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A tensor is said to be isotropic relative to a group of transformations if its
components are invariant under the associated group of coordinate transformations. In
this paper we review the classification of tensors which are isotropic under the general
linear group, the special linear (unimodular) group and the rotational group. These
correspond respectively to isotropic absolute tensors [4, 8], isotropic relative tensors [4]
and isotropic Cartesian tensors [3]. New proofs are given for the representation of
isotropic tensors in terms of Kronecker deltas and alternating tensors. And, for isotropic
Cartesian tensors, we provide a complete classification, clarifying results described in [3].

In the final section of the paper certain derivatives of isotropic tensor fields are
examined.

1. Introduction and notation. Let X be a vector space of finite dimension N =2 and
let X* be its dual. A tensor T of contravariant order U and covariant order V is an
element of the vector space

RVX=XRXR.. QXRX*RX*®...X*

U times V times

of dimension NV*". We denote by T%% % the components of T with respect to a general

2. dv

basis {e;} for X and dual basis {e'} for X*. All indices run over values 1,2, ..., N and in
what follows the usual Einstein summation convention is adopted.

The general linear group of transformations of X to itself is denoted by GL(N); each
transformation a € GL(N) defines an associated linear transformation

RiVx->QVx, T aT,
such that for all x,,x,,...,XyeX and all y,,y,,...,yy € X*

a(X1®®Xu®y1®®yv)=axl®®axlj®y1b®®yvb,

where b is the inverse of a.
We call aT the image of T under a. The components of T and aT relative to the basis
{e;} are related by

U \4
iyg..dy i ngprmym;...my
@Iz = l—[1 ab, 1_[1 b T mo, 1.1)
r= s=

where the components a; are defined by ae; = ale; and b by e'b = b'e/.
A tensor T is said to be isotropic relative to a group 4 of non-singular linear
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transformations X — X if T is invariant under all transformations a € %, that is
T=aT Vae¥ (1.2)

Since the components of aT relative to the transformed basis {&} and its dual {&},
defined by

& =ae; =ale;,
#=eb=bie,

are the same as the components of T relative to the basis {e;}, the components of T are
invariant under the basis transformation e; — ae; for all ae 4.

(1.3)

2. General isotropic tensors. Tensors isotropic under the general linear group
GL(N) have components that are invariant under all basis transformations. The basic
properties of these tensors have been determined by Thomas [8] and Knebelman [4].
Here we review their resuits and present a new proof of the representation of general
isotropic tensors.

First we note that any non-trivial general isotropic tensor must have equal
contravariant and covariant orders [8,4]. If T is a tensor of type (U, V) (that is, of
contravariant order U and covariant order V') then by setting a= A1, where A € R — {0}
and 1 denotes the identity transformation, we obtain from (1.1)

aT=AU""T.
Hence, if T is isotropic, we must have
T=AY"YT

for all A#0; hence U=V.
If T is a general isotropic tensor of type (U, U) then its components must satisfy

U U
l_I1 ab, T me = l_[1 ay Tt 2.1)
r= r=

for all ae GL(N). Differentiating (2.1) with respect to a4 and then setting a2 = 67, where
64 is the Kronecker delta, we obtain the result

SUTYiip 4 SETIG-A4y 4 4 §WTWad = §9 Thiz-dv 4 §9 Thtadv 4 6 Thisiv (2.)

Njz-Jdu JuzJu Jjz-du N+ piz.du 12t jwp--ju Jvj2--p

given by Thomas [8]. Thomas outlined a method in which a system of linear equations
obtained from (2.2) were solved to show, by induction, that T can be written as the sum
of products of U Kronecker deltas.

