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CONCERNING ¢-CONNECTEDNESS OF BAIRE
SPACES

A. GARCIA-MAYNEZ

1. Introduction. A well known theorem of Sierpifiski states that
every compact connected Hausdorff space is o-connected. Hence, if X is
locally compact and Hausdorff and X is locally connected at x, then x
has a o-connected neighborhood. However, local connectedness at x is
not a necessary condition for x to have a ¢-connected neighborhood,
because the whole space may be ¢-connected without being locally
connected at x. One of the purposes of the present paper is then to
investigate which points of a given locally compact Hausdorff space have
o-connected neighborhoods. We find also sufficient conditions for a
connected, hereditarily Baire space to be ¢-connected and prove the
impossibility of expressing a connected, Cech-complete, rim compact
space as a countable infinite union of mutually disjoint compact sets.
Finally, we introduce the concept of D-connected space and relate it to
a-connectedness. We give a condition on a connected, locally compact
Hausdorff space to be D-connected and give an example of a closed
a-connected subset of R? which is not D-connected.

2. Definitions and preliminary results. Let X be an arbitrary
topological space. A sequence Cy, Cs, . .. of subsets of X is a o'-partition
(resp., a o-partition) of X if the C,'s are mutually disjoint, their union
is X and at least two of them are non-empty (resp., all of them are
non-empty). A ¢’-partition is closed (resp., compact) if all of its elements
are closed (resp., compact). X is o-connected (resp., o-insular) if it has
no closed ¢’'-partition (resp., it has no closed ¢-partition). Clearly, if X is
connected, these two last concepts coincide. We have now two easy but
important results:

2.1. A space X is o-insular if and only if it is a finite union of o-connected
subspaces.

Proof. We prove only the necessity, since the sufficiency is obvious.
Proceeding by contradiction, assume X is o-insular but not expressible
as a finite union of o-connected subsets. X has then an infinite number
of components (otherwise, some component would have a closed
o-partition and including the remaining components, we would obtain a
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closed g-partition of X). Hence there exist disjoint, closed and non-
empty sets A1, By such that X = 4; U B,. Clearly, we may assume that
Bj has infinitely many components. By the same argument, there exist
disjoint, closed and non-empty sets 4., Bs such that B; = 4, \J B, and
with B, having an infinite number of components. Continuing this
process, we may find a sequence of disjoint, non-empty closed sets Aj,
A, ... and a decreasing sequence of closed sets X = By D B; D By D

. ., each having infinitely many components, and such that 4, N\ B, = @
and B,y = A;UB,;foreach7=1,2,....Let B* =B, N\ BN\ ....
Then B*, 4, 4., . . . is a closed o'-partition of X and, with the possible
exception of B*, all of them are non-empty. Hence, X has a closed
o-partition, contradicting the fact that X is o-insular.

2.2, If D is a a-insular subset of the connected space X and each point of
X — D has a g-connected neighborhood, then X 1is o-connected.

Proof. Assume, on the contrary, that X has a closed g-partition Kj,
Ko, .. .. With no loss of generality, we may assume that D C K;. By
hypothesis, each point x € X — D has a o-connected neighborhood H,.
Since Ky C X — D, we must have H, C K, for each x € K, (otherwise
H, would have a closed o-partition). This implies that K, is open. Since
K, is also closed, this contradicts the connectedness of X.

A space X is said to be hereditarily Baire if every closed subset of X is
a Baire space. It is a well known fact that every G; subset of a countably
compact regular space is hereditarily Baire. In particular, Cech-complete
spaces (i.e., Tychonoff spaces which are G; in their Stone-Cech com-
pactification) are hereditarily Baire.

The following proposition appears as an exercise in [1]. For the sake
of completeness, we have included a proof:

2.3. Every connected, locally connected and hereditarily Baire space 1s
a-connected.

Proof. Assume, on the contrary, that X has a closed ¢-partition Kj,
K,,....Let Q be the union of the setsint K, (n = 1,2, ...). Since X is
a Baire space, Q is dense in X. Therefore:

X - Q=FrQ=UFrK,

Since Fr Q is also a Baire space, there exists an open set V' in X and an
index ¢ such that @ # VN Fr Q C Fr K. If R is any component of V
intersecting Fr K, necessarily R M K; = @ for every j # ¢ (because R
intersects X — K, but not Fr K;). Therefore, R C K. The local con-
nectedness of X implies that R is open. Hence, R C int K;, a contra-
diction.
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Combining 2.2 and 2.3, we obtain:
2.4. Let X be a connected, hereditarily Baire space and let
Dy = {x € X | X 15 not locally connected at x}.
If there exists a o-insular set L containing Dy, then X 15 o-connected.

