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1. Introduction

This paper is devoted to the critical extinction and blow-up exponents for the fast diffu-
sive polytropic filtration equation

Ou : m|p—2 m q

i div(|[Vu™P72Vu'™) = Auf,  (z,t) € 2 x (0, +00), (1.1)

subject to the initial- and boundary-value conditions

u(z,t) =0, (z,t) € 002 x (0, +00),
U(I,O) = UO(I)v T € “Qa

where 0 <m(p—1) <1, ¢ >0, A > 0, {2 is a bounded domain with smooth boundary in
RN, N > 2, and ug(x) is a non-negative and bounded function with uf*(z) € W,y (£2).
As two of the important features of many evolutionary equations, blow-up and extinc-
tion properties of solutions have been the subject of intensive study during the past
few decades. Among these investigations, it was Fujita [4] who first established the so-
called theory of critical blow-up exponents for the heat equation with reaction sources
in 1966; this can, of course, be regarded as the elegant description for either blow-up
or global existence of solutions. Since then, there has been increasing interest in the
study of critical Fujita exponents for different kinds of evolutionary equations (see [1,10]
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for a survey of the literature). In recent years, special attention has been paid to the
blow-up property to nonlinear degenerate or singular diffusion equations with different
nonlinear sources, including the inner sources, boundary flux or multiple sources (see, for
example, [5,15-18]). Besides the blow-up, the extinction phenomenon has also received
much attention (see [2,3,6,7,9,11,14]). Our interest lies in whether or not there exist
both a critical blow-up exponent and a critical extinction exponent for (1.1). In a recent
paper [13], we showed that this indeed happens for the fast diffusive p-Laplacian equa-
tion, namely the special case m =1 of (1.1).

In this paper, we focus our attention on the fast diffusive polytropic filtration equation
with sources, and to reveal the fact that problem (1.1)—(1.3) admits two critical exponents
q1,q2 € (0,400) with ¢; < ¢a, which will be called the critical extinction exponent and
critical blow-up exponent, respectively. More precisely, q2 is called the blow-up exponent
since for g € (0, g2] the problem admits global solutions for any non-negative initial data,
while for ¢ € (g2, +00) there exist both global solutions and blow-up solutions. On the
other hand, ¢; is called the extinction exponent, since the extinction can always occur
for ¢ in the interval (g1, +00), whereas for ¢ € (0, ¢1) there always exists a non-extinction
bounded solution for any non-negative initial data. Moreover, where the critical case
q = q1 is concerned, the other parameter A is also found to have a critical value. In fact,
such a critical value is just equal to Ap, the first eigenvalue of the p-Laplacian equation
with a homogeneous Dirichlet boundary-value condition, and the solution has completely
different properties for A belonging to (0, A1) or (A1, +00).

This paper is organized as follows: in § 2, we firstly give some definitions and notations.
Thereafter, some auxiliary lemmas and the basic existence proposition are given. Because
it is standard and rather lengthy, for the convenience of the reader the proof of the
existence proposition is given in the appendix. Furthermore, in § 3, we discuss the blow-
up exponent of solutions; a global existence result is also given. Finally, §4 is devoted to
the critical extinction exponent.

2. Preliminaries

In this section, we establish the global existence, uniqueness and boundedness of non-
negative weak solutions of problem (1.1)—(1.3). First, we introduce some notation which
will be used throughout the paper:

Q =2 x (0700)7 QT =2 x (OvT)v Q(tl,tz) = {2 x (t17t2)7
E = {ue L*(Qr)N L*(Qr); ue C([0,T]; L'(£2), Vu™ € LP(Qr)},

G < 12(@n). Yue (@n .

Ey ={u € E; ulgn = 0}, Eoz{uel:?; ulon = 0}.

= {u € I2(Qr): u(-.1) € C(0, T): I2(%2),

Because of the degeneracy and the singularity, equation (1.1) might not have classical
solutions in general, and hence we consider the non-negative solution of (1.1) in some
weak sense.
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Definition 2.1. A function u € F is called a weak upper solution of problem (1.1)-
(1.3) provided that, for any T' > 0 and any 0 < ¢ € Ey,

/u(x,T)(p(a:,T)dx—/ o(z)p(x,0) dx—// dxdt
2 T
+// |Vu™|P=2Vu" Vi de dt > /\// ulpdzdt,

u(z,t) >0, (x,t) € 002 x (0,400),
u(z,0) = uo(x), x € L.

and

Replacing ‘>’ by ‘<’ in the above inequalities yields the definition of a weak lower solu-
tion. Furthermore, if u is a weak upper solution as well as a weak lower solution, then
we call it a weak solution of problem (1.1)—(1.3).

In order to show the existence of non-negative weak solutions, the following fixed-point
theorem is necessary; this can be found in [12].

Lemma 2.2 (Leray—Schauder fixed-point theorem). Let X denote a real Banach
space and let I'(u, o) be a mapping from X x [0,1] to X, satisfying the following condi-
tions:

(i) I is compact;
(ii) I'(u,0) =0 for any u € X;

(iii) there exists a positive constant M independent of u and o, such that, for any u € X,
if u=I'(u,0) for some o € [0,1], then |ju|x < M.

Then I'(-,1) has a fixed point, namely, there exists an u € X, such that u = I'(u, 1).

Employing the above Leray—Schauder fixed-point theorem, we can prove the following
existence results.

Proposition 2.3. Assume that ug(z) > 0 with u* € L(2) N Wy?(2). Then if
g < 1, problem (1.1)—(1.3) admits at least a non-negative weak solution. In addition, if
q = 1, the non-negative weak solution is unique; if ¢ > 1, for any non-negative initial
data ug(x), problem (1.1)—(1.3) is uniquely solvable locally in time and, furthermore, if
A < A, uft(x) < pa(z) for ¢ € 2, where A is the first eigenvalue of the p-Laplacian
equation with homogeneous Dirichlet boundary-value condition, and ¢1(x) > 0 with
|1l Lo () = 1 is the eigenfunction corresponding to the eigenvalue A1, then the solution
exists globally and is bounded.

