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BMO-Estimates for Maximal Operators via
Approximations of the Identity with
Non-Doubling Measures

Dachun Yang and Dongyong Yang

Abstract. Let ;1 be a nonnegative Radon measure on R that satisfies the growth condition that there
exist constants Cy > 0 and n € (0, d] such that for allx € R and r > 0, w(B(x, r)) < Cor", where
B(x,r) is the open ball centered at x and having radius r. In this paper, the authors prove that if f
belongs to the BMO-type space RBMO(11) of Tolsa, then the homogeneous maximal function Ms( f)
(when RY is not an initial cube) and the inhomogeneous maximal function Mg(f) (when RY is an
initial cube) associated with a given approximation of the identity S of Tolsa are either infinite every-
where or finite almost everywhere, and in the latter case, M and M are bounded from RBMO(1z) to
the BLO-type space RBLO(z). The authors also prove that the inhomogeneous maximal operator Mg
is bounded from the local BMO-type space rbmo(x) to the local BLO-type space rblo(y).

1 Introduction

In recent years, it has been shown that many results on the Calder6n—Zygmund the-
ory remain valid for non-doubling measures; see, for example, [3-7] and their ref-
erences. Recall that a non-doubling measure 1 on R? means that 1 is a nonnegative
Radon measure that only satisfies the following growth condition: there exist con-
stants Cy > 0 and n € (0, d] such that for all x € R and r > 0,

p(B(x, 1)) < Cor”,

where B(x,r) is the open ball centered at x and having radius r. Such a measure
1 is not necessarily doubling, which is a key assumption in the classical theory of
harmonic analysis. One of main motivations for extending the classical theory to
the non-doubling context was the solution of several questions related to analytic
capacity, like Vitushkin’s conjecture or Painlevé’s problem; see [8,9, 11] or survey
papers [10, 12, 13] for more details.

In particular, Tolsa [6] constructed a class of approximation of the identity, and
as applications, Tolsa developed a Littlewood—Paley theory with non-doubling mea-
sures for functions in L? (1) when p € (1, 00) and established some T(1) theorems.
In [15], the authors introduced the homogeneous and inhomogeneous maximal op-
erators Mg and M associated with a given approximation of the identity S of Tolsa
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in [6], and proved that both Ms and Mg are bounded on LP(y) for p € (1,00),
that Mg is bounded from the Hardy space H'(u) of Tolsa [5] to L'(u), and that
M is bounded from a local version of the Hardy space h;gboo( 1), which was intro-
duced in [2], to L'(x). The main purpose of this paper is to consider the BMO-
boundedness of Mg and M at another extremal case, namely, when p = oco. To
be precise, we first prove that if f belongs to the BMO-type space RBMO(u) of
Tolsa [5], then Ms(f) (when R? is not an initial cube) and Ms(f) (when R? is an
initial cube) are either infinite everywhere or finite almost everywhere, and in the lat-
ter case, Mg and M are bounded from RBMO(p) to the BLO-type space RBLO(1) of
Jiang [3]. We also prove that Mg is bounded from the local BMO-type space rbmo( )
to the local BLO-type space rblo(u), which were introduced in [2]. It is known that
rblo() C rbmo(p) and RBLO() € RBMO(u). On the other hand, even in the
case that 1 is the d-dimensional Lebesgue measure, a BMO(R?) function with essen-
tial lower bound is not necessary to belong to BLO(R%); for example, consider the
function (log [x[)X {xepe: |x|>1} (X), where and in what follows, for any D C R, Xo
denotes the characteristic function of D. An interesting open problem is whether Mg
(or Ms) can characterize the Hardy space H' (1) (or h;&;’o (u)). Recall that the dual
spaces of H' () and h;t’boo (u) are proved, respectively, to be the spaces RBMO(1) and
rbmo(u) in [5] and [2].

The organization of this paper is as follows. In Section 2, we recall some necessary
notions and notation. In Section 3, we prove that if f belongs to RBMO(u), then
Ms(f) (when R? is not an initial cube) and Ms(f) (when R is an initial cube) are
either infinite everywhere or finite almost everywhere, and in the latter case, Ms( 1)
and M( f) are bounded from RBMO(u) to RBLO(y). In this section, we also estab-
lish the boundedness of Mg from rbmo(y) to rblo(y). Differently from the homoge-
neous case, for any f € rbmo(u), Ms(f)(x) < oo for p-almost everywhere x € IR9.
The results in this paper are also new even when p is the d-dimensional Lebesgue
measure.

