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Abstract

In this article, we investigate the topological structure of large-scale interacting systems on infinite graphs, by
constructing a suitable cohomology which we call the uniform cohomology. The central idea for the construction is
the introduction of a class of functions called uniform functions. Uniform cohomology provides a new perspective
for the identification of macroscopic observables from the microscopic system. As a straightforward application of
our theory when the underlying graph has a free action of a group, we prove a certain decomposition theorem for
shift-invariant closed uniform forms. This result is a uniform version in a very general setting of the decomposition
result for shift-invariant closed L2-forms originally proposed by Varadhan, which has repeatedly played a key role
in the proof of the hydrodynamic limits of nongradient large-scale interacting systems. In a subsequent article, we
use this result as a key to prove Varadhan’s decomposition theorem for a general class of large-scale interacting

systems.
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1. Introduction
1.1. Introduction

One of the fundamental problems in the natural and social sciences is to explain macroscopic phenomena
that we can observe from the rules governing the microscopic system giving rise to the phenomena.
Hydrodynamic limit provides a rigorous mathematical method to derive the deterministic partial differ-
ential equations describing the time evolution of macroscopic parameters, from the stochastic dynamics
of a microscopic large-scale interacting system. The heart of this method is to take the limit with respect
to proper space-time scaling, so that the law of large numbers absorbs the large degree of freedom of
the microscopic system, allowing us to extract the behavior of the macroscopic parameters which char-
acterize the equilibrium states of the microscopic system. Hence, techniques from probability theory
including various estimates on Markov processes and their stationary distributions have played a central
role. In this article, we introduce a novel, geometric perspective to the theory of hydrodynamic lim-
its. Instead of using the law of large numbers, we construct a new cohomology theory for microscopic
models to identify the macroscopic observables and give interpretations to the mechanism giving the
macroscopic partial differential equations. Our main theorem gives an analogue of Varadhan’s decom-
position of closed L>-forms, which has played a key role in the proofs of the hydrodynamic limits of
nongradient systems.

Initially, many of the techniques developed in the theory of hydrodynamic limit were specific to the
interacting system under consideration. In the seminal article [7], Guo, Papanicolaou and Varadhan in-
troduced a widely applicable strategy known as the entropy method for proving the hydrodynamic limit
when the interacting system satisfies a certain condition known as the gradient condition. Furthermore,
Varadhan in [18] introduced a novel, refined strategy for systems which do not necessarily satisfy the
gradient condition, relying on proving the so-called decomposition of closed L*-forms. Although this
strategy has been successful in proving the hydrodynamic limit for a number of nongradient systems
[13,9, 6, 19, 15, 16, 12], the implementation in practice has proven notoriously difficult, requiring ar-
guments with sharp spectral gap estimates specific to the system under consideration (see, for example,
[8, Section 7]). Due to the restrictiveness of the gradient condition, many interesting microscopic
systems are known or expected to be nongradient. Thus, it is vital to understand the mechanism of
Varadhan’s strategy and construct model-independent criteria for implementation applicable to a wide
variety of models.

The motivation of this article is to systematically investigate various large-scale interacting systems in
a unified fashion, especially to understand the mechanism in which similar decompositions seemingly
independent of the stochastic data appear in the proofs of the hydrodynamic limits. For this goal,
we introduce a general framework encompassing a wide variety of interacting systems, including the
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different variants of the exclusion processes and the lattice-gas with energy (see Examples 1.3 and 2.10).
We let X be a certain infinite graph which we call a locale, generalizing the typical Euclidean lattice
modeling the space where the microscopic dynamics takes place. We let S be a set expressing the
possible states at each vertex, such as the number of particles or amount of energy, and let SX := [],cx S
be the configuration space expressing all of the possible configurations of states on X. The dynamics
of a microscopic stochastic system are usually expressed by a generator. However, in our framework,
we focus on the interaction ¢ — a certain map ¢: S X § — S X S encoding the permitted change in
states on adjacent vertices (see Definition 2.4). The interaction gives SX a geometric structure, that of a
graph whose edges correspond to the transitions (i.e., all possible change of the configuration at a single
instant (see §1.2)). This structure is independent of the transition rate — stochastic data which encodes
the expected frequency of the transitions.

In this article, we construct the uniform cohomology reflecting the topological property of the
geometric structure of SX by replacing the space of functions on SX with a new class of functions called
the uniform functions, which considers the distances between the vertices of the locale. Our key result,
Theorem 6, states that under general assumptions, the zeroth uniform cohomology is isomorphic to the
space of conserved quantities — functions on S whose sums are conserved by ¢. This cohomology is
finite dimensional even though SX in general has an infinite number of connected components. For the
cases where the hydrodynamic limit is proven, conserved quantities are known to correspond to the
macroscopic parameters which characterize the equilibrium (or stationary) measures of the microscopic
system. Thus, we believe uniform cohomology gives an alternative justification for the origin of the
macroscopic observables. In addition, Theorem 6 also states that the uniform cohomology of SX for
degrees other than zero vanishes. The essential case is for degree one, where we prove that any closed
uniform form is the differential of a uniform function.

Our main theorem, Theorem 1, gives a certain structure theorem for closed uniform forms that
are shift-invariant (i.e., invariant by the action of a group). Here, we assume the existence of a free
action of a group on the locale, which ensures a certain homogeneity. The theorem is obtained as a
straightforward application of group cohomology to Theorem 6. If we choose a fundamental domain of
X for the action of the group, then we obtain a decomposition theorem in the spirit of the decomposition
of Varadhan (see Theorems 3, 4 and 5 of §1.3). The closed forms of Varadhan are L2-forms for the
equilibrium measure arising from the choice of the transition rate. Although uniform functions and
forms are defined algebraically without the need for any stochastic data, our shift-invariant forms in fact
form a common core of the various spaces of shift-invariant L?-forms constructed for each choice of the
transition rate, and will in subsequent research play a crucial role in proving Varadhan’s decomposition
for L?-forms (see, for example, [3]). Our main theorem indicates that the specification of Varadhan’s
decomposition is determined by the underlying geometric structure of the model. Moreover, our theory
gives a cohomological interpretation of the dimension of the space of shift-invariant closed forms
modulo the exact forms — whose origin up until now had been a mystery. The proof of our main theorem
does not require any spectral gap estimates and can be applied universally to a wide variety of systems.

Currently, all existing research concerning hydrodynamic limits for nongradient systems deals
exclusively with the case when the locale is the Euclidean lattice Z¢, with an action of G = Z¢ given
by the translation. Our decomposition theorem is valid for far more general infinite locales and groups,
including various crystal lattices with their group of translations and Cayley graphs associated to finitely
generated infinite groups with natural action of the group. The theorem is also true for systems with
multiple linearly independent conserved quantities. Our result provides crucial insight into the formula-
tion of Varadhan’s decomposition in these general settings. One of our goals is to find a more intuitive
and universal proof of the hydrodynamic limits for nongradient models. In a subsequent article [3],
we prove Varadhan’s decomposition theorem for a general class of models, where the main result of the
present article is the key for the generalization. Furthermore, we will use this decomposition theorem
to perform scaling limits for the general class of models.

Our theory is constructed from scratch, using only algebraic and combinatorial methods. In particular,
no probability theory, measure theory or analytic methods are used. Most importantly, we have taken
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Figure 1. The triangular and hexagonal lattices, and the Cayley graph for the free group G generated
by o1 and o (see Example 2.2 (4)).

care to make this article including the proof of our main result self-contained, except for the proof of
the well-established long exact sequence arising in group cohomology (see §5.2). Thus, we believe our
article should be accessible to mathematicians in a wide range of disciplines. We hope this article would
introduce to a broad audience interesting mathematical concepts related to typical large-scale interacting
systems, and to researchers in probability theory potentially powerful cohomological techniques that
may be relevant in identifying important structures of stochastic models.

The remainder of this section is as follows. In §1.2, we describe our framework and present some
examples. Thenin § 1.3, we state Theorem [, the main theorem of our article, asserting the decomposition
for shift-invariant uniform closed forms. We then explain its relation to the decomposition by Varadhan.
Finally, in §1.4, we provide an overview of our article and the outline of the proof of our main theorem.

1.2. The large-scale interacting system

In this subsection, we introduce the various objects in our framework describing large-scale interacting
systems and give natural assumptions which ensure our main theorem. The precise mathematical
definitions of the objects in the triplet (X, S, ¢) given in §1.1 are as follows. We define a locale (X, E)
to be any locally finite simple symmetric directed graph which is connected (see §2.1 for details). Here,
X denotes the set of vertices, and E C X X X denotes the set of directed edges of the locale. We regard a
locale (X, E) as a metric space equipped with the graph distance. By abuse of notation (see Remark 2.8),
we will often denote the locale (X, E) with the same symbol as its set of vertices X. The condition that
X is connected and locally finite implies that the set of vertices of X is countable. If the set of vertices
is an infinite set, then we say that X is an infinite locale. We define the set of states S as a nonempty
set with a designated element * € § which we call the base state, and we define the symmetric binary
interaction, or simply an interaction ¢ on S, to be a map ¢: S X S — S X § such that for any pair of
states (s1,52) € S X S satisfying ¢(sy, s2) # (s1,52), we have f o ¢ o7 o ¢(s1,52) = (51, 52), where
7: §x 8§ — § xS is the bijection obtained by exchanging the components of S X S. The ordering of
S % § determines the direction of the interaction, and the condition intuitively means that if we execute
the interaction and if it is nontrivial, then further executing the interaction in the reverse direction takes
us back to where we started. To realize the full large-scale interacting system, we also need to choose a
transition rate. However, this is outside the scope of the current article.

The most typical example of an infinite locale is given by the Euclidean lattice Z¢ = (Z4,E?) for
integers d > 1, where Z¢ is the d-fold product of the set of integers Z, and

E? = {(x,y) ezdxz7d | lx —y| = 1}.
Here, we let |x — y| = Zj.lzl |x; —yjlforany x = (x1,...,x4), y = (y1,...,ya) in 74, Crystal lattices
such as the triangular and hexagonal lattices as well as Cayley graphs associated to finitely generated
infinite groups (see Figure 1) are other examples of infinite locales.
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We say that a locale is weakly transferable if for any ball B C X, the complement X \ B is a nonempty
finite disjoint union of connected infinite graphs. By definition, a weakly transferable locale is an
infinite locale. We will also consider a stronger condition on the locale which we call transferable (see
Definition 4.16 for the precise definition). Immediately from the definition, we see that if for any ball
B C X, the complement X \ B is a connected infinite graph, then X is transferable. The Euclidean lattice
74 = (24, B4) for d > 1, crystal lattices such as the triangular and hexagonal lattices, and the Cayley
graph for a finitely generated free group generated by d > 1 elements give examples of transferable
locales (see Remark 4.19). The Euclidean lattice Z = (Z,E) for d = 1, which is also the Cayley graph
for a free group generated by one element, gives an example of a weakly transferable locale which is
not transferable. See Example 2.2 in §2 for other examples of locales.

We call the triplet (X, S, ¢) as above a fopological interacting system, or simply a system for short.
For the system (X, S, ¢), we define the configuration space SX by

§X = I—[S.

xeX

We call any element 7 € SX a configuration, and we denote by % the base configuration, defined to be
the configuration whose components are all at base state. Next, for any 1 € SX and e = (x1,x) € E,
we let (17%,,17%,) = (x> 7x,). We define n° = (n%) € S¥ by
Nx X #FX1,X2
ne = { . (1)
Ny X=X1,X2.

The transition structure on SX, expressing all possible change of the configuration at a single instant,
is defined as @ = {(17,77¢) | n € SX,e € E} c §X x §X. Then (§X, ®) is a symmetric directed graph
(see Lemma 2.5 for a proof). Again by abuse of notation, we will often denote the graph (SX, ®) by §X
(see also Remark 2.8). We remark that generally, SX on an infinite locale is not connected, simple nor
locally finite as a graph, and the set of vertices is not countable.

Next, we introduce the conserved quantity for the interaction ¢, which we define to be any function
&: S — R satisfying £(*) = 0 and

E(s1) +&(s2) = &(s57) +£(s53) 2

for any (s, s2) € S xS, where (s{,55) = ¢(s1, s2). This function gives values reflecting the state, such
as the number of particles or energy depending on the physical context, whose sums are conserved by the
interaction. We denote by Consv? () the R-linear space of all conserved quantities for the interaction ¢.

Denote by SX the subset of SX consisting of elements 5 = (17,) such that 7, =  for all but finite x € X.
Then S¥ also has a structure of a graph induced from that of SX. Note that if X is finite, then SX = §X.
Any conserved quantity & € Consv?(S) defines a function &éx : SX — R by &éx(17) == X ex €(17x) for
any n € SX. Note that the sum is a finite sum since 7 € SX. We call the value £x (17) a conserved quantity
of the configuration 7.

Throughout this article, we let N = {0, 1, ..., } denote the set of natural numbers. We consider the
following properties of an interaction, which will play an important role in our main theorem.

Definition 1.1. For an interaction ¢ on S, let ¢4 = dimg Consv?(S).

1. We say that the interaction ¢ is irreducibly quantified, if for any finite locale X if the configurations
17,1" € SX have the same conserved quantities (i.e., if £x (17) = £x (1’) for any & € Consv?(S)), then
there exists a finite path (see §2.1) from 7 to 5’ in SX.

2. We say that the interaction ¢ is simple if ¢4 = 1, and for any nonzero conserved quantity
& € Consv?(S), the monoid generated by &(S) via addition in R is isomorphic to N or Z.

A monoid is defined to be a set with a binary operation that is associative and has an identity
element, the first examples being N, Z or R with the operation being the usual addition and with identity
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Figure 2. Exclusion process.
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Figure 3. Multi-species exclusion process.

element 0. Provided c 4 = 1, the second condition in Definition 1.1 (2) is satisfied, for example, if there
exists £ € Consv?(S) such that £(S) c Nand 1 € £(5), or £(S) € Z and =1 € £(S).

Remark 1.2. The second condition of Definition 1.1 (1) implies that any configurations with the
same conserved quantities are in the same connected component of the configuration space SX. The
configuration space on an infinite locale X usually has an infinite number of connected components.
If the above condition is satisfied, then we may prove that the connected components of SX are charac-
terized by its conserved quantities (see Remark 2.25). This condition is equivalent to the condition that
the associated stochastic process on the configurations with fixed conserved quantities are irreducible.

The following are examples of interactions and corresponding conserved quantities.
Example 1.3.

1. The most basic situation is when S = {0, 1} with base state * = 0. The map ¢: SXS — S X S defined
by exchanging the components of S X S is an interaction (see Figure 2). The conserved quantity
£: 5 — N given by £(s) = s gives a basis of the one-dimensional R-linear space Consv? (). This
interaction is simple. The stochastic process induced from this interaction via a choice of a transition
rate is called the exclusion process.

2. Consider the case S = {0,1,...,k} with base state *+ = 0 for some integer x > 1. The map
¢: SxS — SxS defined by exchanging the components of § X § is an interaction (see Figure 3). For
i=1,...,k let &9 be the conserved quantity given by £V (s) = 1 if s = i and £V (s5) = 0 otherwise.
Then £, ..., €% gives a basis of the R-linear space Consv?(S). The stochastic process induced
from this interaction via a choice of a transition rate is called the multi-color exclusion process, or
more generally, the multi-species exclusion process.

See Example 2.10 in §2.2 for other examples of interactions covered by our theory. We will prove in
Proposition 2.19 that all of the interactions in Examples 1.3 and 2.10 are irreducibly quantified.

Remark 1.4. For s € § in the interactions in Example 1.3, s = 0 describes the state where there are
no particles at the vertex, and s = i for an integer i > O the state where there exists a particle of
type labeled as i (referred to as color i or species i) at the vertex. The exclusion in the exclusion and
the multi-species exclusion processes signify that at most one particle is allowed to occupy each vertex.
The conserved quantity &) returns 1 if a particle of species i occupies the vertex and 0 otherwise. Then
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)(;) (1) = Yyex €9 (1) for a configuration i = (17,) € SX on a locale X expresses the total number of
particles of species & in the configuration.

The hydrodynamic limits of the exclusion process for certain choices of transition rates of nongradient
type have been studied by Funaki, Uchiyama and Yau [6] and Varadhan and Yau [19] (see also Theorem 3
of §1.3). For the multi-species exclusion process, a variant has been studied by Quastel [13] and
Erignoux [5]. See Remark 2.12 for other known cases corresponding to the interactions given in
Example 2.10. Up until now, all of the interacting systems of nongradient type whose hydrodynamic
limits have been proved are models over the Euclidean lattice.

Typical research in hydrodynamic limit investigates the stochastic process of large-scale interacting
systems obtained from a specific interaction with a specific transition rate on a specific locale. One
important purpose of this article is to construct a mathematical framework to study many types of
models at once and to find specific conditions on the locale and interactions to allow for a suitable
theory. The notion of transferable locales and irreducibly quantified interactions, which we believe are
new and have not previously appeared in literature, are steps in this direction. The distinctive feature of
our framework is the separation of the stochastic data from the geometric data, as well as the separation
of the set of states and the interaction from the underlying locale. The theory works best when S is
discrete, a case which already covers a wide variety of models. In future research, we hope to generalize
our framework to include known models with more general S, such as § = R and S = R, where a more
subtle notion of uniform functions incorporating smoothness should be necessary for compatibility with
existing models.

1.3. Main theorem and relation to Varadhan’s decomposition

The goal of our article is to study the topological properties of the configuration space SX with transition
structure via a newly defined class of uniform functions and forms. In this subsection, we introduce
Theorem 1, which is the main theorem of this article, giving a decomposition of shift-invariant closed
uniform forms. We will then discuss its relation to Varadhan’s decomposition of shift-invariant closed
L*-forms.

We first introduce notations concerning functions and forms on the configuration space with transition
structure. Consider the system (X, S, ¢), and let SX be the corresponding configuration space with
transition structure. For any set A, we let C(A) := Map(A, R) be the R-linear space of functions from A
to R. We say that a function f € C(SX) is local if there exists a finite A C X such that f is in the image of
C(S™) with respect to the inclusion C(S*) < C(5%) induced from the projection X — S*. In other
words, a function is local if it only depends on a configuration through a finite sublocale. Any local
function may be regarded as a function in C(S%X) via the map induced from the projection SX — SA.
We denote by Cioc(SX) the space of local functions on SX, which is a subspace of both C(SX) and
C(8X). We define the space of uniform functions (see Definition 3.5 for the precise definition) to be a
certain R-linear subspace Cupif(SX) of C(SX) containing the space of local functions Cio. (SX), and we
let Cl?mf(SX ) be the subspace of Cyyir(SX) consisting of function f satisfying f (%) = 0. We define the
space of closed uniform forms Zim, f(SX ) (see Definitions 2.27 and 3.10 for the precise definition) to be a

certain R-linear subspace of [],cx Cioc(S), and we define the differential 8: C° (§%) — Z! .(§¥)
by df = (V.f), where V, f for any e € E is the function defined by
Vef(m) = f(n) - f(n) 3)

for any f € Cl?nif(SX ) and 17 € SX. The differential 8 is induced from the differential of the standard
cochain complex associated with the graph (SX, @) (see §2.3 and Appendix A).

