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§1. Introduction

Let k be an algebraic number field of finite degree, and p be a fixed
rational prime. We denote the set of all the non-Archimedian prime
divisors of k& by Sy(k) and the set of all the real Archimedian ones by
Si(k). Put S, = {peSk)| p|lp}, S. = Si(k) and S = S,US..,, and define a
subgroup of the unit group 0%(k) of & by

Ek; S) ={ee0*(k)|e =1 mod p for pe S}.

Then the Z,-module E®(k):= E(k; S)®,Z, is isomorphic to (k) X ZI,
or to Z; if p =2 and r;, > 0 where p,(k) is the multiplicative group of the
p-power roots of 1 in kand r=r +r,— 1, r, = [SiR)|, 2r, = [R: Q] — 1y,
is the essential Z-rank of ¢*(k). Furthermore we can define a homomor-
phism z5: E®(k) — [],cs, kS by the diagonal embedding of k* into the last
direct product. The kernel of zg is the Leopoldt kernel for %, p and S,
and denoted by Z,(k) or by Z®(k; S).

The Leopoldt conjecture is to claim %, (k) = 1, and known to be true
for every p in case where & is a subfield of not only abelian extensions
but also certain types of extensions containing non-abelian 2-extensions
of imaginary quadratic fields, and also of some special extensions of @
(e.g. Brumer [B], Miyake [M1] etc.)

It is known by Nguyen-Quang-Do [Ng], Heider [H2] and others that
& (k) is isomorphic to the Pontrjagin dual of the Schur multiplier of the
group of a certain Galois extension. More precisely speaking, let k®(S)
be the maximal p-extension of k& unramified outside S. Then we have

H*Gal ((S)/k), Q/Z) = Hom(Z(k), Q/Z).

7 Rece;ved September 22, 1988.
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One of our purposes of this paper is to clear the meaning of this iso-
morphism. Let 2® be the maximal p-extension of %, and M be the maxi-
mal central p-extension of £®?(S)/k. Then the maximal abelian p-extension
k@ of k is a subfield of M. Put &® = Gal(k®/k), ¢® = Gal (" (S)/k)
and n® = Gal (k®/k®(S)). Then we have

H*®®, Q/Z) =0
by Tate [Se], and easily see
H*(g®, Q/Z) = Hom (Gal (M/k®(S)-k*®), Q/Z)
by the Hochschild-Serre exact sequence for the short exact sequence
1—>n® —s @® —» g —» 1,

As the duals to the same H*g®, Q/Z), therefore, £ (k) is isomorphic to
Gal (M/E®»(S)-k®®), We will establish a natural isomorphism between
them directly by class field theory.

Here we have explained the special case of S where Z®(k; S) = Z (k)
corresponds to the Leopoldt conjecture. We will treat a general set of
prime divisors of k& as S in what follows.

§ 2. Leopoldt kernels

Let &£ and p be as above. We denote the idele group of k2 by kj.
We consider £ a diagonally embedded subgroup of kj.

Let S be a set of prime divisors of k£, and S = S;US., S, = SN Sy(k),
S.=8—-2S8, Put

E(k; S,) ={ee0*(k)|e =1 mod p for peS.};

this depends only upon Si:= S. N S(k). Denote the topological closure
of the projection of E(k;S.) to the non-Archimedian part of kX by
E\(k; S.); this is an abelian profinite group; let E®(k; S..) be its p-primary
part. The ring of p-adic integers Z, naturally acts on this group. It is
well known that E{®(k; S..) is isomorphic to u,(k) X Z, or to Z’ (in non-
trivial cases for p = 2) as Z,-modules (cf. Chevalley [Ch] or Heider [H1],
Satz 4, for example).

Let g, be the projection homomorphism of k5 onto its Sy-part, [[es, &
where %, is the completion of £ by p and [[’ denotes the restricted product
with respect to the maximal compact subgroup 0*(k,) of k) for pe S,.
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The groups

PL(k; S):= Kerng, N Eyk; S..),
and

L2(k; S):= Ker g, N EP(k; S..)

are the Leopoldt kernels in & for S and p. It is not difficult to see that
this #®(k; S) for S = S,US., with S, = {pe Sy(k)|p|p} and S, = Si(k) is
canonically isomorphic to % (k) which was given in the preceding section;
hence we also denote #®(k; S) in this case by £ (k) for simplicity.