Throughout the paper, we always denote by C a positive constant that is indepen-
dent of the main parameters, but it may vary from line to line. Constants with sub-
scripts such as C, do not change in different occurrences. The symbol Y < Z means
that there exists a positive constant C such that Y < CZ. For any f € L} _(u) and

loc

cube Q, mq(f) denotes the mean of f over Q, namely, mq(f) = m fQ f(y)du(y).

2 Preliminaries

In this section, we recall some necessary notions and notation. By a cube Q C R%, we
mean a closed cube whose sides are parallel to the axes and centered at some point of
supp(i), and we denote its side length by /(Q) and its center by xq. If u(RY) < oo,
we also regard R as a cube. Let o, 3 be two positive constants, @ € (1,00) and
0 € (a*,00). A cube Q is said to be an («, 3)-doubling cube if it satisfies pu(aQ) <
Bu(Q), where and in what follows, given A > 0 and any cube Q, AQ denotes the
cube concentric with Q and having side length AI(Q). It was pointed out by Tolsa
(see [5, pp- 95-96] or [6, Remark 3.1]) that if 3 > «”, then for any x € supp(u) and
any R > 0, there exists some (a, (3)-doubling cube Q centered at x with I(Q) > R,
and that if 3 > o, then for p-almost everywhere x € R4, there exists a sequence
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of (e, 3)-doubling cubes, {Q}ren, centered at x with I(Qx) — 0 as k — oo. Let
p € (1,00). Throughout this paper, we always take 3, = p?*!. For any cube Q, let
Q’ be the smallest (p, f3,)-doubling cube that has the form p*Q with k € N U {0}.
We denote Q? simply by Q. Moreover, by a doubling cube Q, we always mean a
(2,241)-doubling cube.

Given two cubes Q, R C RY, let xq be the center of Q, and Qg be the smallest
cube concentric with Q containing Q and R. The following coefficients were first
introduced by Tolsa in [5]; see also [6,7].

Definition 2.1 Given two cubes Q, R C R?, we define

1 1
5(Q.R) = max{ / S N (. du(x)} .
an\a 1x = xql" Ro\R |X — xr]"

We may treat points x € RY as if they were cubes (with side length I(x) = 0). So,
forx, y € R¢ and some cube Q, the notations 6(x, Q) and §(x, y) make sense.

The following useful properties of (-, -), which were proved in [7, pp. 320-321]
(see also [6, Lemma 3.1]), play important roles throughout the paper.

Lemma 2.2 There exists a positive constant C, which only depends on Cy, n, d, and p,
such that the following properties hold:

(1) IfI(Q) ~ I(R) and dist(Q,R) < CI(Q), then 6(Q,R) < C. Moreover, for any
n € (1,00), 6(Q,nQ) < Co2"n".

(i) Let p € (1,00) and Q C R be concentric cubes such that there exist no
(p, By)-doubling cubes of the form p"Q k > 0, with Q C p*Q C R. Then
d(Q,R) <C.

(iii) IfQ C R, then 5(Q,R) < C[1+log 1&1.

(iv) There exists a positive €y such that if P C Q C R, then

[6(P,R) — [6(P, Q) + 6(Q,R)]| < €.

In particular, §(P, Q) < 0(P,R) + €y and §(Q,R) < §(P,R) + €. Moreover, if P
and Q are concentric, then ¢g = 0.
(v) ForanyP, Q R C R% 6(P,R) <C +6(P,Q)+6(Q,R).

We now recall the notion of cubes of generations; see [6,7] for more details.

Definition 2.3 We say that x € R? is a stopping point (or stopping cube) if
d(x, Q) < oo for some cube Q > x with I(Q) € (0,00). We say that R is an ini-
tial cube if 6(Q, RY) < oo for some cube Q with I(Q) € (0, 00). The cubes Q such
that I(Q) € (0, co) are called transit cubes.