For our main theorem, we consider a locale with a free action of a group. Let G be a group, and we
assume that the locale X has a free action of a group G. This induces actions of G on various functions

and forms. Both the Euclidean lattice and crystal lattices such as the triangular and hexagonal lattices
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of dimension d have natural free actions of G = Z¢. For any R-linear space with an action of G, we
denote by U® the G-invariant subspace of U. We will often say shift-invariant to mean G-invariant if
the group G is understood. We denote by C = (Z&mf(SX ))€ the space of shift-invariant closed uniform

forms, and by £ = 0 (Cl?mf(SX)G) the image by 9 of the space of shift-invariant uniform functions.

Remark 1.5. The existence of a free action of G ensures that the locale X is homogenous. We understand
the quotient C /£ to philosophically represent the first uniform cohomology of the quotient space X /G, a
topological space which can be interpreted as a model of an infinitesimal neighborhood of a macroscopic
point.

We denote by Hom(G, Consv?(S)) the space of group homomorphisms from G to Consv?(S). In
other words, y € Hom(G, Consv?(S))isany mapy : G — Consv?(S) satisfying y (o7) = ¢ () + (1)
for any o, 7 € G. Our decomposition theorem giving the uniform analogue of Varadhan’s decomposition
is as follows.

Theorem 1 (=Theorem 5.17). For the system (X, S, ¢), assume that the interaction ¢ is irreducibly
quantified and that X has a free action of a group G. If X is transferable, or if the interaction ¢ is simple
and X is weakly transferable, then we have a canonical isomorphism

C/€ = Hom(G, Consv?(S)). “4)
Moreover, a choice of a fundamental domain for the action of G on X gives a natural decomposition
C = £ ® Hom(G, Consv?(S))

of R-linear spaces.
If the rank of the maximal abelian quotient G®® of G is finite, then we have the following.

Corollary 2 (=Corollary 5.19). Let the assumptions be as in Theorem 1. Moreover, suppose that
G™ is of finite rank d. If we fix a generator of the free part of G®, then we have an isomorphism
Hom(G, Consv?(S)) = @?:1 Consv?(S). A choice of a fundamental domain of X for the action of G
gives a decomposition

d
C=&fod @Consv¢(5). %)

J=1

The decomposition (5) decomposes any shift-invariant closed uniform form in C as a unique sum of a
form in £, closed forms whose potential are shift-invariant uniform functions, and a form obtained as the
image with respect to the isomorphism (5) of elements in EB;.!:I Consv?(S). The space & corresponds to
the part which averages out to zero when taking a proper space-time scaling limit and so does not appear
in the hydrodynamic limit. Hence, the decomposition theorem implies that the macroscopic property
of our model may be completely expressed in terms of forms arising from the space @?:1 Consv?(S),
which are related to the flow of conserved quantities in each of the directions induced by the action of
the group G.

In addition to the geometric data (X, S, ¢), if we fix a suitable transition rate, then this gives a shift-
invariant equilibrium measure on the configuration space and a compatible inner product on the space
of forms. If we consider the case when the locale is the Euclidean lattice X = (Z¢, E¢) with standard
translation by the group G = Z¢, and if (S, ¢) is the exclusion process of Example 1.3 (1), a typical
choice of a transition rate gives rise to the product measure v = u%zd on X = {0, I}Zd, where p), is
the probability measure on S = {0, 1} given by

up(s=1)=p, Hp(s=0)=1-p
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for some real number 0 < p < 1. We denote by L?(v) the usual L?-space of square integrable functions
on {0, 1}Z* with respect to the measure v. The space of local functions Cioc ({0, 1}Z*) is known to be
a dense subspace of L2(v). We let &: {0, 1} — N be the conserved quantity given by £(s) = s, which
gives a basis of Consv? ({0, 1}). For any x € X, we let &: {0, I}Zd — R be the function defined
by &x(n) = ny for any 7 = (1) € {0,1}%". For any x = (x;) € Z9, denote by 7, the translation
of (Z4,E“) by x. In this case, Varadhan’s decomposition of shift-invariant closed L2-forms proved by
Funaki, Uchiyama and Yau is the following.

Theorem 3 [6, Theorem 4.1]. Let w = (w,) € [1,cg L*>(v) be a shift-invariant closed L*>-form. Then

. . . ) d
there exists a set of constants ai, . . .,aq € R and a series of local functions ( f,)nen in Cioc ({0, 1}%7)
such that

We :nh_ri}ove( Z Tx(fn)+iaj Z xjfx)
=1

xezd xezd
in L*>(v) for any e € E.

The same statement for certain transition rates giving non-product measures on {0, I}Zd was proved
by Varadhan and Yau [19], requiring different spectral gap estimates. The uniform version of Theorem 3,
obtained by applying Corollary 2 to the above model for the fundamental domain Ag = {(0,...,0)} of
X = 74 for the action of G = Z4, is given as follows.

Theorem 4. Let w = (w.) € [].er Cioc ({0, I}Zd) be a shift-invariant closed form. Then there exists a

set of constants ay, . ..,aq € R and a local function fin Ciyc ({0, I}Zd) satisfying f(x) = 0 such that
d
We = Ve( Z T (f) +Zaj Z xjfx)
xezd Jj=l  xezd

in Cioc ({0, I}Zd)for any e € E.

Our proof does not require a choice of the transition rate, thus completely independent of the measure.
We remark that the sums in the brackets on the right-hand side of Theorem 3 and Theorem 4 are uniform
functions in C° ({0, 1}2.

Next, consider a general system (X, S, ¢) satisfying the assumptions of Theorem 1, and suppose that
X has a free action of G = Z¢. We fix the generator of G to be the standard basis of Z¢, and we denote
an element of G = Z¢ by 7 = (1) € Z¢ instead of x = (x ;) since the locale X in general does not
coincide with G. The disassociation of the group G from the locale X is another distinctive feature of
our framework. If we fix a fundamental domain Ag of X for the action of G, then Corollary 2 in this
case gives the following.

Theorem 5. Assume for simplicity that c 4 is finite, and fix a basis EM ., &) of Consv?(S). Let
w = (we) € [Noeg Cloc(SX) be a shift-invariant closed uniform form. In other words, let w € C. Then
there exists a;j € R fori =1,...,cg and j = 1,...,d and a shift-invariant uniform function F in
O f(SX) such that

uni

Co .
0.)=(9(F+ Zd,‘j(z ij‘f'l()Ao)))’ (6)

i=1 j=1 7€G

where we let Ew be the function in Cl?

nif(SX) defined as &w = Y ew Ex for any conserved quantity
£ € Consv?(S) and W c X.
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In Theorem 5, we remark that 0 F € £, and by Remark 5.20,

Wy, = 6( Z aij(z ijf_i()AO))) eC (7)

i=1 j=I1 7eG
is the image of ¢ = (X%, ané”, ..., % a;aéV) € @?:1 Consv?(S) through the isomorphism (5)
for the choice of Ag in Theorem 5. The equality w = dF + wy, of (6) is precisely the decomposition
given by (5).

In fact, Theorem 4 is a special case of Theorem 5, as follows. If A is finite, then we may see from the
definition that any w € [],cz Cioc(SX) which is closed and shift-invariant is uniform. In addition, again
if Ag is finite, any shift-invariant uniform function F € Cl?mf(SX ) is of the form F' = ) cza T(f) for
some local function f € Co.(S%) satisfying f(*) = 0 (see Lemma 5.15). Here, 7(f) denotes the image
of f with respect to the action of 7 € Z¢. For the case X = Z¢ with the action of G = Z¢ given by the
standard translation, if we let Ag = {(0, ...,0)}, then we have 7, (Ag) = {x} for any x € Z¢. From these
observations and the definition of the differential 9, we see that Theorem 4 follows from Theorem 5.

In the general setting of Theorem 1, the choice of a transition rate satisfying certain conditions gives
an inner product compatible with the norm on the space of L2-forms. The existence of Varadhan’s
decomposition amounts to the following question. See [2, Conjecture 5.5] for a precise formulation of
this question as a conjecture.

Question. Assume that the fundamental domain of the action of G on the vertices of X is finite. For
a suitable definition of closed Lz-forms, if w is a shift-invariant closed L?-form, then does there exist
wy € &€ forn € N and ¥ € Hom(G, Consv?(S)) such that

lim (w, +wy) =w ?
n—oo

Here, we let w,, be the element in C corresponding to ¢ in the decomposition (5) of Corollary 2 given
for a choice of a fundamental domain of X for the action of G.

The question is answered affirmatively for the cases that Varadhan’s decomposition are shown.
Although our local forms construct the core of the Lz—space, and local closed forms in our sense are
closed forms in the sense of the L2-space, it is currently not generally known whether our local closed
forms form a core of closed forms in the sense of L?-spaces. Nevertheless, in subsequent research, we
prove Varadhan’s decomposition for certain locales using Theorem 1 of this article, when S is finite and
u is a product measure, assuming a certain spectral gap estimate pertaining to the interaction (cf. [3]).
Through this process, we hope to understand the role played by the sharp spectral gap estimates in the
proof of hydrodynamic limits for nongradient systems, a question which has been an important open
question for the past thirty years (see, for example, [8, Preface]).

Let C;> and &; > be the shift-invariant closed and exact forms for the L?-space. The inner product on
the L?-space defines an orthogonal decomposition

C;2 = &> ® Hom(G, Consv?(S)) ®)

which is different from (5). By reinterpreting the method in hydrodynamic limits for obtaining the
macroscopic deterministic partial differential equation from the microscopic system, we have come
to understand that the diffusion matrix associated with the macroscopic partial differential equation
is given precisely by the matrix relating the two decompositions (5) and (8). One critical observation
from this fact is that the size of the diffusion matrix of our system should be c4d, the dimension of
@?:1 Consv?(S).

Through our investigation, we have come to see the stochastic data consisting of the measure and
compatible inner product as a certain analogy of differential geometric data on Riemannian manifolds
— the volume form and the metric. Through this analogy, the orthogonal decomposition (8) may be
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regarded as a differential geometric decomposition given as a certain analogue of the Hodge-Kodaira
decomposition in Riemannian geometry, whereas the decomposition (5) is viewed as a more topological
decomposition. In light of this analogy, it would be interesting to interpret the diffusion matrix relating
the topological and measure theoretic structures of C;» as an analogy of the period matrix in Hodge
theory comparing the topological and differential geometric structures of the manifold. Such ideas will
be explored in future research.

1.4. Overview

In this subsection, we give an overview of the proof of Theorem 1. The key result for the proof is
Theorem 6 below concerning the property of uniform cohomology. Consider the system (X, S, ¢). The
uniform cohomology is defined for a configuration space with transition structure as follows.

1 (8%) for m € N of the configuration space %
with transition structure to be the cohomology of the cochain complex

Definition 1.6. We define the uniform cohomology H}!

a
Cl(l)nif(SX) - Zl}nif(SX)’
which is zero in degrees m # 0,1. Concretely, we have Hgmf(SX) = Kerd, H&nif(SX) =
Z&mf(SX )/Im 4, and Hl’]';if(SX ) = {0} in degrees m # 0, 1. The uniform cohomology is philosophically
the reduced cohomology in the sense of topology of the pointed space consisting of the configuration

space SX and base configuration x € SX.

Theorem 6 (=Theorem 5.8). For the system (X, S, ¢), assume that the interaction ¢ is irreducibly
quantified. If X is transferable, or if the interaction ¢ is simple and X is weakly transferable, then we
have

¢ -
Hﬂif(SX) N {Consv (S) m=0
{0} m # 0.

The configuration space SX with transition structure viewed geometrically as a graph generally
has an infinite number of connected components. Hence, it may be surprising that Hgmf(SX) is finite
dimensional. This calculation very beautifully reflects the fact that assuming the conditions of the
theorem, the connected components of the graph SX can be determined from the values of its conserved
quantities (see Remark 2.25). By the definition of Hl’l’flif(SX ), Theorem 6 is equivalent to the existence
of a short exact sequence

(%) 2. 71

unif

0 — Consv®(S) —— C?° (§X) ——=0. 9)

unif
In other words, (9) is a sequence of R-linear maps such that 7 is injective, d is surjective, and Imi = Ker 0.
A large portion of our article is dedicated to the construction of (9), especially the proof that the
differential 0 is surjective.

First, in §2.1, we introduce our model and the associated configuration space. In §2.2, we introduce
the notion of a conserved quantity. Then in §2.3, we define the usual cohomology for the configuration
space with transition structure and the notion of closed forms. We then give the relation between the
conserved quantities and the H® of the configuration space.

In §3.1, we introduce the notion of local functions with exact support and prove that any function
f € C(SX) may be expanded uniquely as a possibly infinite sum of local functions with exact support.
We say that f € C(SX) is uniform if the diameter of support in the expansion of f is uniformly bounded.
In §3.2, we first note that the function £x = 3 .cx &, for any conserved quantity ¢ € Consv?(S) is
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uniform. Since £x (%) = 0, the correspondence ¢ — &x gives a natural inclusion i: Consv?(S) <
Cl?nif(SX ). Assume now that the interaction is irreducibly quantified. We prove in Theorem 3.7 that this
inclusion gives an isomorphism

Consv?(S) = Kerd.

It remains to prove that 9 is surjective. In Definition 3.10, we define the notion of uniform forms. For
the remainder of §3, we assume in addition that X is strongly transferable — that is, X \ B is an infinite
connected graph for any ball B in X. We consider a function f € C(SX) such that df is uniform, and
we construct in Proposition 3.18 of §3.3 a symmetric pairing hy : M X M — R on a certain additive
submonoid M c R¢? (see Definition 2.24) satisfying the cocycle condition

hy(a,B)+hp(a+pB,y)=hs(B,y)+hs(a,B+7)

for any a, B, € M. We then prove in Proposition 3.19 of §3.4 thatif iy = 0, then f € C° .(S¥).

In §4, we consider the case when X is weakly transferable. This section is technical and can be
skipped if the reader is only interested in the strongly transferable case. In §4.2, we again construct
a pairing hy for any f € C(SY¥) such that df is uniform, and we prove in Proposition 4.13 the
cocycle condition for /7. We note that in general, the pairing /2y may not be symmetric. We prove in
Proposition 4.14 of §4.3 a weakly transferable version of Proposition 3.19. Finally, we prove in §4.4
that the pairing /¢ is symmetric if the locale X is transferable.

In §5, we complete the proof that 9 is surjective (see Theorem 5.2 for details). The method of
proof is as follows. For any closed uniform form w € Z&nif(SX ), since w is closed, by Lemma 2.28,
there exists f € C(SX) such that df = w. Note that f may not necessarily be a uniform function.
By the previous argument, there exists a pairing iy : M x M — R satisfying the cocycle condition.
We prove in Lemma 5.5 that if the pairing Ay is symmetric, or in Lemma 5.5 if the interaction is
simple, there exists a function 4: M — R such that

hy (@, B) = h(@) + h(B) — h(a + )

for any «, 8 € M. We modify the function f using /4 to obtain a function with the same d f but satisfies
hy = 0. By Proposition 3.19 or Proposition 4.14, we see that f € C° .(§¥). This proves that the
differential 9 in (9) is surjective, completing the proof of Theorem 6.

Now for the proof of Theorem 1, suppose that the locale X has a free action of a group G. This gives a
natural action of G on various spaces of functions and forms. Noting that G acts trivially on Consv?(S),
the boundary homomorphism of the long exact sequence for group cohomology (49) associated with
the short exact sequence (9) immediately gives an inclusion

c/E LA Hom(G, Consv?(S)).

For a fixed fundamental domain A, of X for the action of G, we let

Wy = 6(2 l//(T)T(AO)) eC

7€G

for any ¢ € Hom(G, Consv?(S)), noting that ¢ (7) € Consv?(S) for any 7 € G. The relation of Wy
to the form in (7) is explained in Remark 5.20. By explicit calculation, we see in Proposition 5.18
that 6(wy) = ¢; hence, ¢ is surjective. The R-linear map w — (w — wy,¥) for ¥ = 6(w) gives a
decomposition of R-linear spaces

C = £ @ Hom(G, Consv?(S)),
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completing the proof of Theorem 1. In Appendix A, we review well-known results concerning
cohomology of graphs. In Appendix B, we give some examples. In Appendix B.1, we describe the
objects appearing in our article for the exclusion process. Finally, in Appendix B.2, we let X = Z and
consider the multi-color exclusion process for § = {0, 1,2}. Then X is not transferable and c4 = 2. We
prove that d of Definition 1.6 is not surjective in this case.

2. Configuration space and conserved quantities

In this section, we will introduce the configuration space of a large-scale interacting system and the
notion of a conserved quantity. We then define and investigate its cohomology.

2.1. Configuration space and transition structure

In this subsection, we will give a graph structure which we call the transition structure on the configu-
ration space of states on a locale. We first review some terminology related to graphs.

A directed graph (X, E), or simply a graph, is a pair consisting of a set X, which we call the set of
vertices, and a subset E C X X X, which we call the set of directed edges, or simply edges. For any
e € E = X x X, we denote by o(e) and #(e) the first and second components of e, which we call the
origin and target of e, so that e = (0(e),t(e)) € X X X. Forany e € E, we let ¢ := (¢(e),0(e)), which
we call the opposite of e. We say that a directed graph (X, E) is symmetric if ¢ € E for any e € E, and
simple if (x,x) ¢ E for any x € X. For any e = (0(e),t(e)) € E, we will often use e to denote the set
e ={o(e),t(e)}. We say that (X, E) is locally finite if for any x € X, the set {¢ € E | x € ¢} is finite.
In this article, by abuse of notation (see Remark 2.8), we will often simply denote the graph (X, E) by
its set of vertices X.

We define a finite path on the graph X to be a finite sequence j = (e!,¢?,...,e") of edges in E
such that 7(e’) = o(e™) for any integer 0 < i < N. We denote by len() the number of elements N in
P, which we call the length of 5. We let o(p) = o(e') and #(p) := t(e"), and we say that j is a path
from o(p) to t(p). For paths py, p» such that 7(p1) = o(p»), we denote by 1 p, the path from o(j1) to
t(p5) obtained as the composition of the two paths. If a path p satisfies o(p) = ¢(p), then we say that
p is a closed path. For any x,x” € X, we denote by P(x,x’) the set of paths from x to x’. We define the
graph distance dx (x, x") between x and x’ by

dx(x,x’) = inf len(p)
PEP(x,x)

if P(x,x’) # 0, and dx(x,x’) = oo otherwise. We say that any subset Y C X is connected if
dy (x,x") < oo for any x,x’ € Y, where dy is the graph distance on the graph (Y, Ey) given by
Ey = EN(YXY).

Definition 2.1. We define the locale to be a locally finite simple symmetric directed graph X = (X, E)
which is connected. If the set of vertices of X is an infinite set, then we say that X is an infinite locale.

We will use the terminology locale to express the discrete object that models the space where the
dynamics under question takes place. We understand the connectedness to be an important feature of
the locale.

