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Abstract. The KO-cohomology ring of the symmetric space SU(2n)/SO(2n) is
computed by using the Bott exact sequence and some facts on the real and quaternionic
representation rings of SU(2n) and SO(2n).

1. Introduction and statement of result. For each integer n = 1, through the natural
inclusion R c C, the rotation group SO(n) may be viewed as a closed subgroup of the
special unitary group SU(n), and we have a homogeneous space SU(n)/SO(n). It is a
symmetric space, because the complex conjugation o = ~: SU(n)— SU(n) is an involu-
tive automorphism of SU(n), and its fixed point subgroup is SO(n). The cohomology and
K-theory of SU(n)/SO(n) are known (see [4] and [5]), and so is the KO-theory of
SU(2n +1)/SO(2n + 1) (see [7]). The purpose of this paper is to compute the KO-theory
of SU(2n)/SO(2n). For this we need the following result of H. Minami [§, Proposition
8.2] on the K-theory of SU(2n)/SO(2n).

We begin with some notation and terminology. There is a fibre sequence

50(2n) <> SUQ2n) Z> SU(2n)/50(2n) <> BSO(2n) 25 BSU(2n).

In general, let G be a topological group and K =R, C or H. The set of G-K-isomorphism
classes [V] of G-K-modules V corresponds bijectively to the set of equivalence classes of
homomorphisms ¢, :G — GL(dim V, K) of topological groups (see [8]). For a while we
confine our attention to the case K= C. Let R(G) be the complex representation ring of
G. C¥ becomes a SU(2n)-C-module in the natural manner. We put A* = [A*(C*")] for
each integer k =0, where A* denotes the k-th exterior power functor. Then, as in (3,
Theorem 13(3.1)],

R(SU2n)) =Z[A, Az, - - - 5 Azn—2y A2n-1]
and, as in [§, (6.2)}, the induced homomorphism o*: R(SU(2n)) — R(SU(2n)) satisfies
o*(A)=Agx for k=1,2,...,2n—1 4]

We put w, = [A*((R*))], where (R*")€ is the complexification of the SO(2n)-R-module
R?". Then, as in [3, Theorem 13(10.3)],

R(SO(2n)) = Z[/'Ll’ /'LZ’ cee gy Mgy, l":9 ,U.,:]/(r,,),

where

AR (THE TP SO (T TIPS SN B (THIE ST L S &

and elements u,, u, are given as follows. By the definitions of A, and u,, the induced
homomorphism i*: R(SU(2n)) — R(S0(2n)) satisfies

*A)=mwe k=1,2,...,2n-1). (2)
Since o °i =i, it follows from (1) and (2) that u, = u,,-, for each k=1,2,...,2n - 1.
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There is an SO(2n)-C-isomorphism f: A*((R*")€) - A" ~*((R?*")€) that gives rise to the
equation and satisfies f o f = (—1)*®~%). In particular, for k = n, we have an isomorphism
FiA"(R¥)C)— A"((R*)C) with f o f = (—1)". If n is odd, f has two eigenvalues £V—1; if
n is even, f has two eigenvalues +1. Let u, denote the SO(2n)-C-isomorphism class of
the eigenspace belonging to V-1 if nis odd or to 1 if n is even, and u that of the
eigenspace belonging to —V-1ifnis odd or to —1if n is even. Then

Bn = tn + pp 3)

2
and dim p; = dim p] = ( n”)/z.

Let (G, o) be a symmetric pair (see [4]). That is, roughly speaking, G is a Lie group
and o is an involutive automorphism of G. Let G” denote the fixed point subgroup of o.
Then we have a map £:G/G” — G defined by

£(xG?) = xa(x)™" (4)
for xG° € G/G°. For (G, a) =(SU(2n), ) we have ¢:8U(2n)/SO(2n)— SU(2n).
The element A, may be regarded as a homomorphism SU(2n)— U((?)) of

2
topological groups. Let U be the infinite unitary group and ¢,:U (( k”))—-a U the
canonical injection. Then we have an element
B(’\k - )\2n—k):=[LU ° ’\k ° g] € [SU(Z”)/SO(Z"), U] = k_l(SU(2n)/SO(2n))

On the other hand, let a:R(G)— K%(BG) be the homomorphism of Atiyah-
Hirzebruch {2]. More precisely, the restriction of a to the augmentation ideal I(G) is
given by

a([V]-dim V)= [By, ° Bey] € [BG, BU] = K%BG), (5)
where Biy,:BU(dim V)— BU is the canonical injection. We denote by a(E) the image
2
of uy — ( :)/2 e I(SO(2n)) under the composite

