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Abstract

A new finite integral transformation (an extension of those given by Sneddon
(1)), whose kzarnel is given by cylindrical functicns, is used to solve the problem
of finding the temperature at any point of a hollow cylinder of any height, with
boundary conditions of radiation type on the outside and inside surfaces, with
independent radiation constants. It is to be noticed that all possible problems
on boundary conditions in hollow cylinders can be solved by particularising
the method described here.

Introduction

Our purpose is to solve the problem of finding the temperature at any point
of a hollow cylinder of any height, when there is heat radiation on its outside
and inside surfaces. We suppose thatl the media bounding the two cylindrical
surfaces are, in general, different. For that purpose, we introduce, in the first
part, a new finite integral transform, restricting our attention to the property
necessary fcr the solution of the problem that will be stated and solved in the
second part. We assume that all functions involved satisfy Dirichlet’s conditions
in the intervals considered.

The transformation and its essential property
Let us seek the solution of the Bessel differential equation of order p

d*y 1ldy 2 2.2
—— 4 — L (ur~px)y =0 1
dx?  xdx W =Py 0

for the boundary conditions
y@)+ky(a)=0; y(b)+k,y(B)=0 ...oceiiiiiiniiinan. 2

where a<b. If the general solution of the equation (1) is

y(x) = CyJ (ux)+ CoG (XY oo 3)

where J (ux) and G (ux)=in cosec (pm)[J - (ux)—e" 7" J (ux)] are Bessel
functions of first and second kind, respectively, of order p, then by substitution
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of (3) into (2) we obtain
ClJp(kla ”a) == CZGp(kl, ”a)’ ClJp(kZ, Aub) = _CZGp(kZ’ ﬂb) . (4)
where
J (e 1%) = T, (1) + k1), Gyl 1x) = Gpux) +hGyux) (i =1,2). ()
From equation (4), we see that solutions exist only if:
Jp(ky, pa)Gyky, ub)—J (ks ub)Gy(ky, pa) =0. ... (6)

Denote by u, the positive roots of this equation. From the first equation of (4)
and (3) we obtain:

yn(x) = Cl/Gp(kl’ ”na)[']p(.unx)Gp(kls ”na)_ Gp(ﬂnx)']p(kl’ ﬂna)]'
On the other hand, by using the second equation of (4) and (3) we find
yn(x) = Cl/Gp(kZ’ unb)[Jp(#nx)Gp(st Aunb) - Gp([l,,X)Jp(kz, ,ll,,b)]
Linear combination of the two preceding equations leads to the functions
Sp(kl’ k29 I‘lnx) = Jp(lunx)[Gp(kl’ )una)+ Gp(kZ’ ll,,b)]
- Gp(/“nx)[‘]p(kb #na) + Jp(kz, .unb)] """ (7)
which are solutions of Bessel’s differential equation of order p and satisfy the

boundary conditions (2). Because of this fact, such functions are orthogonal
in the interval (a, »). Now, let us define the finite integral transform

F(n) = j XS Ky Kgy X)X oo, (8)

a

As is well known (1), the inversion theorem is given by
T =Y a,Slke, kayy 11%)  oiiiiii, 9

where the sum must be taken over the positive roots of equation (6). From the
orthogonality of the functions defined by (7), the a, are given by

Ay =F (M Cpp o (10)
where:

b
Cn = J. x[Sp(kla st .unx)]zdx‘

a

By using the relationt
J 26 (k)€ (k=)dz = %22{2%u(kz)‘g”(kz~)—— by 1(k2)C 4 1 (k2)
- (6);4+ l(k‘:-z)(g}u— l(kz)}
where % (k=) and % ,(kz) are cylindrical functions of order p, there results:
Cn = lbz{glzl((kli kl’ unb)_sp—l(kb k25 unb)§p+1(kl’ st ”ub))'

“%az{gﬁ(kl, ka, #na)_gp—l(kl’ k2, #na)§p+ TCTRY 2NN TH:) ) SN (11
T See (2), p. 134,

https://doi.org/10.1017/50013091500025906 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500025906

HEAT CONDUCTION IN HOLLOW CYLINDERS 161

where
Sq(kli k25 .unx) = Jq([l,,X)[Gp(kl, #na)+Gp(k2s /lnb)]

- Gq(ﬂnx)[‘lp(kla #”d) +Jp(k29 ﬂnb)]
To solve the problem stated above, it is sufficient to find only the effect of the

2 1 2 .
transformation on the expression d_ + —Zl - _p_z /- By integrating by parts,
x dx

we obtain:

b 2

S rdr

x| == + =22 ) Sy(ky, ky, px)dx

J‘a <dx x dx p( 1 K2} )

b

[xsp(kl’ ko 1,x) { s — S ks, ko, ﬂnx)/sp(kla ks, .Unx)f}]

b 2 b
+u3f X Sy K i+, f S & s e .12

On the other hand, from (7) and (5), and taking into account (6), we have by
direct calculation
Spky, ko, @)/ Sy(ky, ks paa) = —1/kypty;

S;(kl’ k29 unb)/sp(kl’ k2’ #nb) = - 1/k2un """ (13)

By substituting (13) into (12), and remembering that the functions S,(k,, k;, #1,X)
satisfy Bessel’s differential equation of order p, we obtain finally:

J‘b « (dzf 1 df pzf> Sp(k19 k2> /lnx)dx
X

. \dx*  xdx

d
— bJk;S,(ky, ko p1yb) [f+k2 1]
dx x =5

—ajkSyky, ky, paa) I:f+k1 j%c] —pif(n). ... (14)

This is the basic property of our transform, that will enable us to solve the
problem which we now state.