Example 2.2.

1. The most typical example of an infinite locale is the Euclidean lattice Z¢ = (Z4,E4) for integers
d > 1, where Z4 is the d-fold product of Z, and

E? = {(x,y) €74 %74 i lx —y| = 1}.
Here, we let |x — y| = Z;d':l |x; —yjlforany x = (x1,...,xq),y = (¥1,...,¥a) in 24,
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Figure 4. The Euclidean lattices 7* and with nearest 2-neighbor Z%.

2. Forintegers d > 1 and n > 0, a variant of the Euclidean lattice is given by the Euclidean lattice with
nearest n-neighbor Zg = (Zd, E,‘f) (see Figure 4), where

ES = {(x,y)eZdXZd|O<|x—y|Sn}.

3. Many types of crystal lattices such as the triangular, hexagonal and diamond lattices are infinite
locales (see, for example, [17, Example 3.4, Example 8.3] and [10, §5]).

4. Let G be a finitely generated group, and let S € G be a minimal set of generators. Then the
associated Cayley graph (G, Es) given by Es = {(t,70), (t,707!) | T € G, € S} is alocale. If
G is infinite, then the associated Cayley graph is an infinite locale.

5. Let X = (X1, Ey) and X, = (X, E>) be locales. If X := X; X X, and

E = {((o(e1),0(e2)), (t(e1),0(ez)) | e1 € Ey,e3 € Ea}
U {((o(e1),0(e2)), (o(er1),t(e2)) | e1 € Eq,ep € Ex} C (X1 X X3) X (X1 X X»),

then (X, E) is a locale, which we denote X X X,. We say that X is a product of X| and X;. Note that
(z4,E?) coincides with the d-fold product (Z,E) x - - - x (Z, E).

6. Suppose X = (X, E) is alocale, and let Y C X be a connected subset. If we let Ey := EN(Y XY) C
X X X,thenY = (Y, Ey) gives a graph which is a locale. We call Y a sublocale of X.

Next, we introduce the set of states, which is a nonempty set S expressing the possible states the
model may take at each vertex, and the configuration space SX for S on X.

Definition 2.3. We define the set of states to be a nonempty set S. We call any element of S a state. We
will designate an element = € S which we call the base state. If S € R and 0 € S, then we will often
take the base state * to be 0. For any locale X = (X, E), we define the configuration space for S on X by

§X = ]_[ S.

xeX

We call an element 17 = (17,) of SX a configuration. We denote by * the base configuration, which is
the configuration in SX whose components are all at base state.

Now, we introduce the symmetric binary interaction, which expresses the interaction between states
on adjoining vertices.

Definition 2.4. A symmetric binary interaction, which we simply call an interaction on S, is a map
¢: §XS§ — §x S8 such that

fogoiog(sy,sz)=(s1,52) (10)

for any (s, s2) € S X S satisfying ¢ (s, 52) # (51, 52), where i: § X § — § X § is the bijection obtained
by exchanging the components of S x S.
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Examples of the set of states S and interactions ¢ are given in Example 2.10 of §2.2. Throughout
this article, a system (X, S, ¢) indicates that X is a locale, S is a set of states, and ¢ is an interaction. We
will next define the configuration space with transition structure associated with such a system. We first
prepare a lemma.

Lemma 2.5. For a locale X = (X, E) and the set of states S, let SX be the configuration space for S on
X. Let ¢: S xS — S X S be an interaction on S. For any e = (0(e),t(e)) € E C X X X, we define the
map ¢pe: SX — SX by ¢.(n) = n¢, where n° = (n¢) € SX is defined as in (1). In other words, ¢.(n) is
obtained by applying ¢ to the o(e) and t(e) components of n. If we denote by ® the image of the map

E x §X - §X x §X, (e.n) = (11, ¢ (m)), an

then the pair (SX, ®) is a symmetric directed graph.

Proof. It is sufficient to prove that the directed graph (SX, ®) is symmetric. By the definition of an
interaction, we have f o ¢ o o ¢(sy, 52) = (51, 52) for any (s1, s2) € § X S such that ¢(s1, s2) # (51, 52).
This shows that for any n € SX, if ¢.(n) # 1, then we have ¢; o ¢.(n) = n. Consider the element

(1, ¢e(n)) € ®.If e (1) = 1, then (¢ (1), 1) = (1, 1) € P.If e (n) # 7, then (G (1), 1) = (¢e(M), pe©
¢ (17)), which is an element in @ since it is the image of (€, . (7)) € E x SX by the map (11). O

Remark 2.6. In fact, the condition (10) that we impose on the interaction is simply a sufficient condition
and not a necessary condition for our theory. The property that we actually use is that ($X,®) is a
symmetric directed graph.

Definition 2.7. For a locale X and a set of states S, if we fix an interaction ¢: S X § — § X §, then
Lemma 2.5 implies that ® gives a structure of a symmetric directed graph

§X = (5%, @)

on the configuration space SX. We call this structure the transition structure, and we call any element
¢ € ® a transition. In particular, we say that ¢ = (1, ¢.(17)) € @ is a transition of by e. Following the
convention in literature, we will often denote ¢, (17) by 1°.

Remark 2.8. Our convention of denoting the locale (X, E) by X and the configuration space with
transition structure (SX, ®) by SX follows similar convention as that of topological spaces, where the
topological space and its underlying set is denoted by the same symbol. We are interpreting the set of
edges of a graph as giving a geometric structure to the set of vertices.

For the configuration space SX with transition structure, the edges @ expresses all the possible
transitions on the configuration space with respect to the interaction ¢. For any element n = (17,) € SX,
we define the support of 77 to be the set Supp(n) := {x € X | n # *} C X. The subset

SX = {n=(nx) € S*| |Supp(n)| < oo} c $¥

of the configuration space will play an important role in our theory. If we let ®, := ® N (SX x §X), then
SX = (SX,d,) is again a symmetric directed graph, which we refer to again as a configuration space
with transition structure.

For any set A, we let C(A) := Map(A, R) be the R-linear space of functions from A to R. Asin §1.2,
for any finite A C X, we let S® := [],.ca S. Following standard convention, we let S® = {x} if A = 0.
The natural projection SX ¢ §X — S given by mapping 77 = (7x)xex € SX ton|a = (7x)xea induces
a natural injection C(S”) < C(S%). From now on, we will identify C(S*) with its image in C(SX).
Note that any f € C(SX) is a function in C(S™) if and only if f as a function for n € SX depends only
on 5[p € S7. We call any such function a local function. We denote by Cio.(S¥) the space of local
functions, which is a subspace of both C(SX) and C(SX). If the set of vertices of X is finite, then we
simply have Coc(SX) = C(SX) = C(S¥). Our methods are of interest predominantly for the case when
X is an infinite locale.
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2.2. Conserved quantities and irreducibly quantified interactions

In this subsection, we introduce the notion of conserved quantities, which are certain invariants of states
preserved by the interaction. Using the conserved quantities, we will introduce the important notion for
an interaction to be irreducibly quantified. In what follows, let S be a set of states with base state = € §,
and we fix an interaction ¢: S XS — S x Son S.

Definition 2.9. A conserved quantity for the interaction ¢ is a function £: § — R satisfying £(x) =0
and

E(s1) +&(s2) = &(s57) +£(s7) (12)

for any (s1,52) € S X S and (s, 5%) = ¢(s1,52). We denote by Consv?(S) the R-linear subspace of
Map(S, R) consisting of the conserved quantities for the interaction ¢. We let ¢4 = dimp Consv?(S).

Examples of interactions and corresponding conserved quantities are given as follows.

Example 2.10.

1. Let S ={0,1,...,«} with base state * = 0 for some integer x > 0. For the multi-species exclusion
process of Example 1.3 (2), we have ¢4 = «, and the conserved quantities given by & D (s) = 1if
s =iand £ (s) = 0 otherwise fori = 1,.. ., k give a basis of the R-linear space Consv?(S).

2. Let S=Nor S ={0,...,x} C N for some integer k > 0. We let = = O be the base state. The map
¢: S XS — S xS defined by

(Sl—l,S2+1) Sl—l,S2+1€S

(51, 82) = {

(s1,52) otherwise

is aninteraction. The stochastic process induced from this interaction when S is finite is the generalized
exclusion process (see Figure 5). Note that for any n > 1 in S, we have ¢(n,0) = (n — 1, 1); hence,
for any conserved quantity &, Equation (2) inductively gives

) =&n) +£(0) =&(n=1)+£(1) =&(n = 2) +26(1) = --- = n&(1).

This shows that ¢4 = 1, and the conserved quantity £: § — N given by £(s) = s gives a ba-
sis of the one-dimensional R-linear space Consv?(S). This interaction is simple in the sense of
Definition 1.1 (2).

3. Let S =N, orlet S = {0,...,«} c N for some integer x > 1, with base state * = 0. The map
¢: SXS — S xS defined by

(s2,51) 51 >0,50=0
o(s1,52) =9(s1—1,s2+1) s1>1,50>0,50+1€8
(s1,52) otherwise

is an interaction. We have c 4 = 2, and the functions & (M (s) = s and

1 s>0
2 () =
£ {0 i

give a basis of the R-linear space Consv? (). This interaction is the lattice gas with energy. Intuitively,
S represents the amount of energy on the vertex, with s = 0 representing the fact that there are no
particles.
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Figure 5. Generalized exclusion process.

4. For § = {-1,0, 1} with base state * = 0, the map ¢: S X § — S x § defined by

$((0,0)) = (-1,1), ¢((-1.1)) =(1,-1), ¢((1,-1)) = (0,0,

and ¢((s1,52)) = (s2,51) for s1, 52 € S such that s; + 52 # 0 is an interaction. We have c4 = 1, and
the conserved quantity £: S — Z given by &(s) = s gives a basis of the R-linear space Consv?(S).
This interaction is simple in the sense of Definition 1.1 (2).

5. For S = {0, 1} with base state = = 0, the map ¢: S X § — S x § defined by

¢((0,5)) = (1. 5), ¢((1,5)) = (0,5)

for any s € S does not satisfy (10). However, (SX,®) is a symmetric directed graph for any locale
X, and our theory applies also to this case (see also Remark 2.6). This case is known as the Glauber
model. Since ¢(0,0) = (1,0), Equation (12) gives £(1) = £(0) = 0 for any conserved quantity &;
hence, we have ¢4 = dimg Consv?(S) = 0.

The exclusion process of Example 1.3 (1) is a special case of both the multi-species exclusion process
and the generalized exclusion process, with the set of states given by S = {0, 1}.

Let X be a locale, and let SX be the configuration space with transition structure associated with our
interaction. Note that if & is a conserved quantity, then & defines a function £x : X — R given by

ex(m) = ) £(n) (13)

xeX

for any 7 = (17,) € SX. The sum is well defined since by definition, 17, = * outside a finite number of
x € X.

Remark 2.11. The interactions in Example 2.10 have the following interpretations. See Remark 1.4 for
the case of the multi-species exclusion process.

(2) For s € S in the process in Example 2.10 (2), s = 0 describes the state where there are no particles
at the vertex, and s = k for an integer k > O the state where there are k indistinguishable particles
at the vertex. Then for the conserved quantity given by £(s) = s for any s € S, the value &¢x (77) for a
configuration n € SX expresses the total number of particles in the configuration. If S = {0, - - - , k}
for some integer k > 0, then this process is called the generalized exclusion process, since at most
k particles are allowed to occupy the vertex. If S = N, then the process includes the trivial case
where the particles evolve as independent random walks with no interactions between the particles,
as described in [8, Chapter 1].

(3) For s € S, the process in Example 2.10 (3), s = 0 describes the state where there are no particles
at the vertex, and s = k for an integer k > 0 the state where there is a particle with energy & at the
vertex. Then f)((]) () for a configuration n € SX expresses the total energy of the particles in the

configuration, and & )((2 ) (n) expresses the total number of particles in the configuration.
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(4) For the process in Example 2.10 (4), s describes the spin of the particle at the vertex. Then for the
conserved quantity given by £(s) = s for any s € S, the value &x (1) for a configuration n € SX
expresses the total spin of the configuration.

(5) For s € S in the Glauber model in Example 2.10 (5), one interpretation is that s = 0 describes the
state where there are no particles at the vertex, and s = 1 describes the state where there is a single
particle at the vertex. Since the interaction allows for the creation and annihilation of particles,
there are no nontrivial conserved quantities. Another interpretation is that s describes the spin of
the particle at each vertex.

Remark 2.12. The hydrodynamic limits for the generalized exclusion process have been studied by
Kipnis-Landim-Olla [9]. See also [8, Chapter 7]. The case of lattice gas with energy has been studied by
Nagahata [ 1 1], and the stochastic process induced from the interaction in Example 2.10 (4) was studied
by Sasada [15]. In all of the known cases, the underlying locale is taken to be the Euclidean lattice.

The important notion of irreducibly quantified is defined as follows.

Definition 2.13. We say that an interaction ¢: S X S — S X § is irreducibly quantified if for any finite
locale (X, E) and configurations 17,7” € SX satisfying

Ex () =éx(n')

for all conserved quantities & € Consv?(S), there exists a finite path ¥ from 7 to 5’ in S¥X.

Remark 2.14. If we consider S = {0, 1} with base state * = 0 and the interaction ¢ given by

$((0,0)) = (1, 1), ¢((1,0)) = (0, 1), ¢((0,1)) = (1,0), ¢((1,1)) = (0,0),

then a function ¢: § — R satisfying £(0) = 0 and (12) would imply that £(1) = 0; hence, & = 0. In fact,
this interaction is not irreducibly quantified. In order to deal with such a model, it may be necessary to
consider conserved quantities with values in Z/27Z.

The remainder of this section is devoted to the proof of Proposition 2.19, which asserts that the
interactions given in Example 2.10 are all irreducibly quantified. For the proof, we first introduce the
notion of exchangeability.

Definition 2.15. We say that an interaction ¢: SX S — S X S is exchangeable if for any (s1, s7) € SX S,
a suitable composition of maps ¢ and ¢ such that (s1, s,) maps to (s2,s51) € S x S. Here, if we write
¢(s1,52) = (¢1(51,52), 92(s1,52)) € S xS, then we let @(s1,52) = (¢2(s2,51), $1(s52,51)) for any
(s1,52) € S x S. In other words, ¢ := 7o ¢ of, where i: S X § — § X § is the bijection obtained by
exchanging the components of S X S.

It is straightforward to check that the interactions in Example 2.10 are all exchangeable. Since
@ o ¢(s1,52) = (s1,52) if ¢(s1,52) # (s1,52), the composition of Definition 2.15 is necessarily of the
form ¢" or ¢" for some integer n > 0. In what follows, consider a system (X, S, ¢) and the associated
configuration space SX with transition structure. We first prepare some notations.

Definition 2.16. Let i be a configuration in Sf , and let x, y be vertices in X.

1. We define %Y € SX to be the configuration whose component outside x, y € X coincides with that
of i, and the x and y components are given by 177" = ny and n;’y = Ny

2. We define *~Y to be the configuration whose component outside x,y € X coincides with that of
n, and the x and y components are given by 1y > = ¢1(nx,ny) and 7y, = $2(nx, 1), where
d(Mx,my) = (D1(Nx,7y), $2(17x, 1)) € S X § for the interaction ¢ on S.

A path in SX is a sequence of transitions, and a transition is induced by an interaction on some edge
of the locale. Hence, for a sequence of edges e = (e',...,e") in E and n € SX, if we let n° = 7 and
7= ()¢ fori=1,...,N,then ¢’ = (%, n"*!) is a transition and Yy = (o', ..., ") gives a path
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from 57 to ¢ := ™ in SX. We call this path )_/’fi the path with origin n induced by e, or a path obtained
by applying the edges e to 1.

We prove some existences of paths between certain configurations, when the interaction is
exchangeable.

Lemma 2.17. If an interaction ¢: S x S — S x S is exchangeable, then for any configuration n € SX
and vertices x,y € X, there exists a path y from n to n*¥ in SX.

Proof. Since X is connected, there exists a path p = (e!, ..., e") from x to y. Note that by definition,
x =o(e') and y = t(e"). Since ¢ is exchangeable, applying e! or &' sufficiently many times to 77, we
obtain a path from 7 to n“(el)”(el). Repeating this process for 2, ..., eN, we obtain a path 7, from n
to n7’, where 1’ is such that the components of 1’ coincides with that of  outside the vertices appearing
in the edges e',... eV, 77’0(6,.) = My(eiy fori =1,...,N =1, and nj, = nx. Then, reversing the above
process, first by applying ¢V ~! or ¢V ~! sufficiently many times to 5’, we obtain a path from 5’ to
(/)@ ™™™ Repeating this process for eV =2, ..., e!, we see that we obtain a path 7, from 5’
to %Y. Then the composition y := ¥y, gives a path from 1 to n*-¥ in SX as desired. O

Lemma 2.18. If an interaction ¢: S X S — § X S is exchangeable, then for any configuration n € SX
and vertices x,y € X, there exists a path ¥ from n to n*Y in SX.

Proof. Again, since X is connected, there exists a path p = (e!,...,e") fromx = o(e') to y = t(e™).

If we let x” = o(e™), then x’ is a vertex connected to y by the edge e” . Then by construction, if we let

n’ = (¥ )N then n’ is a configuration whose component outside x, x’, y € X coincides with that of
’

17, and the x, x” and y components are given by n\ = 1y, 7}, = ¢1(17x,ny), and 175, = $2(nx, ny). Thus,
we have (/)% = *>Y. By Lemma 2.17, there exists a path ¥, from 7 to 7" and a path %, from 5’ to
7Y in SX. If we denote by @ the path given by a single transition ¢ = (%', ), then the composition

¥ = ¥1¢¥> gives a path from 7 to 7% in SX as desired. O
Using the above results, we may prove that various interactions are irreducibly quantified.
Proposition 2.19. The interactions of Example 2.10 are all irreducibly quantified.

Proof. By Example 2.10, we see that Consv?(S) are finite dimensional. Let X be a locale and let
17,1’ € SX such that &x () = éx () for any conserved quantity & € Consv? (). We prove the existence
of a path ¥ from 7 to n’ by induction on the cardinality of the set A(n,n’) = {x € X | nx # 0%}
Note that A(n,n’) is finite since the supports of 7 and n’ are finite. If |A(n,1")| = 0, then n = n’, and
there is nothing to prove. Suppose |A(n,7’)| > 0 and that the assertion is proved for n”’, ’, where n”’
is any configuration in SX such that |A(n”,5")| < |A(5,1")| and &éx (") = éx (n’) for any conserved
quantity & € Consv?(S).