A much shorter proof of Thomas’s results can be obtained using the following
generalization of (2.2). We consider first the case U=2, for which equation (2.1)
becomes

i jorkl _ m_ npij
aalTp, =agagTh,,.
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Differentiation of this with respect to a; and 4} in turn leads to
8.8, T + 6,8, Ty = 8560TY, + 8:6;TY,. 2.3)

Contraction of u with v in (2.3) yields equation (2.2) for U =2.
We now generalize this formula by differentiating (2.1) with respect to each of

ah, af?, ..., ahlin turn; after some rearrangement, we obtain
iip...iy o(q192--9u) — o(q19.--qu) Thiz.- iy
E Aaélp2~~-PU)Tilj2---iU - 2 Ailiz~~-iu TO(P1P2~-~PU)’ (24)
oeSy ogeSy
where
hig..iy _ Si1 82 iy
ARER =056 ... 6 (2.5)

and the summations are over the set Sy of all U! permutations o of U indices,

o(p,\p- . . . py) representing a permutation of (p,, p,, - . ., pu)-

Further identities can be obtained from (2.4) by contraction of 1 or 2 or up to (U — 1)
indices p, with g,. The latter of these alternatives recovers (2.2).

We now use (2.4) to obtain explicit forms for general isotropic tensors.

(i) For the case U =1 each of (2.2) and (2.4) reduces to
8.T9 = 89T,
Setting i = p = 1 and relabelling the indices, we obtain the well-known result
Ti= A6}, (2.6)
where A is an arbitrary scalar such that A=T}=T3=...=TN=N"'T%
(ii) For U =2, we have from equation (2.3)
T{ = A8.8}+ udid 2.7

after setting i =r =1 and j =u =2 and relabelling, where A and u are arbitrary scalars
such that

A=TE=(NT55— T#)/(N> - N),
u=TH=(NTg% - T)/(N = N).
Equation (2.7) gives the most general form for the components of an isotropic tensor of

type (2,2).
(iii) For the general case with UsSN weseti,=p,=r(r=1,2,..., U) in (2.4) and
relabel suffices to obtain the result

Tiiz-i = 3 A Apfizi), (2.8)

ceSy

where the A, are U! separate scalars given by

Ao =T vy (2.9)
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(iv) The result (2.8) also holds when U > N, although the scalars 4, are not then
given by (2.9). It suffices to consider the case U=N + 1.

If U= N +1 then amongst the indices q,, ¢, . . . , gn+; at least one value in the set
{1, 2, ..., N} must be repeated. Without loss of generality suppose gy = qn+1. Then, on
selecting i, = p, =r(1<r=<N), ix., =pn+1 = N we obtain from (2.4)

q1---GNGN+1 q1---gN+1GN — Z o(q1---qn+1) T12...NN
T11~~~1~+| + T11~-~J~+1 4 A11~~~1~+1 T0(12~~NN)'
oeSy

Since gy = gn+1 it follows that (2.8) holds with
A = 1 T12...NN
o = 24 g(12...NN)-

In a similar way (2.8) follows for U= N +2.
Note, however, that not all the components A}z are independent when U > N,
since
D (sgn o)Az =0 (r=N +1). (2.10)
o€,
This can be seen by noting that at least one index in the set {1,2,..., N} must be
repeated in iy, i,, . . ., i,; interchange of an index with its repetition changes the sign of ¢
but does not affect the value of A7) Alternatively, the result (2.10) can be obtained
by making appropriate choices of T}% ¢ as producis of Kronecker deltas in (2.4) and
contracting.
It is worth noting that it follows from (2.10) that

> (sgn 0)T¢N=0 (r=N+1)

FATRY 13
o€S,

for the components of any tensor T of type (r, r).
3. Isotropy under the unimodular group. The unimodular (or special linear) group
SL(N) is the subgroup of transformations a € GL(N) such that
deta=1. (3.1)

A tensor T of type (U, V) that is isotropic under this group must satisfy the invariance
requirement (1.2) for all ae SL(N).

Let GL(N)* be the subgroup of GL(N) consisting of transformations with positive
determinant. Then, for each ae GL(N)" there is an associated unimodular transforma-
tion & defined by

a=(deta)"""a. (3.2)
From (1.1) we deduce that
aT = (det a)~[(U=VNlgT
and hence
aT=T forall aeSL(N)
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if and only if

(deta)™™aT=T forall ae GL(N)", (3.3)
where
W=(U-V)/N. 3.4
In index form (3.3) can be rearranged as
|4 U
Tjviv=(deta)” [] ap~ [ 05578, (3.5)
r=1 s=1

The set of tensors T that are isotropic with respect to SL(N) therefore characterizes the
set of relative tensorst that are isotropic with respect to GL(N)™*.

