FINITE GROUPS WHICH ADMIT AN AUTOMORPHISM
WITH FEW ORBITS

DANIEL GORENSTEIN

1. Introduction. In the course of investigating the structure of finite
groups which have a representation in the form ABA4, for suitable subgroups
A and B, we have been forced to study groups G which admit an automor-
phism ¢ such that every element of G lies in at least one of the orbits under ¢
of the elements g, go'(g), g¢"(2)¢*"(2), 29" (g)9* (¢)9*"(g), etc., where g is a
fixed element of G and 7 is a fixed integer.

In a previous paper on 4BA-groups written jointly with I. N. Herstein
(4), we have treated the special case » = 0 (in which case every element
of G can be expressed in the form ¢%(g?)), and have shown that if the orders
of ¢ and g are relatively prime, then G is either Abelian or the direct product
of an Abelian group of odd order and the quaternion group of order 8. In
another paper (3), the author has shown that if each element of G lies in
exactly one of these orbits, then G must be an elementary Abelian group of
type (P, p,...,p). The purpose of this paper is to prove more generally
that any finite group G which admits an automorphism whose orbits are of
the above form is necessarily solvable (Theorem 5). The burden of the proof
rests on the case in which ¢ leaves only the identity element of G fixed, and
in this case we shall show that G is in fact nilpotent (Theorem 4).

In the course of the proof we first establish the nilpotency of G in the
so-called non-exceptional case (in particular, if G is solvable) (Theorem 1).
For this case our statement and argument resemble a result of Feit (2) and
Higman (5), which asserts that a solvable group having an automorphism
of prime order which leaves only the identity element fixed is necessarily
nilpotent.* Their argument actually applies if G is assumed to be p-normal
for all plo(G). Recently it has been announced by J. G. Thompson that G
must in fact be p-normal for all p|o(G) whenever G admits an automorphism
of prime order leaving only the identity element of G fixed, from which it
follows that an arbitrary group G admitting such an automorphism is necess-
arily nilpotent.}

However, not much is known concerning the structure of G if ¢ is of com-
posite order. It is not difficult to construct a solvable non-nilpotent group G
admitting an automorphism ¢ of composite order leaving only the identity
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element of G fixed; and it is an open question whether G must be solvable
to admit such an automorphism even when ¢ has order 4.

We see then that our assumption on the orbits of G is a strong one since
no other conditions on G or the order of ¢ are needed to prove that G is nil-
potent if ¢ leaves only the identity element of G fixed. A direct consequence
of this assumption is a simple inequality (Lemma 2.3) which exists between
the order of ¢ and the order of G; and it is this inequality which lies at the
heart of many of our arguments.

In §§ 10 and 11 we shall determine the structure of groups of prime power
order which admit an automorphism ¢ without non-trivial fixed elements
satisfying our special condition on orbits, and shall show that such a group
is either Abelian or of class 2 (Theorem 8). Combining this result with Theorem
4, it will follow that any group G admitting such an automorphism ¢ without
non-trivial fixed elements is either Abelian or nilpotent of class 2 (Theorem 9).

In the final section we shall determine the precise connection between
groups whose orbits satisfy this condition and groups of the form ABA. As
an application we shall prove the solvability of a certain class of A BA-groups
(Theorem 10).

The author wishes to thank Prof. Herstein for his considerable help in the
preparation of this paper, particularly with the proof of Lemma 3.1.

2. ¢-groups. We shall call a group G a ¢-group if G admits an automor-
phism ¢ such that every element of G can be expressed in the form ¢*(g¢"(g) ...
¢"=1(g)) for some fixed integer r and some fixed element g in G, ¢ and j
being arbitrary. The element g will be called a generator of G under ¢, and
r will be called the index of G with respect to g, or simply the index of G.

For simplicity we exclude the trivial case in which the order % of ¢ is 1.
This implies, in particular, that o(G) > 1. We may further assume that 7|k
for otherwise set 71 = (7, k) and define ¢, = ¢"/"1. Then clearly ¢; has order
h, G is a ¢,-group of index r; with respect to g, and we have r1|k. In the special
case in which # = r, and hence in which every element of G can be expressed
in the form ¢%(g?), we shall say that G is a ¢-group of index 0.

We can imbed G as a normal subgroup of a group G*, which contains an
element a of order % such that aga™' = ¢(g) for all g in G and such that
G* = GA, where A denotes the subgroup generated by a. If ¢ is of prime
order and leaves only the identity element of G fixed, it is easy to show that
G* is a Frobenius group and that G is the regular subgroup of G*. By analogy
with this case, we shall say, whenever ¢ leaves only the identity element of
G fixed, that G is a regular ¢-group, and that ¢ is a Frobenius automorphism
of G.

For brevity we also introduce the symbol [g],7 for the element g¢’(g) . . .
67D (g). For completeness we set [g],° = 1. This symbol has several formal
properties which we shall use repeatedly throughout the ensuing discussion,
and which for convenience we incorporate into the following lemma:
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LEMMA 2.1. Let ¢ be an automorphism ofo rder h of a group G. For any g in
G and any integers i, j, k, r, we have [[g],’],* = [g],”* and [g],"+* = [g], 7977 ([g]¥).
Furthermore, if h|r, [g],’ = g’; while if r|h and ¢" is Frobenius, [g),*/"=1.

Proof. All these relations except the last follow immediately from the defi-
nition of the symbol [g],”. On the other hand, if ¢" leaves only the identity
element of G fixed, it is easy to see that g can be written in the form x~1¢"(x)
for some x in G. But then [g],*" = (x71¢"(x)) (¢" (x~ 19" (%)) ... ¢" " (x~1p"(x))
= x"l¢"(x) = 1.

The following lemma shows that the property of being a ¢-group carries
over to subgroups and factor groups of G.

LEMMA 2.2. Let G be a ¢-group of index r with respect to the generator g, and
let H be a subgroup of G invariant under ¢. Then H is a ¢-group of index rs
with respect to the generator [g],* for some integer s. If H is normal in G and
G = G/H then G is a $-group of index r with respect to the generator §, where
&,G denote respectively the image of ¢ on G and the residue of g in G. Furthermore,
no proper subgroup of G invariant under ¢ contains g.

Proof. The last two statements of the lemma follow at once from the defini-
tion of a ¢-group. To prove the first assertion, let s be the least positive integer
such that g; = [g],* is in H. Since H is invariant under ¢, every element of G
of the form ¢*([gi],s’) is in H. Conversely, if [g],* € H, write k = sj + ¢ and
use Lemma 2.1 to get

[e]7 = [e]i” ¢ ([e]D) = [&:lls8™ ([g]9),

whence [g],’ € H. Since s is the least positive integer with this property,
t = 0, and it follows that every element of H is of the form ¢*([g1],:/). Thus H
is a ¢-group of index rs with generator [g],*.

Finally, we shall establish a simple, but extremely important, relation
between the order of ¢ and the order of G.

LEMMA 2.3. Let G be a ¢-group of index r with respect to a generator g of G;
let b be the order of ¢ and let k be the least integer such that [g],* = 1. Then
hk > 0o(G). In particular, if ¢7 is Frobenius, k = h/r.

Proof. Since every element of G must be in the orbit under ¢ of one of the
k elements [g],/, j = 1,2, ..., k, since each of these orbits contains at most
h elements, and since the last one of them consists of only the identity element
of G, the inequality kk > 0(G) is immediate.

If ¢" is Frobenius, Lemma 2.1 shows that [g],»/" = 1. The proof of this
equality shows also that for any value of j < &/7, [g]/Y # 1. Thus k = h/r.

3. Automorphisms of a class of groups of order pmg". In the next

three sections we shall show that a regular ¢-group in which no subgroup
has an exceptional group as a composition factor is nilpotent. The heart of
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the problem is to prove this result for certain ¢-groups of order p™g"; §§ 3
and 4 are devoted to this special case.

LEMMA 3.1. Let G be a group of order p™q", p and q being primes, in which
the p-Sylow subgroup P is normal in G and Abelian of type (p, p,...,P),
while the g-Sylow subgroups are Abelian of type (q, q, - - ., q); and assume that
the centre of G s trivial. Suppose ¢ 1s an automorphism of G of order h such
that no proper subgroup of P which 1s invariant under ¢ is normal in G and
such that some q-Sylow subgroup Q, but no proper subgroup of Q, is invariant
under ¢. Then if d is the order of ¢ on Q, we have d\m and hld(p™'¢ — 1).