1. Consider the case of the multi-species exclusion process of Example 2.10 (1) with conserved quantity
EW &) Letx € A(p,n’). If we let j, =i € S, then since f)(;)(n) = f)((i)(n’), there exists
y € A(n,n’) such that nj, = i. By Lemma 2.17, there exists a path y1 from 5 to n*Y. Note
that %Y coincides with n outside x,y, and we have n;’y = nx = i = 1y, which implies that
&Ex(n) = Ex (™) = &x (n’) for any conserved quantity and |A (%Y, n")| < |A(n,n’)|. Hence, by the
induction hypothesis, there exists a path ¥, from 7Y to 5" in SX. Our assertion is proved by taking
Y =172

2. Consider the case of the generalized exclusion process of Example 2.10 (2) with conserved quantity
£ given by £(s) = s. Again, let x € A(#,7n’) such that n, > n%. Since £x(17) = éx (1), there exists
y € A(n7.77") such that < ), Let M = min(ny — 17}, — 1), and letn° = p and ' = ("~1)*>>
fori=1,...,M.ByLemma 2.18, there exists a path ¥; from n'~! to ’ in SX for 1 < i < M. We have
Ex(mM) = éx(n) = éx(17’), and since ™ =5, — M and nly\’l =1y + M, we have either n =/, or
ny! = n),. This shows that |A (7™ ,7)| < [A(17,77")|. Hence, by the induction hypothesis, there exists
a path ¥’ from n™ to i’ in SX. Our assertion is proved by taking y := y1 - - - ypry".
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3. Consider the case of the lattice gas with energy of Example 2.10 (3) with conserved quantity &)
and £). Suppose there exists x € A(n,7’) such that 5%, = 0. Then, since f)((z)(n) = )((2) (n’), there
exists y € A(n;,n’) such that 7, = 0. Then n*” satisfies £x (1Y) = éx(n’) for any conserved
quantity &, and |A(r]x Yonh)| < |A(n, n ")|. Hence, by the induction hypothesis, there exists a path
72 from ™Y to n’ in SX. If we let y; be the path from 7 to n*¥ given in Lemma 2.17, then
¥ = ¥1¥, satisfies the desired property. Otherwise, we have n,, # 0 and . # 0 for any x € A(7, 7).
Since fx)(n) f(l)(n ), there exists x, y € A(n,n’) such that 5, > 77, and i, < 1. As in (2), let
M = min(nx—n%, 7, ~1y).andletn’ = nandn’ = (n"~')**? fori = 1,..., M. By Lemma2.18, there
exists a path )'/', from " to ' in X for 1 < i < M. We have &éx(n™) = £x () = éx(i’) and either

sM =p" ors = ny, which shows that |[A (n™,n")| < |A(57,7")|. Hence, by the induction hypothesis,
there exists a path ¥’ from ™ to i’ in SX. Our assertion is proved by taking ¥ := ¥ - - - Y y'.

4. The case of Example 2.10 (4) is proved in a similar fashion as that of (1), but by first using the
interaction ¢((0,0)) = (1,-1) and ¢((—1,1)) = (0,0) to equalize the number of vertices whose
states are at +1 and —1.

5. Consider the Glauber model of Example 2.10 (5). Since in this case, the only conserved quantity is
the zero map, the condition for the conserved quantity is always satisfied. Let x € A(n, ). If we let
e € E be any edge such that o(e) = x, then 77¢ coincides with 77 outside x and we have n$ = 5. This
shows we have |A(n¢,1°)| < |A(n,n")|. Hence, by the induction hypothesis, there exists a path y’
from n° to " in SX. Our assertion is proved by taking y := @y, where @ is the path given by the
transition ¢ = (, 7). o

2.3. The cohomology of the configuration space

In this subsection, we consider the cohomology as graphs of a configuration space with transition
structure. See Appendix A for generalities concerning the homology and cohomology of graphs. Let
(X,E) be a locale, and we let SX = (SX,®,) be the configuration space with transition structure
associated to a system (X, S, ¢). For any ¢ = (0(¢),t(¢)) € D., we let ¢ == (2(¢), 0(¢)) € D., which
we call the opposite transition.

The cohomology defined in Definition A.1 of a configuration space with transition structure is given
as follows.

Definition 2.20. Let (X, S, ¢) be a system. For the graph (SX, ®,), let
C(SY) = Map(S¥,R), C'(8¥) = Map™ (@, R), (14)
where Map¥(®,,R) := {w: ®, = R | Vo € @, (@) = —w(p)}. We define the differential
9:C(8N) > €Y. froaf (15)
by 0f(¢) = f(n°) — f(n) for any ¢ = (1,7¢) € ®@.. The cohomology of (SX, ®,) is given by
H(SY) = Kerd, H'(SY) = C1(S1)/9C (8T,

and H™(SX) = {0} for any m € N such that m # 0, 1.

We will often call an element in C'(SX) a form. We next show that the differential (15) coincides
with the differential given in §1.2. By the definition of ®, in (11), we have a surjection E X SX — ®.,.
This shows that we have natural injections

c'(s¥X) —— Map(®,,R) ——= Map(E x SX,R).
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Hence, we may view a form w € C'(SX) as a family of functions w = (w, )ecf through the identification

Map(E x SX.B) = | | C(s2),
eckE

where w, : SX — R is the function defined as
we (1) = w(p), 0= (7% € @, c SX x X,

Conversely, any family of functions (w,) € [1,cr C(SX) comes from an element w in C!(S¥) if and
only if w, () = we () if 7° = 7', we () = 0if n° = 1, and W, (1) = —wz(n°) for any (e,n) € E x S¥.
For any f € C(SX), if we view df as an element 0 f = ((0f)e)eck in [1,cp C(SX), then we see that
(0f)e is a function satisfying (0f).(n) = f(n°) — f(n) for any n € SX. If we define the function
V.f € Map(SX,R) for any e € E by

Ve() () = f(n°) = f(n)

for any n € SX, then we have d f = (V. f)ccr by construction. Hence, our differential coincides with the
differential 0 of §1.2. In what follows, we will often identify a form w € C'(SX) with its representation

w = (We)eck in HeEE C(Sf)
We next use the conserved quantities of §2.2 to investigate the cohomology H°(SX). We say that a
function f € C(SX) is horizontal, if 8 f = 0. We have the following.

Lemma 2.21. Suppose f € C(SX) is horizontal. Then if 5,7’ € SX are in the same connected
components of SX, then we have (1) = f(n’). In particular, the function f is constant on the connected
components of SX.

Proof. This follows from Lemma A.2, applied to the graph (SX, ®,). O

Let & be a conserved quantity in Consv? (). If we associate to £ the function £x : SX — R of (13),
then this induces a homomorphism of R-linear spaces Consv?(S) — C(SX). This homomorphism is
injective since for a fixed x € X, if we let € SX be the configuration with s in the x-component and at
base state in the other components, then we have £(s) = £x (n); hence, £x = &5 implies that & = &’ for
any £, &’ € Consv?(S).

Lemma 2.22. Let & be a conserved quantity for the interaction ¢. Then the function £x € C(SX) defined
by (13) is horizontal. In particular, £x defines a class in HO(SX).

Proof. For any ¢ = (n,n°) € ®@,, we have

0ex(p) = Ex () = éx () = D EmS) = > £Gny).

xeX xeX

If we let e = (x1,x2) € E C X X X, then by definition of ¢, given in Lemma 2.5, we have (n%,,75,) =
& (x> Nx,) and n% = 1y for x # x1, xp. This shows that

0ex(9) = Y M) = D £ = (£(n%,) + £(15,)) = (€Gne) + £(ny)) = 0

xeX xeX

as desired, where the last equality follows from (2). O
Lemma 2.22 shows that (13) induces an injective homomorphism of R-linear spaces

Consv?(S) — H'(5¥). (16)
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Remark 2.23. We remark that H(SX) is in general very large, containing the R-algebra generated by the
image of Consv? (). For example, the function (£x)? on SX for any conserved quantity & € Consv?(S)
also defines an element of H%(SX). The property (12) ensures that £x is an extensive quantity (i.e.,
additive with respect to the size of the system). We will prove in Theorem 5.8 that under suitable
conditions, (16) gives an isomorphism between Consv?(S) and the 0-th uniform cohomology of the
configuration space with transition structure.

Let 7 = (1,) and ’ = (1) be configurations in S¥, and let ¥ be a finite path from 7 to . If £ is a
conserved quantity for the interaction ¢, then Lemma 2.22 and Lemma 2.21 give the equality

Ex(m) =éx(m).

This shows that £x is constant on each of the connected components of SX. From now until the end of
this subsection, we assume that X is an infinite locale. We define a monoid to be any set with a binary
operation that is associative and has an identity element. We say that a monoid is commutative if the
operation is commutative.

Definition 2.24. Assume for simplicity that Consv?(S) is finite dimensional, and fix an R-linear basis
EMW . £(€o) of Consv?(S). We define the map

éx: S¥ - R

by &x(m) = (& (... & () for any n = () € S¥, where £ () = Tyex () for
any i = 1,...,cg. Assuming that X is an infinite locale, we let M := fX(S*X), which we view as
a commutative monoid with operation induced from the addition on R°¢. Then the monoid M is
determined independently up to a natural isomorphism of the choice of the basis (£(V, ..., &(¢9)).

Remark 2.25. We may define the commutative monoid M of Definition 2.24 intrinsically as an additive
submonoid of Homg (Consv?(S), R) as follows. We define a map

g_-;niv . Si( N HOmR(COHSV¢(S), R)

by n — (¢ — &x(n)), and we let M = §;niV(Sff ). In fact, the monoid M is defined independently
of the choice of the infinite locale X. In what follows, we will denote the map f}}“i": SX — M simply
by &x. If Consv®(S) is finite dimensional, a choice of a basis &1, ..., &(®) of Consv?(S) gives an
isomorphism Homg (Consv?(S),R) = R, and the monoid M maps to the M of Definition 2.24
through this isomorphism.

By Lemma 2.22 and Lemma 2.21, if the configurations 5,5’ € SX are connected by a path, then it
is in the same fiber of the map &y . However, the condition that the interaction is irreducibly quantified
implies that the fibers of the map &y are connected. Thus, in this case, the connected components of SX
correspond bijectively with the elements of M. The authors thank Hiroyuki Ochiai for suggesting this
formulation.

By Remark 2.25, if the interaction is irreducibly quantified, then the connected components of SX
correspond bijectively with the elements of the image M of €. In particular, if ¢4 = 0, then S¥ is
connected. However, if ¢4 > 0, then we have dimp HO(SX) = co. Although H™(S¥) is the standard
cohomology of SX and reflects the topological structure of the graph (SX, ®,), it is not so useful in
the sense that it is in general infinite dimensional over infinite locales. In §3, we will define the notion
of uniform functions which gives a certain subspace Cyyir(S¥X) ¢ C(SX), and we will define in §5 the
uniform cohomology H|/'. f(SX ) by replacing the functions and forms of (14) with uniform functions and
forms. For uniform cohomology, the inclusion of (16) induces an isomorphism Consv? (S) = H? .(5%);
hence, Hl?nif(SX ) is finite dimensional if ¢4 is finite.

For the first cohomology, the group H'(SX) is in general also large since there are many linearly
independent forms which are not exact. For example, H' may be infinite dimensional as follows.
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Remark 2.26. Let X = (Z¢,E?) and S = {0, 1, ..., «} for an integer d > 1 and some natural number
k > 0. If we let SX be the configuration space for S on X with transition structure for the multi-species
exclusion process of Example 1.3, then we have dimg H' (§X) = co.

This may be seen as follows. For any x € X, let 1, € SX be the configuration with 1 in the x
component and 0 in the other components. For any edge e = (x,x") € E, the configuration 1¢ is the
configuration 1, with 1 in the x” component and 0 in the other components; hence, 1, = (1, 1,) is a
transition of SX. If we let w € C'(§X) = Map*'(®,,R) be the form given by w(1,.) = —w(1z) = 1 and
w(p) = 0for ¢ # 1,, 15, then we may prove that w gives a nonzero element in H' (SX). In addition, we
may prove that such w for a finite set of edges in E which do not share common vertices give linearly
independent elements of H'(SX), giving our assertion.

In considering uniform cohomology, we will consider a class of forms called closed forms, which
are in fact always exact. We recall that a finite path on a graph SX is a finite sequence (¢, ..., ") of
transitions of SX such that #(¢’) = o(¢™*!) for any integer 0 < i < N. Asin (54), for a form w € C'(5X)
on SX, we define the integral of w with respect to the path ¥ = (¢!, ..., ") by

N .
[w = Zw(<pf).
Y j=1

As in Definition A.3, we define a closed form as follows.
Definition 2.27. We say that a form w € C'(SX) = Map?(®,,R) is closed if for any closed path ¥ in

SX, we have
/w =0.
¥

We say that a form w € C!(SX) is exact if there exists a function f € C(SX) such that df = w. By
Lemma A.4, a form is exact if and only if it is closed.

Lemma 2.28. A form w € C'(SX) is exact if and only if it is closed.

Proof. This follows from Lemma A4 applied to the graph (SX, ®,). O

We will denote by Z!(S%X) the space of closed forms on (SX, ®,). Closed forms will play a role in
the definition of uniform cohomology.

3. Uniform functions and uniform forms

In this section, we will define the notion of uniform functions and uniform forms, which are functions
and forms which reflect the geometry of the underlying locale. We will then investigate its properties,
including a criterion for a function to be uniform.

3.1. Uniform functions on the configuration space

For any system (X, S, ¢), let SX = [],cx S be the configuration space for S on X. We let SX ¢ SX be the
subset consisting of configurations with finite support. In this subsection, we will prove the existence
of a canonical expansion of functions in C(SX) in terms of local functions with exact support (see
Definition 3.1), and we will introduce the notion of uniform functions, which are functions which reflect
the geometry of the underlying locale.

For a finite A C X, there exists a natural inclusion ¢ : §A < §Ax Sf\/\ = SX givenby 7 > (17, %)
for any 74 € S», where x € SX\A is the element whose components are all at base state. By abuse of
notation, we will often denote ¢ (17/») by 77|. This inclusion induces a homomorphism

N C(8X) - (st c (s%), 17)
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which may be regarded as an R-linear operator on the set of functions C(SX). Note that we have
A f() = f(nla) for any £ € C(SX) and 57 € SX. By definition, if f € C(S"), then we have (* f = f.

For any A, A’ € X, we have (AN = (N (A = AN,

Definition 3.1. For any finite A C X, we let
CA(8%) = {f € C(SM | f(n) =0if 3x € A such that n,, = *}

We call any function f € C(SX) a local function with exact support A.

Any function in C(S%) has a unique expansion in terms of local functions with exact support, as will
be shown in Proposition 3.3. We first start with the following lemma.

Lemma 3.2. Let (fr) be a set of functions such that f € Ca(SX) for any finite A € X. Then the sum

f= Z Ia

ACX,[A]<oo

defines a function in C(SX).

Proof. By definition, for any 1 = (17,) € SX, the support Supp(n) C X satisfies | Supp(n)| < co. Then
we have

Fay= > M=) fan,

AcX,|A|<oo AcSupp(n)

where the last sum is defined since it is a finite sum. We see that the sum defines a function f': SX SR,
as desired. O

The expansion of functions in C(S%) in terms of local functions with exact support is given as follows.
Proposition 3.3. For any f € C(SX), there exists a unique expansion

f= D I (18)

ACX,|A|<co

in terms of local functions with exact support fn € Ca(SX) for finite A C X.

Proof. We construct f, by induction on the cardinality of A. Suppose an expansion of the form (18)
exists. Note that for any A, A’ C X such that A’ ¢ A, we have A fa = 0since far € Ca(8%); hence, if
we apply the R-linear operator ¢ of (17) on (18), then we obtain the equality

M= Z u-
N CA

Hence, this shows that assuming the existence of the expansion, f, is uniquely given inductively for the
set A by

fa=F = fu (19)

NCA

We will prove by induction on the cardinality of A that the function f, inductively given by (19) is a
function in C(SX). We let * € SX be the base state. For A = 0, equation (19) gives fy = ¢ f, which
shows that fp is an element in Co(S%). Note that f; is the constant function given by fp(n7) = f () for
any 7 € SX. For |A| > 0, suppose fir € Ca(SX) for any A’ € A. Then by (19), the function fy is a
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function in C(S™). Next, we prove that f € Cx(SX). Suppose 1 = (17,) € SX satisfies 17, = * for some
x € A.If A’ € Aand x € A’, then we have fy () = 0 since fr € Cx (SX). Hence, by (19), we have

My =fm - > ).

AN CcA\{x}

Note that since 77, = *, we have (* f(n) = A} £(n) by definition of (*; hence, we have

INOETARIOEESY fA'(n)=(tA\{"}f(n)— > fAfm))—fA\{x}(n)

N CA\{x} ANCA\{x}

= faviy () = favy () = 0.

This proves that fn € CA(SX), as desired. The sum (18) gives the function f in C(SX) since for any
ne §X, we have f(n) = LSupp(n)f(n) = ZACSupp(n) fa(m). o

Corollary 3.4. If f € C(S™) for some finite A C X, then we have a unique expansion

f= ZfA',

N CA
in terms of local functions with exact support fr, € Cp(SX) for A’ c A.

Proof. Our statement follows by applying the R-linear operator (* to the expansion (18) of
Proposition 3.3, noting that (* f = f and (* f = 0if A’ ¢ A. o

For any A c X, we define the diameter diam(A) of A by

diam(A) == sup dx(x,x’).

x,x' €N

Since X is connected, if A C X is finite, then we have diam(A) < oco. Uniform functions are defined as
follows.

Definition 3.5. We say that a function f € C(SX) is uniform if there exists R > 0 such that the canonical
expansion of (18) is given by

f= Z I

AcX
diam(A) <R

In other words, fy = 0 in the expansion (18) if diam(A) > R. We denote by Cupnif(SX) the R-
linear subspace of C(SX) consisting of uniform functions, and by Cl?mf(SX ) the subspace of Cypir(S¥)
consisting of functions satisfying f(x) = 0.

For any x € X and A C X, we let dx(x,A) = infycp dx(x,x’), and for A, A’ C X, we let
dx (A, A') = inf ( yyeaxn dx (x,X").

Remark 3.6. Suppose f € Cl?mf(SX ) so that there exists some R > 0 such that f5 = 0 in the expansion
(18) if diam(A) > R. Let A and A’ be subsets of X such that dy (A, A’) > R. By Corollary 3.4, we have
AN F =5 caon o NF = Samen far and N f = Y v cpr far. Note that if A” € AU A’ satisfies
AN'"NA#0and A” N A’ # 0, then we have diam(A”’) > R; hence, fa» = 0 from our choice of R. This

shows that we have (MY f = (A f + /N f, where we have used the fact that f(x) = (°f = 0.
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3.2. Horizontal uniform functions

Consider the system (X, S, ¢). From now until the end of §3, we assume that the interaction ¢ is
irreducibly quantified in the sense of Definition 2.13. The purpose of this subsection is to prove the
following theorem.

Theorem 3.7. For the system (X, S, ¢), assume that X is an infinite locale and the interaction ¢ is
irreducibly quantified. Let f be a uniform function in Cl?nif(SX ). If f is horizontal (i.e., if 0 f = 0), then
there exists a conserved quantity & : S — R such that

F) = €0

xeX

for anyn = (115) € SX.

Theorem 3.7 implies that assuming that X is infinite and ¢ is irreducibly quantified, any uniform
function which is constant on the connected components of SX coincides with £x for some conserved
quantity & € Consv?(S). We will give the proof of Theorem 3.7 at the end of this subsection. We first
prove the following lemma.