We shall say that a tensor of type (U, V) that is isotropic with respect to SL(N) has
weight W, given by (3.4).

It was shown in [4] that for a relative tensor to be isotropic (with respect to
GL(N)*) W must be an integer. We now provide a different proof of this result which
yields some additional information. The case N =3 has been discussed in [5].

Let aj=A6;  (no summation),

where 0 <A; <« for each i€ {1, 2, ..., N}. Equation (3.5) then reduces to

N
Thoge=T1AY -9 Ty,
r=1
where U, (respectively V,) is the number of times the index r appears in the set
{i1, i3, . . ., iy} (respectively {ji, ja, ..., jv}), sothat U=U+ U, +... + Uy, V=V +
Vo + ...+ Vy. Since the A, can be chosen independently, we deduce that

w=U-V, foreachre{1,2,..., N}, 3.6)

and hence W is an integer (positive, negative or zero).
Equation (3.4) is recovered on summing equations (3.6) for r =1 to N. Equations

(3.6) are apparently new. We note, in particular, that the only non-zero components of T
are those for which U,—V,=W for r=1,2,..., N. For example, if T has equal
covariant and contravariant order, so that W =0, then U,=V,(r=1,2,..., N); thusona
non-zero component T}/ the covariant indices are a permutation of the contravariant
ones, a result that is also evndent from (2.8). In this case T is isotropic with respect to
GL(N)*. If T is purely contravariant (V = 0) or covariant (U = 0) the order of T is N |W|
and on a non-zero component of T the indices must include each of the integers
1,2,..., N exactly |W| times; the particular case |W| =1 has special significance, as we
see in what follows.

1 The terminology density tensor is also used. See, for example, [2] and [7]. A relative tensor of weight W
with components T} '»“f with respect to the basis {e;} has components with respect to {g;} given by the
right-hand side of (3.5). We shall say that such a relative tensor is of type (U, V, W).
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In considering isotropy under the unimodular group we may suppose, without loss of
generality, that X is an oriented vector space, the orientation being characterized by a
particular N-covector (or volume element) e e AN X* (the space of N-covectors on X).
This structure determines (see, for example, [1]) a special class of bases with respect to
each of which the components of e are given by

+1ifi,i,. . . iy is an even permutationof (1,2, ..., N)
iigiv =1 —1ifiji, ... iyisanodd permutationof (1,2, ..., N) 3.7
0 otherwise.

e

The dual of e is an N-vector e* € AN X with components, denoted by ¢"-*¥, having the
same numerical values as e, ;, ;.
Since, for each a € GL(N),

ae = (deta) e,

* (3.8)
ae* = (det a)e*,

it follows that e and e* are isotropic tensors of order N with respect to SL(N), of weights
—1 and +1 respectively.

From (3.3) or (3.5) we deduce that the tensor product of two tensors that are
isotropic with respect to SL(N) and of weights W and W' is isotropic of weight W + W',
and any contraction of a pair of co- and contravariant indices of an isotropic tensor yields
an isotropic tensor of the same weight.

We now prove the following:

THEOREM (cf. Knebelman [4]). Any tensor T that is isotropic with respect to SL(N)
can be represented as the product of |W| of the tensors e (or e*) and the general isotropic
tensor with components given by (2.8).