The proof is classical and lengthy and is therefore deferred to the appendix.

After establishing the basic existence, we turn to the boundedness of weak solutions.
As is shown later, there exist blow-up weak solutions for the case ¢ > 1. Therefore, we
only consider the case 0 < g < 1.
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Proposition 2.4. Let 0 < ¢ < 1. Then the weak solution of problem (1.1)—(1.3) is
locally bounded. In particular, when ¢ < m(p—1), the weak solution is globally uniformly
bounded.

Proof. Suppose that u is a weak solution of problem (1.1)-(1.3), then by the weak
maximum principle, we conclude that

lull o) < luollzeqay + Ml g
When ¢ < 1, it is not difficult to see that w is bounded locally uniformly, while if ¢ = 1,
then we have
lull (@, 0, 1y < MUl tn1)llzeo(2) + Altn = tn-)l[ullL~ (@, 0, )
that is
lullz=(@e, +, ) < 2[ul, 1)L (2) < 2"[Juollpee (2,

where ¢, = t,—1 + 1/2\, to = 0. Then it is not difficult to see that u is bounded locally
uniformly.

In the following, we show the global boundedness for the case when ¢ < m(p — 1).
Assume that v is a non-negative weak solution of problem (1.1)—(1.3). Let

mA(mp —m+ 1)P >1/(mp_m_q)}

ko = [luoll o (02)5 I = max {ko, < N (mp)?

and set
Ap(t) = {x € 2; u(z,t) = h}.

In the following, we shall show that
(-, )| g (o) <1 for any ¢ > 0. (2.1)

Multiplying equation (1.1) by (u — )+ and integrating in {2 yield

1
1d (u—l)idx—!—/(\Vum|p_2Vum)V(u—l)+ da::/\/ ul(u —1)4 da,
2dt 0 0 2
that is
1d (mp)P / _
= — % dx+ Vaymp=m+/pp q :/\/ Uy — 1)y da.
2dt Q(u )3 de m(mp —m + 1)P Al(t)‘ Y " da Qu (u=1)yde

(2.2)
Let A1 be the first eigenvalue of the p-Laplacian equation with homogeneous Dirichlet
boundary-value condition, in which case we have

/Q [VulP dz > N\ /J(2 uPdr  for any u € Wol’p(_Q).
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Furthermore, we also have

/ [VulP do > )\1/ uP dz for any u € W, P(12). (2.3)
Al(t) Al(t)

Indeed, if we take
i {u if w1,
u =

0 otherwise,

/|Vﬂ|pdm>)\1/ﬂpdx;
2 fe)

that is, (2.3) holds. Taking (2.2) into account, we conclude that

then we have

1d

(u—"0%dz+ X\ (mp)” / u™PTm T g /\/ ul(u — 1)1 da.
m(mp —m+1)P J a4, 2

We further have

1d
2dt J,

(u—0)2 do + M\ (mp)” / u™PT™(u = 1)y dx < /\/ ul(u —1)4 da.
- m(mp —m+1)? Jq 7

Recalling the definition of I, we arrive at

1d A1(mp)P o
el AT < 9y — — mp—m—q < 0. 2.4
5 q Q(u )i dx /Qu (u l)+</\ m(mp—m—i—l)Pu dzr <0. (24)

Noting that | o(uo—l1 )3_ dz = 0, and combining this with the above inequality, we conclude

that
/(ufl)ida: =0,
2

which implies (2.1). The conclusion of the proposition follows immediately. O

3. Critical blow-up exponent

We are now in a position to discuss the critical blow-up exponent of problem (1.1)—(1.3).
By using the method of Levine [8], we define

1 A 1
F(u) = 7/ |Vu™ P dz — +m / ult™ de, H(u) = ﬁ/ ™ dz.
pJao grTmJjo m Q

The following theorem shows that the blow-up exponent ¢ = 1.

Theorem 3.1. Assume that ug > 0, F(ug) < 0 and H(ug) > 0. If ¢ > 1, then there
exists T* with 0 < T™* < oo, such that

lim H(u(t)) = +oo;

t—T*
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and if 0 < g < 1, then the weak solution exists globally. In particular, if ¢ = 1, then

lim H(u(t)) = +o0;

t——+oo
ifm(p—1) <qg<1,

im0l ) = +00

if 0 < g < m(p—1), then the weak solution is uniformly bounded.

Proof. By the definition of F(u) and H(u), and a simple calculation, we have

dF (u) 4m u(m+1)/2\?
__ A I :
at (m+1)? /Q < ot dz <0, (3:-1)

H
dd—:/ @umdx
/|Vu \pdx—i-/ Audt™ dg

( mp ) /Q AuTt™ dz — pF(u). (3.2)

qg+m

According to (3.1), we see that F(ug) < 0 implies that F'(u) < 0. Therefore, we have

H
di >A<1— mp )/uq+mdx. (3.3)
dt q+m 0

Case 1. When g > 1, recalling Holder’s inequality, we obtain

1 (m+q)/(1+m)
/ wlt™dy > C( / um Tl da:) .
0 m + 1 (9]

Thus, we have

dH(u) CA<1 __mp >(H(u))<m+q>/(1+m).
dt qg+m

Then there must exist a positive constant T* < oo such that

lim H(u(t)) = 4o0. (3.4)

t—=T*
Otherwise, we would have

(1-q)/(1+m)
1+mdH (u)}c)\ L _mp )
1—gq dt q+m

Integrating from 0 to t yields

-1 m
(1-q)/(m+1)(,, \ _ pp(1—a)/(m+1) > 4 B I P
H (ug) — H (u(t)) > — 1C>\<1 = t;
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that is,

H(l_q)/(m+1)(u(t)) < H(l—q)/(m+1)(u0) _ q :_110)\ <1 . TZp )t
m q m

Since H(ug) > 0 implies that H(1=9/(m+1)(y4) < oo, there exists a positive constant
T* > 0 such that H=9/(m+1)(y(t)) < 0 for all t > T*, which is a contradiction.