Remark 2.4 In [6, p.67], it was pointed out that if §(x, Q) < oo for some transit
cube Q containing x, then §(x, Q) < oo for any other transit cube Q' containing x.
Also, if 6(Q, R%) < oo for some transit cube Q, then §(Q’, RY) < oo for any transit
cube Q'.
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Let A be some big positive constant. In particular, we assume that A is much bigger
than the constants €, €1, and 7y, which appear, respectively, in [6, Lemmas 3.1-3.3].
Moreover, the constants A, €, €;, and 7, depend only on Cy, n, and d.

Definition 2.5 Assume that R is not an initial cube. We fix some doubling cube
Ry C R?. This will be our “reference” cube. For each j € N, let R_; be some doubling
cube concentric with Ry, containing Ry, and such that |§(Ry, R_;) — jA| < € (which
exists because of [6, Lemma 3.3]). If Q is a transit cube, we say that Q is a cube
of generation k € Z if it is a doubling cube, and for some cube R_; containing
Q, we have [0(Q,R_;) — (j + k)A| < €. If Q = {x} is a stopping cube, we say
that Q is a cube of generation k € Z if for some cube R_; containing x, we have
MQ,R_j) < (j+kA+e.

We remark that the definition of cubes of generations is proved in [6, p. 68] to
be independent of the chosen reference cubes R_; in the sense modulo some small
errors.

Definition 2.6 Assume that R? is an initial cube. Then we choose R as our “refer-
ence” cube: If Q is a transit cube, we say that Q is a cube of generation k > 1,if Q is
doubling and [§(Q, R¥) — kA| < €. If Q = {x} is a stopping cube, we say that Q is a
cube of generation k > 1 if d(x, R?) < kA + €,. Moreover, for all k < 0, we say that
R? is a cube of generation k.

Using [6, Lemma 3.2], it is easy to verify that for any x € supp(p) and k € Z,
there exists a doubling cube of generation k; see [6, p. 68]. Moreover, from [14,
Proposition 2.1] and Definition[2.6} it follows that for any x € supp(u), I(Qy, ) — 00
as k — —oo. Throughout this paper, for any x € supp(u) and k € 7, we denote by
Qq, k a fixed doubling cube centered at x of generation k.

Remark 2.7 We should point out that when R? is an initial cube, cubes of genera-
tions in [6] were not assumed to be doubling. However, by using [6, Lemma 3.2], it
is easy to check that doubling cubes of generations exist even in this case.

In [6], Tolsa constructed a class of approximation of the identity {S}° __ related
to {Qx, k fxerd, kez> Which are integral operators given by kernels Si(x, y) on R4 x R?
satistying the following properties:

(A-1) Si(x,y) = Sk(y,x) forallx, y € R%
(A-2) forany k € Z and any x € supp(j), if Qy, x is a transit cube, then

A Sk ) du(y) = 1

(A-3) if Q, i is a transit cube, then supp(Si(x, -)) C Qx k—15
(A-4) if Qy x and Q,, i are transit cubes, then there exists a constant C > 0 such that

C
[10Qu k) + Q1) + |x — y[1"’

0 < Sk(x,y) <
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(A-5) if Qu k> Qx/ 1> and Q, x are transit cubes, and x, x’ € Qy, i for some x; €
supp(p), then there exists a constant C > 0 such that

lx — x'| 1
1(Qu 1) Qe 1) + 1(Qy, ) + |x — y[I"

Moreover, Tolsa [6] pointed out that properties (A-1)—(A-5) also hold if any of Q, ,
Qx, k> and Q,, x is a stopping cube, and that (A-1) and (A-3)—(A-5) also hold if any
of Qx x> Qx> and Qy, x coincides with R4, except that (A-2) is replaced by (A-2)*:
if Quir = R? for some x € supp(y), then S = 0. In what follows, without loss of
generality, for any x € supp(u), we may always assume that Q, x is not a stopping
cube, since the proofs for stopping cubes are similar.

Forany k € Z, f € L} (), and x € supp(y), define

loc

Sk(x, y) = Sk(x", y)| < C

Sef(x) = / Sex, 1) £ dia(y).
Rd

I

Let Dy = Sy —Sk—1 for k € 7, and we also use Dy, to denote the corresponding integral
operator with kernel Dy.
We next recall the notions of the space RBMO(p) in [5] and RBLO(y) in [3].