Proof. Since G has no centre, p # g and m, n > 0.

Since each element y in Q induces by conjugation an automorphism ,
of P, there exists a group of automorphisms A acting on P which can be
expressed in the form QR, where Q is normal in 4 and is isomorphic to Q
under the correspondence ¢, <> v, where R is the cyclic subgroup generated
by ¢, and where

N ¢ W, = Yuq for all ¥ in Q.

For all y in Q, we have ¢%(y) = v, and hence ¢~%,¢¢ = ¢,. Thus ¢¢ is in
the centre of 4, and since Q is Abelian, the subgroup 4, generated by ¢ and
Q is Abelian.

We shall regard P as an m-dimensional vector space over the prime field
K with p-elements, and 4 as a group of linear transformations acting on P.
If K* denotes the algebraic closure of K and P*, the m-dimensional vector
space over K*, we may also consider 4 as a group of linear transformations
on P*.

Now let W be a minimal subspace of P, invariant under ¢, and of dimension
t, and let f(x), of degree ¢t and irreducible over K, be the minimal polynomial
of ¢¢ on W. Since ¢? is in the centre of 4, the subspaces ¢, (W) are invariant
under ¢? for all 7 and all ¥ in Q, and ¢* has the same minimal polynomial
f(x) on each of these subspaces. Let

Py = ;/ ¢l¢u(W>

It follows immediately from (1) that P, is left fixed by every element of 4.
Regarded as a subgroup of P, P, is thus normal in G and invariant under ¢,
whence by our hypotheses P, = P. Since now P is the sum of minimal sub-
spaces invariant under ¢¢, it follows that P is the direct sum of subspaces
Wiy, Ws, ..., W, each of dimension ¢, each invariant under ¢¢%, and on each
of which the minimal polynomial of ¢¢ is f(x). Thus

(2) m = st and f(x)® is the characteristic polynomial of ¢ on P.

The order w of ¢% on P is the same as its order on each of the subspaces W,
and since f(x) is irreducible, it follows that w|[p’ — 1. In particular, this
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implies (w, p) = 1, and hence that the order of 4, is relatively prime to p. It
follows that the representation of A, in P* is completely reducible.

Now 4, is Abelian and P* has coefficients in an algebraically closed field;
hence we can find a vector x; # 0 in P* which is a common characteristic
vector of every element in 4,. We shall show that for 0 < 7 < d the vectors
¢*(x;) are also common characteristic vectors of Ay and that they generate
a d-dimensional subspace of P*, invariant under 4.

For each ¥ in Q, we have

3) Yol (%1) = @y

for some element a;, in K*. Thus ¢~ ¢ (x1) = ¥si@ (x1) = ayx1, so that
Yy (¢(x1)) = ayd*(x1), proving that ¢*(x1) is a common characteristic vector
of the elements of Q. Since ¢%/ and ¢! commute, ¢i(x;) is also a characteristic
vector of ¢%7, and hence of every element of A,.

Let P*; be the subspace of P* generated by the vectors ¢*(x;). Since
¢%(x1) = bix, for some b; in K*, P*, is invariant under 4 ; furthermore, the
vectors x1, ¢(x1), . . ., ¢?(x1) are linearly dependent and hence dim P*; < d.

Suppose if possible that dim P*; = & < d. Then for 0 < 7 < k the vectors
¢*(x1) are linearly independent, and furthermore

4) o (x1) = coxr + c1p(x1) + ... + k16" (x1), ¢; € K¥,
and ¢y # 0. Apply ¢, to (4) and use (3) to obtain
(5) aky¢k(xl) = CoQoyX1 -+ C1dly¢'(x1) + ...+ Ck—lak—1y¢k"'l(3’)~

Now multiply (4) by ay, and subtract from (5), obtaining
co(@oy — ar)x1 + c1(ay — aw)d(x1) + ... + cea(@r1y — )" (x1) = 0.

Since x1, ¢(x1), ..., $*1(x;) are linearly independent and since ¢, # 0, we
conclude that

(6) Ay = Qoy.
But (6) implies
oM, (21) = and 0" (1) = agar % = %1

Thus x; is a common characteristic vector of all commutators ¢—*y, 1¢%y,,
y € Q, with the common characteristic root 1. Since these linear transforma-
tions are defined over K and 1 is in K, it is easy to show that they have a
common characteristic vector z; %2 0 in P with a common characteristic
root 1. But then

Yo", (x1) = ¢ (¥ (" (v 2y))y™h) = 2,

and it follows that ¢~*(y)y~! is in the centralizer of ¢*(z;) for all y in Q. But
Q is Abelian and hence the set of elements ¢*(y)y~! form a subgroup Q, of
Q, which is clearly invariant under ¢. Since 2 < d and d is the order of ¢
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on Q, Qy # 1 and our hypotheses imply that Q, = Q. Thus ¢*(2;) commutes
elementwise with @, and since P is Abelian, lies in the centre of G, contrary
to the fact that G has a trivial centre. Thus dim P*, = d, as asserted, and
with respect to this basis, ¢ is represented on P*; by the companion matrix

0 1 .. .0
001 .. .0
(7) o, =
000 .. .1
b0 O . . .0

Since 4, is completely reducible and leaves P* invariant, we can write
P* = Py @ P, where P’ is invariant under 4,. If P’ # 0, we can construct
as above a d-dimensional subspace P*, C P’, invariant under 4, and with
respect to a suitable basis of P*,, ¢ will be represented by a companion matrix
®,, of the same form as ®,, with possibly a different element b, in the dth
row, 1st column. Continuing this process, we can represent P* as the direct
sum of subspaces P*;, P*,, ..., P*, each invariant under 4 and of dimension
d, and with respect to a suitable basis of P*, ¢ is represented by the matrix

@,
b,

(8) ¢ =

28

where each ®; is a companion matrix of the form (7), having some element
b; of K* in its dth row, 1st column. In particular,

(9) m = d\.

From (8) we see that the characteristic polynomial of ¢ over P* is
g(x) = (x% — b)) (2% — b2) ... (x* — b) and that the characteristic poly-
nomial of ¢% is A(x)? = [(x — b)) (x — bs) ... (x — by)]% Since ¢ is defined
over P, the coefficients of g(x) and hence of 2(x) are in K. A comparison with
(2) now yields

(10) fx)® = h(x)"
But f(x) is irreducible, and hence d|s and k(x) = f(x)*/% It follows that
the roots by, . . ., by of h(x) are roots of f(x) and hence lie in the field with p*

elements. Since ts = m and d|s the quantities b; lie in the field with p™/¢
elements, and hence have orders dividing p™/¢ — 1. But by (8) ¢¢is a diagonal
matrix with by, s, . .., by as diagonal entries, and it follows that the order
of ¢? divides p™/® — 1, which completes the proof of the lemma.

LemMA 3.2. If G satsifies the hypotheses of the preceding lemma, let F denote
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the set of elements of G left fixed by ¢7, for some fixed integer r. Then either F C P,
F=0Q,o0r F=G.

Proof. If F P, there exists an element z in F with 3 = xy, x in P, and
y # 1in Q. We have xy =z = ¢"(2) = ¢"(x)¢"(y), whence x¢"(x~1) = y¢"(y™1).
Since the left side of this equation is an element of P, while the right is an
element of Q, each is the identity, and so ¢’(y) = y. Thus y € Q N F, which
is invariant under ¢. But Q M F # 1 and it follows from the hypotheses of
Lemma 3.1 that Q N\ F = Q. Thus either FC P or Q C F.

Suppose now that F > Q, whence FN\P # 1. If x € FN P, ¢ (yxy™?)
= ¢"(¥)o"(x)p"(y™!) = yxy~!, and hence yxy~! is in FM P for any y in Q.
Thus F N\ P is normal in G, and being invariant under ¢, must equal P. Thus
F contains P as well as Q, and we conclude that F = G.

4. ¢-groups of order p™g". We shall need a preliminary lemma.

LeEMMA 4.1. Let G be an Abelian ¢-group of index r, of order p™ and of type
(P, Py .- ., D) and let h be the order of ¢. Suppose d|r, d|m, and h|d(p™* — 1).
Then either d = 1 or d = 2, r # 0, and the subgroup F left elementwise fixed by
¢ has order p.