Case 2. Since the global existence for 0 < ¢ < 1 or the boundedness for 0 < ¢ <
m(p — 1) is a direct consequence of Propositions 2.3 and 2.4, it suffices to prove the
remaining part.

When ¢ = 1, from (3.3) it follows that

dH (u(t
% > Am + 1 — mp)H(u(t)).
By a direct calculation, we obtain
H(u(t)) > H(uo)ek(mﬂf’”p)t.

Therefore, we have
lim H(u(t)) = 400, (3.5)

t—+4o00
while, for the case when m(p — 1) < ¢ < 1, if u is a weak solution, by means of the weak
maximum principle, for any ¢ > 0 we have
[ull L@ < lluollLe=() + tAllull i g,
which implies that u is bounded in any finite time, namely the weak solution could not

blow up in finite time. However, we have

lim (-, ?)|[Le(2) = +oo. (3.6)

t—o0

Suppose to the contrary that there exists a positive constant M such that
lu(-, )l o2y < M.

Then

/ ™ Hdz < qu/ wdT™ de.
Q Q

From (3.3), we infer that

7dH(u(t)) > /\(1 L )Mq_l/ ut dg
dt - q+m 0
> )\(m - W)Mqu(u(t)),
q+m

which implies that
lim H(u(t)) = +o0.

t——+oo
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Taking this into account and noting that

|20 lul 7L ()

Hu(t) < ——

we conclude that [[u(-,t)[| (o) goes to infinity as ¢ — oo, which is a contradiction. The
proof of the theorem is complete. O

m—|—1

4. Critical extinction exponent

Now, we turn to the discussion of the critical extinction exponent for problem (1.1)—(1.3).
The following two theorems exhibit the details of such characteristics.

Theorem 4.1. Assume that ug(z) > 0 with ul'(z) € L®(2) N WyP(R2). If ¢ >
m(p — 1), then the weak solution of problem (1.1)—(1.3) vanishes in finite time for appro-
priately small initial data uy. In addition, if ¢ = m(p — 1) with A < Ay, then the weak
solution goes to zero in the sense of the norm L™ 1({2) ast — oo and, in particular, if

(m+1)N
mN +m+1

(m+1)N

< or l1<p< ——"——
p p mN +m+1

with

/\<>\( mp 'N +Nm—p— Nmp
"\mp — Nm+ (m+ 1)(N/p— 1) mp ’
then u vanishes in finite time too.

Remark 4.2. In fact, from the proof of Theorem 4.1, we see that when ¢ = 1 the
boundedness restriction on the solution u is unnecessary.

Theorem 4.3. For any non-negative function ug(x) with uf'(z) € L (2) "W, (£2),
problem (1.1)—(1.3) admits at least one bounded non-negative and non-extinction weak
solution for the case ¢ = m(p — 1) with A > A\ or 0 < ¢ < m(p —1).

For convenience, in the following proof, we assume that the weak solution is appro-
priately smooth; otherwise, we can consider the corresponding regularized problem, and
the same result can also be obtained through an approximate process.

Proof of Theorem 4.1. We divide the proof into three steps according to the different
intervals of ¢: that is,

(i) ¢
(ii) m(p—1) < ¢g< 1,
(ili) ¢ =m(p—1) with A < Ay.

(i) In view of Proposition 2.3, we see that the existence of bounded solutions is possible
for a suitable initial datum ug. Set M = [|u||p(q). Multiplying equation (1.1) by u",
where r > 0 satisfies

p(r+1) . Np

if N >
mp—m+r  N—p ! p
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(namely r > max{N(m+1)/p—1—Nm,0}), otherwise > 0 is arbitrary, and integrating
over {2 we conclude that

1 d

P
- = r+1 _mp \ T (mp—m+r)/p|p
t)dz + \Y d
r+1dt Qu (z,8) dz ( )m/9| “ [? dz

mp—m-—+r

<AMQ*1/ utdz.  (4.1)
2

Moreover, recalling the imbedding theorem, we also have

P (mp—m+r)/(r+1)
_mp N / Vulmr—m ) e 4y > O / o d ,
mp—m-+r/ m o 0

Combining this result with (4.1), we conclude that
1 d (mp—m-+r)/(r+1)
——/ ut(z,t)da + C / utt da < )\Mq_l/ u Tt de. (4.2)
r+1 dt ] 0N N

Let
mp—m-+r

t) = r+1lq = 1.
(@) /Qu T, o —— <

It follows that
f')+Clr+ 1)) < Mo+ 1M1,

If there exists a to > 0 such that f(t9) = 0, then

f@&) <M+ 1)Mr [ f(r)dr.

to

Recalling Gronwall’s inequality, we obtain
f)=0 for any t > to.
Otherwise, f(¢) > 0 holds for all t. Then we have
(f77) = A1 =a)(r + DM () < ~C(r +1)(1 — ).
By a simple calculation, we arrive at

a C a-
fl—a(t) < fl—@(o)ek(l—a)(r-i-l)M o N (e)\(l—a)(r+1)M o 1)

11—«
c -1 c
r+1 _ A(1l—a)(r+1)M9™ ¢
) ((/9“0 dx) AM“)G T

Choose a sufficiently small ug(x) such that

11—«
C
r+1
(/Quo dx) <72/\ 1
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Then the two inequalities above give
—« C —« s q—1
fl (t) < _2)\Mq_1 (e/\(l Y(ps+2)MI™t 2)

From the inequality above, we see that there must exist a T > 0 such that f1=%(t) < 0
for any ¢ > T. Obviously, this is a contradiction. In conclusion, there exists a positive
constant 7™ such that

wde=0 foranyt>T",
Q

which implies that u vanishes in finite time. This completes the proof of (i).