Definition 2.8 Letn, p € (1,00) and 3, = p™'. A function f € L} _ (1) is said to
be in the space RBMO(y) if there exists some nonnegative constant C such that for
any cube Q centered at some point of supp(u),

1 ~
— —mg, d <C
o [ —map| o <€
and for any two (p, 3,)-doubling cubes Q C R,

Imo(f) — me(f)| < C[1+8(Q,R)].

Moreover, the minimal constant C as above is defined to be the norm of f in the
space RBMO(y) and denoted by || f||remo(u)-

Remark 2.9 It was proved by Tolsa [5] that the definition of RBMO(y) is indepen-
dent of the choices of 77 and p. As a result, unless explicitly pointed out, we always
assume 77) = p = 2 in Definition[2.8]

Definition 2.10 We say that f € L} (1) belongs to the space RBLO(y) if there

loc
exists some nonnegative constant C such that for any doubling cube Q,

(2.1) mo(f) — essinfyeq f(x) < C,

and for any two doubling cubes Q C R,

(2.2) mq(f) — me(f) < C[1+38(Q, R)].

Moreover, the minimal constant C as above is defined to be the norm of f in the
space RBLO(p) and denoted by || f||rsro()-
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Remark 2.11 It was proved in [2] that we obtain an equivalent norm of RBLO(y) if
(2.1) in Definition 2.10is replaced by: for fixed n € (1, 00) and any cube Q centered
at some point of supp(i),

(2.3) M(TllQ)/Q [f(x) —essinfzf(y) | du(x) < C.

Moreover, we obtain an equivalent norm of RBLO(y) if the (2, 24*! )-doubling cubes
in (2.2) and (2.3)) are replaced by (p, pd“)—doubling cubes for any fixed p € (1, 00).

To recall the notions of the local spaces rbmo(u) and rblo(u), we need first to
recall the set D of cubes with “large size”, which was introduced in [2]. If R is not
an initial cube, letting {R_;} 72, be as in Definition[2.3] we then define the set

D={Qc R : there exists a cube P C Q and j € NU {0} such that
PCR_jwith§(P,R_}) < (j+DA+e}.
If RY is an initial cube, we define the set
D= { Q C R? : there exists a cube P C Q such that S(BRY) < A+ el} .

In [2], it was pointed out that if Q € D, then any R containing Q is also in D and the
definition of the set D is independent of the chosen reference cubes {R_;} jenugoy
in the sense modulo some small error (the error is no more than 2¢; + ¢;); see also
[6, p. 68]. Moreover, it was also proved in [2] that if 4 is the d-dimensional Lebesgue
measure on R?, then for any cube Q C R4, Q € Difand only if I(Q) = 1.

The following spaces rbmo(u) and rblo(u) were introduced in [2]. It is not dif-
ficult to see that rblo(u) C rbmo(u) € RBMO(u) and rblo(u) € RBLO(u) C
RBMO(); see [2].

Definition 2.12 Letn € (1,00), p € [n,00), and 3, = p™1. A function fe

L}, (p) is said to be in the space rbmo(y), if there exists a nonnegative constant C

such that for any cube Q ¢ D,
1 ~
— —myg d C
Q) /Q ‘f(y) ma,(f)| duly) < C,

that for any two (p, 8,)-doubling cubes Q C Rwith Q ¢ D,

Imq(f) — mr(f)] < C[1+48(Q,R)],
and that for any cube Q € D,

1 ~
- d .
M(nQ)/QIf(y)I wy) <C

Moreover, the minimal constant C as above is defined to be the norm of f in the
space rbmo(p) and denoted by || f1|romo(u)-
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Remark 2.13 It was proved in [2] that the definition of rbmo(u) is independent
of the choices of n € (1,00) and p € [n, 00). Therefore, in what follows, we always

assume 77 = p = 2 in Definition 2,121

Definition 2.14 A function f € L} () is said to belong to the space rblo(y) if

~loc
there exists a nonnegative constant C such that for any cube Q ¢ D,

1 ~
—_— x) —essinf~f| du(x) < C,
that for any two doubling cubes Q C Rwith Q ¢ D,

mq(f) — mr(f) < C[1+8(Q, R)],

that for any cube Q € D,

1 ~
MZQ)/QU(J’)MM(J’) <C,

and that for any cube Q € D,

essjnff‘ <C.
Q

Moreover, the minimal constant C as above is defined to be the norm of f in the
space rblo(y:) and denoted by || f||rblo(y.)-

In what follows, for any cube R and x € R N supp(u), let Hy be the largest integer
k such that R C Q. The following properties on Hf, which were established in [2],
are useful in applications.