1(S0(2n)) 2> K%(BSO(2n)) L5 KO(SU(2n)/SO(2n)).
That is,
a(p7):=[Bu ° Bu, ° j] € K°(SU(2n)/SO(@n)).
With the above notation, Minami [5] showed that
K*(SU(2n)/SO(2n))
= K*(p) @ Az(B(\i = Azn1), Ba = Aano)y -, B(hacr = Apir) (). (6)

Let g € K™*(pt) be the Bott generator and c¢: KO*(X)— K*(X) the complexification.
Our main result is as follows.
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THEOREM 1. There exist elements
Avz2n—x € KOY(SUQ2n)/SO@n)), for k=1,2,...,n -1,
. € KOA(SUQ2n)/SOQ2n)), if n is odd, or
.+ € KOUSUQ2n)/SO@2n)), if n is even,

such that
Ak zn-k) =8 ' B(Ak = Azn-)
g 'a(n)), ifnisodd,
C(I'Ln,+) = F . .
alwy), if n is even,
and

KO*(SU(2n)/S0@2n)) = KO*(pt) @ Az(A120-1, A2an-21- -+ s An—tns1s on,s)-

The author would like to thank K. Morisugi and H. Oshima for their valuable
suggestions.

2. Proof of main result. This section is devoted to proving Theorem 1. Let RO(G)
and RSp(G) be the real and quaternionic representation rings of G, respectively. As in [1,
p. 26], there are five homomorphisms between representation rings in the following
diagram, which is not commutative.

R(G)
c c’
RO(G) t RSp(G)
r q
v
R(G)
Their properties which we shall use are
gec' =2, (7)
qet=q ®)

Corresponding to these homomorphisms, there are five maps between (infinite) classical
Lie groups. We shall use the same letters to denote them. For example, 1:U— U is
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defined to be the limit of the complex conjugations t= :U(n)— U(n), so that the
diagram

Un) —Y> U
Un) —4> U
is commutative. In this way we have maps ¢:O— U and g:U— Sp, which yield fibre
sequences
05 UZs U/O4= BOZS BU
and
U2 Sp X5 Sp/U %5 BU,

respectively. We also have a map &.: U/O — U defined analogously to (4). Recall that an
Q-spectrum KO = {KO,}, .z representing KO-theory is given by

KO, = BOXZ, U/O, Sp/U, Sp, BSp X Z, U/Sp, O/U, O

according as k=0, 1, 2, 3, 4, 5, 6, 7(mod 8). It would seem that the following result is
implicitly shown in a topological proof of the Bott periodicity.

LEMMA 2. A map c={cJxez Of Q-spectra that represents the complexification
¢: KO*(X)— K*(X) is given by the following:
(0) ¢g=BcX1:BOXZ—-BUXLZ;
(1) ¢, =¢.:U/O- U,
(2) ©2=1(j,;,0):Sp/U— BU X Z;
and so on.

The following lemma, which is due to Seymour [6], is an exercise on Bott’s exact
sequence

o= KO* (X)) > KO*(X) -5 K*(X) 25 KO**(X)>.. .,
where 8(gx) = r(x) for x € K***(X).

Lemma 3. Let X be a space such that
(1) K*(X) is free as a K*(pt)-module, and so, as a K*(pt)-algebra, we may write

K*(X)=K*(pt)®A(by, by, .. ., by)

for some algebra A(by, b,, . . . , b,,) over Z with generators by, b,, ..., b, € K¥(X);
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(2) There exist uniquely determined a,,a,,. .. ,a,, € I?@*(X) such thar c(a;) = b; for
each i.
Then KO*(X) is a free KO*(pt)-module. Moreover

KO*(X)= KO*(pt)® A(a;,a,, .. . ,a,)
as a KO*(pt)-algebra.