(ii) Multiplying equation (1.1) by u", and integrating over (2, we deduce

1 d Y
7/ w T (,t) do + __mp L/ |Vu(mp*m+r)/p|pdx
r+1dt /g mp—m+7r)m Jg

(r+q)/(r+1)
= A/ utdr < N QU 9/0FD (/ ur Tl d:c) (4.3)
¢ ¢
Choose an appropriately large r > 0, such that
p(r+1) Np .
< fN > p;
mp—m+r  N-—p ' b
otherwise, r > 0 is arbitrary. Then, according to the imbedding theorem, we have
p (mp—m+r)/(r+1)
__mp L/ |vu(mp—m+7")/p|p dz > C / Wl de )
mp—m-+r/)m Jo 0
Substituting into (4.3), we obtain
1 d (mp—m+r)/(r+1)
— [ vz, t)dz +C / u T da
(r+q)/(r+1)
< ||t/ ( / u' ! dx) (4.4)
0

By a direct calculation, we further have

d (1=m(p=1))/(r+1)
(/ L dx)
dt\ /o
(q—m(p=1))/(r+1)
<(1-m(p—1)) <>\|9(1q)/(”+1) </ u () d:c> - c). (4.5)
2

For simplicity, we set

(g—m(p—1))/(r+1)
) e

M(u(t)) = )\|Q|(1“Z)/(T+1)(/ W (2, 1) da
(9]
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If M(up) < 0, combining this with (4.5), we obtain that M(u(t)) is decreasing on t.
Hence, we have

M(u(t)) < M(uo).
We further have

G/ o)
(/ u't dg;) < (1 —=m(p—1)M(ug)t + Hu0||Lr+1(1}2) .
10
It is evident that there exists a positive constant Tj, such that
/ uH(z,t)dz =0 for all t > Ty,
0]

which implies ©u = 0 a.e. in {2 for t > Tj.

(iii) First we show that

[u(-, )| Lo (2) < Mo, (4.6)
where
[uoll Lo ()5 ap > 1,
My =
1— ag luoll Lo (), o0 < 1.
Set
lo = Hu0||L°°(Q)a Qo Aa(mp)”

- Am(mp —m + 1)P’
Multiplying equation (1.1) by (u — lp)+ and integrating over 2 we obtain

1d
2dt

(mp)” (mp—m+1)/
(u—1p)% dx + |V mPTmT PP dy
/Q * m(mp —m +1)P Ja, (1)

= /\/ u™ PV (u — 1), da,
7
where A, (t) = {x € 2; u(x,t) > lo}. Since A; is the first eigenvalue of p-Laplacian equa-

tion with homogeneous Dirichlet boundary-value condition, combining this with (2.3),
we conclude that

1d (mp)? / _
— —1 2 d A mp m+1d
2 dt /_Q(u 0)+ T+ M m(mp —m+ 1)p g () u x

< /\/ w™ P (4 — 1) 4 da.
7

We further have

1d _ A1(mp)?
- — 1) dr <\ mp=1) (4 — 1y — ! de. 4.7
par J, U ) /Amm“ L v ey i) Al
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If ag > 1, then
d

T Q(u —1lp)% dz <0.

Therefore, we have
/ (u—1p)>dz =0 ae. in £,
Q
which implies that ||u(-,t)|| L) < lo, while, if ap < 1, let
Ty = inf{t > 0; ||u( ,t)HLoo(Q) = lo/(l — ao)}.

Since
m(p—1
lu(-, t)|lLe(2) < lluollL= (o) +t)‘||uHL0(°p(Qt))’

we see that T > 0. Suppose to the contrary that Ty = +o00. Then we obtain

[l L (@) < Mol oo (2)/(1 = o).
Otherwise, Ty < +oo. Taking (4.7) into account, we arrive at

d

— (u—lo)idxgo for all ¢+ < Tp.
at Jo

Thus, we have [[u(-,To)| (o) < lo. Clearly, it is a contradiction. Now (4.6) is a direct
consequence of what we have proved.
Multiplying equation (1.1) by u™ and integrating over (2, we conclude that

1 d
——— [ w"d mPd <)\/ P dg. 4.8
m—|—1dt/9u :U—&—/Q|Vu| x Qu x (4.8)

Noting that

)\1/ umpdxé/ [Vu™ P de,
1?) 0

;g/ u™ M dr < —()\1—)\)/ u"P dex.

Let v = u/Mj. Then we further have

we have

d

— [ vmHde < —(m+ )M (O — )\)/ v dx

< —(m+1)MJP" A — /\)/ ™ da,
o

which implies that

mp—m—1
/ v dy < e (MM O‘l*A)t/ U6"+1 dz dz.
Q 19,
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Furthermore, we have
_ mp—m—1 _
/ um T dg < e (MM (M ’\)t/ ug ™t da da.
0 Q

Therefore, we conclude that |[u(-,t)||Lm+1(o) — 0 as t — oo.
In addition, by (4.8), we have

1 d mal / )\/
— < d VurPde < = [ |Vu™P da.
+1dt/9u T+ Q| u™|Pdx N Q| u™ P dx

Using the imbedding theorem we obtain that if p > (m + 1)N/(mN + m + 1),
d A
—/ u™ e < —(m+1)(1- = / |Vu™P dx
dt 0 )\1 N

A\ mp/(m+1)
< —Co(m+1) <1 - ) (/ um ! dx) .
M P

A similar argument to that above shows that there must exist a Ty > 0, such that
Jou™ (2, t) de = 0 for all ¢ > Ty, which implies that u vanishes in a finite time.