The homomorphism zg, maps the torsion part (= u,(k) if exists) of
E®(k; S.) injectively if S, # $; then L®(k; S) is a torsion free Z,-module.

The abelian pro-p-group E{@(k; S.) is mapped into the abelian pro-
finite group [[,cs, ?*(R,) by ns,. If p does not divide p, the p-primary part
of 0*(k, is equal to the finite cyclic group p,(k,) of p-power roots of 1
in k, Therefore the p-primary part of the direct product [] @*(k,) is a
finite group if p/p for every pe S, and if |S,| < 4+ oo; then the Z,rank
of #®(k;S) coincides the essential Z,rank of E{(k;S.) and is equal
tor=r +r,— 1. Summing up, we have

Proposrrion 1. (1) If S, # ¢, then #P(k; S) is a torsion free Z,
module.

@) If 0 <|S)| < 4o, and if pip for every pe S, then the Z, rank
of " (k; S) is equal to the essential Z-rank of 0*(k); hence in particular,
the quotient group E{P(k; S.)|¥®(k; S) is a finite p-group in this case.

Remark. If p + 2, then E®(k; S.) = E@®(k; ¢) because the quotient
group E(k; ¢)/E(k; S.) is an elementary 2-group.

§3. The central extensions

For a given set S of prime divisors of £, we denote the maximal p-
extension (abelian p-extension or abelian extension, resp.) of 2 which is
unramified outside S by A®(S) (B**(S) or k**(S), resp.).

Let S, be the Archimedian part of S as above, and put S..:= S,(k) US...
Then by definition, Gal (k*/k*(S.)) is a (finite) elementary 2-group. If
p + 2, therefore, we have k®®(S) = k=®,

Suppose that a finite Galois extension K/k is unramified outside S.
Let S¥ be the set of all the prime divisors of elements of S in K. If K/k
is a p-extension, then the maximal p-extension of K unramified outside
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S% is none other than &®(S). We simply write K®®(8) for K®®(S¥),
etc., because there is no fears of ambiguity.

In general, we denote the maximal central extension (or p-extension,
resp.) of a Galois extension F/k by (F/k) (or (F/k)***®, resp.).

THEOREM 1. Let the notation and the assumptions be as above. Then
the Galois groups of the extensions

(K*(S)[k)™™ N K*(S.)[K*(S)-k™(8.)
and
(K=(S)[R)" N K*(S,)[K™®(S)-k>?(8.,)
are naturally isomorphic to the quotient groups
L(k; S)[Ngp?(K; S)
and
LD(k; S)[Nypnt"(K; 8%,
respectively, where Ny,.. K5 — kX is the norm map of K/k.
Proof. Put g = Gal(K/k), & = Gal(K*(S.)/k), U = Gal(K**(S,)/K)
and B = Gal (K*(S_)/K™*(S)). Then %A and B are abelian closed normal
subgroups of &, and g = &/%. The inner automorphisms of & naturally

determines an action of g on % and B. The subgroup [B, &] of commu-
tators of B and & coincides with

Bh:={a'""|aeB, ceg)

where the right hand side means the topologically generated closed sub-
group of B. Therefore we have

Gal (K*(S.)/(K®™(S)/k)y**" N K*(8.)) = B*.

Now let ay: K5 — Gal (K**/K) be the Artin map of class field theory;
this is a surjective homomorphism the kernel K* of which is the closure

of K*.K¥, in the idele group KX where KX, is the connected component
of 1in K}. Put S, = Sx(k) — S.. and

K¥S.):= K+ ]| Kj.

BeSLE

Then Gal (K*/K*(S.)) is isomorphic to the elementary 2-group K*(S.)/K*
by ag.

https://doi.org/10.1017/50027763000003251 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003251

LEOPOLDT KERNELS AND CENTRAL EXTENSIONS 71

Through the inner automorphisms of Gal(K®*(S.)/k), the abelian
group Gal (K*(S.)/K) becomes a g-module; @, induces a g-isomorphism
of KX/K¥S.) onto Gal(K®(S.)/K) which maps the p-primary part
(KXIK¥S.)® onto AP = Gal (K*®(S_)/K). Denote the subgroup of K},