Proof. Let s = m/d. Since 0(¢%)|p® — 1, ¢¢ is completely reducible when
considered as a linear transformation, and each of its irreducible constituents
has dimension < s. Thus G is the direct product of subgroups Gi, Gs, . . ., Gy
invariant under ¢%, each of order < p° and & > d.

Let g be a generator of G under ¢ of index » and write g = gigs. .. g,

g:€ Gy, 1=1,2,...,k Since G is Abelian, we have
d
(a1 @1 = T el

Since ¢¢ leaves G; invariant and since d|r, it follows that [g,],” € G, for all 1, j.
Suppose first that »r = 0. Then [g],> = 1 and we have kp > 0(G), whence

d(p® — 1) > p*-1, which impliesd = 1l ord =2,s =1, and & = 2(p — 1).
On the other hand, if » ## 0, the element

[gt]’rﬂ_l
has order 1 or p and is invariant under ¢”, whence by (11) the same is true of
el
It follows in either case that
gl = 1
and hence that A(p(p®* — 1)) > 0(G). Thus
(12) d(p* = 1? > pt
The only solutions of (12) ared =1,d =2,0ord=3,s=1,and h =3(p—1).
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In the third case the G,; are cyclic of order p, for 2z =1,2,3 and are
permuted cyclically by ¢. But then if the subgroup F left elementwise fixed
by ¢” were to contain some G, it would follow that F = G, whence G would
be of index 0 which is not the case. It follows that F = 1 and hence that
[g] 7! = 1. This leads, as in (12), to the inequality 3(p — 1)2 > p?, which
is impossible.

We show next that d = 2, h = 2(p* — 1) is impossible. In this case
G = G, ® G» where Gy, G, are invariant under ¢°, of order p¢, and are per-
muted by ¢. If either g, = 1 or g» = 1 ¢*([g],?) € G1\J Gy, which is a proper
subset of G. Thus we must have g = gig» with g1 # 1, g, # 1. But now ¢*
has order p* — 1 on both G, and G, and so [g»],7 = 1 implies [gi],” = 1. Thus
the identity is the only element of G; which is of the form ¢?([g],?), contrary
to the fact that G is a ¢-group.

Suppose next thatd = 2 and & < 2(p* — 1). Since h|2(p® — 1), we conclude
that 2 < p* — 1. But now [g]/*" = 1 implies A%/r > p?* which is clearly
impossible. Thus [g]*" = x # 1. Since ¢"(x) = x, the subgroup F left
elementwise fixed by ¢” is not the identity. On the other hand, [g],*"/" = 1
and so h(h/r)p > p*s. It follows that » < p. Now F is of index 0, and hence
every element of F is of the form ¢?(y’) for some element y in F. But ¢ has
order » on F, and consequently rp > o(F). Since » < p, we conclude that
F is cyclic, and the lemma is proved.

We are now ready to prove our main result concerning ¢-groups of order
g

LEMMA 4.2. If a ¢-group satisfies the conditions of Lemma 3.1, then ¢ leaves
some element other than the identity fixed.

Proof. Let g be a generator of G under ¢ of index 7, and let F be the sub-
group of G of fixed elements under ¢’. According to Lemma 3.2 either F C P,
F=0Q, or F=0G.

Case 1. F C P. Write g = xy, with x in P, ¥ in Q. P is normal in G, and
hence [g], = x,[y],? for some x,in P. If ¢ is the least integer such that [y],!=1,
then ¢ is the least integer such that [g],'is in P, and hence P is a ¢-group of
index rt. Moreover, since Q is Abelian, it follows that ¢"*(y) = y. But now
the subgroup of Q left fixed elementwise by ¢’ is invariant under ¢ and
contains ¥, whence by our hypotheses it must equal Q. Thus the order d
of ¢ on Q divides 7¢, the index of P. In view of Lemma 3.1, P now satisfies
all the conditions of Lemma 4.1, and hence either d = 1, in which case ¢
is the identity on Q, or d = 2 and the subgroup F; of P left elementwise
fixed by ¢"* is cyclic.

In the latter case, ¢" leaves only the identity element of Q fixed, since
F C P, and hence ¢" has order 2 on Q. It follows that ¢7(z) = 2! for all 2
in Q. In particular this implies ¢ = 2. Furthermore if ¢, denotes the auto-
morphism of P induced by conjugation by an element z in Q, we also have
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Y.~ = y,. If F1 = (x1), we conclude at once that ¢* (¥,(x1)) = ¥, (x1),
whence ¥,(x;) € Fi for all z in F,. Thus F; is normal in G, and being in-
variant under ¢, Fy = P, whence o(P) = p. Hence m = 1, contrary to the
fact that d/m by Lemma 3.1.

Case 2. F = Q. Since F# G, r # 0. If r = 1, every element of Q is left
fixed by ¢. Hence we may assume » > 1. We have [y],2 = y? = 1, and hence
x, = [g],2 € P. Since ¢" is without non-trivial fixed elements on P, [x,],"/" = 1,
[g],?/" = 1, and h%q > ro(G) by Lemma 2.3. Since k|d(p™¢ — 1), we have

(13) 2 (pne — DT > rprgt

The only solutions of (13) are d = 1, in which case the lemma follows, or
d=2and r =2,3. If d =2, ¢? leaves Q elementwise fixed, while if » = 3,
¢? leaves Q elementwise fixed. Hence the case d = 2, » = 3 implies ¢ is the
identity on Q. In the remaining case d = 2, r = 2, we have d|r and hence by
Lemma 4.1, the subgroup F; of P left elementwise fixed by ¢%?is cyclic (since
P is of index 2¢). This leads to a contradiction as in Case 1.

Case 3. F = G. This is the case » = 0. P is also of index 0, so that d divides
the index of P, whence by Lemma 4.1, d = 1. Thus ¢ is the identity on Q,
and the lemma is established.

We wish to point out that there do exist ¢-groups satisfying the conditions
of Lemma 3.1 in which ¢ leaves some non-trivial element of G fixed. Perhaps
the simplest example is the symmetric group S; on three letters, which can
be defined by the relations x* = y> = 1 and y xy~! = x~ L. It is easily checked
that S; is a ¢-group of index 1 with respect to the automorphism ¢ defined
by: ¢(x?y?) = x~'y’, the element xy being a generator of S; under ¢.

5. Solvable and non-exceptional ¢-groups. A group G is called excep-
tional if G is a non-cyclic simple group in which the normalizer of every
characteristic subgroup # 1 of a p-Sylow subgroup P of G is P, for all primes
plo(G). It is easily shown that if G is solvable or if every Sylow subgroup of
G is Abelian, then no subgroup of G has a composition factor which is an excep-
tional group (2, Lemma 4.1).

THEOREM 1. Let G be a regular ¢-group and assume that no subgroup of G
has a composition factor which is an exceptional group. Then G is nilpotent.

Proof. The proof is by induction on the order of G, and consists in reducing
to the case in which G satisfies the conditions of Lemma 3.1. This reduction
is almost identical with that given by Feit (2, Lemma 4.2 and Theorem).
However, as our group G need not be the regular subgroup of a Frobenius
group, we shall outline the steps in this portion of the proof.

We first show that G contains a normal subgroup of prime power order
invariant under ¢. If G has a proper characteristic subgroup H, H is nilpotent
by induction, and any of its Sylow subgroups are normal in G and invariant
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under ¢. Otherwise G is the direct product of isomorphic non-exceptional simple
groups. There exists then some p|o(G) such that a p-Sylow subgroup P of G
contains a characteristic subgroup 7T such that N(7") > P. Since ¢ is a Fro-
benius automorphism, some p-Sylow subgroup of G is invariant under ¢,
and we may assume it to be P. Either T is normal in G (and ¢(7) = T) or
by induction N(T') is nilpotent, P is normal in N(T'), and hence N(P) > P.
Either the centre C of P is normal in G, and invariant under ¢ or N(C) is
nilpotent.

If neither C nor T is normal in G, we have N(C) D N(P) > P. If Q is
the unique ¢-Sylow subgroup of N(C) for some prime ¢ #£ p, and if Q is not
normal in G, N(Q) is nilpotent and contains P, whence P and Q commute
elementwise. If C D x Px™!, then Q D N(x'Cx), which is nilpotent, so that
Q commutes elementwise with x~1Px as well as P. Since N(Q) is nilpotent,
x~1Px = P, and it follows that G is p-normal. But N(P) is also nilpotent,
so that by a theorem of Griin (6, p. 171) G contains a normal subgroup H
such that G/H =2 C, contradicting the fact that G is its own commutator
subgroup. Thus G contains a normal subgroup of prime power order, invariant
under ¢.