By (6) the first assumption of Lemma 3 is satisfied for X = SU(2n)/SO(2n). We will
show that the second assumption of Lemma 3 is also satisfied for X = SU(2n)/SO(2n).
Let (G, o) and (G', ¢') be symmetric pairs, and let A:G — G’ be a homomorphism
of topological groups such that A e o =o' A. Then we have a map A:G/G° - G'/G'”
defined by A(xG?)=A(x)G' for xG” € G/G”, which makes the following square
commute.
¢

G/IG" — G

|

Gv/Gla' G:

Does there exist an element in KO™%~(SU(2n)/SO(2n)) such that its image under ¢
is g'B(Ax — Az,—y) for some i€ Z and k=1,2,...,n—1? Let us consider the element
A € R(SU(2n)). By (2), i*(Ay) = pi in R(SO(2n)). By definition, u, is real. That is, there
exists an element 1, € RO(SO(2n)) such that c(uz) = pi. (Since c:RO(SO(2n))—
R(SO(2n)) is injective [1, Proposition 3.27], such a ju is unique.) Hence i*(A,) = c(z).
This implies that the left square in the following diagram is commutative.

50@2n) —L SU@n) —F—s SU@n)ISO@2n) —E— SO(21)

N
ol (¢)) == () 2= u((%))/o((7)) =l (3))

Since o*(Ay) = Ay, =1(A;) by (1) and [1, Theorem 7.4}, we see that not only
the middle square but also the right square is commutative. Therefore, if

2
Lwio: U(( kn>>/0<<2kn))—> U/O is the canonical injection, we have an element

Acan—i:= [Luro © ] € [SU(2n)/SO@2n), U/O] = KO'(SU(2n)/SO(2n))

such that &.(Aga,_x) = [ty oAk © €] Since £.:[X,U/O]—-[X,0] is just c:KO'(X)—
K'(X) by Lemma 2(1), this implies that c(A ,—) =& 'B(Ax = Azn—s)-

Does there exist an element in KO~%(SU(2n)/SO(2n)) such that its image under c is
g'a(u,y) for some i € Z? Let us consider the element u, € R(SO(2n)). Our argument is
divided into two cases.

Consider first the case that n is even. By (1, Theorem 7.9], u. € R(.gQ(Zn)) is real.
That is, there exists an element u; e RO(SO(2n)) such that c(u;)=pu,. Let
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agr:RO(G)— KO°%G) be the homomorphism defined analogously to (5). Then there is a
commutative diagram

RO(G) —=R, [BG, BO x Z] = KO°(BG)

cl (Bc X 1)*1 jc

R(G) —%— [BG,BU x Z) = K°(BG)

2n
n

pns= (e an)(id - ()12)

= [Bio° By © j] € KOY(SU(2n)/SO(2n)),

by [3, p. 191]. Therefore, if BLOZBO((

)/2) — BO is the canonical injection, we have an
element

and by Lemma 2(0), ¢k, ) = Bey(ns) = [Buy © Bu ©j] = a(iy):

Consider next the case that n is odd. In this case, by [1, p. 179], the relation

()= pn 9)

holds in R(SO(2n)). On the other hand, by (1, Theorem 7.4], the element A, € R(SU(2n))
is quaternionic. That is, there exists an element A, € RSp(SU(2n)) such that

() = A, (10)

(Since ¢':RSp(SU(2n))— R(SU(2n)) is injective [1, Proposition 3.27], such a X: is
unique.) Then /

2i%*(A,) = (g = ¢ )(i*(A,), by (7),
= (g °*)(c'(A,))
= 9(i*(A,)), by (10),
=q(pn), by (2),
=gy +pi), by (3),
= qlus +1(u)), by (9).
= q(u) + (g ° ()
=q(pa)+qpa), by (8),
=29(uy)
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in RSp(SO(2n}), which is a free abelian group by [1, Definition 3.26]. Hence i*(X:) =
q(mr). This implies that the left square in the following diagram is commutative.

SO(2n) —— su@n) —F ., SU@n)/SO@n) ———, BSO@n)

uil lf 12 lBu:
o((3)/2) == 9((3)/2) = 9((3)/2)/ (7)) /2) == su(()/2)

The middle and right squares are clearly commutative. Therefore, if tg,y:

(( )/2>/U<( )/2>—>Sp/U is the canonical injection, we have an element

= [usp © An] € [SUQ2n)/SO2n), Sp/ U] = KOXSU(2n)/SO2n))

such that j,.(w, ) = [Bey © Bu ©j). Since j,.:[X,Sp/U]—[X, BU] is just c: KO*(X)—
R*(X) by Lemma 2(2), this implies that c(u, ) =g 'a(m,).

Thus all the assumptions of Lemma 3 are satisfied for X = SU(2n)/SO(2n). Now we
can apply Lemma 3 to X = SU(2n)/SO(2n). Then Theorem 1 follows.
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