Lemma 3.8. Suppose f € C(SX), and for any x € X, let fix) be the function with exact support A = {x}
in the canonical expansion (18). If f is horizontal, then the functions

L{x}f{x} :S—=R
are all equal as x varies over X.
Proof. Consider the expansion

f:ZfA

ACX,|A|<co

of (18). We let s be any element in S. For x,x’ € X, we let n := ¥}(s) and i’ := ¥} (s) be the
configuration in SX with s respectively in the x and x’ components, and base state * in the other
components. This implies that

D) = ) £0r) = £(s),

xeX xeX

in other words, that &x () = éx(n’) for any conserved quantity & € Consv?(S). Hence, from the
fact that the interaction is irreducibly quantified, there exists a finite path ¥ from 7 to 5’ in SX. By
Lemma 2.21, noting that d f = 0, we have

I fg () = @) = £0r) = fay (s),
which shows that (¥} f{,: § — R is independent of the choice of x € X as desired. m|

Next, we prove the following lemma.

Lemma 3.9. Assume that X is an infinite locale, and suppose f is a uniform function in Cl?nif(SX ).
If fis horizontal, then we have
= Ffo

xeX

where fy) is the function with exact support A = {x} in the canonical expansion (18).
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Proof. Since f is uniform, there exists an R > 0 such that fy = 0 if diam(A) > R. By Proposition 3.3,
it is sufficient to prove that for any finite A C X satisfying |A| > 1, we have f) = 0 in the expansion
of (18). We will prove this by induction on the cardinality of A ¢ X. We consider a finite A € X
such that n := |[A| > 1, and assume that fy» = 0 for any A’ € X such that 1 < |A’| < n. Note that
this condition is trivially true for n = 2. We let A,, € X be a subset of X with n elements such that
diam(A,) > R. Such A, exists since X is a locally finite infinite graph that is connected. Then by
construction, we have fj, = 0. We fix a bijection between the set {1,--- ,n} and the sets A and A,,
which induces bijections §” = S” and §" = S, For any (1;) € S", which we view as an element in S
and S, we let  := *((17;)) and i’ := ™ ((17;)). Then for any conserved quantity £: § — R, we have

DlEm) =D ) = Zsm

xeX xeX

In other words, £x () = €x (n’). Since the interaction is irreducibly quantified, there exists a finite path
¥ from 5 to i’ in SX. By Lemma 2.21 and our condition that d f = 0, we have f() = f(1"). Note
that by Lemma 3.8, if we let { = L{"}f{ y: § — R, then ¢ is independent of the choice of x € X.
Corollary 3.4 implies that we have

Fay=f0) =)+ D ) =)+ D fiy () = falp) + Z £(m)

NCA xXeA
FOY =™ fa) = fa )+ D, @)= D f ) = Zm,
NCA, xeN,

Hence, we have fa(n) = 0. Since this was true for any (7;) € S, we have f, = 0, as desired. Our
assertion now follows by induction on #. O

We may now prove Theorem 3.7.

Proof of Theorem 3.7. Let & = (¥} fixy: § — R, which by Lemma 3.8 is independent of the choice of
x € X. Then by Lemma 3.9 and the definition of ¢{*} fixy» we have

HOEDWIUN!

xeX

for any n = (17,) € SX. It is sufficient to show that & is a conserved quantity. First, note that we have
&(*) = fix)(¥) = 0forany x € X since f{,} has exact support {x}. Consider an edge e = (0(e),t(e)) €
E Cc X x X, and for (s1,s7) € S x S, let 5 € SX be the configuration with s; in the o(e) component,
s7 in the 7(e) component, and base states = at the other components. Then 7€ is the configuration with
s7 in the o(e) component, s in the #(e) component, and base states at the other components, where
(s1,55) = ¢(s1, 52). If we let ¢ = (17,77°) be the transition from 7 to ¢, then 4 f = 0 implies that

af (@) =f(°) = f(m) = (£(s7) +£(s3)) = (£(51) +£(s52)) =0

This shows that & satisfies (12); hence, it is a conserved quantity as desired. O

3.3. Pairings for functions with uniform differentials

Let X be an infinite locale and assume that the interaction is irreducibly quantified. In this subsection,
we first define the notion of uniform forms. Next, we will prove Proposition 3.18, which associates a
certain pairing h7: M x M — R to any function f € C(S¥X) whose differential f € C'(5X) is a
uniform form, where M is the commutative monoid given in Definition 2.24 (see also Remark 2.25).
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A ball in X is a set of the form B(x,R) = {x’ € X | dx(x,x’) < R} for some x € X and constant
R > 0. We say that x is the center and R > 0 is the radius of B(x, R). If Bis a ball in X, then we denote by
r(B) the radius of B. For any A C X, we let B(A, R) = (U, ep B(x, R), which we call the R-thickening of
A. In particular, for any edge ¢ = (0(e),t(e)) € E C X X X, welet B(e, R) := B(o(e), R) UB(t(e), R).
For any R > 0, we define the set of R-uniform forms Cj(S*) ¢ C'(8X) € [Tocr Map(S¥, R) by

Cr(8%) = (s n [ [ c(sBem).
ecE

Definition 3.10. We define the space of uniform forms on SX to be the R-linear space

Conit (8%) = | CR(89).
R>0

We define a closed uniform form to be a uniform form which is closed in the sense of Definition 2.27.
We will denote by Z&mf(SX ) the space of closed uniform forms.

For any subset Y C X, we denote by pry the map of sets pry : SX — SY induced from the natural
projection pry : SX — SY . Forany 5 € SX, we will often denote pry (17) by iy . By abuse of notation, we
often write 5]y for the configuration ty (5y) in SX. We say that the configurations 1,1’ € SX coincide
outside Y if nyc = n’lyc forY¢ := X \ Y.

For any conserved quantity ¢£: S — R and W c X, we define the function &y : SX — R by
Ew () = Yyew €(ny) for any n € SX. The following result concerns the values of functions whose
differentials are uniform.

Lemma 3.11. Let f € C(SX), and assume that 0 f € C}?(SX)for some R > 0. LetY C X be asublocale,
and suppose 11,1’ € SX are configurations which coincide outside Y and satisfy &y () = &y (") for any
conserved quantity ¢ € Consv?(S). Suppose that the interaction is irreducibly quantified. If Y is any
subset of X such that B(Y, R) C Y, then we have

fa) = fm) =f@'ly) - f(ly).
Proof. Since df € CL(SX), we have V, f € C(S#(¢R)). Hence, since B(Y,R) C Y, we have

Ve f(n) = Ve f(nly) (20)

for any e c Y. The condition &y (n) = &y (n’) implies that &y (nly) = &y (n’|ly) for any conserved
quantity &. Since the interaction is irreducibly quantified, there exists a path |y from 7|y to 7’|y in SY.
If we let e = (e',...,e") be the sequence of edges in Y such that y|y = )—/’fﬂy, then since n and n’

coincide outside Y, the path y = 5/’?7 gives a path from 7 to 1’ and the path y|y := )72 N gives a path
Y
from 7|3 to n’|. Note that for any e € E, by definition, V. f(17) = f () — f(17). Hence,

N N
F@) =) =) Ve ', F@'ly) = fGalg) = Y Ve f O Ip),
in1 =1
where we let 70 := pand ' = (°"1)¢ fori = 1,..., N. Our assertion now follows from (20). O

For the remainder of this article, we consider the map
£x: C(8Y) > M

given in Remark 2.25. For finite A, we denote by M 5| := £, (S¥) ¢ M the image of S¥ with respect
to the map & . As the notation suggests, the set M 4| as a subset of M depends only on the cardinality
of A. We have the following.
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Proposition 3.12. Let f € C(SX), and suppose df € CIIQ(SX) for some R > 0. Then for any finite

connected A, ' C X such that dx (A, ") > R, there exists a function h?’A, t Ma X Mia| = Rsuch
that

AN ) = M) = N £ ) = BN (). € ()

foralln € SX.

Proof. Let A, A’ be finite connected subsets of X such that dx (A, A’) > R. Noting that 'V f(n) =
f(nlw) forany W c X, itis sufficient to prove the statement for 7 € SX with supportin AUA’. Consider
configurations 7, 7" € SX such that Supp(r), Supp(n’) € A U A’, and satisfying &, (17) = €,(n") and
nlar = n’|a-. Then by construction, we have &x (1) = &€x(n’). Since the interaction is irreducibly
quantified and the configurations  and 1" coincide outside A, by Lemma 3.11 applied to Y := A, which
is a locale, and Y = B(A, R), we have

f@=fm =f@'swir) = fMlBAR)-

Since ” = n’|aua’ and 7 = n|auar, noting that (A U A”) N B(A, R) = A, we have
L' lavn) = F('|a) = f(@lava) = £ (la)-

This shows that the function (Y f(57) — ™ f(17) depends only on &, (1) and s if dx (A, A’) > R.
Since (™ f(n) also depends only on 7|4/, we see that

AN G =P Fa) - N F() Q1)

is a function which depends only on &, (17) and n|5-. Due to symmetry, we can also see that (21) depends
only on &), (n7) and n|a. This implies that (21) only depends on &, (77) and &,/ (77); hence, there exists a
function h?’A : Mija) X Mja| — R such that

AN ) = M) = N £ ) = WYY (), €n ()
for any n € SX, as desired. m}

Lemma3.13. Let f € C(SX) and 0 f € Clle (8X) for some R > 0. For finite connected subsets A, \’, A"’
in X, suppose A’ and A"’ are in the same connected component of X \ B(A, R). Then the functions h?’A/
and h?A of Proposition 3.12 satisfy

™ (@, B) = Wy (a. B)

forany @ € M| and B € My 0 Mpn,.

Proof. Let @ € M5 and B € Mp| N Ma»|. Then since ANA" = AN A” =0, there exist states 7’
and " € SX at base state outside A U A’ and A U A”, respectively, satisfying &, () = €\(n”) = @
and &, (n") = €,/ (n”") = B. Moreover, we may choose n” and n” so that they coincide on A. Let Y be
a sublocale of X containing A’ U A’ such that dx (Y, A) > R. By our choice of n” and n”’, we have
éx(n') = éx(n”) = a + B. Since the interaction is irreducibly quantified, by Lemma 3.11 applied to Y
and Y = B(Y, R), we have

f@") =@ =" lsw.r) = fFW' By .R))- (22)
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Since n’ and 1’ are at base state outside AUA’ and AUA” and AN B(Y, R) = 0, we have ” = n’|aun’»

n”" =n"laoa 0 lB(v,r) = 0In» and n” |y r) = n”’|a~. Noting that V' f () = f(nlw) forany W C X,
Equation (22) gives

AN =N = AN Fa) = N Far).

Noting also that (* f (") = ™ f(1"") since " and 5"’ coincide on A, by the definition of h?’AI and h?’A”,
we have

Wy (@, B) = N F ) = A = N FOr)
= ANy = N F ) =N @) = N (@),
as desired. "

Let M be the commutative monoid defined in Definition 2.24. We will next construct a well-defined
pairing Ay : M x M — R. We first consider some conditions on the locale.

Definition 3.14. We say that a locale X is weakly transferable if for any ball B c X, the complement
X\ B is a nonempty finite disjoint union of connected infinite graphs. In particular, if X \ B is a connected
infinite graph for any ball B C X, then we say that X is strongly transferable.

Immediate from the definition, weakly transferable locales are infinite locales.

Remark 3.15. Consider the Euclidean lattice given in Example 2.2 (1). Then Z¢ = (24, E4) for d > 1
is strongly transferable. The Euclidean lattice Z = (Z,E) is weakly transferable, but not strongly
transferable.

For any R > 0, consider the set
FEr = {(A,A") | A, A" : finite nonempty connected C X, dx(A,A’) > R}.

For any (A1, A}), (A2, A)) € FER, we denote (A, A]) < (A, A)) if Aj = Ay and A{ and A are in
the same connected component of X \ B(A1, R) = X \ B(A2, R), or A| = A} and A and A; are in the
same connected component of X \ B(A{, R) = X \ B(A], R). Note that we have (Aj, A]) & (A2, A))
if and only if (A}, A1) & (A, A2).

Definition 3.16. We denote by o/ the subset of FEr consisting of pairs (A, A’) such that at least one
of A and A’ are balls.

From now until the end of this subsection, we assume that X is strongly transferable. In this case,
we will prove that the pairing h?’A/: Mia) X Mja; — R of Proposition 3.12 associated with f is
independent of the choice of (A,A’) € &g and defines a well-defined pairing hy: M X M — R
satisfying a certain cocycle condition. We will address the weakly transferable case in §4.

Lemma 3.17. Suppose X is strongly transferable. Then for any (A1, A}), (A2, A)) € AR, we have

ALA AN,
[ CNIEY P CN)

forany a € Mp, ) N M, and B € ./\/l|/\']| ﬁ./\/l|/\'2|.

Proof. We first consider the case when A, Ai LA\, Aé are all balls. Note that for a ball B, the R-thickening
B(B, R) is also a ball. Let B be a ball such that |B| > |A;| and dx (A;, B) > R fori = 1,2. Then since X
is strongly transferable, the sets X \ B(A1, R), X \ B(A2, R) and X \ B(B, R) are all sublocales; hence,
we have

(A1, A}) © (A1, B) & (A2, B) & (A2, A)).
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Our assertion follows from Lemma 3.13. Now, consider the case for general (A;, A]) € &/g. By replacing
the component which is not a ball with a ball of sufficiently large size in the complement, we see that
there exists a pair of balls (B;, B) € o/g such that |B;| > |A;], |B]| > |A]| for i = 1,2 satisfying
(Ai, A]) & (B, B}). Again by Lemma 3.13, we see that h?i’Ai (a,B) = hlfg"’B“ (a,B) forany @ € M|,
and f € M ;). Our assertion now follows from our assertion for balls. o

Proposition 3.18. For the system (X, S, ¢), assume that X is strongly transferable and that the interaction
¢ is irreducibly quantified. Let f € C(SX) be a function such that 0f € C }Q(SX ) for some constant
R > 0. Then there exists a pairing

hf T MxM->R
such that for any (A, \') € og, we have

AN ) = A f) = N FO) = hp (Ea() Ex (1)) (23)

for any n € SX. Moreover, the pairing hy is symmetric — in other words, hy (a, 8) = hy (B, @) for any
a, B € M — and satisfies the cocycle condition

hy(a,B)+hy(a+B,y)=hs(B,y)+hs(a,B+7y) (24

forany a, B,y € M.

Proof. Note that for any «, 8 € M, there exists k € N such that a, 8 € M;. By Lemma 3.17, the
pairing h?’A,: M a; X Mar; — R of Proposition 3.12 associated with f is independent of the choice
of (A,A’) € dr; hence, we have a pairing iy : M x M — R. The equality of (23) follows from
Proposition 3.12. In addition, for (A, A”) € @/g, we have (A’, A) € @/, which by (23) implies that & ¢
is symmetric. In order to prove the cocycle condition, fix an arbitrary «, 8,y € M, and let k € N be
such that @, 8,y € M. Let By be any ball with |B;| > k. Since X is strongly transferable, X \ B(Bj, R)
is a locale. Take any ball B, with |B;| > k in X \ B(By, R). Let B be a ball sufficiently large containing
both B and B,. Then again, since X is strongly transferable, X \ B(B, R) is a locale. Take any ball B3
with |B3| > k in X \ B(B, R). Then the balls By, B>, B3 C X satisfy |B;| > k and dx (B;, Bj) > R for
i # j.Since @, 8,y € My, there exists n € SX such that £81 () = a, £82(y) = B, €83 () = y and is at
base state outside By U B, U B3. We let A € X \ B(B3, R) be a finite connected subset of X such that
By UB; c A,and let A’ Cc X \ B(Bj, R) be a finite connected subset of X such that B, U B3 ¢ A’. For
example, we may take A to be the union of By, B, and points on a path in X \ B(B3, R) from the center
of Bj to the center of B;, and similarly for A’. Note by construction, we have (B, A’), (A, B3) € k.
Then by Lemma 3.13 and the definition of 4, we have

hy(@.B) = h7P (@, B) = PP £ () =P f ) =P f ()
hy(a+By) =P (a+B,y) = VB f () = fon) =P f ()
hy (B,y) = W5 (@, B) = P25 f () = P f () = P f ()
hy (@, B+y) = W5 N (@, B+y) = PN () =P f () = N F ().

Since 7 is at base state outside By U B, U B3, we have

MBs ) = PN fp) = POBRB ), A pap = PR ) N F) = PP (),

which proves our assertion. m}
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3.4. Criterion for uniformity

In this subsection, we prove Proposition 3.19, which gives a criterion for a function f € C(SX)
to be uniform when X is strongly transferable. The weakly transferable case will be addressed in
Proposition 4.14. This result will play an essential role in the proof of Theorem 5.2. As in §3.3, we
assume here that the interaction is irreducibly quantified.

Proposition 3.19. For the system (X, S, ¢), assume that X is strongly transferable and that the interaction
¢ is irreducibly quantified. Let f € C(SX) be a function such that 6 f € C}Q(Sx)for some R > 0, and
let hy : M x M — R be the pairing given in Proposition 3.18. If hy = 0, then we have f € CcO (8%).

unif

We first prove a lemma to characterize the functions in Cl?nif(SX ), which does not require X to be
strongly transferable. For any ball B(x, R), we denote by 5*(x, R) := B(x, R) \ {x} the punctured ball.

Lemma 3.20. Suppose f € C(SX). Then f € Cl?nif(SX) if and only if there exists R > 0 such that for
any finite A C X and x € A, we have

LAf _ LA\ {x}f — LAﬁB(x,R)f _ LAQB*(X,R)f. (25)

Proof. First observe that for any f € C(SX), we have

M= de= Y vt D =M

NCA N cA\{x} NCA,xeN N CA,xeN

where f, is the local function with exact support in the canonical expansion (18).
Suppose f € Cl?mf(SX ). Then there exists R > 0 such that fy» = 0 for any finite A’ C X safisfying

diam(A’) > R. Then for any finite A C X and x € A, we have

Do ofv= DL fv= > fv= )L

N CA,xeN N CcANB(x,R),xe/N N cANB(x,R) N cANB*(x,R)
— LAﬁB(X,R)f _ LAﬁB (x,R)f.

This gives (25). Next, we prove the converse. By the same argument, if (25) holds, then we have

Z far = Z a

N CA,xeN N CANB(x,R),xeN

for any finite A ¢ X and x € A. Suppose there exists finite A € X such that diam(A) > R and fa % 0.
By iteratively replacing A" C A by A if necessary, we may assume that for any A’ C A, we have fyr =0
or diam(A’) < R. However, for this A and any x € A such that there exists y € A with dx(x,y) > R,
we have

Z far=fa+ Z far=fa+ Z far-

N CA,xeN NCA,xeN N CcANB(x,R),xeN

Comparing with the previous equality, we see that fy = 0. This contradicts our hypothesis that f) # 0;
hence, our assertion is proved. O

Before the proof of Proposition 3.19, we prepare an additional lemma. Here, we will assume that X
is strongly transferable. The weakly transferable case will be treated in §4.