Proof. We have only to observe that L~ is also o-insular and that every
component of X — Dy~ is a o-connected region.

Example 3 in [4] is a connected, locally connected subset of the plane
which admits a decomposition into a countably infinite collection of
closed segments and which is locally compact at each point of an open
dense set (the union of interiors of the segments). Hence 2.3 is false if
we omit the word ‘‘hereditarily’ in its statement. Examples of connected,
locally compact Hausdorff spaces which are not ¢-connected are plentiful.
See, for instance, example 4.3 in [2].

We will have the opportunity to use the next theorem in the example
at the end of this paper.

2.5. Let Cy, Cs, ... be a sequence of o-connected sets in a connected,
hereditarily Baire space X and assume Cy\J Cy\J ... is dense in X. Let
C=liminf C,. If CN C, # @ for every n and C C limsup (CMN C,),
then X 1is g-connected.

Proof. Proceeding by contradiction, let Hy, Hs, ... be a closed o-
partition of X. If some H; contains infinitely many C,’s, then C C H..
But since C M C, # @ for every n, we would have X = H;, a contra-
diction. Assume then that every H; contains, at most, finitely many
C;'s. Consequently, C M\ Hy, C M\ H,, . . .isaclosed ¢’-partition of C and,
since C is a Baire space, there exists a j such that inte(C M H;) is non-
empty. Let V' be an open set in X such that @ % C "\ V C H;. Since

C Climsup (CMN Cp),

VN CMN C; is non-empty for infinitely many indices. But each
VN CM C; lies in H;. Hence, H; contains infinitely many C/'s, a
contradiction.

We give next a sufficient condition for a space to have a compact
o-partition:

2.6. Every locally compact, O-dimenstonal, Lindelof, non-compact space X
has a compact o-partition.

Proof. For each x € X, let V, be a compact open neighborhood of x.
Since X is a Lindel6f space, there exists a countable subfamily { V', Vs,
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b of {V,]x € X} covering X. Let
Ki=V,Keo=Vo—=Vy,..., K, =V, — (ViU...U V).

Clearly, the sets K, Ko, . . . are compact, mutually disjoint and cover X.
Since X is non-compact, for infinitely many indices 1, K; is non-empty.
Hence, X has a compact g-partition.

A space X is D-connected of order = 0 if X is compact and connected
(i.e., X is a continuum). Inductively, if « is a positive ordinal, wesay X is
D-connected of order < « if for each pair of points a, b € X, there exists
a finite sequence of ordinals @y, ay, . . . , @, less than o and a finite sequence
Ci, Cy ..., C, of subspaces of X such that ¢ € C;—, b € C,-, C;i— M
Ciy1™ # 0 for each 2 < n and C; is D-connected of order Z«; for each
1 = n. X is D-connected of order o if X is D-connected of order <« and
for each ordinal 8 < «, it is false that X is D-connected of order 8. In
general, X is D-connected if there exists an ordinal number « such that
X is D-connected of order a. D-connected spaces of order =1 receive the
name of semicontinua. Observe thatif { C,|j € J} is a family of D-connected
sub-spaces of X of order <a with non-empty intersection, then their
union is also D-connected of order <a. Using Sierpifiski’s theorem, it is
not difficult to prove:

2.7. Every Hausdorff D-connected space is o-connected.

The example at the end of this paper will prove that the converse of
2.7 is false, even for closed subsets of Euclidean spaces.

In [2] it is proved that for every space, X, we can find an ordinal
number « such that every D-connected subspace of X has order <a. The
least ordinal number for which this happens will be called the D-order
of X. For each p € X, the D-component of p is the union of all D-con-
nected subspaces of X containing p. Clearly, every D-component of X
is closed and D-connected and any two different D-components are
disjoint. The constituant of p is the union of all continua in X containing p.

3. Main results. We start this section with a modified version of a
standard theorem on separation of Hausdorff spaces.

3.1. Let N be a closed subset of a locally compact Hausdorff space X. If E
is a component of N with compact boundary and U 1s any neighborhood of
E, then there exists an open V im X such that EC VC V- C U,
NN FrV = 0 and such that V- — int E is compact.