Application to the hollow cylinder with radiation

Consider the hollow cylinder whose axis is coincident with the z axis,
defined by 0<z<h and ¢<r=<b, where a and b are the external and internal
radii, respectively, and (r, ¢, 2) are cylindrical coordinates. Let us consider the
heat conduction problem, with symmetry with respect to the z axis. Then the
temperature 0(r, 2, 1) at any point of the cylinder, where 1 is the time, will be
the solution of the conduction equation

— O(r z, )+ ——O(r Z, t)+ — 9(r z, t)_,}?_i o(r,z,t) ... (15)
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where # = K/pc, where K is the conductibility of the medium, p is its density
and c its calorific capacity, assumed to be constant, with boundary and initial
conditions

0a, =, 1) +k, aie(a, 2 1) = F(z 1) forall0<z<hand >0,
r

0(b, =, )+, aﬁ 0(b, 5, 1) = Fyz, f) for all 0<z<h and 1>0,
r

where k, and k, are the radiation constants on the two cylindrical surfaces,
0(r,h,1)=0 foralla<r<b and >0,
0(r,0,t)=0 for all a<r<b and t>0,

O(r,z,0)=0y(r,2) foralla<r<band O<z<h, ... (18)

where F,(z, 1), Fi(z, 1) and 0,4(r, 2) are known. By application to (15) of the
transformation defined in (8), with respect to r, with p = 0, writing

b
B(n, =z t)= J ro(r, 2, 1)So(ky, ko, p,r)dr

a

where g, are positive roots of equation (6) with p = 0, and taking into account
(16), we obtain

~2
# 50_2 B(n, =, {)— it B(n, 2, )= 2 B(n, 2, 1) = Hy(z 1) oo (19)
z 0
where
X(E3 t) = a/klso(kla k2’ ﬂna)Fa("‘z’ t)'- b/kZSO(kb k2, ﬂnb)Fb(%a t) (20)

is obviously a known function. To solve the differential equation (19), let us
introduce the Fourier transform, in the variable z:

0(n, m, £) = r (n, 2, t) sin (mnz/h)dz
0

From this, and the propertyt:

h 02
f -2 0 2, ) sin (mnz/h)dz
o OF 6
= ma/h[(= 1" 10(n, h, )+3(n, 0, 1] = m?x*/h2B(n, m, 1)

and remembering (17), (19) is transformed into:

d/dté(n, m, t)+9f(u,,2+m27r2/h2)(=)(n, m,ty=—Hy(m, 1) ... 21
where

Am, t) = r x(z, t) sin (mnz/h)dz.

0
£

By introducing the Laplace transform L[¥(#)] = j e ™y(t)dt and taking
V]

T See (1), p. 75.
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into account the initial condition (18), (21) is transformed into
L[O(n, m, ] = Oo(n, m)[p+ # (uZ + m*n?[h?)
—H# Ly (m, ]/p+# (> +m?n?h?). ... (22)

Now, if we apply the operator L™! to (22), and remember the convolution
theorem for Laplace transforms, we obtain

8(n, m, t) = By(n, m) exp [—of(u2+ m*n?/h*)]
—# jt xs(m, w) exp [ —#(u2 +m?n?/h®)(t—u)]du. ...... (23)
0
Using, now, the inversion theorem for our Fourier transform, there results
B(n, 2, 1) = 2/h f;l R N — (24)

and finally, by the inversion theorem (9), and by substitution of (23) into (24),
we have:

0(r,z,)=2/hY Y 1/C,{0(n, m) exp [ — H#(u2+m>n?[h?)]
— Jt 7(m,u)exp [ —#(uZ +m*n? k)t~ u)]du} . sin (mnz/h)So(ky, ky, paT)
0

where C, are given by (11) with p = 0.

Remarks. We have chosen for solution a particular problem of the type that
can be solved with this new transform. This has been done to show the specific
application of our transformation when there is cylindrical symmetry with
radiation in both cylindrical surfaces and, in general, with different bounding
media. For this reason, and to simplify the calculations, we have taken the
very particular conditions (17). The problem can however be solved with these
conditions expressed in a more general form. As will be noticed, the problem
is completely general, and all the cases can be obtained by assigning arbitrary
values to k, and k,. For example, if k, = k, = 0, the problem for a specified
temperature on the boundary can be solved with only slight modifications. On
the other hand, if k, and k, tend to infinity, there results the problem with
boundary conditions:

0 0
—0B(a,z1)= —06(b, =, t)=0.
or (@21 ar( 1)

Other cases of interest are those obtained when k; = 0, k, # 0 or k; # O,
k, =0or k;—w0, k, =0, etc. Moreover, each of these cases can be treated,
without difficulty, for h—oc0, using an infinite, instead of a finite, Fourier
transform.
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