mm+M+2)n2+ 1
2

M(1−Mm)n

≤ q
1
2

M(Mm+M+2)n2+O(n).

(3.8)

Since A∗
0 (x) ∈ Z[q, x1, . . . , xm] and uq ≪ 1 as q → +∞, so from (3.8) we have

degq(A∗
0 (x)) ≤ 1

2
M(Mm + M + 2)n2 + O(n).

The case j ≥ 1 can be proved in the same way.

Lemma 3.4 For integers q > 1,M,m ≥ 2 and positive real numbers 1 ≥ x1, . . . ,
xm > 0, we have

degq(B∗(x)) ≤ 1

2
M(Mm + M + 2)n2 + O(n),

|B∗(x)| ≤ qM(Mm+M+2)n2/2+O(n).

Proof In view of (3.1), (3.2) and (3.4), we have

B(x) = (−1)Mn+1qMn(Mn+1)/2
∑

j1,..., jm,l≥0
j1+···+ jm+l=n

d j1,ldots, jm
x

j1

1 · · · x jm
m

[

Mn + l

l

]

= (−1)Mn+1qMn(Mn+1)/2

n
∑

µ=0

[

(M + 1)n − µ

n − µ

]

∑

j1+···+ jm=µ

d j1,..., jm
x

j1

1 · · · x jm
m .
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Now using Corollary 2.3 and Lemma 3.1(iv), we have

|B(x)| ≤ qMn(Mn+1)/2

n
∑

µ=0

[

(M + 1)n − µ

n − µ

]

∑

j1+···+ jm=µ

K1(m, qM)q−Mµ2/(2m)+Mµ/2

≤ qMn(Mn+1)/2K1(m, qM)

n
∑

µ=0

q−Mµ2/(2m)+Mµ/22(M+1)n−µ

× q(n−µ)((M+1)n−µ−(n−µ))
∑

j1+···+ jm=µ

1

≤ K1(m, qM)2(M+1)nqMn(Mn+1)/2

n
∑

µ=0

q−Mµ2/(2m)+Mµ/2+Mn(n−µ)
∑

j1+···+ jm=µ

1

≤ K1(m, qM)2(M+1)nqMn(Mn+1)/2+Mn2
n

∑

µ=0

∑

j1+···+ jm=µ

1

≤ (n + 1)mK1(m, qM)2(M+1)nqMn(Mn+1)/2+Mn2

.

It follows from (3.7) and the fact that |R(x)| ≤ uq that

|B∗(x)| ≤ (n + 1)mK1(m, qM)uq2(M+1)nqmM2n(n−1)/2+Mn(Mn+1)/2+Mn2

≤ q
1
2

M(Mm+M+2)n2+O(n).

The degree B∗(x) in q can be estimated as before.

Lemma 3.5 For integers q > 1,M,m ≥ 2 and positive real numbers 1 ≥ x1, . . . ,
xm > 0, we have

log I(x) = − 1

2m
M(M + 1)2n2 log q + O(n),

where the implicit constant depends on q,m,M and xi .

Proof We first have from [12, (2.19)] that

I(x) ≤ c(q,M,m)q−M(M+1)2n2/(2m)−M(M+1)n/2.
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We now consider the lower bound for I(x). Note that

I(x) =
1

2πi

∫

Γ

F(tx)dt
(

∏Mn
k=0(t − q−k)

)

tn+1

=
1

2πi

∫

Γ

F(tx)

t(M+1)n+2

( Mn
∏

k=0

( 1

1 − 1/(qkt)

))

dt

=
1

2πi

∫

Γ

F(tx)

t(M+1)n+2

( Mn
∏

k=0

(

∞
∑

j=0

(
1

qkt
) j

))

dt

=
1

2πi

∫

Γ

F(tx)

t(M+1)n+2

(

∑

j0,..., jMn≥0

Mn
∏

k=0

( 1

qkt

) jk
)

dt

=

∑

j0,..., jMn≥0

q−
PMn

k=0 k jk · 1

2πi

∫

Γ

F(tx)dt

t(M+1)n+2+( j0+···+ jMn)

=

∑

j0,..., jMn≥0

q−
PMn

k=0 k jk

∑

l1,l2,...,lm≥0
l1+l2+···+lm=(M+1)n+1+ j0+···+ jMn

dl1l2...lm xl1
1 xl2

2 · · · xlm
m

≥
∑

l1,l2,...,lm≥0
l1+l2+···+lm=(M+1)n+1

dl1l2...lm xl1
1 xl2

2 · · · xlm
m

≥ da+1,a+1,...,a+1,a,...,axa+1
1 · · · xa+1

b xa
b+1 · · · xa

m,

where a and b are given by (M + 1)n + 1 = am + b with 0 ≤ a and 0 ≤ b ≤ m − 1.

Now using the recursion formula for dl1l2...lm , we get

da+1,a+1,...,a+1,a,...,a =
(qM)bda,a,...,a

qM(am+b) − 1

and

da,a,...,a =
qmMda−1,a−1,...,a−1

(qMma − 1)
= · · · =

qamM

(qMma − 1)(qMm(a−1) − 1) · · · (qMm − 1)
.