Lemma 2.15 The following properties hold:

(i)  Forany cube R and x € R N supp(p), Qx gz+1 C 3R and 5R C Qy bz —1-

(ii) Forany cube R, x € RN supp(u), and k € Z withk > Hg +2, Qg C %R.

(iil) For any cube R and x € R N supp(u), Hy > 0 when R ¢ D; moreover, Hy < 1
when R? is not an initial cube and R € D, and 0 < Hy <1 when R is an initial
cube and R € D.

(iv) When k > 2, for any x € supp(u), Qx x ¢ D.

(v) For any cube R and x € R N supp(u), there exists a positive constant C such that
O(R, Qumy) < Cand §(Qupz+1, R) < C.

3 Main Results and their Proofs

Let S = {S }xez be an approximation of the identity as in Section 2. We then consider

the following maximal operators: for any locally integrable function f and x € R,
define

Ms(f)(x) = sup [Se(f)(x)] and  Ms(f)(x) = sup [Sk(f)(x)|.
ke keEN
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These two operators were introduced in [15]. Moreover, Ms was proved to be
bounded on L?(u) for p € (1,00) and from Hl(,u) to L'(p), and M was proved
to be bounded on L? () for p € (1, 00) and from hatb (1) to L'(p); see [15]. In this
section, we consider their boundedness in RBMO( ) and rbmo(u), respectively.

Theorem 3.1 If RY is not an initial cube, for any f € RBMO(u), Ms(f) is either

infinite everywhere or finite almost everywhere, and in the latter case, there exists a

positive constant C independent of f such that || Ms(f)||rero() < Cl| fllrBMO()-
IfR? is an initial cube, the same conclusions as above are true if Ms is replaced by

M.

Proof We use some basic ideas from [1]. By homogeneity, we may assume that

Il fllrBMO(w) = 1

Moreover, when R? is an initial cube, by the convention, we have Sy = 0 when k < 0.
Thus, using this convention, we can also write Mg into M.

We first claim that if there exists a point xo € R such that Ms(f)(xo) < oo, then
for any doubling cube Q > xy,

(3.1) ﬁ /Q [Ms<f><x> —inf ()| dpt) S 1.
In fact, for any cube Qand f € L} _(u), define
(3.2) Ms,q1(f)(x) = sup [Si(NH()],
kZHngl
(3.3) Ms,0,2()x) = sup [Si(N)(x)],
k<H}

Q= {xeQ: Ms a.1(f) (x) > Ms, q.2(f)(%)} and Q; = Q\ Q;. We then have that
Ms(f) max(MS ao.1(f), M, 0,2(f)). Write fi = [f — mq(f) ]XgQ and

Lo =1 = mo(H)lxan 1q-

Since Ms, .1 is sublinear, we see that

1 . o
#(Q)/Q[Ms(f)(x)—lgfj\/[s(f)} du(x)
< ﬁ o [(Ms,0,1(f)(x) + Ms ,1(£)(x)] dulx) + [Jmo(f)] — ings(f)}
* @ o 009~ ing NN dn() = By 4+ By

To estimate E;, recall that there exists a positive constant C such that for any f €
RBMO(p) with || f||remo(u) = 1 and doubling cubes Q and R,

(3.4) [mo(f) —mr(f)] < C+26(Q,R)
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(see [7, Proposition 2.6]). On the other hand, by [15, Lemma 4.1], M is bounded
on L*(p).

From this fact, the Holder inequality, the doubling property of Q, Lemma
(B4), and [5, Corollary 3.5], it follows that

1 .
wQ Jo, Ms, g, 1(fi)(x) dpu(x)

1 1/2
< J_- _ 2
S / 16 = mo( PP dto |

< 1 2 1/2 -
@ /gQ‘ f0) = meg (D] dutx)}+ [mo() = myp(F)] S 1.
By this inequality, the estimate for E; is reduced to showing that

(3.5) Ms, o,1(f2)(x) du(x) < 1.