The following argument is devoted to the discussion of the case when 1 < p < (m +
1)N/(mN + m + 1). Noting (4.3), and taking r = (N —p — Nmp + Nm)/p > m, we

obtain
1 d Y
——— [ Wz, t)dz + __mp L/ |vu(mp*m+r)/p‘p dz
r+1dt /o mp—m+r)m Jq

:)\/ w1 qp < i/ |vu(mp7m+r)/p|pdw. (4.9)
2 Ao

Furthermore, we obtain

p
1 g/uTﬁlexg_ L L_i /|Vu(mp7m+r)/p|pdl,'
r+1dt /g mp—m+r)m M) Jo

D
Adl(mp)’“,
mp—m-+1r/) m

then according to the imbedding theorem we further have

If

P (mp—m+r)/(r+1)
A<D (—m )" /urﬂdm .
dt Jo A1 mp—m+r) m Q

A similar argument to that above shows that there exists a 77 > 0 such that
/ uH(z,t)dz =0 for any t > T}.
Q

We have thus proved the theorem. O
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Remark 4.4. As for the case when ¢ = m(p—1) with A = Ay, k(p}/m(x) with £ > 0 is
a steady-state weak solution of (1.1)—(1.3). Then, for any non-trivial non-negative initial
datum ug(x), the weak solution u(z,t) of (1.1) satisfies [, u?(z,t) > 0 for all t > 0 or
u(zx,t) is identically equal to zero.

Proof of Theorem 4.3. The result will be proved by using the weak upper and lower
solutions method. Consider the following problem:

% — div(|Vu™ P2 Vu™) = AMuy + 1), (x,t) € 2 x (0,4+00),
u =0, (z,t) € 02 x (0, +00), (4.10)
u(z,0) = up(z) > 0, x € (2.

Clearly, if u is a weak solution of the above problem, then by the weak maximum princi-
ple we have v > 0. By using the Leray—Schauder fixed-point theorem, as in the proof of
Proposition 2.3, we may show that the problem (4.10) admits at least one non-negative
weak solution u. In addition, the weak solution u is also a weak upper solution of prob-
lem (1.1)—(1.3). The following is devoted to the construction of weak lower solutions of
problem (1.1)—(1.3) by using the first eigenvalue A; and the first eigenfunction ¢1(z) of
the p-Laplacian equation with homogeneous Dirichlet boundary-value condition.

Case 1. When g =m(p—1), A > Ay, let v(z,t) = g(t)goi/m(:r), where g(t) satisfies

g (1) =A=2)g"" (1), t>0,

g(t) >0, t>0,
9(0) = 0.
Then we have
ov

= (A=)t " (@)D ()
<=Ml @)gm ()
= div(|Vo™ P2 V™) 4+ A,

at

i.e. v is a weak lower solution.

Case 2. When ¢ < m(p — 1), let v(z,t) = ,ug(t)go}/m(x), where ¢(t) is a solution of
the following problem:

g'(t) = =MgmP V() + Ag?, >0,
, t>0, (4.11)

Then we have
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and
div(|Vo™ P72V0™) + M = A P~ D gme=D b=ty o )\,quqgo;]/m(x).
If g(t) is bounded in R*, let
>\1 m(p—1)—
M:maxyg P a(t).
Then we can choose a p > 0 small enough such that
Mg (DG = ™) < g (il ™ — ppy™). (4.12)

Then v is a weak lower solution. Indeed, from (4.11), it is not difficult to see that g(t) is
a non-decreasing and bounded function. In addition, let F(z) = (z¢ — z)/(z™®~D — ).
It is easy to check that F'(x) is decreasing in (0, 1), and lim,_,o+ F(z) = +o00. Thus, we
can choose a sufficiently small y > 0 such that (4.12) holds.

Up to now, we have constructed a pair of weak upper and lower solutions u, v. If v < u,
then the problem admits a weak solution v < 4 < u. Next, we show that v < u.

From the definition of u, v, we deduce that

/Q(U —u)p(z,t)de — /Q(vo —ug)p(z,0)dr — // t(v — u)%—f dxdr
+ // (|Vo™[P=2Vo™ — |[Vu™ P2 Vu™)Vpde dr
< )\// (v? — (uy + 1)) pdedr for all ¢ > 0.
Take . (z,t) = H.(v™ — u™), where H.(s) is defined as above. Letting £ — 0 yields
/Q(v(x,t) —u(z,t))y dz < )\// (v = (uy + 1)) H(v —u)dadr
< )\q// (v—(ug + 1))y dedr

< )\q// (v —u)s dadr.

Recalling Grénwall’s inequality yields
/ (v(z,t) —u(z,t))+ de =0 forallt>0,
10

which implies that v < w a.e. in Q. Since v(z,t) does not vanish, neither does 4. |
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Appendix A. Proof of Proposition 2.3

We divide the proof of Proposition 2.3 into two parts: for the cases when m > 1 and
m < 1.

Case 1. We first consider the case when m > 1. The proof will again be divided into
several steps. Namely, we first show the existence of non-negative weak solutions for the
case when g < 1, and the second step is devoted to the case when ¢ > 1.

Step 1. For any T > 0, let us consider the following problem:

% — div(|Vu™ P2 Vu™) = \ud, (x,t) € 2% (0,T), (A1)
u(z,t) =0, (x,t) € 002 x (0,T), (A2)
u(z,0) = up(x) >0, x € {2. (A3)

In order to prove the existence of the above problem, we first consider the following
auxiliary problem:

% —div(|[Vu™P2Vu™) = o, (x,t) € 2 x (0,7), (A4)
u(z,t) =0, (z,t) € 002 x (0,T), (A5)
u(z,0) = oug(z), x € (2. (A6)

Clearly, according to the weak maximum principle, if u is a weak solution of the above
problem, then u > 0 since ug > 0. Now, let us define an operator

I: LT*H(QT) - LT*H(QT),

V= U,

where 7* is determined later, u is a weak solution of the above problem. In order to apply
the Leray—Schauder fixed-point theorem, it is necessary to show that I is compact.

It is well known that there exists a weak solution w in the generalized sense for the above
problem. In order to obtain some necessary estimates, we assume that the weak solution
is appropriately smooth, since the same result can be obtained through an approximate
process by considering a related regularized problem.