Let P be a minimal such subgroup so that P is Abelian of type (p, p, ...,
p). By induction G/P is nilpotent. If G is not a p-group, suppose ¢ is a prime
dividing 0(G), ¢ # p; and let Q be a minimal subgroup invariant under ¢
of a g-Sylow subgroup of G. If PQ < G, PQ is nilpotent and this, together
with the fact that G/P is nilpotent, implies that Q is in the centre of G. But
then G/Q and hence G is nilpotent.

We may suppose therefore that G = PQ, the centre of G is trivial, no sub-
group of P invariant under ¢ is normal in G, and no subgroup of Q is invariant
under ¢—precisely the hypotheses of Lemma 3.1. But now Lemma 4.2 implies
that there is no regular ¢-group which satisfies these conditions, and hence
G is nilpotent.

COROLLARY. If the Sylow subgroups of a regular ¢-group are G Abelian, then
G is Abelian.

6. The fixed subgroup of ¢’. The subgroup left elementwise fixed by
¢" plays an important role in determining the structure of a ¢-group of index
r. In this section we shall determine some of the properties of this subgroup
for ¢-groups of prime power order. We shall need the following lemma:

LEMMA 6.1. Let G be a ¢-group of index O of order p* having a generator g
of order p". Then G contains a sequence of characteristic subgroups G = G, D
Gui1 D ... D G1D Gy = 1 where G, is generated by the elements of order p* in
G. Moreover, the subgroups G; are the only subgroups of G invariant under ¢.

Proof. Since G is a ¢-group of index 0, the elements ¢*(gf"~!7) clearly include
all elements of order p in G. Since no proper subset of these elements form a
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subgroup invariant under ¢, they must form the characteristic subgroup G;
of elements of order dividing p in the centre of G. As pointed out, no proper
subgroup of G, is invariant under ¢.

The lemma follows now easily by applying induction to the group G/G:.

THEOREM 2. Let G be a regular ¢-group of index r and order p°, and let F be
the subgroup of G left elementwise fixed by ¢". Then every subgroup of F in-
variant under ¢ 1s normal in G.

Proof. Since ¢” leaves F elementwise fixed, F is of index 0, and hence by
the preceding lemma the elements of order p in F form a characteristic sub-
group Fi of F. If Fi is normal in G, the theorem follows by induction. For if
we set G = G/F,, F = the residue of Fin G, and F’ the subgroup of elements
left elementwise fixed by the image " of ¢, F C F’ and F' is normal in G
by induction. Since F is invariant under &, F is characteristic in ' by the
preceding lemma, and hence normal in G. Thus F is normal in G and the
theorem follows at once.

We shall actually prove that F; lies in the centre of G. Let & be the order
of ¢, let g be a generator of G under ¢, and let

g = [
be a generator of Fi, so that F; is of index %;. To our induction hypothesis
we shall add the assertion that either &/hy or hi/h is a power of p.

Let us begin by verifying this statement under the assumption that F; is
in the centre of G. Let £ be the order of  of G and let § be the residue of g
in G. Let H be the set of elements of G left fixed by ¢* and suppose first the
H D Fi. Then HN F, = 1 and hence ¢* is Frobenius on F;. Thus ¢* (g) = «xg,
x € F, and x = y~1¢¥(y) for some y in F;. It follows that ¢*¥(gy~1) = gy},
whence gy~ € H. Thus g € F.H. Since F,H is invariant under ¢ and contains
g, G = F,H. Since H =~ G, ¢ has order k on H. If (r, k) = s, it follows that

rk
(14) h = <

On the other hand, let H,; be the subgroup of H generated by the elements
of order p left elementwise fixed by ¢”. Then F1H,; is left elementwise fixed by
¢” and its elements all have order dividing p. It follows that FiH; = F;. Since
Fi M H, =1, we conclude that H, = 1. Hence ¢" leaves only the identity
element of H fixed, and consequently & leaves only the identity element of G
fixed. But this implies k/s is the least integer such that [§],*/®* = 1, and hence
g1 = [g]/**. Thus rk/s is the index of Fi, and in view of (14) we conclude
that hl = h

Hence we may suppose H D F;. In this case, the relation ¢*(g) = xg
implies ¢*?(g) = g, and we have

(15) E|h|kp.
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Since 7|k, it follows that either r = s or r = sp. If ¢" leaves only the identity
element of G fixed, it follows as above that k, = kr/s, and hence k|h|kp. We
conclude from (15) that either h/hy or hi/h is a power of p.

If 7 is not Frobenius, let F; be the subgroup of G generated by the elements
of order p left elementwise fixed by &”. If &, is the index of F';, then by induction
either k/k; or ki/k is a power of p. By definition of k;,

—1k1/71
g7
is a generator of Fy, and hence
_ ki/r
g2 = [g]r
is a generator of the inverse image F, of Fy. Since @" leave F; elementwise
fixed and 7|k,

¢ (g2) = zg

for some z in F;. Since F; is in the centre of F., this implies
(16) [go)hs = 277 gl

As p is the least power of j for which g# € Fy, it follows at once that
hy = kip. Thus by = kpe for some integer e. This together with (15) implies
that either &/hy or hi/h is a power of p.

Finally we must show that F; does in fact lie in the centre of G. Let C be
a minimal subgroup of the centre of G invariant under ¢. Because of the
minimality of Fy, either C = F, or CN\ F, = 1. In the latter case, let G, F,
g, ¢ be respectively G/C, the image of F1 and g in G/C, and the image of ¢
on G/C. Let m be the order of G on F, and define M to be the subgroup of
G left elementwise fixed by ¢™.

Now by induction, if m; is the index of F;, we have

(17) =7

3

for some integer e.
By definition of m4, 7|mi. If we write » = r1p?, where (71, p) = 1, it follows
that

(18) r1|m.

Since every element of F; is of the form ¢¢(g,?), the order of ¢ on F; is
relatively prime to p, and hence ¢t leaves F; elementwise fixed. It follows
therefore from (18) that F;, C M.

Assume first that C C M, in which case CF; C M. Now the index of CF; =
index of F; = mi. Let g’ be a generator of CF, of index m, and write g’ = xy,
x € C,y € Fi. If m|m,,

(¢ = g7 = x%’,
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and every element of CF; is of the form ¢*(x’y?), which is clearly impossible
since C M Fy = 1. On the other hand, if m ¢ m; (17) holds with ¢ D 0, and
in this case

(19) (') = [xlmy’.
To obtain an element of F;, we must have
[x];u =1,

and this implies ¢™/(x) = x since C is Abelian. If j = 1,
[g’]riu = xjyjf

which is impossible as above. Since
d)mxp‘(x) = x,

7 # 1 implies p|j and hence 1 is the only element of F; which can be written
in the form

o' ([g'Tn),
contrary to the fact that g’ is a generator of CF; under ¢.

On the other hand, if C N\ M = 1, it follows as in an earlier part of the
proof that G = CM. But M < G and F; C M so that by induction F; is in
the centre of M. Since C is in the centre of G, it follows that F; is in the
centre of G, and the proof is complete.

COROLLARY. If Fi denotes the subgroup of F generated by the elements of order
p in F, then Fy lies in the centre of G.

7. ¢-groups in which ¢" leaves only the identity fixed. We shall also
need some properties of ¢-groups of index 7 in which ¢” is a Frobenius auto-
morphism. To this end, we first establish the following lemma.

LeEmMA 7.1. Let G be a regular ¢-group of prime power order, and let C be a
subgroup of the centre of G, invariant under ¢ and of least possible order. Then
either C = G or [0(C)]? < 0o(G).

Proof. We may suppose G > C. If G = G/C, we may restrict our attention
to a minimal subgroup of the centre of @, and hence without loss of generality
we may assume that G is Abelian of type (p, p, ..., p) and that no proper
subgroup of @ is invariant under the image & of ¢ on G.

Let g be a generator of G, § its image in G, k the order of , and H the
subgroup of G left elementwise fixed by ¢*. If H M C = 1, it follows as in the
preceding section that G = CH. Since G/C =% H, H, and hence G, is Abelian.
But by definition of C, 0(C) < o(H) and therefore [0(C)]? < 0(G).