Lemma 3.21. For the system (X, S, ¢), assume that X is strongly transferable and that the interaction ¢ is
irreducibly quantified. Suppose f € C(SX)and o f € Clle (%) forsome R > 0,andlethy : MxM — R

https://doi.org/10.1017/fms.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.61

Forum of Mathematics, Sigma 33
be the pairing given in Proposition 3.18. If hy = 0, then for any x € X and finite A C X such that
dx (x,A) > R, we have

LAUB(x,R)f _ LAUB*(x,R)f _ LB(x,R)f _ LB*(x,R)f.

Proof. Note that by the definition of the pairing &y given in (23), we have
ANF =N Ny (26)

for any (A, A”) € og. If Aisaball, then (A, B(x, R)) and (A, B*(x, R)) are both pairs in &/g; hence, our
assertion immediately follows by applying (26) to the left-hand side. Consider a general finite A C X
such that dx (x, A) > R. It is sufficient to prove that

FMlavBx,r) = FWlAaus:(x,R) = f(MlB(x,R)) — f (1B (x,R)) (27)

for any 7 € SX such that Supp(r7) € AUB(x, R). Since X is strongly transferable, X \ B(x, 2R) is a locale.
Let B ¢ X \ B(x,2R) be a ball whose cardinality is greater than that of A and satisfying dx (A, B) > R.
Such a set B exists since X \ B(x, 2R) is infinite. Now choose a ’ € SX such that 5’ coincides with n
outside A U B, is at base state on A, and £ 5(n") = &, (7). This implies that £x (") = €x (7). Since X is
strongly transferable, the complement Y := X\ B(x, R) is alocale. From our condition that the interaction
is irreducibly quantified, by Lemma 3.11 appliedto Y = X \ B(x, R) and Y = X \ {x}, we have

F@) = fm) =@ Ix\xy) = f@lx\(x})-

Noting that " = n’|guB(x,r) and 17 = NlauB(x,r), We see that

@' IBuB(x,r)) = f(llauB(x.R) = F (1 |BUB (x,R)) — F(|AUB*(x,R))- (28)

Since B € X \ B(x,2R), we have dx (B, B(x,R)) > R; hence, (B, B(x, R)) and (B, B*(x, R)) are both
pairs in &/g. Our condition (26) on f applied to this pair implies that

f@'lBuBx,r)) = f('|B) + f(7 |B(x.R))> @' lBus(x,r) = f(1'|B) + fF( |8 (x,R))-

Hence, (28) gives

F@'Bx,r) = flave.r) = f(0' 18 (x,R)) = f(Mlaus: (x,R))-
Our assertion (27) follows from the fact that  and n’ coincide on B(x, R). O
‘We may now prove Proposition 3.19.

Proof of Proposition 3.19. Suppose f € C(S¥) and 8 f € C(S¥), and that hy = 0 for the pairing hy
of Proposition 3.18. By Lemma 3.20, it is sufficient to check that for any fixed finite subset A € X and
x € A, we have

LAf _ LA\{X}f — LAOB()C,R)f _ LAQB*(X,R)f.

We let A’ .= A\ (AN B(x, R)). Then the above equation may be written as

LA’U(AQB(X,R))f _ LA'U(APIB*(X,R))f - LAﬂB(x,R)f _ LAOB* (X,R)f. (29)

In order to prove this, it is sufficient to prove that

LA/UB(X,R)f _ LA'UB* (X,R)f — LB(X’R)f _ LB*(X,R)f’ (30)
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since (29) may be obtained by applying (\"V(ANB(X:R) to both sides of (30). Hence, it is sufficient to
prove that for any finite A C X such that A N B(x, R) = 0, we have

L/\UB(x,R)f _ LAUB* (x,R)f — LB(x,R)f _ LB*(X,R)f’

which is precisely Lemma 3.21. O

4. Pairing and criterion in the weakly transferable case

In this section, we will extend Proposition 3.18 concerning the construction of the pairing sy and
Proposition 3.19 concerning the criterion for uniformity to the case when the locale X is weakly
transferable. The reader interested only in the strongly transferable case may skip to §5. We first start

with the classification of objects in g which generalizes the set of pairs &/r given in Definition 3.16

4.1. Equivalence relation for pairs

Let R > 0. In this subsection, we investigate a certain equivalence relation for certain pairs (B, B’) in a
subset of 6. The result of this subsection is concerned only with the underlying graph structure of
the locale X. We define a variant of o/g of Definition 3.16 as follows.

Definition 4.1. For any r € N, we denote by %}, the subset of &g consisting of pairs of balls (B, B")
such that the radii of B and B’ are at least r. Furthermore, we let B = 93%.

We define the relation ~,- to be the equivalence relation in 98}, generated by the relations (B, B") <
(B,B”) and (B’, B) « (B, B). In this subsection, we first study the equivalence relation ~, on B
In particular, we have the following.

Proposition 4.2. Foranyr € N, there are at most two equivalence classes with respect to the equivalence
relation ~, in By. Moreover, there is only one equivalence class if (B,B’) ~, (B’,B) for some
(B,B’) € Bg.

The following observation will be used throughout this section.
Remark 4.3. Let X be a weakly transferable locale, and let B ¢ X be a ball.

1. Forany finite set A C X and r, R > 0, there exists a ball B’ of radius at least r such that dx (A, B’) > R
and B’ c (X \ B).

2. For any finite connected set A € X \ B and r, R > 0, there exists a ball B” of radius at least r such
that dx (B, B’) > R and B’ and A are in the same connected component of X \ B.

In order to prove Proposition 4.2, we first prove Lemma 4.4 and Lemma 4.5.

Lemma 4.4. For any r € N, suppose there exists three balls By, By, B3 of radii at least r in X such that
dx (Bi,Bj) > 2R fori # j. Then either (B, By) < (B, B3) or (B1, B2) < (B3, By) holds.

Proof. Suppose By and B3 are not in the same connected component of X \ B(Bj, R). Since X is
connected, there exists a path = (e!, ..., e™) such that o(y) € B, and #(¥) € Bz. We take the shortest
among such paths, and let pi = t(ei) fori =1,...,N. Since B, and B3 are not in the same connected
component of X \ B(B1, R), there exists j such that p/ € B(By, R). Since dx (B1, B») > 2R, we have
p’ & B(B,, R); hence, j > R. Then for any i > j, we have p’ € X \ B(B,, R) since we have taken p to
be the shortest path from a vertex in B, to a vertex in B3. Then p’ = (p/, p/*!, ..., pN) gives a path in
X\ B(B,, R) from p/ to a vertex in B3. Since p/ € B(By, R), there exists a path in X \ B(B», R) from an
element in B, to the vertex p/. The combination of this path with 5" gives a path in X \ B(B,, R) from a
vertex in Bj to a vertex in Bs; hence, B] and B3 are in the same connected component of X \ B(B», R),
as desired. O
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Lemma 4.5. For any r € N, suppose there exists three balls By, By, B3 of radii at least r in X such that
dx (Bi,Bj) > 2R fori # j. Then (B1, B2) ~- (B1, B3) or (B1, B2) ~ (B3, B1) holds.

Proof. By Lemma 4.4, at least one of (Bj, Bz) ~ (By, B3) or (B, B2) ~, (B3, By) holds. Also, by
reversing the roles of B, and B3, we see that at least one of (B, B3) ~, (B}, By) or (B}, B3) ~ (B2, B3)
holds. Hence, if (B, B2) +, (B1, B3), then we have (B1, B2) ~, (B3, B) and (By, B3) ~, (B2, B3),
where the last equivalence implies that (B3, By) ~, (B3, B1) by symmetry. This implies that (B}, By) ~
(B3, B2) ~, (B3, By), as desired. ]

‘We may now prove Proposition 4.2.

Proof of Proposition 4.2. We fix a pair (By, B]) € By. We let B c X \ B(B1,2R) be a ball of
radius at least » which is in the same connected component as B} in X \ B(Bj, R). Then we have
(B1,B}) ~r (B1,B{'). Consider any (B3, B)) € %y. We let B be a ball sufficiently large containing
By U BY'. Then B(B,2R) is also a ball, and X \ B(B,2R) decomposes into a finite sum of locales. We
let B3 ¢ X \ B(B,2R) be a close ball of radius at least » which is in the same connected component
as By in X \ B(B), R). Then by definition, we have (B5, Bé) ~, (B3, Bé). Finally, we let B’ be the ball
sufficiently large containing B; U B}’ U B3, and we let B} C X \ B(B’,2R) be a ball of radius at least
r which is in the same connected component of X \ B(Bs, R) as B),. Then by construction, we have
(B2, B}) ~, (B3, B)) ~» (B3, BY).

By our construction of B{" and B and Lemma 4.5, either (By, BY') ~» (B1,BY) or (B, BY) ~»
(BY, By) holds. Furthermore, either (By, B}) ~, (B3, B}) or (B}, B1) ~ (B}, B3). Combining the
two, noting that (B2, B}) ~» (B3, B}), we obtain our assertion. o

As a consequence of Proposition 4.2, we have the following.

Proposition 4.6. Let X = (X, E) be a weakly transferable locale, and let R > 0. For any integer r € N,
we choose an equivalence €, in By with respect to the equivalence relation ~,. Then one of the
following holds.

1. Foranyr € N, we have By, = €.
2. There exists ro € N such that for any r < rg, we have ‘%IrQ = %lre’ and for r > ry, we have

By =G UBR, 31)

where € = {(N',A) | (A, A') € Bh).

Moreover, we may choose €y, so that €, = %Igo NBg forany r = ro, where we let ro = 0 when (1) holds.

Proof. Suppose (1) does not hold. Then by Proposition 4.2, there exists r € N such that for any
(B,B’) € B, wehave (B, B’) +, (B’,B). Thenforanyr’ > rand (B, B’) € &% ,if (B, B’) ~r (B, B),
then this would imply that (B, B’) ~, (B’, B). Hence, our assumption implies that (B, B") +,. (B’, B).
We take r( to be the minimum of such r. Then (31) follows from Proposition 4.2.

Note that for any » > ro and (By, B}) and (Ba, B)) in %}, we have (B, B]) ~,, (B2, B}) if and
only if (By, B]) ~r (B2, B}). This may be proved as follows. It is immediate from the definition that
if ~, holds, then ~,; holds. However, if (By, B]) ~,, (B2, B}) and if (B, B|) #, (B2, B}), then we
would have (By, B]) ~» (B}, B2), which would imply that (B1, B{) ~, (B}, B2). Then we would have
(B2, B}) ~r, (B}, B>), contradicting our choice of ry.

If we choose an equivalence class ‘glrf of %’g with respect to the equivalence ~,,, then we may take
Cr = %;0 NSy forany r > ro, which gives an equivalence class of %}, with respect to the equivalence
~, satisfying the condition of our assertion. O

Definition 4.7. Let X = (X, E) be a weakly transferable locale, and let R > 0. If (1) of Proposition 4.6
holds, then we say that Br has a unique class, and we define the integer r¢ to be one. If (2) of
Proposition 4.6 holds, then we say that 9Bg is split, and we define ry to be the minimum integer
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satisfying (31). Moreover, we will fix an equivalence class €}, of %}, with respect to the equivalence
relation ~, so that € = € N B for r > ro.

4.2. Pairing for functions in the weakly transferable case

In this subsection, we will construct and prove the cocycle condition for the pairing 2y : M x M — R.
We let X be a weakly transferable locale. We let &% as in Definition 4.1, and we fix an equivalence
class €, of By, with respect to the equivalence relation ~; as in Definition 4.7. We define the pairing
hy as follows.

Definition 4.8. Let f € C(SX) such that df € CIIQ(SX) for some R > 0. We define the pairing
hy: M x M — R as follows. For any @, 8 € M, we let k > ro such that o, 8 € M. By taking an
arbitrary (B, B’) € €k, we let

hy (. B) = h3P (@, B),
where h?’B, is the pairing h?”\/ defined in Proposition 3.12 for (A, A”) = (B, B’). Note that we have
|B| > r(B) and |B’| > r(B’); hence, |B|, |B’| > k.
For the remainder of this subsection, we let R > 0, and we fix a f € C(S¥X) such that 9 f € C}e ($%).

If (By, B;), (B3, Bé) € €k, then we have (By, B;) ~k (Ba, Bé); hence, by Lemma 3.13, we see that

B|,B] B»,B,
hfl ](asﬁ):hfz z(a’ﬂ)

for any «, 8 € M. Since ?51'; = “6120 n %’I’;, this shows that iy is independent of the choices of k > rg
satisfying @, 8 € My and the pair (B, B’) € ‘gllg.
When X is weakly transferable, the pairing /¢ may not be symmetric.

Lemma 4.9. If Br has a unique class, then the pairing hy is symmetric.

Proof. If 9%r has a unique class, then (B, B’) € %1'; implies that (B’, B) € %I’;. This shows that for any
k > ro and @, B € My, we have

hy (@, B) = W3 F (@, B) = WP (B,a) = hy (B,a),
as desired. O

Remark 4.10. If %p is split, then /1y may not necessarily be symmetric.
The pairing & may be calculated as follows.

Proposition 4.11. For any (A, \") € g and for any a € M 5| and § € M n/|, we have
hy(a.p) =y (@, B) or hy(Ba)=hy™ (a.p).
In particular, if hy is symmetric, then we have
hy (@, ) = by (a, ).

Proof. Fix an arbitrary (A,A’) € &g and @ € My, B € Mn|. Let k > ry such that
k > max{|A|,|A’|}. Assume without loss of generality that A is a ball. Since X is weakly transfer-

able, the connected component of X \ B(A, R) containing A’ is infinite and hence contains a closed
ball B’ such that r(B’) > k. Then (A, A’) < (A, B’). Again, the connected component of X \ B(B’, R)
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containing A is infinite and hence contains a ball B such that r(B) > k. Then (A, B’) < (B, B’). By
construction, (B, B’) € %’I’;. If (B, B’) € €%, then by Lemma 3.13, noting that | B|, |B’| > k, we have

Wy (@, B) = h}P (@, B) = hy (a. B).

If (B,B’) ¢ €, then (B’, B) € €X; hence, we have

h‘/}’/\l(a’,ﬁ) = h?,B,(asﬁ) = h?l’B(ﬂv a) = hf (ﬁ’ a)’
as desired. i

In order to prove the cocycle condition of iy, we will prepare the following lemma concerning
the existence of a triplet of balls By, By, B3 sufficiently large and sufficiently apart satisfying the
condition (B, By) < (B1, B3) <> (B2, B3). Note that if X is strongly transferable, then this condition
is automatically satisfied if dx (B;, Bj) > R fori # j.

Lemma4.12. Foranyr € N, there exists balls By, B2, B3 of radii at least r in X such that dx (B;, Bj) > R
fori # jand

(B1, By) < (B1, B3) <> (B2, B3). (32)

Moreover, we may take By, By, B3 so that (By, Bz), (B1, B3), (B2, B3) € €},

Proof. Take B to be a ball in X such that r(B;) > r. We then take B, to be an arbitrary ball in
X \ B(B1,2R) such that r(B;) > r. Finally, we take a ball A containing B and B;, and let B3 be a ball
in X \ B(A,2R) with r(B3) > r. By construction, we have dx (B;, B;) > 2R fori # j. By Lemma 4.5,

the following holds.

1. Either (B, By) < (B, B3) or (B}, By) < (B3, By).
2. Either (Bj, B3) < (Bl,BQ) or (Bl, B3) < (B», B3).
3. Either (B,, B3) < (B,, B;) or (B>, B3) < (Bj, B3).

From this observation, we see that at least one of the following holds.

(a) (By,B3) < (B1,B3) and (By, B3) < (B>, B3).
(b) (B1,B2) < (B3, By) and (B1, B3) < (B2, B3).
(c) (B1,B3) < (By, By) and (B2, B3) < (B2, By).

In fact, if (a) does not hold, then either (B;, By) « (By, B3) or (B, B3) «<» (B, B3) holds. If (B, B;) <«
(B1, B3), then by (1), we have (Bj, By) < (B3, By), and by (2), we have (B;, B3) < (B>, B3); hence,
(b) holds. If (B, B3) « (B3, B3), then by (2), we have (B}, By) < (B3, B3), and by (3), we have
(B3, B3) <> (B3, By); hence, (c) holds.

If (a) holds, then we have (32). If (b) holds, then we obtain (32) by taking B; to be B, and B; to be
By, If (c) holds, then we obtain (32) by taking B; to be B3 and B3 to be B;. Our last assertion is proved
if (By, By) € Cr- If (B1, By) ¢ €}, our assertion is proved by taking Bj to be B3 and By tobe B;. O

We are now ready to prove the cocycle condition for our /5.

Proposition 4.13. Assume that X is a weakly transferable locale. Let R > 0, and let f € C(SX) such
that 0 f € Czle (SX). Then the pairing hy : M x M — R satisfies

hy(a,B)+hg(a+pB,y)=hs(B,y)+hs(a,B+7).

forany a,B,y € M.
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Proof. For an arbitrary @, 8,y € M, there exists k > ro such that @, 8, y, € My. Let By, B, B be balls
in X satisfying the condition of Lemma 4.12 for r = k. Then since a, 8,y € My, there exists € §X
such that £81(n) = a, £B2(n) = B, £%*(n) = y and is at base state outside B; U B> U Bz. Then since
(By, B3) < (B, B3), there exists a finite connected subset A € X \ B(B3, R) such that B; U By C A,
and since (Bj, By) < (Bj, B3), there exists a finite connected subset A’ c X \ B(Bj, R) such that
B, U B3 c A’. Note by construction, we have (B, A’), (A, B3) € o/g and (By, By), (B2, B3) € %}g.
Then by Lemma 3.13 and the definition of 4, we have
hy (@. ) = WP (@, B) = B1VB £ () = B £ () — P2 £ ()
hy(a+Boy) =y (a+ Bry) = VB £ = f ) = f ()
hy (By) = WP (a, ) = P2VB £ () = P2 f () = o £ ()
hy(a.B+7) = hEN (@, B+y) = BN F(p) = B () — N £ ().

Since 7 is at base state outside By U B, U B3, we have

MBS f () = BN f(g) = BB gy, A ppy = BB (), N f() = BB p (),

which proves our assertion. O

4.3. Criterion for uniformity in the weakly transferable case

In this subsection, we will prove Proposition 4.14, which is a weakly transferable version of
Proposition 3.19.

Proposition 4.14. Assume that the locale X is weakly transferable. Suppose f € C(SX) satisfies
of € C}Q(Sx)for R >0, and let hy : M x M — R be the pairing defined in Definition 4.8. If hy =0,
then we have f € Cl?mf(SX).

The proof of Proposition 4.14 is the same as that of Proposition 3.19, but by using Lemma 4.15
below which is valid even when X is weakly transferable, instead of Lemma 3.21, which assumed that
X is strongly transferable.