Proof. Let S be an open set with compact closure such that Fr E C
SCS-CU. Let K= (NNS)~ and K* = K — int E. Since K* is
compact and no component of K* intersects both sets Fr Eand K* N\ FrS
(a connected set in K* intersecting Fr E has to lie in E because K* lies
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in N and E is a component of N), we have a separation K* = 4 U B,
where Fr E C 4 and K* N\ Fr S C B. Since X is regular and Hausdorff
and A4 is a compact subset of the open set S — B, there exists an open
set I such that

ACWCW-CS-—B.

Let V=W VU int E. Then
ECVCV-CW-VECUFVCFWCS and
K*N\FrWw = 0.

Since
NNFrVC((N—-—EYNFrWNSCK*NFrW =9,

we have also
NNFrV =40.

Finally, V'~ — int E is compact because it is closed and it is contained

in the compact set S—.

3.2. COROLLARY. Let H be a proper subset of a connected, locally compact
Hausdorff space X. If E is a component of H with compact boundary, then
E-NFr H # 0.

Proof. Assume, on the contrary, that E- M\ Fr H = §. Then E = E~
and E is a component of int H. Let 7" be an open set in X such that
EC T CT-CintH. By 3.1, there exists an open set V' such that
ECVCV-CT and such that T- "N\ Fr VV = @. Therefore, Fr V is
empty and V is a proper open and closed subset of X, contradicting the
connectedness of X.

Lemma 3.3 below will be used in the proof of Theorem 3.5:

3.3. LEMMA. Let K, K, . . . be a closed o'-partition of a locally compact
Hausdorff space X. If for n sufficiently large, K, is compact, then X 1is not
connected.

Proof. Assume, on the contrary, that X is connected. Let X* =
X U {p} be the one-point compactification of X and suppose K, is com-
pact for every n>s. If B={p} UK, UK, U...UK, then B,
K1, Koy, ... is a closed o’-partition of X*, contradicting Sierpifiski’s
theorem.

Combining 3.1 and 3.3, we obtain a much better result:

3.4. Let Ky, Ko, . .. be a closed a-partition of a locally compact, connected
Hausdorff space X. Then no K ; has a component with compact boundary.
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Proof. Proceeding by contradiction, assume, for instance, that K; has
a component E with compact boundary. Using 3.1, we can find an open
set V such that £ C V" # X, with K;\FrV =@ and such that
V= — int E is compact. Let E* be the component of V~ containing E.
According to 3.2, we have E* M Fr V7 # 0. Therefore, E* M K, E* N K,,

. is a closed ¢'-partition of E* and, with the possible exception of
E* M K, all of its elements are compact. This contradicts Lemma 3.3.

Before going on, we need a definition:

Let L C X. X is said to be a semicontinuum with respect to L if each
p € X — L belongs to a continuum H, C X intersecting L.

We prove now our first important result:

3.5. Let G be a family of non-empty regions (i.e., open connected sets) in
@ connected, locally compact Hausdorff space X. Let L be a component of
X — \U G with compact boundary. Then there exist Gy, ... , G, € G and
semicontinua Gi*, ..., G*, L* with respect to Gy, ..., G,, L such that
S = L*\U U'=1 G is a region in X.

Proof. According to 3.1, there exists an open set U # X such that
L C U, Fr U C U % and such that U~ — int L is compact. Since Fr U
is compact, there exist Gy, . .., G, € ¥ such that

FrUCUG;,=R and
=1

GiNFrU#@ foreachi=1,...,m.

On the other hand, each component of U~has compact boundary, so each
component of U~ intersects Fr U by 3.2. We prove the component L* of
U~ containing L is a semicontinuum with respect to L. Takex € L* — L.
Let 7" be the component of U~ — int L containing x. Clearly, T is
compact. Also, 7"\ Fr L # @. Assume, on the contrary, 7N\ Fr L = 0.
Hence 7" is a compact component of L*¥ — L and this latter set is a
proper open subset of L*. By 3.2,

T O\ Frp. (L* — L) # 0.