If, on the other hand, H D C, the equation ¢*(g) = yg implies ¢*”(g) = g
so that k|kp, where £ is the order of ¢. If & = k and ¢” leaves only the identity
element fixed, it follows as in the preceding section that the identity is the
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only element C which can be written in the form ¢*([g],?), which is a contra-
diction.

If 2 =k and some proper subgroup F of G is left elementwise fixed by
¢*, either FM C =1 or F D C. In the first case, since no proper subgroup
of G is invariant under &, it follows that G = CF, and hence G is Abelian
since F = @G is Abelian; and we have [0(C)]* < 0o(G).

If F> C, then F = G is of index 0, and hence C contains all elements of G

of order p. If %1, &2, ..., Ty are a basis of G, let x1, xs, . .., xm be a set of
representatives such that ¢(x;) = x41,2=1,2,...,m — 1. Then

(%) = 2xT'%%% .. x
Since x? € C for all 4, it follows at once that x?, xs?, ..., x,? generate a

subgroup C; of C invariant under ¢. Since C is minimal, C; = C, and hence
0(C) < p™ = o(@), which implies [0(C)]? < o(G).

Finally if F = C, C is of index 0, whence the order of ¢ on G is a multiple
of p* — 1/p — 1, where p* = 0(C). This implies (p* — 1)/(p — 1)|k. But G
is an Abelian group of type (p, p,...,p) and hence k& < o(G). Thus o(C)
= p" < 0(G) and [0(C)]? < 0(G), as desired.

We now prove

THEOREM 3. Let G be a regular ¢-group of index v and assume ¢’ leaves only
the identity element of G fixed. Then either some Sylow subgroup of G is Abelian
or there exists a proper subgroup Gy in G, invariant under ¢, which contains a
non-trivial subgroup of the centre of some p-Sylow subgroup of G for every prime

plo(G).

Proof. 1f g is a generator of G under ¢, and if & denotes as usual the order
of ¢, we have first of all [g],*/" = 1 and hence by Lemma 2.3

(20) h? > o(G).

Let pi1, ..., p, be the distinct primes dividing o(G), and let Py, ..., P, be
the corresponding Sylow subgroups of G invariant under ¢. Let C; be a minimal
subgroup of P, invariant under ¢, and of lowest possible order. Then if no
Sylow subgroup of G is Abelian, the preceding lemma gives

(21) [O(Cl)]z < O(Pi)y 1 = 17 2) e eey t.
Define s; by the condition that

g = [gl
be a generator of Cz, and let %; be the order of ¢ on C;, 7 = 1,2, ..., ¢t Since
C; is an Abelian group of type (pi pi ..., pi), we have
(22) hy < o(C)), 1=1,2,..., 1t
Now let N be the greatest common divisor of sy, s2, ..., s,. We may assume

the s; are so numbered that
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m t
(23) A= Z a5 — Z bisy, where aq, b; > 0.

i=1 i=m+1

We now consider the elements

ay F = IR L T (g i
¥ = el (el ) @O (g .

By repeated use of Lemma 2.1, we find that

m t
(25)  x=[gly and y=[g];, whereu= D, ais,v= 2, b,
=1

i=m+1

and hence that 2 = ylx = ¢"(g)¢p" @tV (g) ... ¢"* D (g). It follows that
(26) 2= ¢""([g]).

By construction z is a power product of elements of Ci, Cy, ..., C,, and
hence we have ¢*(z) = z for some integer k|II,'%;. Therefore

t

@7) ¢"([gl) = [l with k[]] &

i=1
Now let G be the subgroup of G invariant under ¢ which is generated by
[g]». We prove that G, is a proper subgroup of G. Suppose, on the contrary,
that G1 = G. Then ¢* is the identity on G by (27) and hence #|k.
But then combining (21), (22), and (23), we get

(28) #<IT B < IT (€ < T1 (o(P)) = (6,

in contradiction to (20).
Since Al|s; for all 7, [g],"* and hence C; is contained in G, forallz = 1,2, ...,
t, and the theorem is proved.

COROLLARY. The same conclusion holds if we assume that h*/r > o(G) instead
of that ¢" leaves only the identity element of G fixed.

8. The structure of regular ¢-groups. We are now in a position to
prove our main result

THEOREM 4. Every regular ¢-group is nilpotent.

Proof. Let G be a regular ¢-group of index 7, g a generator of G under ¢,
and let £ be the least integer such that [g],* = 1. The proof will be by induction
on k.

If H is a proper subgroup of G invariant under ¢, and s the least integer
such that z = [g],* € H, then clearly s|k, z is a generator of H of index rs
and [z],s*/* = 1. Hence by induction H is nilpotent.

It suffices therefore, in view of Theorem 1, to prove that the normalizer
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of a characteristic subgroup of some Sylow subgroup P of G contains P
properly. As in Theorem 1, we may suppose G contains no proper character-
istic subgroup; and hence that G is the direct product of isomorphic non-cycle
simple groups, no subset of which is invariant under ¢.

Let p1, P2, ..., p: be the distinct primes dividing 0o(G), and let Py, Po,
..., P, be the corresponding Sylow subgroups of G invariant under ¢. If,
first of all, some P; is Abelian, N(P;) < G, and hence is nilpotent. Thus P;
is in the centre of its normalizer, and it follows by a theorem of Burnside
that G contains a normal subgroup H such that G/H = P;, contrary to the
fact that G is its own commutator subgroup.

Thus no Sylow subgroup of G is Abelian. If ¢” left only the identity element
of G fixed, it would follow from Theorem 3 that there exists a proper sub-
group G; in G, invariant under ¢ which contains for each 2 = 1,2,...,¢ a
subgroup C; of the centre of P;. Since G, is nilpotent by induction and G
is not a p-group, N(C;/) > P;. Now N(C/) < G and so is nilpotent. If C;
denotes the centre of P, it follows that N(C;) > P, 1= 1,2,...,t and by
a previous remark this is sufficient to prove the nilpotency of G. Hence if F
denotes the subgroup of G, left elementwise fixed by ¢7, F > 1.

Let g; = [g],"* be a generator of P,, i = 1,2,...,t and define F; to be
the subgroup of G left elementwise fixed by ¢"°% Clearly F C F; for all 4.
Suppose first there is an index 7, say ¢ = 1, for which o(F}) is divisible by at
least two distinct primes.

If Fi < G, then F, is nilpotent by induction. Let P, be the p;-Sylow
subgroup of Finvariant under ¢. As is easily seen, P, C P,. Suppose for some 7
pio(F). By Theorem 2, F; M P;is normal in P; and F M P; being invariant
under ¢, is a characteristic subgroup of F; M P;, and hence is normal in F; M P;
Thus N(FMN\ P;) D P, Since F, is nilpotent, it follows that F /M P;is normal
in Fy, and hence N(F M P,) D F;. It follows from our assumption on o(F})
that N(FNP,) > P;. Since N(F M P;) is nilpotent by induction, we
conclude that N(C;) > P, which is sufficient to prove the nilpotency of G.

Suppose instead that F; = G, so that ¢™ is the identity on G. If g, has
order p", it follows that

(g% = g8 = 1, whence [g]}**" = 1,

and consequently

(29) k= sip™.

Since G is not solvable, the well-known theorem of Burnside implies
t > 3. It follows from (29) that ss|sip" and si|sip”. However s» & si1, for this
would imply that [g],* € Py M\ Py, = 1, which is not the case. Similarly
s3 1 s1, and hence

(30) pilse, p1lss.
Let G; be the subgroup generated under ¢ by

g = g7
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By (30), G1 D P; and G1 D P;. If G; < G, Gi is nilpotent by induction, and
consequently N(C;) > P,, from which the nilpotency of G follows. On the
other hand, if G, = G, g’ is a generator of G under ¢ of index rp; and

[g'15, = 1, where &’ = k/ps.

Since &’ < k, the nilpotency of G follows by induction.

Finally we must consider the case in which each F; is of prime power.
Since F C F; for all 4, o(F;) is a power of a single prime, say p;, for all
1 =1,2,...,¢t In particular, this implies F; "YP;, = 1,7 =2,3,...,¢ and
¢"% leaves only the identity element of P; fixed. Once again ¢t > 3.

It follows at once from the fact that [g],* = 1 that ¢™(g) = g, and hence
that (k/r)|k. Thus
(31) k= mh/r
for some integer m.