(i) If U>V, and hence W >0, the tensor

TRe®... Qe
—

W times

is isotropic of weight zero and type (U, U), and can therefore be represented in the form
(2.8). On use of the result o
e e, =N,

which follows from the definition (3.7), we conclude that

T;}l’gz 2 AUA;':_(.’.?]A'J[U)CIIV'H“JV*'N . eiu-~+1~-~iu} (39)

o€eSy

a factor (N!)~" having been absorbed by A,,.
(i) If U <V similar arguments to those used in (i) lead to

T;:J‘3= Z A0A’OI.(}":Y-iv)eiun--J'uwv' e Ciy_ iyt U (310)

oSy
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Since o o
A!ql?!].".v.m)eh---m - (sgn o.)et,...x,v

we may put U=N, V =0 in (3.9) to recover the well established result that the most
general contravariant tensor isotropic of weight +1 under SL(N) is given by

T = Ae*,

where A is a scalar. This implies that Ae* is the most general relative tensor, of type
(N, 0, 1), isotropic under GL(N). The corresponding result for the covariant case is
obtained similarly.
The identity
e'vie;, =2 (sgn 0)A7IM, (3.11)

o€eSy

which will be used later, may also be deduced from the above theorem, using (3.9) and
(2.9).

Finally in this section we note that equation (2.4) can be generalized for the case of

tensors isotropic under SL(N) by differentiating (3.5) with respect to aﬁ;, al?, ... etc. in
turn and then setting a} = ;. In particular, the generalization of (2.2) is
TR+ ST+ TGS ~ ST~ SLTI S,
NT}};—WﬁTgﬁ—Q (3.12)

4. Isotropic Cartesian tensors. When considering isotropy with respect to the group
O(N)* of proper orthogonal transformations (or rotations) we may suppose, without loss
of generality, that X is a Euclidean vector space, that is X has a positive definite scalar
product. In this case we may identify X canonically with its dual space X*, and no
distinction need be made between covariant and contravariant tensors. A tensor of order
U is simply an element of the vector space

RVx=x®...9X.
N—_————
U times

Provided we restrict attention to orthonormal basis vectors it is also unnecessary to
distinguish between covariant and contravariant components. With this restriction a
tensor T € ®Y X is commonly referred to as a Cartesian tensor of order U. The (Cartesian)
components of T are denoted by T,

The invariance requirement (1.2) for an isotropic Cartesian tensor of order U can be
written [3]

Ty iy=8ij\8ij, -+ - Figjy i\ iy 4.1

where
Aip Gy = Agilg; = Oy 4.2)
deta=1. 4.3)
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From (3.8), the constraint (4.3) can also be expressed as

a;;a a, ;e e 4.4)

i1 Bizja + + + BigjnCir..jn = Ciriny
where e, ;, are the Cartesian components of the volume element e given by (3.7).
Examples of isotropic Cartesian tensors are the metric (or unit) tensor 1, with

Cartesian components J;;, and the tensor e itself. We write
A =4,;,0 o]

We now provide a new derivation of the form of the components T;;, ;,
isotropic Cartesian tensor, considering separately the cases of even and odd U.

(a) U is even. Because of the constraints on the components a; we cannot
differentiate (4.1) as it stands along the lines used in Section 2 to obtain (2.4). We first
need to incorporate the constraints in a suitable way with Lagrange multipliers.

From (4.2) we form an isotropic tensor constraint of order U, namely
Biy - - - Bigjy 2 AoBoGuinin= 2 AoBotisivy (4.6)

oeSy oeSy

(4.5)

of an

itz -iuju iWhYij e - Yigju

Qi
where the A, are arbitrary scalars. If N is odd no product of a single alternating symbol
with Kronecker deltas will yield an isotropic tensor of order U so that the constraint (4.4)
is not required. We examine this case first.
(i) Nis odd. Equations (4.1) and (4.6) are combined to give the identity
Tiipis™ 2 AoBotiinivy = Biin@isi - - - aiuiu{ T~ 2 AGAO(ilhn-iu)}‘
o€eSy geSy

With the A,’s regarded as Lagrange multipliers we can now differentiate this with respect
tO @pinys Amynys + + + » Bmyny, I tUIN tO givE

2 6i1m,16i2m,2 e 5ium,u{ Tn,ln,z...n,u_ 2 A’aAa(n,ln,z...n,U)} = 0; (4 7)

peSy oeSy

where the first summation is over all permutations ryr, . .. ry, = p(12. .. U).