Therefore, T L % B, a contradiction. Observe now that each com-
ponent of U~ different from L* is a continuum intersecting Fr U. Con-
sequently, the union G* of G; and all components of U~ intersecting
G; M Fr U is a semicontinuum with respect to G; and

UTUR=L*UU G~
=1

Since Fr U C R, U~U R is open and has at most m components, the
component S of U~\U R containing L* is also open. Ordering the G,'s in

https://doi.org/10.4153/CJM-1980-113-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1980-113-2

1444 A. GARCIA-MAYNEZ

such a way that for some n < m, G; C S if and only if ¢ £ n, we obtain
the theorem.

3.5.1. COROLLARY. If, besides the conditions in 3.5, L and each element
of G is o-conmected (resp., D-connected), then L lies in a o-connected
(resp., D-connected) region.

3.5.2. COROLLARY. Let Dy = {x € X|X is not locally connected at x},
where X 1s as in 3.5. If L 1is a component of Dx— with compact boundary,
then there exists a region S in X which is the union of a semicontinuum with
respect to L and a finite collection of semicontinua. Hence, if L is o or
D-connected, so 1s S.

3.5.3. CorOLLARY. Let X and Dy be as tn 3.5.2. If all the components of
Dy~ are a-connected and, with at most a finite number of exceptions, all of
them have compact boundary, then X is a-connected.

We find next two sufficient conditions for a connected Cech-complete
space to be a semicontinuum.

3.6. Let X be a connected Cech-complete space. Then X is a semicontinuum
in each of the following cases:

a) X is locally connected.

b) X s locally compact and each component of Dx~ is compact.

Proof. a) Fix ¢, b € X and let G; D Gy D . . .be a decreasing sequence
of opensetsin Z = X such that X = GiMN\ Gy ....Foreachx € X,
let R(x, 1) be an open set in Z such that

x € R(x,1) C ClzR(x,1) C G;.

Let S(x, 1) be the component of X M R(x, 1) containing x. The family
1= {S(x, 1)|x € X} is then a covering of X with regions in X. Let
S(x1, 1), S(x2, 1), ..., S(xk, 1) be a simple chain from ¢ to b and define
M, as the component of Cl;R; containing S;, where

k k
Ri=U R(x;,1) and Si= U S, 1).
j=1 j=1
M,y is then a continuum in Z such that {a, 4} C M, C G,. For each
x € Sy, let R(x, 2) be an open set in Z such that
x € R(x,2) C ClzR(x,2) C G2 N\ Ry

Let S(x,2) be the component of X M R(x,2) containing x. ¥, =
{S(x, 2)|x € Si} is then a covering of S; with regions in X. Let S(y,, 2),
S(vs, 2), ..., Sy, 2) be a simple chain from a to b and define M, as the
component of Cl;R, containing S, where

4 »
Ry = UIR(y,-, 2) and S, = U1 Sy, 2).
= j=
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Clearly M, is a continuum in Z and {a, b} C My C M; N G,. Con-
tinuing this process indefinitely, we can find a decreasing sequence of
continua M, D M., D ... in Z such that {a, b} C M, C M,_1 M G, for
every nm. M = M, M M, ...is then a continuum in X about ¢ and b.

b) Let & be the decomposition of X into components of Dy~ and
points of X — Dy~ and let g¢:X — X/% = Q be the canonical iden-
tification. The assumptions about X and Dy~ imply that g is a perfect
mapping of X onto Q. Hence Q is also connected, Hausdorff and locally
compact. Besides, D, is totally disconnected. According to 2.2, p. 104
in [6], Q is locally connected and hence Q is a semicontinuum. Fix a, bin X
and let H be a continuum in Q about g(a) and g(b). Then K = g—1(H)
is a continuum in X about ¢ and b and the proof is complete.

From 3.5.2 and 3.6 b), we easily obtain:

3.7. Let X and Dx be as in 3.5.2. Assume there exists an ordinal number
a such that every component of Dx~ 1is D-connected of order <a and has
compact boundary. Then X 1s D-connected of order Za + 1.

Proof. If a = 0, 3.7 follows from 3.6 b). Assume then a« > 0. By 3.5.2,
every point of X has an open neighborhood which is D-connected of order
Za + 1. This clearly implies that X is D-connected of order & + 1.

We investigate now the nature of closed o-partitions of certain Cech-
complete spaces.

3.8. Let Ky, K, . .. be a closed a-partition of the connected, rim compact
and Cech-complete space X. Then, for infinitely many indices i, K, 1is
non-compact.