Multiplying equation (A 4) by u” (r* > r > max{0,2q + m — 2}) and integrating over
Q@ (for any 0 <t < T), we arrive at

1
/uT+1(m7t)dx+< ) // |V mP=mA /PP dg dr
r+1 /g mp—m—!—r .
a)\// v+u dde—i——/ de
// (r+1)qud + ro\ //
\r—i—l . .

upt™tde. (A7)
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By dropping the second term on the left-hand side, and according to Grénwall’s inequal-
ity, it follows that

/ u (2t < (a)\ // (TH qudT—i—/ up ™t dm)em”. (A8)
o T o

Furthermore, we also have

P
. mp L// |Vu(mp7m+r)/p‘pdxd7
mp—m-+r/) m T
1
\ qd d / r+1d
T+1//T xT+7"+1 0 v
ra/\T 1
(m// o+ )qud7+/ ’“+1d;z:>. (A9)
7“—1—1 -

Using the imbedding theorem, we further obtain

(mp—m+r)/l
(// u' dz dT) < C// |Vu(mP=m+n)/Pp dg dr, (A10)

where 0 <! < N(mp —m +7)/(N —p) and C is a positive constant depending only on
I and §2. Moreover, by noting that

a(r+1)/(r"+1)
// 9 g dt < (// ! dmdt) Q|1 (alr+ 1)/ +1)
T T

and taking (A9), (A10) into account, for any [ < N(mp —m +r*)/(N — p), it follows
that

// u!(z,t) dz dt is bounded uniformly. (A11)
T

If we take r* > (N —p+ Nm(1 —p))/p, then N(mp —m +1r*)/(N —p) > r* + 1.
Now, multiplying equation (A 4) by du™ /0t and integrating the resulting relation over
@, and through a simple calculation, we derive

4m Oulm+1/2\? 1 m
P 3u(m+1 /2’ m—1
|Vu0| dm—i— +1 dzdt+ C v+u dx dt.

Furthermore, if 7* > m, then we have

(m+1)/2\2
LQ / / <5U> dz dt
(m+ T

/ IVug P dz + C o] 24, [l o) O D Q| (7 H2-20mm /074D (A1)
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Recalling (A7) and taking r =m —p/2(m — 1) > 1/m > 0 (since m(p — 1) < 1) yields

1
(Qm)P (p +2m — mp // ‘vu m+1)/2|p dzdt + = / r+1 dz
(m+ 1) .

r r*+1—q—r)/(r 1 r
e N N e e R A L TACSE)
2

Choose a suitable large r* such that

N — Nm(1 -
7ﬂ*>max{m7 p+ N p),m—ép(m—l)}.
p

Recalling (A 11)—(A 13), and combining these with the compact imbedding theorem, we
conclude that I' is a compact operator. Furthermore, it is easy to see that I'(u,0) = 0.
In addition, if I'(u,0) = u, noting (A7), we arrive at

1 .
/ u” Tz, t) de
Q

r*+1
éo)\// u

r —l—q// 7"“dych—l-
S r*—i—l .

Recalling Gronwall’s inequality, we further obtain

/ w2, 1) de < <<1q>aA|QT|+ / uS*“dm)e”(”*q)T, (A14)
(9] 2

T+1dl‘

1
UMQT""‘ / o dr.
+1Jg

which implies that, for any u € L™ 1(Qr), if it satisfies I'(u, o) = u, then u is bounded
uniformly in L™ *1(Qr). By means of the Leray-Schauder fixed-point theorem, we con-
clude that I'(-,1) admits a fixed point, which implies that the problem (A 1)-(A3)
admits a non-negative weak solution. In the following, we consider problem (1.1)—(1.3)
in Qror), Qersr);- - Q((n-1)T,nT)- Then, by an inductive argument, we infer that
problem (1.1)—(1.3) admits a weak solution in Q. Furthermore, we assert that problem
(A 1)-(A3) admits a unique non-negative weak solution if ¢ = 1. Suppose by contradic-
tion that u;, us are non-negative weak solutions of problem (A 1)—(A 3). Let w = u; —ug,
and take the test function

(1) = He(ur (2, 1) — uz(, 1)),

where H.(s) is a monotone increasing smooth approximation of the function H(s):

Hs) = {1, 5> 0,

0, otherwise.

It is easy to see that H.(s) — d(s) as € — 0. Letting ¢ — 0 yields

/ w+dx<>\// w4 da dt.
2 t
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Recalling Gronwall’s inequality yields w4y = 0 a.e., namely u; < ug a.e. Similarly, we
also get us < up. Summing up, we conclude that u; = ug a.e., which is a contradiction.

Step 2. In this step, we study the case when g > 1. Firstly, we are concerned with the
local solvability in time. For any non-negative initial datum wuo(x) with ' € L>®(£2) N
WP (£2), there must exist a positive constant 7' > 0, such that

1 1/(g—1)
(2)\T) = 2HUOHLOC(Q)-

NG
R= (= :
(27)

For simplicity, we set

Consider the following problem:

ou

i div(|VulP~2Vu) = o¥(v), (z,t) € 2 x (0,T), (A 15)
u=0, (z,t) € 9002 x (0,7), (A 16)
u(z,0) = oug(z) > 0, x € {2, (A17)

where

v <R,
() = vi, |v|<R
ARY,  |v| > R.

Define an operator

I L7 Q) x [0,1] = L™ H(Qr),
(v,0) = u,

where r* is the above-mentioned constant. If w is a fixed point of I'(-,1) with
lull Lo (@r) < R, then u is clearly a weak solution of problem (1.1)~(1.3) in Q7. Similarly,
we may show that I' is compact. In addition, if I'(u,0) = u, according to the weakly
maximum principle, we obtain that

[ull L (@r) < luoll=(2) + Toll¥(w)ll =@ < 3R+ TART < R
and

[ull 1 (@ry < 1QTM 0 ull L (o) < RIQe M™Y.

Recalling the Leray—Schauder fixed-point theorem, we see that I'(-, 1) has a fixed point.
By similar arguments to those above, we see that u is also a weak solution of prob-
lem (1.1)—(1.3) in Q.