If U <N then we may set i, =m, = «(1 <« < U). The only non-vanishing contribu-
tion to the first sum in (4.7) therefore arises when 7, = ¢(1<a <U), and (4.7) then
simplifies to

Tnlnz...nu = o;gu Avo(nlnz...nu)- (48)
This result also holds when U> N, as can be shown by applying a similar argument to
that used in the case of tensors of type (U, U) in Section 2.
(i) N is even. If U<N the most general form of isotropic Cartesian tensor again
has components given by (4.8).
If U= N the representation (4.8) is generalized to

Tnlnz...nN = 2 AaAa(nlnz...nN) + .uenlnz...nN) (4 9)

g€eSy
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where u is an additional Lagrange multiplier in respect of the constraint (4.4). When
N =2, for example, (4.9) becomes simply T;; = Ad;; + ue;;.
If U > N then we have the further generalization

Tn.nz oy = 2 A Aa(nlnz nu)+ z .u'aeo(nl)o(nz)...G(HN)AU(nN+1)0("N+2)---0("1/)’ (410)

ageSy oeSy
where o(n,)o(n,) . .. o(ny)=o(nn, ... ny) and the p, are Lagrange multipliers. Note
that because of (3.11), specialized to the Cartesian case, at most one e term is required in
each term in the second summation in (4.10).

(b) U is odd.
(i) N is even. In this case we may choose a; = —3J;; and (4.1) then yields
Ti,iz..Ju ( 1)UT1|12 IU Tiliz...iuy
i.e. T is necessarily the zero tensor.
(ii) N is odd. We form the product
Riiy.civivisin= Ty iv€iisain (4.11)

to yield the components of an isotropic Cartesian tensor of even order U + N. By (a)(i)
these components can be written in terms of products of 3(U + N) Kronecker deltas. On
multiplying (4.11) by e; ;, ;, we obtain

Tii, iv=(NDT'R, e; (4.12)

ivig..dpfuize--n® vz Nt
If U<N then U+2=<N and so, in R,l,2 .igiviajy» At least one pair of jy, ja, .. ., jw
must occur on the same Kronecker delta in each set of products. Hence T must be the
zero tensor, as in (b)(i).
If U = N then the only non-zero terms in (4.12) occur when each Kronecker delta has
the form &, ;. Hence .

iyip...in

= e

iyiz...0N0

where A is an absolute scalar, thus specializing the corresponding result given in Section 3.
If U > N then (4.12) yields

Tiiin= 20 Hoo(ino(i...oimDotivsotin. ..oty (4.13)

oeSy
as in the second summation in (4.10).

In conclusion we see that the most general form for the components of an isotropic
Cartesian tensor is given by (4.10) with some or all of the coefficients being zero
depending on whether U and N are even or odd.

For another proof see [3] and the references given therein. It is not clear from [3]
that all the separate cases discussed here have been covered previously.

It is interesting to compare the results for Cartesian tensors with those for general
tensors given in Section 2. In particular, for U =4 and N odd we have, from (4.8),

l]kl z A’ Ao(z_/kl)_ 2 A’ 60(1)0(1)60(1()0(1)

0€ESy o€eS,
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The 24 permutations of i, j, k, [ yield three independent products of two Kronecker
deltas, and we rewrite this equation as

T = ad;;0, + BOulj + 18,0, (4.14)

where a, B, y are linear combinations of the 24 4,’s. This should be contrasted with (2.7),

which holds for both odd and even N.
It should be noted that in general not all products of the form A, ,.e.. . (M

even) are independent. This can be seen immediately by specializing (2.10) to the
Cartesian case to give

Z (s8N 0) A 0G0, 1,00,y = 0 (r=N+1),

o€S,

and then contracting with e; ;. ;.. For discussion of this in the context of elastic moduli

(N =3) see [6].

5. Isotropic tensor fields. Let ./ be a differentiable manifold of dimension N =2

and let T,/ denote the tangent space at a point p € #. A tensor field of type (U, V) is a
section of the tensor bundle

RVTH=THR.. QTHRITM* R ... QTM*,

U times V times

ie. a map T:M— @V TM which assigns to each point pe.fl a tensor T(p)e
Q7 T, M.