1
w(Q) Q

From the construction of {Qy x}kez, it is easy to see that for any k € Z and x €
supp(ft), 6(Qx, k, Qx, k—1) S 1. Then by applying [14, Lemma 3.1], we see that

|f(2) — mq, (f)]
3.6 al du(z) S [1+6(Quk, Qui1)])* S 1.
(36) /Q S s @) S 14 6(Quk, Qi)
Moreover, if k > Hp + 4, then Qu x—1 C Q. This can be seen by applying Lemma
[215(ii) together with the fact that I(Qy x—1) < Tlol(Qxﬁk—z) for any x € supp(u) and
k € 7 (see [6, p. 69]). Then from this fact, (A-2)- (A-4), (3.8), (3.4), Lemma22(iv),
and Lemma[2.T5(v), it follows that for any x € Q,
Mso1(fL)x) = sup  [Sk(fo)(x)]

H6+1§k§Hg+3

< sup “Sk( (f = mo, (f)Xun 10) (%))

H+1<k<Hy+3

+ | o, (F) = gy (F)] + |0y e () = ma( ]| S 1.

This implies (3.5)).
Now we estimate E,. From (A-2)—(A-4) and (3.9)), it follows that for any k € Z
and x € supp(),

(3.7) ISk(f)(x) = mq, ()] S 1.
Then applying this, together with Lemma[2.15(v) and (3.4), we see that for any y €
Q

Imo(f)] = Ms())(y) < [mo(f) = Sy (NG|
| ma(f) = ma,, (] +[ma,, ()= S (D)

1.

IN

A
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Then we have that E; < 1.
On the other hand, for any x, y € Q and k < Hp,, [6, Lemma 4.2] implies that

Qyk C Qe k=1 C Qy k—2. Then LemmaZ.2(iv) and (v) yield that 6(Qy, x, Qe x) S 1.
Therefore, it follows from (3.4 and (3.7) that

[Skf ()] = Ms(H)()
< ISk f(x) = Sef(y)
< [Skf(x) = mo, (] + Ima,  (f) = mq, ()] +[mq,  (f) = Skf(y)]
S

which implies E; < 1. Combining estimates for E, through E; leads to (]E])'.
By (B.1)), if there exists a point xo € R? such that Ms( f)(xy) < oo, then Ms( f)(x)
is finite almost everywhere and for any doubling cube Q,

M(IQ)/Q [Ms(f)(x) — essinfq Ms(f)] du(x) S 1.

To complete the proof of Theorem[3.1] it suffices to verify that for any doubling cube
QCR, .
mq[Ms(f)] — me[Ms(f)] S 1+0(Q,R).
Let Ms g 1(f) and Ms g 2(f) be as in and (B3)) with Q replaced by R,

Qi = {x€Q: Msr1(f)x) > Ms r2(f)x)}
and Q, = Q\ Q. Split
f=1f =mr(DIxiq + [f = mr())]Xpa\1q + mr(f) = fi + fo + mr(f).
From the fact that Vs, g ; is sublinear, it follows that
mq[Ms(f)] — mg[Ms(f)]

< L {Ms 1 (/) (x) + Ms, r 1 (L))} dp(x) + [|mr(f)] — mp[Ms()]]
Q) Jo,
+ ﬁ o {Ms,r,2(f)(x) — mpIMs(f)]} dulx) = Fy + F, + Fs.

By the boundedness of Mg in L?(11), the Holder inequality, the doubling property
of Q, Lemma[22] (B4), and [5, Corollary 3.5],

1 :
(3.8) 2@ Jo M, r,1(f1)(x) dpu(x)

1 2 1/2
S {H(@/go|f(x) *mgé(f)| du(x)}
+ |m§é(f) —mq(f)] + | mo(f) — mr(f)]

<1+6(QR).
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From the fact that Q, y—; C %Q for k > HE + 4, (A-2)—(A-4), (3.6), Lemma[2.2]
(B4), and Lemma[2.15(i) and (v), we deduce that for any x € Q,

Msri(R)@ < sup  {Si[If = mo, (NI )

Hi+1<k<H{+3
+lmo () = mag(F)| + Imsg( ) = ma(f)] |
S 1+6(Qum13,3R) S 1+3(QR).

From this and (3.8, it follows that F; < 1+ §(Q, R).
On the other hand, Lemma2.15(v), (3.4), and (3.7)) imply that for any y € R,

Imr(f)] = Ms()(y) < | mr(f) = Sgra (H()]

< [mr(f) =mq_, (D] +[mq_, (f) = Spa(HD] S 1.