If m =1, h(h/r) > 0(G), and it follows from the corollary of Theorem 3
that either some Sylow subgroup of G is Abelian or G contains a proper
subgroup G satisfying the conditions of Theorem 3. Since both of these
cases have been treated above, we may assume m > 1.

On the other hand, since ¢% leaves only the identity element of P, fixed,

leli=1  i=23;
and hence
[g];zss'/r =1,
It follows that
(32) mls,  i=23.
If now G*, is the subgroup of G generated under ¢ by g* = [¢g],™, G*: D P,

and G*; D P;in view of (32). If G*; < G, it follows as above that N(Cs) > P,
and that G is nilpotent; while if G*; = G, g* is a generator of G of index rm,

[*]m = 1,
where k* = k/m, and G is nilpotent by induction.
9. The solvability of ¢-groups. We now prove

THEOREM 5. Every ¢-group is solvable.

Proof. Let G be a ¢-group of index » with respect to a generator g, and let
k be the order of ¢. As in § 2, we imbed G as a normal subgroup of a group G*
which satisfies the following conditions:

(33) G* = GA with GN A4 =1, aya™' = ¢()

for some element @ in G* of order & and all y in G.
If

y = ¢'([g]])
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is an arbitrary element of G, we can represent y in G* in the form
y = a’[gla’ga")(a¥ga™"") . .. (a¥~V7ga=U=D")a?,

which reduces to

(34) y = a'(ga”)la™"

Setting b = ga’, every element of G can thus be expressed in the form
a'd’a=?* for suitable choice of 7 and j. If x € G*, x = ya* for some vy in G
and some integer k. It follows that

(35) if x € G*, x = a*b%" for suitable integers u, v, w.

If ¢ leaves only the identity element of G fixed, G is nilpotent by Theorem 4;
and so we may assume that there is a subgroup H 5 1 in G which is left
elementwise fixed by ¢.

Let g1 = [g],® be a generator of H, so that by (34)

(36) o = b,
Since ¢(g1) = g1, we have agia™! = ab’a~"a™! = b%a~"*, whence
37) ab’a™! = b°.

Thus b° commutes with a. Since 5° obviously commutes with &, it follows
from (35) that &° is in the centre of G*. Let C* be the subgroup generated
by &%, and set G* = G*/C*. Denoting the images of a, b, g, G in G* respectively
by a, b, g, G, it follows first of all that G is normal in G*, and secondly that
every element of G is of the form @%h/a—?"—*, while every element of G* is of
the form @*b?a®. If ¢ denotes the automorphism of ¢ induced by conjugation
by @, we can reverse the steps in the derivation of (34) to conclude that
every element of G is of the form @%([§],). Thus G is a &-group; and by
definition of ¢, we have

(38) $(9) =aga, FEG
Either & leaves only the identity element of G fixed or we may repeat

the process. Continuing this process we can always construct a sequence
of groups

G¥*1=1,2,...,n with G* = Gf, G* = G¥,
satisfying the following conditions:

(1) G’:H = G’:/C’:, where Cf is a cyclic subgroup of the centre of G):,
1=1,2,...,n—1;

(2) G: is either the identity or contains a normal subgroup G, such that
G/G, is cyclic;

(3) G, is a ¢y-group in which ¢, leaves only the identity element of G,
fixed.
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By Theorem 4, G, is nilpotent. Hence G*, and conseqently G* is solvable.
Since G C G*, it follows that G is solvable.

Remark. Not every ¢-group is nilpotent. An example of a non-nilpotent
¢-group is the symmetric group on 3 letters, which was discussed at the end
of § 4.

10. ¢-groups of index 0. In the next two sections we shall show that a
regular ¢-group of prime power order is either Abelian or metabelian. In
view of Theorem 4 this will imply that a regular ¢-group is nilpotent of
class < 2.

In (4, Lemma 2), it has been shown that a regular ¢-group of index 0
is Abelian if the order of ¢ is relatively prime to the order of a generator
of G under ¢. In this section we shall establish the same result without making
any restrictions on the order of ¢.

We have seen in Lemma 6.1 that a ¢-group G of index 0 and of prime power
order contains a sequence of subgroupsG = G, D Gp-1D ... D G1 D Gy =1,
where the G; are the only subgroups of G invariant under ¢, where each G;
is normal in G, and where x"¢"(x) =1 if x € G;, 2=0,1,2,...,n. For
later purposes we need to investigate ¢-groups of prime power order which
contain such a sequence of subgroups G; satisfying the first two of these
conditions together with following weaker third conditions: if x € G;, then

xl¢™(x) € Gy, 1=0,1,2,...,n.
We begin with the following lemma.

LEMMA 10.1. Let G be an Abelian ¢-group of index r, of order p™™ and type
" p" ..., P"). Denote by G, the subgroup generated by the elements of order
pt, and assume that for every x in G, x~'¢"(x) is 1n Gi_y. Then if h is the order
of ¢, we have hlp"1(p™ — 1) and either n = 1 or m < 2.

Proof. Let g be a generator of G under ¢. If » = 1, G is of order p™, of
type (b, p, - - ., p),and g7'¢"(g) = 1, so that G is of index 0, and every element
of G is of the form ¢*(g?). Hence the orbit under ¢ of g’ contains exactly &
elements, if 0 < j < p; if the number of distinct such orbits is k, we have
hk + 1 = p™, whence hlp™ — 1.

If » > 1, we proceed by induction to prove the first part of the lemma.
Gn1is of type (p™ 1, p™1, ..., p" 1), of order p® V™, and is invariant under
¢. Since ¢"(g) = gy, ¥ € G,_1 and ¢’ (y) = yy', ¥ € G,—s, it follows by a
direct computation that

(39) gl = v’ "% wherey; € G,

From (39) it follows that the least value of j for which [g],7 is in G,_; is
j = p, and that G,_; is of index rp with respect to the generator [g],?. Since

¢ (x)] = 27 (x),
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x € G; implies
x 1™ (x) € Gior.
Hence we may apply induction to G,—: to conclude that the automorphism

o 2(pm—1)
b1= ¢

leaves G,—_1 elementwise fixed.
But then

(¢1(2))? = ¢1(g") = g7,

whence ¢1(g) = gz, with 22 = 1. But then z € G,_1, ¢1(2) = z and ¢,*(g) = g.
It follows that
& = ¢1)"“1<p"'—1)

is the identity on G.
For the second part of the lemma we need the statement:

(40) lg]] € G,-1  if and onlyif p’|;.

We have proved (40) above for ¢ = 1. If 2 > 1, set g1 = [g],*. Since g, is
a generator of G,_; of index rp, it follows by induction that

[gl]’:p 6 Gn-—i
if and only if p*1|k. But now by Lemma 2.1,

Tk

leal = (eI,

and (40) follows at once.
In particular, (40) implies that

(el =1
and that there are exactly p" — p"! values of j < p* for which [g],? has

order p". For these values of j the elements ¢%([g],’) must exhaust the
p™ — pm=D elements of G of order p”. Hence

B — p) > p — pro,
But A[p™1(p™ — 1), whence
(41) PP = 1P = P > p™ — pT DL

It follows that p — 1 > pm@D=2+2 gnd we conclude from this inequality
that either n = 1 or m < 2.

The following theorem will be of considerable importance in determining
the structure of a regular ¢-group.

THEOREM 6. Assume that a regular ¢-group G of index r and order p* contains
a sequence of mormal subgroups G =G, DG1 D ... 206G DGy =1, in-
variant under ¢, such that no subgroup of G nvariant under ¢ lies properly
between G; and G,_1 and such that if x € G4, x7'¢"(x) € Gy, 1 =1,2,...,n.
Then G 1s Abelian.
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Proof. We shall first show that all the elements of order p in G are contained
in Gy, and hence that G, lies in the centre of G. G = G/G, satisfies all the
conditions of the lemma, and hence by induction the elements of order p in
@G are contained in the subgroup G, = G,/Gs, which is Abelian of type (p, p,

., p). Hence the elements of order p in G are contained in G,. Since G, is
a minimal subgroup of G invariant under ¢, it is also Abelian of type (p, p,

S P)-

We have G: of index rs with respect to some generator g, g* € Gy, and
¢7(g2) = ygo for some y in Gi. Since G; is normal in G, it follows directly
that

[g2]:s = nggy 2 in Gl.

If g; has order p?, we conclude at once from this relation that the elements
of order p in G, are contained in G.