Lemma 4.15. Assume that X is weakly transferable. Suppose f € C(SX) and df € C ,l? (8X), and let
hf: M x M — R be the pairing defined in Definition 4.8. If hy = 0, then for any x € X and finite
A C X such that dx (x, \) > R, we have

LAUB(X,R)f _ LAUB* (X,R)f — LB(X,R)f _ LB*<X’R)f,

where B*(x, R) = B(x, R) \ {x} is the punctured ball.

Proof. Since hy = 0, by the definition of the pairing & given in Definition 4.8 and Proposition 3.12,
we have

ANF =N Ny (33)
for any (A, A’) € o/g. Again, if B is a ball, then (B, B(x, R)) and (B, B*(x, R)) are both pairs in o/g;

hence, our assertion immediately follows by applying (33) to the left-hand side. Consider a general finite
A C X such that dx (x, A) > R. It is sufficient to prove that

FlavBx,r) = F(laus: (x.r) = F(MlBx,R)) — (B (x,R)) (34)

for any n € SX such that Supp(n7) € A U B(x, R). Since X is weakly transferable, Y := X \ B(x, R)
decomposes into a finite number of locales Y = Y1 U - - - U Yk . We may reorder the Y; so that there exists
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integer k such that Y, N A # O fori < kand Y; N A =0 fori > k. Let A; :== A NY;. Then we have
A=A U---UAL.

Let B} be a ball such that B(A, R) U B(x,R) € B{. Let By C (X \ B(B{,R)) N Yy, dx(A,By) > R
be a ball whose cardinality is greater than that of A;. Such a set B; exists since Y; is an infinite set.
Now choose a n’ € Sf such that n’ coincides with i outside A; U By, is as base state on Aj, and
&p,(1") = €5, (n). This implies that £x (") = §x(17). Since the transition is irreducibly quantified, by

Lemma 3.11 applied to ¥} and Y; = X \ {x}, we have

f@) =1 =@ Ix\xy) = fF@lxyxp)-

Noting that n’ = 1’|,us; and 7 = 7|, we see that

F@'lgusy) = f(lsy) = f('lBusp ) = f Ol (x))- (35)

By our choice of By, we have dx (B, Bi) > R; hence, (B, Bi) and (B, Bi \ {x}) are both pairs in /.
Our condition (33) on f applied to this pair implies that

f@'lggy) = f('lg) + (' lg;), F@'lBusp o) = F'ls) + @15\ (x))-

Hence, (35) gives f(n’|s;) — f(nls;) = f(n’|3/l\{x}) - f(nlB/l\{x}). In particular, since n’ is at base
state outside B; U A, U --- U A U B(x, R) and 7 is at base state outside A U B(x, R), we have

F @ v uacuB(x,Rr)) = fO1lAUB (x,R)) = (1 |Asu--unuB: (x,R)) = f (1lAUB(x,R))-

Note that n’|s,u...uaUB(x.R) = N|Au--uAUB(x,R) Since n” and i coincides outside Ay U B{'. Hence, we
see that

FMlavBr)) = F(MlauB(x,R)) = F(layu-uacuBs (x,R)) = f (1lAsu---UALUB(x,R))-

By applying the same argument with A replaced by A, U - - U A and A replaced by A,, we have

F o vacuB(x.R) = f (a0 uacuB: (x,R) = f(Mlasu-uAUB* (x.R)) = f(M|Asu- A UB(x.R))-

By repeating this process, we see that

FMlavx.r)) = F(MAuB (x.R)) = f (B (x.r)) = f(NlB(x,R))-

Our assertion (34) follows from the fact that 7 is supported on A U B(x, R) and the fact that [V f(n) =
f(nlw) forany W c X. -

4.4. Transferability

In this subsection, we will introduce the notion of transferability for a locale X, which ensures that the
pairing iy defined in Definition 4.8 is symmetric.

Definition 4.16. Let X be a locale. We say that X is transferable if X is weakly transferable and satisfies
either one of the following conditions.

(a) There exists a ball B such that X \ B has three or more disjoint connected components (which are
all infinite since X is weakly transferable).
(b) For any r € N, there exists a ball B of radius at least r such that X \ B is connected.

Note that by (b), if X is strongly transferable, then it is transferable.

https://doi.org/10.1017/fms.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.61

40 K. Bannai, Y. Kametani, and M. Sasada

Figure 6. Examples of transferable but not strongly transferable locales.

Example 4.17. The following subgraphs X = (X, E) of the Euclidean lattice Z> = (Z2, E) give examples
of locales which are transferable but not strongly transferable (see Figure 0).

1. Let X = {(x1,x2) € Z> | x;x2 = 0} and E := (X x X) N E. Then (X, E) is transferable by
Definition 4.16 (a).

2. Let X == {(x1,x2) € Z® | x; > 0} U {(x1,x2) € Z*> | x =0} and E := (X x X) NE. Then (X, E) is
transferable by Definition 4.16 (b).

Remark 4.18. The locale Z = (Z, E) is weakly transferable but not transferable since the complements
of balls always have exactly two connected components. The locale Z¢ = (Z¢,E?) for d > 1 is
transferable since it is strongly transferable.

Remark 4.19. Let G be a finitely generated free group G with set of generators S, and let (G, Es) be
the Cayley graph given in Example 2.2 (4). If the number of free generators of G is equal to one, then
G =Z; hence, (G, Es) is weakly transferable but not transferable. If the number of free generators of G
is d > 1, then (G, Eg) is transferable. This follows from Definition 4.16 (a) and the fact that G \ {idg}
has exactly 2d connected components (see Figure 1 for the case d = 2).

More generally, for a finitely generated infinite group G, it is known that the number of ends of a
Cayley graph (G, Es) is either 1, 2 or infinity, and the number of ends is 2 if and only if it has an infinite
cyclic subgroup of finite index (see [4, (1.6) Theorem]). In the case that (G, Es) is weakly transferable,
then it is strongly transferable, not transferable, or transferable if and only if the number of ends is
respectively 1, 2, or infinity.

Proposition 4.20. Suppose X is weakly transferable. Then X is transferable if an only if Br has a unique
equivalence class for any R > 0 in the sense of Definition 4.7.

Proof. Suppose (a) of Definition 4.16 holds for the ball B. Let Y1, Y», Y3 be three distinct connected
components (there may be more) of X \ B. For any r € N, there exists balls By, B, B3 of radii at
least r such that B(B;,R) c Y; for i = 1,2,3 and dx(B;, Bj) > R for any i # j. In particular, by
exchanging the numberings i = 1, 2 if necessary, we may assume that (By, By) € €. By construction,
there exists paths from B to ¥; and B to Y3 which do not pass through Y5; hence, Y; and Y3 are in
the same connected component of X \ ¥,. Hence, in particular, B; and B3 are in the same connected
component of X \ B(B», R), and we have (Bj, B;) < (B3, By). In the same manner, we may prove
that (B1, B3) < (B1, B2), and (B, B3) <> (B>, B3). This shows that we have (B}, By) ~ (B3, B2) ~,
(B3, By) ~» (B2, B1). By Proposition 4.2, we see that %}, has a unique equivalence class with respect
to the equivalence relation ~,

Next, suppose (b) of Definition 4.16 holds. Fixar € Nand R > 0, and let B(x, R) be the ball given by
(2) of radius R’ > k+R such that X\ B(x, R’) is connected. If we let B; := B(x, R’—R), then B is aball of
radius at least » such that X\ B(B, R) is connected. Take a ball B, of radius atleast rand dx (B, B2) > R,
and a finite connected A such that BjUB; C A. Since X is weakly transferable, X \ B(B;, R) decomposes
into a finite number of locales. We let Y be the connected component of X \ B(B;, R) containing By,
and we take B3 to be a ball of radius at least r satisfying B3 C Y \ B(Bj,R) and dx (A, B3) > R.
Since X \ B(Bj, R) is connected by our construction of By, we have (B, By) <> (Bj, B3). Also since

https://doi.org/10.1017/fms.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.61

Forum of Mathematics, Sigma 41

By,B3 C Y, we have (B;, By) < (B2, B3). Moreover, since B(B3, R) N A = 0 and A is connected, we
have (B, B3) < (B2, B3). This shows that (B}, By) ~, (By,B3) ~, (B2, B3) ~, (B, B1), which by
Proposition 4.2 shows that %8}, has a unique equivalence class with respect to the equivalence relation ~,..

Finally, we prove that if there exists r € N such that for any ball B of radius at least r, the set X \ B
has exactly two connected components, then for any R > 0, there are two equivalence classes in By
with respect to ~,.. We first prove that in this situation, for any ball B of radius at least r, there exists
a decomposition X \ B = Y}, U Y into infinite locales, where Y N Y}, are infinite sets and Y; N Y3,
are finite sets for any balls B, B’ of radius at least . This follows from the fact that one of Yg N Yg, or
Y} N Yg, must be infinite since Y} is infinite. If both are infinite, then there exists a ball B satisfying
BUB’ C Band X \ B has at least three disjoint connected components in Y3 NY}3,, Y N Yy, and Y,
contradicting our assertion. Hence, exactly one of Y5 NY}, and Yj; NY, is infinite and the other is finite.
So we choose the + label of B’ so that Y}, N Y, is infinite and Y} N Y, is finite.

Consider any R > 0. For each (B, B’) € &%, we denote B < B’ if B’ C Yg. This is equivalent to the
condition that B C Yy, for the following reason. Consider x € Y; NYg, and y € B’ C Y}. Since X is
connected, there exists a path 5 from x to y, which must go through B since Y and Y} are disjoint and
connected by B. This shows that x hence Y, is connected to B in X \ B’. Hence, for any (B, B”) € &%,
either one of B < B’ or B > B’ hold. Moreover, if B < B’, then B’ C YE(B’R) and B C YE(B,’R).
This shows that for any (Bj, Bi), (B2, Bé) € %', we have (B, Bi) < (B>, Bé) if and only if we have
B, < Bi and By < Bé, or B > Bi and By > Bé. In other words, pairs are in the same equivalence
class if and only if their order is preserved. This proves that %y, has exactly two equivalence classes as
desired. O

Corollary 4.21. If X is transferable, then for any f € C(SX) such that 0 f € Cinif(SX), the pairing hy
defined in Definition 4.8 is symmetric.

Proof. By Proposition 4.20, if X is transferable, then 9B has a unique class for any R > 0 in the sense
of Definition 4.7. Our assertion now follows from Lemma 4.9. O

5. Uniform cohomology and the main theorem

In this section, we will introduce and calculate the uniform cohomology of a configuration space with
transition structure satisfying certain conditions. We will then consider a free action of a group G on
the locale and prove our main theorem, Theorem 5.17, which coincides with Theorem | of §1.3.

5.1. Uniform cohomology of the configuration space

In this subsection, we will define the uniform cohomology of a configuration space with transition
structure. We will then prove our key theorem, Theorem 5.2, which states that under certain conditions,
any closed uniform form is integrable by a uniform function. This result is central to the proof of our
main theorem.

Consider the system (S, X, ¢) and the associated configuration space with transition structure. In what
follows, we denote by Z' (S¥) be the set of closed forms of S¥, and Z! (%) := C! (%) nZ'(s¥)
the set of uniform closed forms. We first prove the following.

Lemma 5.1. Let f € C0 (SX). Then we have df € Z! .(S¥).

uni

Proof. By the definition of f € Cgmf(SX ), there exists R > 0 such that

nif ( nif (

f= Z Sfa

AcX,diam(A) <R

for fo € CA(SX) c C(S™). Then for any e € E, we have V, fp € C(SVY¢) and V, fy = 0if Ane = 0;
hence, f € Cp,,(S*) c C! .(S¥). The fact that df € Z'(SX) follows from Lemma 2.28, which
states that exact forms are closed. )
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Lemma 5.1 shows that the differential d induces an homomorphism

9: C (8%) - zL (5. (36)
As in Definition 1.6, we define the uniform cohomology H™ .(S*) of the configuration space $* with
transition structure to be the cohomology of the complex (36). Our choice for Cl?mf(SX ) of restricting
to functions satisfying f(x) = O implies that uniform cohomology is philosophically the reduced
cohomology in the sense of topology of the pointed space consisting of the configuration space SX and
base configuration x € SX.

Now, let X be a locale which is weakly transferable in the sense of Definition 4.16, and assume
that the interaction is irreducibly quantified. Let ¢4 = dimg Consv?(S). Our theorem concerning the
integration of uniform forms is as follows.

Theorem 5.2. Let (X, S, ¢) be a system such that the interaction ¢ is irreducibly quantified. If the locale
X is transferable, or the interaction ¢ is simple and X is weakly transferable, then for any w € Zl} 5%),
there exists [ € Cl?mf(SX) such that 0 f = w.

nif (

The proof of Theorem 5.2 is based on Lemma 5.5 and Lemma 5.6 below. A homomorphism of
monoids is a map of sets preserving the binary operation and the identity element. We say that a monoid
& with operation +g satisfies the (right)-cancellation property if a +¢ b = a’ +¢ b implies that a = a’
for any a,a’, b € &. Note that any monoid obtained as a submonoid of a group satisfies the cancellation
property. We will first prove the following lemma concerning commutative monoids satisfying the
cancellation property.

Lemma 5.3. Assume that & is a commutative monoid with operation +g satisfying the cancellation
property. If there exists an injective homomorphism of monoids

R &,

where we view R as a an abelian group via the usual addition, then there exists a homomorphism of
monoids w: & — R such that 7w o 1 = idg.

Proof. The statement follows from the fact that R is a divisible abelian group (see Remark 5.4). We will
give a proof for the sake of completeness. We consider the set of pairs (A, ), where /4 is a submonoid
of & containing i(R) and 7y : #/ — R is an homomorphism of monoids such that 4 o ¢ = idp.

We consider an order on the set of such pairs such that (/, ny) < (N7, my) if and only if / C N’
and ﬂ/wb, = my. Let ((N;, 7y;))ier be a totally ordered set of such pairs. If we let A/ := | J;¢; A4, and
if welet my: #* — R be a homomorphism of monoids obtained as the collection of 74;, then we have
iy ot =1idg. Hence, (/, my) is a maximal element of the totally ordered set (A, 7s;))ier- By Zorn’s
lemma, there exists a maximal pair (., m4) in the set of all such pairs.

We will prove by contradiction that # = &. Suppose # < &.Let w € & such that w ¢ ., and
let #' = M += Nw. Note that since & is commutative if there exists a nontrivial algebraic relation
between elements of .# and Nw, then there would exist a, b € . such that a +¢ mw = b +¢ nw for
some m, n € N. By the cancellation property of &, this implies that a +« nw = b for some a, b € ./ and
integer n > 0. In the case that there exists an integer n > 0 and a, b € . such that a +¢ nw = b, we
define u be an element in R such that

nu = (n4(b) — ny(a)) €R.

If n’,a’, b’ satisfies the same condition, then we have n’a +¢ n’'nw = n’b and na’ +¢ nn’w = nb’.
Combining this equality, we have

n'a+g n'nw+e nb’ =n'b +g na’ +¢ nn'w.
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Hence, n’a +¢ nb’ = n’a +& nb’ since & is commutative and satisfies the cancellation property. This
shows that we have

n'(ma(b) = mu(a)) = n(ma(b') - mu(a’)),

which implies that u is independent of the choice of a,b € # and n > 0. However, if for any integer
n>0anda,b € M, we have a +« nw # b, then we let u = 0. In both cases, we define the function
Ty M — Rby gy (a+nw)=rmy(a)+nuforany a € A and n € N. This gives a homomorphism
of monoids satisfying 7 4 o ¢ = idg; hence, we have (M, y) < (M', 7y), Which contradicts the fact
that (#, 74 ) is maximal for such pairs.

This shows that we have # = &. Then 7 := my: & — R is a homomorphism of monoids satisfying
7 ot =1idg, as desired. O

Remark 5.4. Assume that D is a divisible abelian group; that is, for any v € D and integer n > 0, there
exists # € D such that un = v. Then we may prove that if t: D < & is an injective homomorphism
into a commutative monoid & satisfying the cancellation property, then there exists a homomorphism
of monoids 7: & — D such that 7 o ¢ = idp. Indeed, by the Grothendieck construction, the monoid
A = (& X &)/~ defined via the equivalence relation (a,b) ~ (a’,b’) if a +¢ b’ = a’ +% b for any
(a,b),(a’,b") € & x & is an abelian group since & satisfies the cancellation property. In addition, we
have an injective homomorphism & < A given by mapping a € & to the class of (a,0) in A. Since the
composition t4: D < & — A is an injective homomorphism of abelian groups, from the fact that D
is divisible and hence an injective object in the category of abelian groups (see [14, 4.1.2]), there exists
a homomorphism w4: A — D suchthat w4 ot4 = idp. Then 7 := m|% satisfies 7 ot = idp as desired.
The authors thank Kei Hagihara and Shuji Yamamoto for discussion concerning this remark as well as
the proof of Lemma 5.3.

Next, let M be a commutative monoid with operation + and identity element 0. We first give a
construction of extensions of monoids arising from a pairing H: M x M — R satisfying H(0,0) =0
and

H(a,B) +H(a+B.,y) = H(B,y) + H(a, B +7) (37

for any @, 8,y € M. We let & := M X R, and we denote an element of & by [, u] for @ € M and
u € R. Define the binary operation +% on & by

[a,u] +¢ [B,v] = [a+B,u+v - H(a,p)]

for any @, 8 € M and u,v € R. The element [0, 0] is an identity element with respect to +g, and the
cocycle condition (37) ensures that +g is associative. Hence, & is a monoid with respect to the operation
+%, which fits into the exact sequence of monoids

0 R & M 0. (38)

Here, the arrows are homomorphisms of monoids with the injection R — & given by u +— [0, u], and
the surjection & — M given by [, u] — «. If the pairing H is symmetric, then we see that & is a
commutative monoid. Note that if M satisfies the right cancellation property, then & also satisfies the
right cancellation property. In fact, if [a, u] +¢ [B,v] = [@’, u] +% [B,w] for some @, @', 8 € M and
u,u’,v € R, then we have

[a+B,u+v—-H(a,p)] =[a"+B,u"+v-H(a,B)].
This shows that @ + 8 = @’ + 8; hence, @ = a’ since M satisfies the right cancellation property. Then

we have u +v — H(a,B8) =u’"+v—-H(a',B) =u’ +v — H(a, B) in R; hence, u = u’. This shows that
[a,u] = [@’,u’], proving that the monoid & satisfies the right cancellation property.
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Lemma 5.5. Let M be a commutative monoid satisfying the cancellation property, and let H: M X
M — R be a symmetric pairing satisfying the cocycle condition (37). Then there exists a function

h: M—>R

such that H(a, B) = h(a) + h(B) — h(a + B) for any a, B € M.