Taking the average over y € Ryields F, < 1.
Observe that for any x, y € Rand k < Hy, 0(Qy, &, Qx k) S 1. Then it follows
from (3.4) and (3.7)) that

Sk f ()| = Ms(f)(y)
< |Skf(x) - mQx.k(f)| + |mQx,k(f) - mQy,k(f)l + |mQy_k(f) - Skf(}/)‘ S L,

which implies F;3 < 1, and hence completes the proof of Theorem 3.1l ]

Theorem 3.2  There exists a positive constant C such that for all f € rbmo(pu),

H MS(f)H rblo(p) S C||f||rbm0(,u)-

Proof By homogeneity, we may assume that || f||somo(,) = 1. We first consider the
case that R? is an initial cube. In this case, we claim that for any cube Q € D,

1

G5 120)

/ Ms( )0 dpa() < 1.
Q

By [15, Lemma 4.1], M is bounded on L?(p). This fact together with the Holder
inequality and [2, Corollary 3.1] yield that

1 1 1/2
- 4 < - 2 < -
/J(ZQ) /QMS[fX3Q] (X) du(x) ~ { NJ(ZQ) /‘;Q ‘f(x)l du(x)} ~ 1

On the other hand, by Lemma 2.I5(iii), 0 < Hi <1 for any x € Q, which in
turn implies that k > H{ + 4 for k > 5. Then we have Q, -1 C %Q. Moreover,
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[2, Lemma 3.10] implies that holds for any f € rbmo(u). From these facts
together with (A-2), it follows that for any x € Q,

Ms [ fxun o] () = sup /Q Sk(x»y)f(y)md\;(g(y)d/«t(y>‘

1<k<4

< sup {/ |f(y)_mQx,k(f)| dﬂ()’)+|mQX‘k(f)|} <1,
Q

1<k<4 oy L=y + Q1))

where in the last inequality, by Definition 212} |mq, ,(f)| < 1ifk = 1; and

|mo, (D] < [mao,,(f) = mq (N +|mq,, (/)] $1

if 2 < k < 4. Therefore (3.9) follows and M( f) is finite almost everywhere.
We now prove that for any doubling cube Q ¢ D,

(3.10) ﬁ /Q [Ms(f)(x) — essinfo Ms(f)] dpu(x) < 1.

Let

Ms.o1()x) = sup SN, Msq20f)x) = sup |S(NH)]
k>HE+1 1<k<H,

(if H = 0, then Ms g »(f) disappears),
Qi ={x € Q:Ms,0,1()x) = Ms g2/},
and Q, = Q\ Q1. Moreover, write
f=1f =ma(Nxsq + [f = mo(H)Ixwa1q + mo(f) = fi + fo + mo(f).
Then we have
5 /Q [Ms(F)(x) — essinfo Ms()] du(x)

1

< Q@ Lo, [Ms,0,1(f1) ()
+Ms q, l(fz)(x)] du(x) + [|mQ(f)| — essinfy Ms(f)]
1 .
+ m o [MS, Q,2(f)(x) — essinfy Ms(f)] du(x)
=G+ Gy +Gs.

We claim that

(3.11) Ms, 1 (fi)(x) du(x) S 1.

S
w(Q) Jq,
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In fact, an easy computation shows that (3.4) holds for any f € rbmo(u) with
| flliomo(sy = 1. Then by the Hélder inequality, the boundedness of Ms in L*(),
the doubling property of Q, [2, Corollary 3.1], and Lemma[Z2] if 3Q € D,

1
1(Q)

1 , 1/2
< R _
N{ 3 / 17— ma() du(x)}

X 1/2
<@ f a0}t bmat) =il + )

Sh

/Q Ms, g1 (fi)(x) du(x)

and if%Q ¢ D,

1
Q) Jo, M1 () dutx)

1 ) 1/2
< {M/;Q‘f(x)—mgé(fﬂ du(x)} +‘m§6(f)_m0(f)’ <1

Therefore, (B.11]) follows.

From (A-2)-(A-4), (34), (B.6), Lemma 2.I5(v), and the fact that Q, x—1 C 3Q
for k > Ha + 4, it follows that for any x € Qy,

Ms,q1(f2)(x)

< sup {SIf = mo (O] )+ [mo,(f) = mg, (£

HgﬂgkgHngs

+ [, e (1) = ma()] }
<1

This and (B.11)) lead to G; < 1.