On the other hand, suppose g, = 1. First of all, if G; were not in the centre
C of Gy, we would have G, C =1 and GiC/G; = G, since no proper
subgroup of @, is invariant under ¢. But then G, = G;C, and so G is Abelian.
G, must therefore lie in the centre of Ga. But now if ¢™*(gz) = 2gs, 2 € Gy, it
follows that

—1)/2
[ga]ls = 2797""%g],

If p is odd, we conclude that [g.],» = g = 1, a contradiction to the fact
that G, is spanned by the elements of the form

o' ([g]?).
If p = 2, (42) gives [g.],s* = 1, and so the orbits of the four elements [gs],,7,
j=1,2,3,4 must span G, But

[g2]rs = 282 = ¢"'(g2)
since g,? = 1, and hence [g:],s! and [g.],s* determine the same orbit. It follows
that the orbit of g, under ¢ must include every element of Gy — G1, whence

(43) h > O(Gz) - O(Gl).

Since our assumptions imply that every element of G: is of order 2, G; is
Albelian and we may regard ¢ as a linear transformation of an #-dimensional
vector space (2" = 0(G,)), over the field with 2 elements, which leaves some
t-dimensional subspace invariant (2 = 0(G,)). But the maximum order of
such a linear transformation is easily computed to be (2¢ — 1)(2** — 1),
which is less than 2® — 27 in contradiction to (43). Hence G; consists of the
elements of order dividing p in G, as asserted.

If 0(G:) = p, G therefore has a unique subgroup of order p, and as is
well-known, this implies that G is either cyclic or isomorphic to the generalized
quaternion group of order 2% But this last group has a unique element of
order 2, which is necessarily fixed by every automorphism of the group.
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Hence G is Abelian if G; is cyclic. We assume therefore that o(G,) = p* with
t > 2.

We consider the group G = G/Gi, and suppose k to be the order of the
image & of ¢ on G. If F denotes the subgroup of G left elementwise fixed
by ¢*, we have F M\ Gy = 1 or F M G, = Gy, since G; is a minimal subgroup
of G invariant under ¢ and since F is also invariant under ¢. Since G; contains
every element of order p in G, FMN\ G, = 1 implies F = 1.

Consider the case F = 1. If g is a generator of G, ¢*(g) = z1g, 21 in Gy;
and since ¢* leaves only the identity element of G; fixed, z; = x~¢*(x) for
some x in Gi, and ¢*(x7'g) = x~'g. Thus x~'g € F, whence g = x. Thus
G = G, is Abelian. We may thus suppose F D G.

Now G satisfies all the hypotheses of the theorem and is Abelian by in-
duction. But then it satisfies the conditions of Lemma 6.1, and consequently
is either cyclic, of type (p"!, p*~') or of type (p,p,...,p) and order p™
with k[p™ — 1. If G is cyclic, G is of course Abelian, since G is in its centre.
In the second case, it follows that every element of G is of the form xgi¢(g)’
for some element x in G; and suitable integers i, j. Suppose now that

(44) o(g)g = ygo(9), y in Gi.

Since @ is of type (p™ 1, "), $2(g) = §*¢(g%) for some integers «, 3, where
g denotes the image of g in G. Hence

(45) ¢*(g) = 2g°9(g"), 5 € G
‘Now apply ¢ to (44) and use (45) to obtain

(46) $2(2)d(g) = oMb (2e*(g) = ¢ (y)p(g)2g*d(gf)
= ¢(1)y*(sg*¢(g%)) b (g) = ¢(¥)y 2 (2)d(g).

Hence ¢(y) = ¥y, and the subgroup H generated by y is invariant under
¢. Since H C G, we have H = Gy or H = 1. In the first case, o(G)) = p,
contrary to our present assumption. Hence y = 1 and it follows at once
from (44) that G is Abelian.

There remains the case F D Gy, G Abelian of type (p, p, . .., ) and order
p™, with k[p™ — 1. In this case the relation ¢*(g) = z:1g implies ¢*?(g) = g,
whence

(47) hlkp| (p™ — D)p.
On the other hand, as in the proof of Lemma 10.1
[el”* =1,
and hence
(48) hp? > 0(G) = 0(G1)o(G) = pHm.

Combining (22) and (23), we get the inequality (p™ — 1)p? > p*+™, which
implies ¢ < 2. We are assuming ¢ > 1 and hence ¢t = 2.
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The theorem has already been proved if m < 2. Hence we may assume
m > 3. Let g1, §a, . - . , §m be a basis for G and y1, ys, . . ., ¥ a set of repre-
sentatives in G. Since G contains all elements of G of order p, y? # 1 for
all 4. Since y# € G; and G, is of type (p, p), there exists integers y; and v,
such that

(49) y — yP'Ylyp’YZ
On the other hand, if

1,72 2,71

ys(y1'y¥) = xyi'y3’ys and  yPyT = xpiHY,
then

(50) ( —72 —'ny )p — xz{(p+1)/2(y;ny;~n)py1§ — (xlxz)”(”“)’@{””yf’"’y’é.

If p is odd, it follows at once from (49) and (50) that y, "2y, "1y; has
order p and hence is in G;. We conclude that §; = §,"1§s?, which implies
m < 2, a contradiction.

On the other hand, if p = 2, and § is the residue of g in G, it follows as
in the first part of the proof that [g],* = 1, that [g],* and [g],! determine
the same orbits, and hence that the orbit of g under ¢ must include all
22(2™ — 1) elements of G — G,, and hence

(51) h > 22(2™ — 1).

On the other hand, since every element of G, is of the form ¢%(g,?), ¢ has
order 3 on Gi. Since F D Gy, 3|k. But then ¢*(g) = xg, x € G, implies
¢*(g) = g, whence %|2k. Since £ < 2™ — 1, < 2(2™ — 1) in contradiction
to (51).

COROLLARY. A regular ¢-group of index 0 and of prime power order is
Abelian.

The structure of ¢-groups of index 0 is now easily obtained.
THEOREM 7. A regular ¢-group of index 0 is Abelian.

Proof. If G is of index 0, so is every one of its subgroups. Since ¢ is regular,
¢ leaves some p-Sylow subgroup of G invariant for every plo(G). It follows
from the preceding corollary that the Sylow subgroups of G are all Abelian.
and hence by the corollary of Theorem 1, that G is Abelian.

11. The structure of regular ¢-groups of prime power order.

THEOREM 8. A regular ¢-group of prime power order is either Abelian or
metabelian.

Proof. Let G be a regular ¢-group of index r and order p. We shall first
prove that G contains a normal subgroup F* invariant under ¢ and of index
rs such that
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(a) F* satisfies the hypotheses of Theorem 6.

(8) G = G/F*is Abelian of type (p, p, ..., p).

(c) The image ¢ of ¢ leaves only the identity element of G fixed.
(d) If kB = order of @, then (k, p) = 1 and klrs.

We shall then show that F* is actually in the centre of G.

Suppose first that ¢" leaves some proper subgroup F of G elementwise
fixed. By Theorem 2, Fis normal in G. Let @ = G/F. By induction G contains
a subgroup F* of index rs such that F*, G = G/F*, and the image ¢ of ¢ on
G satisfy conditions (a) to (d). If F* denotes the inverse image of F* in G,
F* is of index rs. Since F is of index 0, it follows readily from Lemma 6.1 and
condition (a) for F* that F* satisfies (a). Since G/F* =~ G, the remaining
conditions follow at once.

We may therefore assume that ¢” leaves only the identity element of G
fixed. If G is Abelian of type (p, p,..., p) and (k, p) = 1, where o = order
of ¢, set F¥ = 1.

If G is not of this form, let C; be a minimal subgroup of the centre of G,
invariant under ¢, and set G = G/C,, & = image of ¢ on G. If G is Abelian
of type (p, p,...,p) and the order m of ¢ is relatively prime to p, we let
H be the subgroup of elements of G left elementwise fixed by ¢™. lf H M C; = 1,
it follows by the usual argument that G = C.H, that H = G, and conse-
quently that G is Abelian of type (p, p, ..., p). Since C; is a minimal sub-
group of G invariant under ¢, the order of ¢ on C; is relatively prime to p,
and it follows at once that (%, ) = 1, a contradiction. Thus H D C,.

Let g be a generator of G of index » and g, = [g],* a generator of C; of
index 7s. If § is the residue of g in G, [§],* = 1, and since & leaves only the
identity element of G fixed, it follows that $"*(§) = §. Thus m|rs.Since H D C;
we conclude that x~1¢"*(x) = 1 for all x in C;. If we put F* = Cy, it is clear
that conditions (a) to (d) hold.