The above assertion can then be extended to the maximum time-interval (0, 7*), where,
for any T < T*, the solution remains bounded in 2 x (0,7]. Thus, the local-in-time
solvability is established.
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In what follows, we show the global existence of bounded solutions for the case when
ug'(r) < @1(z) and A < Ay. Clearly, we have [[ug|[z (o) < 1. Let T = 1/29X, and then
consider problem (A 15)—(A 17) with

vt <2
LZ/(U) — ,UJ,-? "U|
A29, Jo| > 2.

If u is a weak solution of the problem (A 15)~(A17) with ||lu|lf~(g,) < 2, then u is
clearly a weak solution of problem (1.1)—(1.3) in Q. By a parallel argument, we get the
local-in-time solvability and

l[ull Lo (@r) < Nluollpoe () + AT27 < 2,

which implies that u is also a weak solution of problem (1.1)—(1.3) in Q7.
Recall the first eigenfunction ¢1(x) (|[¢1(2)|/z~ o) = 1) of p-Laplacian equation with
homogeneous Dirichlet boundary-value condition. Let &(z) = 901/ (). Then we obtain

—div VO™ |PT2VP™ = )\ | |P20™ > AP,

Then, for any ug(z) < @(x), ¢(x) is clearly a weak upper solution.
In what follows, we shall show that v < @(x). Since u is a weak solution, and @ is a
weak upper solution, for any non-negative function p(z) € Ey, we have

[ 0t = 0G0, t)d — [ (w0(0) ~ D))ol 0)
// @dxdT—i—// (V™ =270 — [V P2V 6™ Vo dz dr

/\// — dT)pdadr.

For any ¢t > 0, noting that (A 12), we can choose . (z) = H.(u™ — ™), where H,(s) is
a monotone increasing smooth approximation of the function H(s) with H.(s) — d(s).
Then we have

/ (ula, 1) — B(z)) Ho(u™ — &™) da — / (o — B)H.(ul — &™) da
(%} (9]

+/ H. (u™ — &™) (|Vu™|P2Vu™ — VO™ P2VP™)V (u™ — &™) dz dT
Qt

//1 u—@ a—é)dxdr

)\// (u? — PN H (u™ — &™) dz drT.
Letting ¢ — 0 and noting that

// (u—qﬁ)w(nw—m,
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we arrive at

/Q(u(:v,t) — &(z))+ do < )\//t(uq — ¢9) dxdr
< RHA// (u— ), dzdr.

Gronwall’s inequality then yields

/Q(u—cp)mx:o,

which implies that u(z,t) < &(x) a.e. in 2.

In what follows, we consider problem (1.1)~(1.3) in Q7 21, Q27,37); - - - » Q((n—1)T,nT)
in turn. Then by inductive argument, we infer that u is a weak solution in ) satisfying
u(z,t) < P(x).

The following argument is devoted to the uniqueness of non-negative weak solutions.
Suppose to the contrary that u, v, v # u, are two non-negative weak solutions of prob-
lem (1.1)—(1.3). It suffices to consider the case when both u and v are bounded in Qr~.

Indeed, suppose that we have proved the above conclusion for any bounded u, v with
u Z v. Consider the following cases.

(i) Both uw and v exist globally. Then for any 7' > 0, u, v are both bounded in Q7.
According to the arguments above, we conclude that u(-,t) = v(-,t), a.e. in £2.

(ii) u exists globally, while v does not. We assume that the maximum time-interval
where v exists is (0,7"). Then there exist M, M, Ty with 0 < M < M +1 < M,
Ty < T, such that M +1 < ||v][pe(q,) < M and lull o (@ry < M, similar to the
arguments above. We also get that u(-,t) = v(-,t) a.e. in {2 for any ¢ € (0,7),
which contradicts the fact that [|[v]|pe() > M + 1, [Jul| Lo (@) < M.

Furthermore, for the case when u, v both exist locally but not globally (which includes
the fact that the maximum time intervals of u, v may or may not be uniform), the
arguments are all similar to those above, so we omit them.

Thus, we may assume that [|v||fe (@) [|Ull Lo (@) < M, where M is a positive con-
stant.

Take the test function as above: p.(z,t) = H.(u(x,t) — v(x,t)). Then we have

/ﬂ(u—v)Ha(um—Um)dx—//t(u—v)aHEw;_mdxdT

+ / H.(u™ — vm)(|Vum|p*2Vum - |va|p72va)V(um —v™)dzdr
Qt
< AgMat // (u—v)H(u™ —v™)dadr.
t
Letting € — 0, and discarding the third term on the left-hand side yields

| () = ot ) @ < xanre [ (ute) = a7 dndr
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Employing Gronwall’s inequality yields
/ (u(z,t) —v(z,t))rde =0 for all t <4,
0

which implies that v > v a.e. in {2 for any ¢ < 4. Similarly, we also have v < u, which
means that v = u a.e. This is clearly a contradiction.

Case 2. For simplicity, we set 4™ = v. Then problem (1.1)—(1.3) is transformed into

ov®

- = div(|Vo|P2 Vo) + Wi, (z,t) € 2 x R, (A18)
v(z,t) =0, (x,t) € 02 x R, (A19)
v(z,0) = vo(x), x €12, (A 20)

where o = 1/m, § = ¢/m. In order to show the existence of non-negative weak solutions
for the above problem, let us first consider the corresponding regularized problem in a
bounded domain Qr:

ov

a(vi_l + E)E = div((|Vo|? + ) P=2/2T0) + \(v? + &)@~ D/2y in Qr, (A21)
v(z,t) =0, (x,t) € 92 x (0,T),

(A 22)

v(z,0) = veo(x), x € {2, (A23)

where v.o(z) € C3T(£2) and
Veo(x) = vo(x) in L°(£2), Vueo(x) = Vog(z) in LP(2)

ase — 0.
In the following, we shall show the existence of classical solutions of the above problem.
For this purpose, we define a mapping