Let us suppose that T is a general isotropic tensor field in the sense that, at each
point p € #, T(p) is an isotropic tensor under GL(N). It follows immediately from
Section 2 that U = V. Further, since the set of general isotropic tensors of type (U, U)
forms an invariant vector space over { generated by the invariant isotropic tensors with
components Aj%, we can regard T as a vector-valued function over . Hence the
components of T can be written in the form (2.8) with the A, now being scalar fields
over M.

We define the derivative of the isotropic tensor field T of type (U, U) to be the tensor
field on # of type (U, U + 1), denoted by DT and having componentst

o 3 .. . A,
O o= 7 Ti= 2 % A7, (5.1)

Ak
GESU a

relative to any local coordinate system (x°).
By contrast, for any affine connection I" on #, the covariant derivative DT of T has

3
+ Note, however, that o T;} 5 are not in general the components of a tensor field if T is not isotropic.
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components given by

3
(D) v, = — Tiwiv 4 T Tiiv|n, (5.2)

ak h---Ju Jr1---ju

where Tj'v|? denotes the expression on the left-hand side of (3.12) for W =0 and
V =U. Since T is isotropic the latter term on the right-hand side of (5.2) vanishes, and we
obtain
D T=DT. (5.3)

From (5.3) we deduce that homogeneity of general isotropic tensor fields is
independent of any affine structure on .

Next we show that if v is any differentiable tangent vector field on 4 then the Lie
derivative of T with respect to v can be written

T=(v.D)T (5.4)

when T is isotropic, where v.D(-) = v*[D(*)], and similarly for v.D.
To establish (5.4) we note (see [1], for example) that

5 au™
LD =v 5x Tie = 5 T lm (5.5)
and, as in the case of (5.2), the latter term in (5.5) vanishes when T is isotropic.

We now turn to tensor fields that are isotropic under SL(N). Suppose that A is
now an orientable manifold endowed with a volume form e [1] (for example, 4 could be
an incompressible continuous body); then the set of tensors that are isotropic under
SL(N) forms an invariant vector space over M. Let ¢ : #f— M be an isochoric (volume
preserving) diffeomorphism. Then the tangent map T¢ defines a canonical mapping of
isotropic tensors at p € # (under SL(N)) onto the isotropic tensors at ¢(p) (under
SL(N)). Hence, if T is now a tensor field of type (U, V') whose value at each point p is an
isotropic tensor under SL(N) with weight W we can again regard T as a vector-valued
function over #, with an invariant derivative DT which has components given by (3.9) or
(3.10) with A, replaced by 94,/3x*.

If I is any affine connection on / it is readily shown, using (3.12), that

D,T=DT+WTQ®y, (5.6)

v being given by Dre = —e ® y when e is the particular volume form with components
(3.7) and satisfying De =0. This reduces to (5.3) whenever Dre=0, i.e. when T is
‘volume preserving’ (or compatible with the volume form).

Further, for any tangent vector field v and volume form e,

L, T=v.DT — W(div. V)T, 5.7
where, without the need for a connection, div, v is defined by

L.,e= (div, v)e.
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The derivatives used above have an important role in continuum mechanics and can
be used to simplify certain time derivatives. For example, if T is a material tensor field
isotropic under GL(3) it follows from (5.3) and (5.4) that the material time derivative

T c"’T+( DT
=—+(v.
ot r

is identical to the “convected” derivative

6T oT

—=—+L,T,

& o T
where v is the velocity vector field and Dy is the natural gradient operator in the reference
frame. Hence the material time derivative of an isotropic material tensor field is an
objective quantity. A similar conclusion holds when T is isotropic under SL(3), relative to
the instantaneous volume form imposed on the body manifold by the reference frame,
except that in this case the material time derivative and convected derivative satisfy the
(objective) relation

oT .
—=T-W([D;. V)T,
St (Dr.v)

where Dr.v=div. v+ y.v.
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