~

Observe that [2, Lemma 3.10] implies that (3.7) also holds for any f € rbmo(u).
Similarly to the estimate for E, in the proof of Theorem Bl by Lemma2.15(v) and
B, forany y € Q,

Imo(f)l = Ms(N)(y) < [mo(f) = Sy (N S 1,

which implies that G, < 1.

On the other hand, it follows from (34) and (3.7) that for any x, y € Q and
1 <k<H

Sk f ()] = Ms(f)(y)
< [Skf(x) — mq, ()] + |mq,  (f) — mq, ()] +[mq,,(f) = Skf(y)| S 1.
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Then we have G; < 1. Combining the estimates for G; through G; yields (3.10).
Notice that by (B9), for any cube Q € D,

essinfaMs(f) <

Then by (3:9) and (3.10), to complete the proof of Theorem[3.2in the case that R? is
an initial cube, it suffices to prove that for any doubling cubes Q C Rwith Q ¢ D,

mo[M(f)] — mp[M(f)] S 1+6(Q,R).

Set Ms  1(f) (%) = supys eyt [S(H )], M, r,2(/)(x) = supycpcps [Se(f) ()]
(if Hg = 0, then Mg g ,(f) disappears),

Qi ={x € Q:Msr1(f)x) > Ms r2(f)(x)},
and Q; = Q\ Q. Since Mg is sublinear,
Q[Ms(f)] - mR[MS(f)]

< @ { M, r 1 (D)) + Ms g 1(£) (%) } dplx) + [ |mp(f)| — me[Ms(f)]]

(Q) {MSRz(f)(x) mp[Ms(f)1} du(x) = Hy + Hy + Hs,

where fi = [f — mp(f)] Xiq and f, = [f — mr(f)] XRi\4 Q-

By the boundedness of M in L?(u), the Holder 1nequal1ty, the doubling property
of Q, Corollary 3.1 in [2], (3.4), and Lemma[2.2] if 4 Qe D,

1
(@ J, M1 dut)

. ] . 1/2
< {u(@ / 10 = ma() du(x)}

1/2
{ e / If(x)zdu(x)} + me(f) = mo( )|
+mo(f) = meg ()] + [ me ()
S 1+0(QR);
andif $Q ¢ D,

1

1/2
< s 2
Q) J, M@ du 5 { ) / | f@) = mig (D) du(x)}

+meg () = mo(N)] +|mo(f) = ma(f)|
<1+46(Q,R).
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On the other hand, from the fact that Q, —; C %Q for k > Hp + 4, (A-2)—(A-4),
(B.8), Lemma2.2 and Lemma[2.15] we deduce that for any x € Q,

Ms r1(f)(x) = sup ISk(f2)(x)]

Hg+1§k§H6+3

< sup / Sk(x,2)| f(2) — mp(f)| du(2)
Qe k—1

H+1<k<HH+3

< sup [/ Sk(x,2)|f(2) — mq, (f)| du(z)
Qu k-1

HgﬂgkgHngs
+|ma, (f) = mg(D] + [ mg(f) — mr(f)|
S 1+ 0(Qu 43, 3R) S 1+6(Q,R).

Then we have ﬁ fQ] Ms 0, 1(£)(x) du(x) S 1+ 6(Q,R), which together with the
estimate for M o, 1(f1)(x) yields H; < 1+ 0(Q,R).
By Lemma[2.15(v), (34), and (B.7), for any y € R,

Ime(f)] = Ms(N)() < |m(f) = S (NG|
< [me(f) = ma, (D] +|ma, . ()= SN S 1.

This yields that H, < 1.
Moreover, for any x, y € Rand 1 < k < Hy, from the fact that §(Q,, r, Qc 1) S 1,
(B-4), and (3.7), it follows that

ISk f ()] = Ms(f)(y)
< [Skf(x) = mo, ()] + mo, ,(f) = mq, ()] +[mq,  (f) = Sk f(M] S 1.

Therefore, the proof of Theorem[3.2in the case that R? is an initial cube is completed.
When R? is not an initial cube, the proof is similar and we omit the details, which
completes the proof of Theorem 3.2} [ |
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