Ak Ca,a/Z(QT) % [O, 1] s C(x,a/Z(QT),
I': (u,0) = v.
Here, v is a solution of the following problem:

ov

a(us™ + E)E = div((|Vo|? +&)P~2/2T0) + oA\ (u? +)1/2y in Qr, (A24)
v(z,t) =0, (x,t) € 02 x (0,T),

(A 25)

v(z,0) = oveo(z), x € L. (A 26)

It is well known that v = I'(u,0) € C?t*1+2/2(Qr). By means of the compact imbedding
theorem, we see that I" is compact. Furthermore, it is easy to see that I'(u,0) = 0. In
addition, if I'(v, o) = v, then by the classical theory of parabolic equations we have

llvll24a,14a/2 < Ml|veoll24a,14a/25
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where M depends only on e. According to the Leray—Schauder fixed-point theorem, we
see that I'(-, 1) admits a fixed point, which implies that (A 21)—(A 23) admits a classical
solution, v.. Combining this with the weakly maximum principle, we further have v, > 0.
In what follows, we show the existence of weak solutions of the problem (A 18)—(A 20).
We split the proof into two steps. In the first step, we are concerned with the case when
q < «, that is ¢ < 1. The second step is devoted to the case when ¢ > «, that is ¢ > 1.

Step 1. Assume that v, is a solution of problem (A 21)—(A 23). Replacing v by v in
equation (A 21), multiplying the equation by v, r > 1, and then integrating in @Q; yields

0
// oo™ + et O // (IVol? + ) P~2/2| Vo, 207 dz dr

< // ANv? + &)@~ D/2yr+ dedr. (A 27)

If p > 2, then we have

// (Ve |? + &) P22V, |20l L da dr > // | Vo [Por~t dz dr,
t t

while if p < 2,

// (|Voe|? + &) P=2/2 |V, |20l "t da dr > %// |V, |Por ! da dr.
Q3| Voe|?2e Qe;|Vve|?>e

Combining this with the above two inequalities, a simple calculation yields

< /vﬁ*o‘der = /v;“derCo// |Volrtp=D/P P qg dr
r+a g r+1/g t;\Vve\2>€

é// )\v;JradxdTJr j_[ /
. T o Jo

where M is independent of . By using Grénwall’s inequality, we obtain

ot da + My, (A 28)
2

/ vl (z,t)de < My for any ¢t < T, (A29)
I7;

where M; depends only on r, T' and |[veo|| (o). Furthermore, we have

// |VortP=D/P|P dg dr

< // |VortP=D/P|P Az dr + // |Volr+P=D/P|P qg dr
Q¢;|Vve|?2e Q3| Ve |*<e

< // |VolrtP=D/P|P qg dr
Q3| Vv |2 >e

r+p—1Y
+ <> // v Vo [P dzdr
p 13| Voe|2<e

g// |Vv§r+p1)/p|pdmd7'—|—<r+p ) p/2// ldzdr.

Q3| Vuc|22e t
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Combining this with (A 28)—(A 29), we obtain
// |VolrtP=D/P|P g dr < M.
T
In particular, we take r =1+ (o — 1)p/2. Then we arrive at
/ / |Vl 2P g dr < M. (A 30)
T

Multiplying (A 21) by dv./0t yields

//ta(,ug—l +€)’aa/l;g

2
1
dxdr—&—f/(\Vve\g—l—a)p/gdx
pJa

1 A .

< - Vv 2+8p/2d$+%/ 02 4+ )@th/2 4,
=9l et 22 [ (2 +e)
Furthermore, we have

wrar ),

gpliTe)/2
ot

2

_‘_7/ |Voe|P
pPJo
1

A A
<= [ (v 2+€”/2+A7/ 24 g)lathz,
p/g(| veol” +€) i1 Q(UE )

Combining this with (A 29), we conclude that

< M, (A31)

3U§1+a)/2
ot

L2(Qr)
Ve |lpro) < M™, (A 32)

where M* is independent of . Noting the arbitrariness of > 1, combining with (A 29),
(A30)—(A32) and recalling the compact imbedding theorem, we conclude that there
exists a v € L=((0,T); L"(2)) N Wy P(Qr) and dv+*)/2/dt € L*(Qr) such that (up to
the subsequence)

ve — v in L7(02), V. —=wv in LP(Qr),

and
avgl-‘roc)/Q

G v in L*(Qr)

as € goes to zero, which implies that problem (A 18)—(A 20) admits a weak solution in
Q7. Then, consider problem (A 18)-(A 20) in Q1 21, Q(27,37); - - - » Q((n—1)T,nT) in turn.
By induction, we infer that problem (A 18)—(A 20) admits a weak solution in Q. As for
the uniqueness of solutions for the case ¢ = 1 (i.e. § = 1/m), this is similar to the case
when m > 1 and we omit it.
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Step 2. When ¢ > «, the proof is similar to that in step 1 and the case when m > 1,
so we just give the outline of the proof. To prove the local-in-time existence, we first find

a T > 0 with
1 1/(g—1)
(2)\T) = QHUOHLM(Qy

For simplicity, set R = (1/(2AT))*/ (4=, Then set

i if [v| < R™,
() = ve if ||
AR?  otherwise.

Similarly to the case when m > 1, we obtain the local-in-time solvability for any non-
negative vg(z). Then we also obtain the global solvability by comparing it with the first
eigenfunction’s powers. The uniqueness is also similar to the case when m > 1, and thus
we omit it.

Remark A 1. In Proposition 2.3 we obtained the weak solution satisfying du/0t €
L?(Qr) when m < 1. Indeed, since du'™+1/2/9t € L2(Qr) and u € L>®(Qr) for any
given 0 < T < oo, by using

ou _ 2 | ammyp QutD/
Otz m+1 Ot Lz
we have
u 2 ’6u<m+1)/2 | (Lm)/2
Loo :
ot L2(QT) m+1 ot L2(QT) (@)
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