It follows that

da+1,a+1,...,a+1,b,...,b =
q(am+b)M

(q(am+b)M − 1)(qMma − 1)(qMm(a−1) − 1) · · · (qMm − 1)

≥ q−Mm(1+···+a)

= q−Mma(a+1)/2

≥ q−Mm((M+1)n+1)/m(((M+1)n+1)/m+1)/2

= q−
M(M+1)2n2

2m
−M(M+1)(m+2)n

2m
− M(m+1)

2m ,
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because a = [ (M+1)n+1
m

] ≤ (M+1)n+1
m

. Therefore

q−
M(M+1)2n2

2m
−M(M+1)(m+2)n

2m
− M(m+1)

2m (x1 · · · xm)((M+1)n+1)/m(x1 · · · xb)

≤ I(x) ≤ c(q,M,m)q−M(M+1)2n2/(2m)−M(M+1)n/2

and hence

log I(x) = −M(M + 1)2n2

2m
log q + O(n)

where the implicit constant depends only on q,m,M and xi .

4 Proof of the Theorem

To prove our theorem, we will apply the following result due to Nesterenko [7].

Lemma 4.1 Suppose w = (w1, . . . ,wk) ∈ Rk\{0}. If there exist n0 ∈ N and

τ > 0 and an unbounded, monotonically increasing function G : N → (0,∞) with

lim supn→∞ G(n + 1)/G(n) ≤ 1, and a sequence (Ln)n≥n0
of integral linear forms sat-

isfying

(4.1) log |Ln(w)| + τG(n) = o(G(n)), and log ‖Ln‖ ≤ G(n),

where ‖Ln‖ is the usual Euclidean norm, then

dimQ (Qw1 + Qw2 + · · · + Qwk) ≥ 1 + τ .

We now come to the proof of our theorem. Our aim is to construct an integral

linear form satisfying (4.1).

Let the notation be as in Theorem 1.2. Let ri =
ai

bi
with ai, bi > 0 and gcd(ai, bi) =

1. Let B := lcm{b1, b2, . . . , bm} and x1 = r1, x j =
r j

r j−1
, j = 2, 3, . . . ,m. In view of

(3.3), we can see that the irrationality of F(x) is equivalent to the irrationality of

F(q−Mkx) for any integer k ≥ 0. Thus, we may assume that 1 ≥ r1 ≥ r2 ≥ · · · ≥
rm > 0 so that 0 < xi ≤ 1 for 1 ≤ i ≤ m.

Let q =
α
β > 1 with α, β > 0. Consider the linear form

Ln(ω) := β
1
2

M(Mm+M+2)n2+O(n)B(M+1)n
(

A∗
0 (x)ω0 + · · · + A∗

M−1(x)ωM−1 + B∗(x)ωM

)

.

Then since the degrees of A∗
j (x) and B∗(x) in x1, x1x2, . . . , x1x2 · · · xm are at most

(M + 1)n and their degrees in q are at most 1
2
M(Mm + M + 2)n2 + O(n) by Lemmas

3.3 and 3.4, so the linear form Ln(ω) indeed has integer coefficients.

Let ω j = F(q− jx), 0 ≤ j ≤ M − 1 and ωM = 1. Then in view of (3.5), (3.6) and

(3.7),

Ln(ω) = β
1
2

M(Mm+M+2)n2+O(n)BMnq
mM2n(n−1)

2 R(x)I(x)
Mn
∏

j=1

(1 − q− j).
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Therefore,

log |Ln(ω)| =
1

2
M(Mm + M + 2)n2 logβ +

mM2n2

2
log q + O(n) + log |I(x)|,

because
∏∞

j=1(1 − q− j) <
∏Mn

j=1(1 − q− j) < 1 and log |R(x)| ≤ log uq. Hence

log |Ln(ω)| =
1

2
M(Mm + M + 2)n2 logβ

− M(1 + M(M + 2 − m2))

2m
n2 log q + O(n),

by Lemma 3.5. On the other hand,

log ‖Ln‖ =
1

2
log

{

|A∗
0 (x)|2 + · · · + |A∗

M−1(x)|2 + |B∗(x)|2
}

+
1

2
M(Mm + M + 2)n2 log β + O(n)

≤ 1

2
M(Mm + M + 2)n2 logα + O(n)

by Lemmas 3.3 and 3.4.

Let

G(n) =
1

2
M(Mm + M + 2)n2 logα + O(n).

Then log |Ln(ω)| + τG(n) = o(G(n)) and log ‖Ln‖ ≤ G(n), where

τ =
1 + M(M + 2 − m2)

m(Mm + M + 2)

log q

logα
− logβ

logα
.

Therefore, by Lemma 4.1

dimQ

(

QF(x) + QF(q−1x) + · · · + QF(q−(M−1)x) + Q
)

≥ 1 + τ .

This proves Theorem 1.1.

If q is an integer, i.e., β = 1 and α = q, then

τ =
1 + M(M + 2 − m2)

m(Mm + M + 2)
.

We note that τ > 0 if and only if

M ≥ m2 − 2 + m
√

m2 − 4

2
.

In particular, if m ≥ 2 and

M ≥ m2 − 2 + m
√

m2 − 4

2
,

then dimQ (QF(x) + QF(q−1x) + · · · + QF(q−(M−1)x) + Q) ≥ 2. This completes the

proof of Theorem 1.2.
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