Consider then the case in which either G is not Abelian of type (p, p, ..., p)
or (m, p) # 1so that G contains at least one proper normal subgroup invariant
under ¢. By induction G contains a proper normal subgroup F* of index rs
such that if G = G/F* ¢ = image of  on G, and k& = order of &, then F*
satisfies the conditions of Theorem 6, G is Abelian of type (p, p,...,p),
(k, p) = 1and k|rs, and ¢ is Frobenius. Our conditions imply that ¢"*(§) = Zg,
& € F*. It follows as in the derivation of (39) and (40) that

¢77(g) = ¢
for some integer %, and hence
(52) mlrsp.

Let H be the subgroup of G left elementwise fixed by ¢"**, and suppose
first that H D C;. Let F* be the inverse image of F* in G. The index of F*
= index of F* = rs. Furthermore ¢’*"(x) = x for all x in C,. Since C; is
a minimal subgroup of G invariant under ¢, the order of ¢ on C is relatively
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prime to p, and hence x7'¢"*(x) = 1 for all x in C,. It follows immediately
that F* satisfies (a). Since G/F* = G/F*, (b), (c), and (d) also hold.

On the other hand, if H N C; = 1, it follows once again that G = C1H
and that G = H under an isomorphism 7 such that (7¢(%)) = ¢(1-(a:)) for all
£ in G. Let F’ be the normal subgroup of H which corresponds to F* under
7. Then F’ is invariant under ¢, ¢ has order m on H and m|rsp. Let F; be a
minimal subgroup of F’ invariant under ¢. Since every subgroup of F’ invariant
under ¢ is characteristic in F’, F; is normal in H and hence also in G. Let
G' = G/F,, ¢' = image of ¢ on G’, m’' = order of ¢'. By induction G’ contains
a normal subgroup F'* of index rs’ such that conditions (a), (b), (¢) hold
for F’* and G = G/F'*. In particular, m’ = rs’p" for some integer n’. Let
H, be the subgroup of G invariant under

¢r:'y"’.

Since F* is the homomorphic image of CyF’, C1F’ is of index rs. Since F; C C,F’,
it follows that 7s|rs’, and hence H; D F;. Our desired conclusion now follows
as in the preceding paragraph.

It remains to prove that F* lies in the centre of G. By construction F*
contains a sequence of normal subgroups F*=F, D F,_.1D...OF D F, =1
invariant under ¢ such that

x ¢ (x) € Fiy if x € Fy

and such that no proper subgroup of F* invariant under ¢ lies properly be-
tween F; and F,_;. By Theorem 6, F* is Abelian. It is easy to see that this
implies that F* is of type (p",9",...,p") and that F, is the subgroup generated
by the elements of order p* in F*. Thus F; is characteristic in F*, and conse-
quently normal in G. Since F* is a minimal subgroup of G invariant under ¢,
we conclude that F; lies in the centre of G.

Since G is Abelian of type (p,p,...,p) we can decompose G into the
direct product of subgroups G;, 7 = 1,2, ...,t invariant under ¢’* and none
of which can be further decomposed into proper subgroups invariant under
é". If G, denotes the inverse image of G,, it suffices to prove that F* lies in
the centre of each G,. For definiteness, take j = 1.

First of all, if ¢ has non-trivial fixed elements on Gy, it follows from the
minimality of G; that ¢”* is in fact the identity on Gi. Hence if x € G,
x~ ¢ (x) € F*. It follows at once that G; is a group of index rs satisfying
the conditions of Theorem 6, and hence is Abelian. Thus F* is in the centre
of G; in this case.

Consider then the case in which ¢7® leaves only the identity element of

G, fixed. G, has a basis 7, . . ., ¥, such that
" (F) = Yirn, 1=1,2,...,¢—1
and
(53) ¢ (y,) = I .. 5
for suitable integers ai, as, . . ., a,.
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If
~11~12 ~1ig

Yilde ... Y

is a fixed element of 7%, then it is easily checked that the integers 4, 72, . . . , 7,
are a solution of the congruences.

(54) 0111:4 = 1:1; az’iq + 1'1 = iz; e ;aqiq + 1.,1_1 = 1:0 (mod p),
and conversely. It follows readily from (54) that ¢"* is Frobenius on G, if
and only if
(55) (1 +ae+...+a,—1,p) = 1.
Let v, be a representative of 7, in Gy such that
¢Ts<yi)=y1+1, l=1,2,,(]—1
Then

6" (yo) = xy1'y2" . .Y
xo € F*. If ¢ denotes the automorphism of F* induced by conjugation by y,,
¢ leaves F; elementwise fixed since F; lies in the centre of Gi. We shall prove
by induction on 7 that ¢ leaves F* elementwise fixed. This will suffice to
prove that F* is in the centre of G;, and will complete the proof of the theorem.
By induction F*/F, lies in the centre of G/F,, whence

(56) if x € F¥, ¢y(x) =2x, 2z € Fi.

Suppose ¢ is the identity on Fj with 1 < B < n. We shall prove ¢ is the
identity on Fy.1. Applying ¢*% to (56), we obtain
(BT) ™' (W) = ¢ ()" (®) ¢ (1) = ¢ (2) " (%) = 29" ().

Butif x € Fiyq, ¢4 (x) = x24, 2; € Fy. Since Fy is in the centre of Gi, we con-
clude from (57) that

(58) o7 (Y(x)) = 2x = ¢Y(x) forall zand all x in Feyr.
By repeated use of (58) we now obtain
V() = (¥ (%)) = (xoy1'y5%. .. 3g") (%) (xoyi'ya* . . ye") T = Py,
whence
(59) yerterto ot (y) = x, x € Frp

On the other hand, (56) implies y?(x) = x. But then (55) and (59) together
imply ¢(x) = x for all & in Fy1. Q.E.D.
Theorem 8 and Theorem 4 together imply

THEOREM 9. A regular ¢-group is either Abelian or nilpotent of class 2.

We conjecture that a regular ¢-group is Abelian if ¢” is Frobenius. This result
would follow easily from the following conjecture concerning fixed-point frec
automorphisms of p-groups.
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CONJECTURE. Let G be a non-Abelian p-group which admits an automorphism
¢ of order k leaving only the identity element of G fixed, and assume that G cannot
be expressed as the direct product of two proper subgroups invariant under ¢.
Then h* < o(G).

12. The relation between ¢-groups and groups of the form ABA.

In the proof of the preceding theorem we have already seen that a ¢-group
G can be imbedded as a normal subgroup of an ABA-group G* satisfying
G* = GA and G N\ A = 1. The converse is also true, and consequently we
have

THEOREM 10. G is a ¢-group if and only if it can be 1mbedded as a normal
subgroup of a group G* of the form ABA, where A and B are cyclic subgroups
of G*, such that G* = GA and A NG = 1.

Proof. 1t suffices to prove that if an 4 BA-group G* in which 4, B are cyclic
contains a normal subgroup G such that G* = G4 and GMN A4 =1, then G
is a ¢-group.

If a,b are generators of A, B respectively, we have b = ga” for some
element g in G and some integer 7. Since G is normal, the elements

(60) bla=" = (ba=")(a"ba™?") ... (@Y VTba~7") = g(a"ga™") ...
a=D7gg=(=11

are in G for ali 7, J.

Suppose for some j, bia* € G; then a=*7" = (bla¥)~1(bla—7") € G M A.
Since GM A4 =1, ¥ = a77". It {ollows at once that G consists precisely of
the elements of G* of the form a®’a—?"—* If we now define ¢ to be an auto-
morphism of G induced by conjugation by a, it follows as in the proof of
Theorem 5 that every element of G is of the form ¢#([g],”). Thus G is a ¢-group
of index » and with generator g.

Combining Theorems 5 and 10, we obtain our final result:

THEOREM 11. A group G* which is of the form ABA, where A and B are
cyclic subgroups, and which contains a normal subgroup G such that G* = GA
and G M A =1 1s solvable.

In a subsequent paper we shall show that an 4BA group G* with a trivial
centre in which A4 is its own normalizer and 4 is of odd order always contains
a normal subgroup G such that G* = G4 and G/ 4 = 1. We shall also
determine the structure of G* when o(4) is even and, in particular, shall show
that G* is solvable.
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