Proof. Assume, on the contrary, that with at most a finite number of
exceptions, K; is compact. With no loss of generality, we may assume
that K ;is compact forall7 = 2. Let FX be the Freudenthal compactifica-
tion of X. (Main properties of FX can be found in [3]). If Z = K;—U
(FX — X), then Z is a G; and F; subset of FX (because FX —Z =
U%: K, is G5 and F; in FX). Each compact subset L of Z is clearly
contained in a compact set L* C Z which is a G; in FX. Therefore it is
possible to express Z as a countable union Z = \U%.; H; of compact sets,
each of which is a Gs in FX and, with no loss of generality, we may
assume that K,~ C H; C H, C .... Since each space H,,1 — H, is
contained in #X — X, which is a 0-dimensional space, 2.6 implies that
H,,1 — H, is either compact or has a compact ¢-partition. Hence Z, as
well as FX — Z, admits a compact ¢-partition. But then also FX admits
a compact o-partition, contradicting Sierpinski’s theorem.

The following three examples exhibit limitations to improving 3.8:
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3.9. Example. A Cech-complete and connected subset of the plane
which admits a compact o-partition.

Let L, be the segment in R? with end points (1/#,0) and (1/2, 1)
(n=1,2,...). Let C, be the set of points in the circle x? + y? = (1/n)?
having at least one coordinate 0. Define: K, = L, \J C,, K = Una K,
Then clearly K, K, . . . is a compact o-partition of the connected set K.
Being a G; in the plane, K is Cech-complete.

3.10. Example. A rim compact, connected, Baire subset of the plane
which admits a compact o-partition.

Simply adjoin the points (0, 7) (r rational, 0 < r < 1) to the space K
described in 3.9. The space K* obtained this way is a Baire space because
it is locally compact at each point of an open dense subset. However, K*
is not Cech-complete.

3.11. Example. A Cech-complete, rim compact, connected subset of
the plane which admits a closed s-partition with infinitely many compact
elements.

Adjoin the points (0, y) (y irrational, 0 < y < 1) to the space K
described in 3.9.

S. Mazurkiewicz describes in [5] a closed and connected subset of the
plane which satisfies the following properties:

i) K has a closed g-partition Ko, K;, Ko, . .. ;
ii) Koy = ¥ X R*, where % is the Cantor discontinuum and R+ is
the set of non-negative reals.
iii) For 2 > 0, K, is a constituant of K.
iv) Foreacht € Rtand each integert > 0, the liney = ¢intersects K ;.
v) lim inf K, = @.

Using K, we may construct:

3.12. Example. A closed o-connected subset of R3 of D-order 1 which
is not D-connected.
For each integer n > 0, let

A, = 1i/3"|i # 0(mod 3), i/3" € €

and let L, = 4, X R*. Let B, be a 1-dimensional continuum in the
plane y = n such that B, intersects K, and each component of L, in
exactly one point and such that the intersection of B, with the plane
z = 0 lies completely in K, \J L, (for instance, B, may be a finite union
of “hooks’ in y = # joining irreducibly a fixed point of K, to each com-
ponent of L,). Then C, = K, U B,\U L, is a closed semicontinuum in
R¥3and X = (C;\J Co\J .. .)~ is clearly closed, connected and contains
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K. Since
C =liminf C, = limsup (C N C,) = K,,

2.5 implies that X is s-connected. Observe now that a continuum in X
cannot intersect more than one component of Ko — (L;\U L, \U .. .).
For assume, on the contrary, there is such a continuum H. Being
bounded, H cannot intersect infinitely many B/'s, say H M\ B; = @ for
i > m. On the other side, the o-connectedness of H implies that H
intersects uncountably many components of Ko. Let HN Ko = AU B
be a separation, where B contains all the components of H M K, lying
in L;foreach7=1,2,...,m. Since HN K; = @ for + > m (because
otherwise H N [Ko\J C; U ... U C,], HN K,,41,. . . would be a closed
o' -partition of H), we have

HCAU BUCVU...\JC)

and both sets 4 and B\U C;\U ... \U C, are separated. This contradicts
the connectedness of H. The constituants of X are then Cy, C, . . . and all
components of K, disjoint from L;\J L, \U . ... Since each constituant
is closed, they are precisely the D-components of X.
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