{(-- xg, ) e 0% (Ky|xy =1 for Pe SE and for every Archimedian P}
by U(K; S,). Then by a,, B corresponds to
U'(K; So)- K*(S2)/K¥S.).
It is also known by class field theory that
Gal (K*(S..)/K-k™(S.))
corresponds to
N (R(SL)IKHSL)
by ax where k(S’) = k*- [],cs., kS and k* is the kernel of the Artin map
a, of k. Therefore by ag,
(%) Gal (K*(S)/k)>" N K*(S.)/K™(S)-k*(8S..))
is isomorphic to
U'(K; Sy)- KHS) N Nihu(R(SL))U' (K5 Sy - K¥(SL)
= (U'(K; S)NN(R(SL)) - KHSLIU'(K; Sp)*s- KX(SL.)
= U'(K; S)) NN gu(R(SL)IU'(K; Sp)*-(U'(K; Sp) N K*(SL)) .
LemmA. (1) U/(K; S)* = U(K; Sp)) N Nzh(1).
(2 U'(K; S)NKXS.) = 2(K; 9).

Proof. (1) Let p be a non-Archimedian prime divisor of k. The
p-part of U'(K; S,) is trivial if pe S, by definition. Suppose that p e S,.
Then p is unramified in K/k. Therefore Kg/k, is cyclic for B|p. The p-
part of U(K; S,) is 0*(K®,k,). Fix a prime divisor B of p in K and
denote the norm map of the local extension Kg/k, by N,. Then it is clear
that

NN O(K® k) = (KR k)" (N ()N 0*(Ky) -

Since Kg/k, is unramified, we have

N (1) N O (Ky) = 0X(Ky)a®
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where g(p) = Gal (Ky/k,) = g (cf. Iyanaga [I], Ch V, Th, 1.2). This shows
that

Nz (ONON(KQ k) = 0(KQ k)"

for every pe S,, and proves (1).
(2) By Shimura [Sh], 2.2, we easily see that

K¥S.) = E(K; S5)-K*-«(Kx.- [ K}).

pesk

Suppose that x is an element U’(K; S))NK*S.) and x = e-a-u, e € E(K; SX),
aeK*, ue(K%, -] K}). Let a = a,-a., be the decomposition of e in K}
into its non-Archimedian part @, and its Archimedian part a.. Then
a.-u=1, and x =e-q,e U'(K; S,). Hence a is a unit of K such that
a=u"'=1mod$P for every L e SX, i.e. a e E(K; SX). Therefore we have

x=e-aeE(K; SONU'(K; S,) = #(K; S),

and proved that the left hand side of (2) lies in the right hand side.
The converse inclusion is clear. The proof of the lemma is completed.

By this lemma, we see that the Galois group (%) is isomorphic to
the quotient group,

() U'(K; S) N N (RS Z(K; S)-(U'(K; S) NN (1)) -
This is isomorphically mapped by N, onto
Ny (U'(K; S) NE(SL)/ N n(Z(K;5 S)) -
Since a non-Archimedian prime p ¢ S, is unramified in K/k, we have
New(U'(K; Sy)) = U'(k; Sy) -
By (2) of the above lemma for k in place of K, we have
U'(k; SYNK(SL) = Z(k; S).

The proof of Theorem 1 is now completed by taking the p-primary parts.

§4. The main theorem

The maximal nilpotent extension of k& which is unramified outside S
is denoted by k*(S).

THEOREM 2. There exist surjective homomorphisms,

Bes: L(k; S) —> Gal (R"(S)/ky™" N k"™(S.)[k™(S) - k*(S..)),
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and
BPs: LD(k; S) —> Gal (B®(S)/k)= N E(S.)R®(S)- k@ (S.))
the kernels of which are, respectively,

Ker ,Bk,s = (W NK/k(g(K’ S)) s

rckck™les)
(K:k]<+o

and

Ker gy = N Nep(Z9K;S)).
ECKCk{P(S)
[K:k]<+ o
Furthermore, the following diagram is commutative for every finite Galois

subextension Klk of k®(S)/k:

(p)
LDk 8) — 55, Gal(RD(S)/Ry= 1 EO(S.)EP(S)- B P(S.))
l projection l (restriction)

L (k; S)| N (£ P(K; 8))= Gal(K@(S) k)" N K*®(8,)[K*®(8S) - k*®(8S..))
where the last horizontal isomorphism is the one given by Theorem 1.

Proof. 1t is sufficient to show the p-case. (However it is to be noted
that K*(S)/k and (K*®*(S)/k)*™ are not nilpotent extensions in general
even if K/k is a p-extension.) Let K/k be a finite Galois subextension of
k®(S)/k. Then it is clear that

(K2O(S)[Ry™ N K*9(8.) < (k(S)Ry™ ( kP(S.)
and that

(K@(S)[R) (1 K**(S.)) N (kP(S) - k>D(S.,))
— ((Kab(p)(S)/k)cen n Kab(p)(gw) m k(P)(S))_kﬂb(P)(gw)
= K*®®(8). k(S

Therefore the natural homomorphism, (restriction) of the diagram (defined
by taking the restrictions), is surjective.

Let x be an element of the field (2®(S)/E)** N k*(S.). Then k(x) and
its Galois closure F over k is a finite p-extension of k. Put K = F N k®(S).
Since F-k®(S) is an abelian extension of k®(S), it is clear that F is
contained in (K/k)*" N K*®(S.) and hence also in (K®®(8)/k)*» N K*@(S_).
This shows that the field (R®(S)/k)*" N k*(S.) is the composition of all
of (K=®®(S)/k)» N K*®(8.,) for finite Galois subextensions K/k of k®(S)/k.
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Take another finite Galois subextension L/k of k®(S)/k and suppose that
L contains K. Using the notation introduced in the proof of Theorem 1,
denote the p-primary part of (xx) by X(K/k), and also

Gal (K™ 2(S)/R)*" | K #(S.)[K™(S)- b #(5.)

by G(K/k) for simplicity. The pro-p-group G(K/k) is canonically isomor-
phic to the p-primary part of the abelian profinite group (x) in the proof
of Theorem 1. We have the following diagram by class field theory:

X(L|k) ——> G(L/k)
Ni/x l l (restriction)
X(K[k) —> G(K[E) .

Since N, = NgoNyx, we have another commutative diagram,

LD (k; )Ny (L P(L; S)) < X(LIR)

projection l l Nix
L (k; S)INx (LK S)) «—— X(K[k)
K/k

where the left vertical homomorphism is the projection which is naturally
defined because

Ni(LDK; S)) D Nyy(Z(L; 8)).

Combining these two diagrams, we have two isomorphic projective systems
{LP(k; S) Ny, (ZP(K; S))} and {G(K/k)} both of which are parametrized
by finite Galois subextensions K/k of k®(S)/k. We now see Theorem 2
at once if we take the projective limits.

Cororrary (Heider [H 2], Satz 10). Suppose that the set S contains
all of the real Archimedian prime divisors of k, i.e. S, D Si(k). Then the
Schur multiplier H*(Gal(k*'(S)/k), Q/Z) is dual to #(k; S)/Kerp, s, and
H*(Gal(R®(S)[k), Q/Z) to ¥ (k; S)/Ker pi¥%s for every prime p.

Proof. By the assumption we have k"S.) = k!, the maximal nil-
potent extension of k, and £®(S.) = k®. Therefore we see the corollary
by Theorem 2 in a similar way to the one explained in Introduction
using the result of Tate and the Hochschild-Serre exact sequence.
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§5. The case related to the Leopoldt conjecture

Here we take S = S,US.., S, = {p e Sy(k)| v|p}, S. = Si(k), and denote
the Leopoldt kernel #®(k; S) simply by % (k).

Lemma (Heider [H2], Lemma 10). Let k., = | ., k, be the cyclotomic
Z -extension of k = k,. Then we have

O\ Nl Zy(k) = 1.

Proof. Heider [H2] showed the case where a primitive p-th root ¢,
or v —1 if p = 2 belongs to k. If not, put & = k(,) or k(+—1). Then
the cyclotomic Z,-extension k., = J5.,k, is the composite field & -k..
It is easy to see that

Nk,,/k(gp(kn)) - Nk’ /k’(gp(k;n»

m

if k), = k' -k,. Therefore we have

O\ Ny k) © () N (L3ke) = 1. QED.

Since the cyclotomic Z,-extension %, of k is contained in A®(S) in our
case here, we have by Theorem 2 and the corollary to it at once

THEOREM 3. Let the notation and the assumptions be as above. There
exists a natural isomorphism

BP: 2 (k) —> Gal (R®(S)/k)™ N kP [kP(S) - k@) ,

In particular, therefore, the Schur multiplier H¥Gal (K (S)/k), Q/Z) is
naturally dual to the Leopoldt kernel % (k).
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