Proof. If we prove our assertion for the pairing H(a,B) = H(a, B) — H(0,0) and show that there exists
a function 7: M — R satisfying our condition, then our assertion is proved also for H(a, ) by taking
h(a) = h(a) + H(0,0). Hence, by replacing H by H, we may assume that H (0, 0) = 0. Consider the
extension & given in (38) corresponding to the pairing H. Then & is a commutative monoid since H
is symmetric. Hence by Lemma 5.3, there exists a homomorphism of monoids 7: & — R such that
([0,u]) = u for any u € R. For any @ € M, choose an arbitrary u € R, and let

a = [a,u] +% [0,-n([a,u])] € &. (39)

If v € R, then we have [a, v] = [, u] +& [0, w] for some w € R since the classes of [a, v] and [a, u]
coincide on M = & /R; hence,

0,w] +g [0, - ([, u] +& [0, w])]

0,w] +g [0, -7 ([, u])] += [0, =7 ([0, w])]
0,w] +g [0, —7([a, u])] +& [0, —w]

= [a,u] +¢ [0, —7([a,u])] = a.

[O.’, V] +g [0’ _ﬂ([a7 V])] = [(Y, M] +g
= [(Z, Lt] +g

[
[
= o ul +¢ [
[

Hence, « is independent of the choice of u € R. We define 4: M — R to be the function defined by
a = [a, h(a)].
Note that by (39), for any «, 8 € M, we have
@ +g B = [a,u] +z [0, —n([a,u])] +5 [B, H(a, B)] +& [0, 7 ([B, H(a, B)])]

= [a + B,u] + [0, ~7([a,u]) — (B, H(a, B)])]
= [a+B,u] +5 [0, —7([a +5 B,u])] = a + B.

This shows that

a+B=a+z B

[, h(@)] +5 [B, h(B)] = [a + B, h(a) + h(B) — H(a, B)].

Hence, we have h(a + B8) = h(a) + h(B) — H(a, B) for any «, B8 € M, as desired. O

[+ B, h(a+p)]

Next, we consider the case when M = N or M = Z.

Lemma 5.6. Assume that M = N or M = Z, viewed as a commutative monoid with respect to addition,
and let H: M X M — R be a pairing satisfying the cocycle condition (37). Then there exists a function

h: M—>R

such that H(a, B) = h(a) + h(B) — h(a + B) for any a, B € M.

Proof. Again, as in the proof of Lemma 5.6, by replacing the pairing H by H — H(0, 0), we may assume
that H(0,0) = 0. We first treat the case M = N, which we regard as a commutative monoid with respect
to the usual addition. Consider the extension & given in (38) corresponding to the pairing H. Note that
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[1,0] gives an element in &. For any & € M corresponding to n € N, we define 4(a) to be the element
in R given by the formula

n[1,0] = [1,0] +5 - - - +& [1,0] = [a, h()],

where n[1, 0] is the n-fold sum of [1, 0] with respect to the operator +g. Then for 8 € M corresponding
ton’ € N, we have n’[1,0] = [B, h(B)] and

[a, k()] +& [B, h(B)] = (n+n")[1,0] = [ + B, h(a + B)]. (40)

By the definition of the operation +&, we have

[, h(2)] +5 [B. h(B)] = [a + B, h(a) + h(B) — H(a, B)].

Since the operation +g is associative, comparing this equality with (40), we have h(a + 8) = h(a) +
h(B) — H(a, B) for any @, € M. Hence, we see that i: M — R satisfies the requirement of our
assertion. The case for M = Z may be proved precisely in the same manner. In this case, we regard M
and & as abelian groups instead of commutative monoids. o

Remark 5.7. For the case that M is an abelian group, the extension & in Lemma 5.5 corresponding to
the symmetric cocycle H: M X M — R is a commutative group. The existence of #: M — R for this
case corresponds to the well-known fact that such an extension & splits since the additive group of R is
divisible and hence an injective object in the category of abelian groups (see [14, 4.1.2]). The statement
for Lemma 5.6 corresponds to the fact that the group cohomology H*(Z,R) = {0}. The existence of
h: M — R ensures that the cocycle H: M x M — R is in fact symmetric in this case.

We are now ready to prove Theorem 5.2.

Proof of Theorem 5.2. Suppose w € Zuyr(S¥X) = CL .(8%) n Z'(S¥). Since w € Z'(S¥), by
Lemma 2.28, there exists f € C(SY) such that f = w. Furthermore, since w € C ..(§%), there
exists R > O such that 0f = w € C,'Q,(SX). Hence, by Definition 4.8 and Proposition 4.13 (see also
Proposition 3.18), there exists a pairing sy : M X M — R satisfying the cocycle condition (24). By
Lemma 4.9, if X is transferable (see also Proposition 3.18) and by Remark 5.7 if the interaction is
simple, we see that ¢ is symmetric. Note that here we have used the fact that M = N or M = Z if the
interaction is simple. Hence, by Proposition 4.11 (see also Proposition 3.18), we have

AN F) = D F) = N F) = hp (Ea(), Ex (D))

forany (A, A’) € @k andn € SX. Note that M satisfies the cancellation property since it is a submonoid
of an abelian group. Hence, by Lemma 5.5, there exists #: M — R such that

hy(a,B) = h(@) + h(B) - h(a +p) 41)
for any @, 8 € M. We define the function g € C(SX) by
g:=[f+hoéx.

We will prove that g is uniform. By Lemma 2.22, for any conserved quantity ¢: S — R, the function
£x € C(SX) is horizontal. This implies that V,&x = 0; hence, &x (7¢) = éx(n) for any e € E. This
shows that hoéy (7€) = hoéx (n) forany e € E; hence, V, (ho&y) = 0, which implies that d(hoé&y) = 0.
This gives the formula dg = 0 f = w. Furthermore, noting that (:* (ho&y (7)) = ho &, (n) forany A C X,
we have
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AN =g =Nl = AN Fop = A Fap =N ()
+hoépun () —ho&x(n)—ho&p(n) =0

for any (A,A’) € g and n € SX, where we have used the coboundary condition (41) and the fact
that €, n (1) = EA(17) + €A (17). From the definition of the pairing given in Definition 4.8, we see that

he = 0. Hence, by Proposition 4.14, we see that g € anif (8X). Our assertion is now proved by replacing

fbyg. O
By using Theorem 5.2, we may calculate the uniform cohomology of SX as follows.

Theorem 5.8. Let X be a locale, and assume that the interaction is irreducibly quantified. If either X is
transferable, or the interaction is simple and X is weakly transferable, then we have

Consv?(S) m =0,
Mo (57) = {{0} m # 0.

In particular, we have dimg Hgmf(SX) = dimg Consv?(S).

Proof. As stated in §1.4, Theorem 5.8 is equivalent to the fact that the sequence

(5%) o _p

unif

0 — Consv?(§) —— C° (§X) —=0 (42)

unif
is exact. A conserved quantity &: S — R defines a uniform function éx: SX¥ — R whose definition
Ex = Yyex &x is the canonical expansion (18) with each &, € C,}(SX). This shows that £x is uniform
satisfying £x (%) = 0; hence, (16) induces an inclusion
Consv?(S) — C°

8 (8Y). 43)
However, if f € Cl?nif(SX ) satisfies d f = 0, then by Theorem 3.7, there exists a conserved quantity
&: S — Rsuch that f(n7) = éx(n7), which shows that f is in the image of (43). This proves that we have
an isomorphism

Consv?(S) = Kerd = H? .(5%). (44)

From Theorem 5.2, we see that the differential 0 is surjective; hence, the short exact sequence (42) is
exact. Our assertion now follows from the definition of uniform cohomology given in Definition 1.6. O

Remark 5.9. The fact that H} .. = {0} for m # O reflects the fact that we are viewing the configuration
space as modeling a space with a simple topological structure whose only topological feature is its con-
nected components. The Hl?nif is expressed in terms of the conserved quantities and is finite dimensional
if Consv?(S) is finite dimensional.

Example 5.10. In each of the examples of Example 2.10, we have the following.

1. In the case of the multi-species exclusion process, we have Hffmf(SX ) = R¥, where k > 0 is such
that S = {0, ..., «}.

In the case of the generalized exclusion process, we have Hl?mf(SX ) =R

In the case of the lattice gas with energy process, we have Hgnif(SX ) = R2.
For the interaction of Example 2.10 (4), we have Hl?mf(SX ) =R,
For the Glauber Model of Example 2.10 (5), we have H f(SX ) = {0}.

uni

AN
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5.2. Group action on the configuration space

In this subsection, we first review basic definitions and results concerning group cohomology of a group
G acting on an R-linear space V. We will then consider the action of a group G on the locale X.

We say that an R-linear space V is a G-module if any o € G gives an R-linear homomorphism
o:V — Vsuch that (to)(v) = 7(0(v)) =t oo (v) forany 0,7 € G and v € V. In what follows, we
will often simply denote o (v) by ov. For any G-module V, we denote by V the G-invariant subspace
of V, defined by V¢ = {v e V | ov =vVo € G}.

Definition 5.11. Let V be a G-module. The zeroth group cohomology H°(G, V) of G with coefficients
in Vis given as
HY(G,V) = VC,
Furthermore, we let
ZYG, V) ={y: G -V |y(o1) =0y (r) +¥(o)Vo,T € G},
BYG,V) ={y € Z'(G,V) | v e V,y(o) = (0 — 1)vVo € G},

where 1 is the identity element of G. Then the first group cohomology H' (G, V) of G with coefficients
in V is given as

HY(G,V) = Z"(G,V)/B (G, V).

In particular, if the action of G on V is trivial — in other words, if ov = v foranyv e Vand o € G -
then we have H°(G,V) =V and

H'(G,V) =Hom(G, V), (45)

where Hom(G, V) denotes the set of homomorphisms of groups from G to V.

Remark 5.12. The group cohomology of G with coeflicients in V is usually defined using the right
derived functor of the functor Homz[g(Z, —) applied to V. In other words, H™ (G, V) = Extg[ G (Z,V)
for any integer m € Z (see, for example, [1, §1]). Definition 5.11 is the well-known description of this

cohomology group in terms of explicit cocycles (see [1, §2]).

Let V and V’ be G-modules. We say that an R-linear homomorphism
VoV

is a G-homomorphism if 7(cov) = o (v) for any o € G and v € V. By definition, we have 7(V®) c
7(V)©, where n(V) is the G-submodule of V defined to be the image of V with respect to 7. Note that
7 gives an exact sequence

0——Kern %4 (V) 0

of G-modules, which by the standard theory of cohomology of groups (see, for example, [, (1.3)])
gives rise to the long exact sequence

0—— (Kerm)6 — VG "5 2(V)¢ —2 = H'(G,Kern) —> H'(G,V) —=--- . (46)

The homomorphism ¢ is given explicitly as follows. For any w € n(V)Y, choose a v € V such that
7(v) = w. Then §(w) € H'(G, Ker ) is the class given by the cocycle satisfying

S(w)(o)=(10-0o) 47
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for any o~ € G (see [1, §2 p.97]). Note that since w = m(v) is invariant under the action of G, we have
m(6(w) (o)) = (1 —o)r(v) = 0; hence, 6 (w) (o) € Kerx for any o € G. Our choice of the sign of the
homomorphism ¢ in (47) is to ensure compatibility with standard sign conventions used in probability
theory.

In what follows, let X be a locale, and let G be a group.

Definition 5.13. An automorphism of a locale X is a bijective map of sets o: X — X such that
o(E) = E ¢ X x X. The set Aut(X) of all automorphisms of X form a group with respect to the
operation given by composition of automorphisms. We say that X has an action of G if there exists a
homomorphism of groups G — Aut(X) so that any o € G induces an automorphism o: X — X.

Example 5.14.

1. Letd be an integer > 0. Consider the Euclidean lattice X = (Z¢,E4), and let G = Z¢. Forany 7 € G,
if we define the automorphism 7: X — X by 7(x) = x + 7 for any x € X, then this gives an action
of G on X.

2. The group G = Z? acts on the triangular and hexagonal lattices via translation. The group G = Z3
acts on the diamond lattice also via translation.

3. If G is a finitely generated group with set of minimal generators S, then left multiplication by
elements of G gives an action of the group G on the Cayley graph (G, Es).

From now until the end of §5.3, we assume that X has an action of a group G. If we denote the
group action from the left, then SX = (SX, ®,) has a natural G-action given by n¢ := (S (x)) for any
n = (y) and o € G. Then C°(§X) = C(5X) and C'(SX) have natural G-actions given for any o € G
by o(f) = f o o for any function f € C(5X), and o(w) = w o o for any form w € C'(SX). Since the
action of G preserves the distance on the locale X and preserves closed forms on C!(SX), the groups
Cunit (§%) and Z! (8% have induced G-module structures.

In case of functions and forms, we will use the term shift-invariant interchangeably with the term
G-invariant when the group G is understood. We say that a subset Ag C X is a fundamental domain of

X for the action of G if it represents the set of orbits of the vertices of X for the action of G.

Lemma 5.15. Suppose X has an action of a group G, and assume that the set of orbits of the vertices of
X for the action of G is finite. Then for any shift-invariant uniform function F € Cgmf(SX ), there exists

a local function f € Cioe(SX) satisfying f(x) = 0 such that

F=> 7(f) (48)
7eG
0 (X
in C; . (S7).
Proof. By definition, F(x) = 0. Since F is uniform, there exists R > 0 such that the expansion (18) of
F in terms of local functions with exact support is given by

F= Z Fi.
AcX,diam(A) <R

Since F is shift-invariant, we have 7(FA) = 7(F)r(n) = Fr(a) for any 7 € G. Let J; be the set of
nonempty finite A C X such that diam(A) < R. Then % has a natural action of G. We denote by
~ the equivalence relation on g given by A ~ A’ if A’ = 7(A) for some 7 € G. Let Ag C X be a
fundamental domain of X for the action of G. Then any equivalence class of %, with respect to the
relation ~ contains a representative that intersects with Ag. Since Ay is finite, and the diameters of the
sets in 7 are bounded, this implies that %3/~ is finite. For each equivalence class C of % /~, let
Co = {A € C| AN Ag # 0}, which is again finite. If we let

1
= — Fp,
fc iCol Z A

AeCy
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then it is a finite sum and hence gives a local function in Cjo.(SX). Then since Ji [~ is finite,

f= Z fc

cegy/~

again defines a local function in Cioc(S%), which by construction satisfies (48) as desired. ]

The action of G on Consv?(S) viewed as a subspace of C? .(§¥) is given by the trivial action.

Applying (46) to the short exact sequence (42), we obtain the long exact sequence

(5% —2 (71 (5%))° (49)

0 —— Consv?(S) —— (C? .

uni

I & (G, Consv?(S)) — H!(G, C°

unif(SX)) _—

Moreover, since G acts trivially on Consv?(S), by (45), we have

H'(G,Consv®(S)) = Hom(G, Consv®(S)).

Remark 5.16. We may view the cohomology group H' (G, Consv“’(S)) as a group which philosophi-
cally reflects the first reduced cohomology group of the quotient space SX /G with fixed base point x/G.
Intuitively, we are viewing SX as a model of the configuration space on X which we view as an infinitely
magnified version of a point in a macroscopic space. In this context, the cohomology H' (G, Consv? (S ))
is regarded as representing the flow of the conserved quantities at this point induced from the action
of G. More generally, for m € Z, we may view the m-th group cohomology H™ (G, Consv¢(S)) asa
group philosophically reflecting the m-th reduced cohomology group of the quotient space SX /G with
fixed base point x/G.

5.3. Group cohomology of the configuration space

In this subsection, we will prove Theorem 5.17, which is the main theorem of this article. We say that an
action of a group G on a locale X is free if o-(x) = 7(x) implies that o = 7 forany x € X and o7, 7 € G.
Throughout this subsection, we assume that X has a free action of a group G.

As in §1.2, denote by C = (Z! f(SX ))G the space of shift-invariant closed uniform forms, and by

uni
£ =09(C° .(8%)Y) the image by d of the space of shift-invariant uniform functions. The main theorem

of this article is the following, given as Theorem | in §1.3.

Theorem 5.17. Let the system (X, S, ¢) be as in Theorem 5.8, and assume that the action of G on the
locale X is free. Then the boundary morphism & of (49) gives a canonical isomorphism

C/€ = Hom(G, Consv?(S)). (50)

Moreover, a choice of a fundamental domain for the action of G on X gives an R-linear homomorphism
A: Hom(G, Consv?(S)) — C such that § o A = id, which gives a decomposition

C = £ ® Hom(G, Consv?(S)).

In order to prove Theorem 5.17, we first prove Proposition 5.18 concerning the existence of a section
of 6. Let Ay be a fundamental domain of X for the action of G. Since the action of G on X is free, any
x € X may be uniquely written as o (xo) for some xo € Agand o € G. Then for & € Consv?(S), we have

&x = Z Eo(ng)s

oeG

where &y = Y ew Ex forany W C X.
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Proposition 5.18. Let X be a locale with a free action of a group G, and let Ay C X be a fundamental
domain of X for the action of G. For any ¢ € Z! (G, Consv¢(S)), we let wy = 0(0y), where

Oy = Z Y (e(rg) € Conig(8%)-
7€G

Then we have 6 (wy) = .

Proof. By definition, the map is R-linear. Since ¢ is a cocycle with values in Consv?(S) and the group
G acts trivially on Consv?(S), we have ¢ (07) = (1) + y(o) for any o, 7 € G. Note that

o(0y) = Zo'(lﬁ(T)r(Ao)) = Z Y (T)or(n)

7eG 7eG

= D WDt =¥ (Dorirg) = D (4 (T)eiag) = ¥ (e(ag) = Oy = Y (@)x.

7eG TG

Hence, we have (1 — 0)8y, = y(0)x for any o € G. Since /(o) is a conserved quantity, (o )x is
horizontal by Lemma 2.22; hence, we have (1 - o)wy, = (1 —0)d0y = 0y (0)x = 0forany o € G.
This implies that we have w,, € C. By the explicit description of the homomorphism ¢ in (47), we see
that 6 (wy) = ¢, as desired. O

We may now prove Theorem 5.17.

Proof of Theorem 5.17. By the definition of C and &, the long exact sequence (49) gives the exact
sequence

S

0 E C Hom(G, Consv?(S)).

By Proposition 5.18, for any ¢ € Hom(G, Consv?(S)), there exists wy € C such that 6(wy) = ¢.
This implies that ¢ is surjective. By construction, the map ¢ — w, is R-linear; hence, we have a
decomposition C = £ @ Hom(G, Consv?(S)), given explicitly by mapping any w € C to the element
(W — wy, ¥) € E®Hom(G, Consv®(S)), where ¢ = §(w). O

As a corollary of Theorem 5.17, we have the following result, which coincides with Corollary 2 of
the introduction.

Corollary 5.19. Let the system (X, S, ¢) and the G-action be as in Theorem 5.17. Assume in addition
that the abelian quotient G*® of G is of finite rank d. If we choose a generator of the free part of G*,
then we have an isomorphism Hom(G, Consv?(S)) = @;.l:l Consv?(S). A choice of a fundamental
domain of X for the action of G gives a decomposition

C=fo

d
Consv?(S). (51

Jj=1

Proof. We have
Hom(G, Consv?(S)) = Hom(G*/G®, Consv?(S)),

tors>

where Gi‘(‘)’rs is the torsion subgroup of G*, and the equality follows from the fact that Consv?(S) is
abelian and torsion free. This implies that any element in Hom(G, Consv?(S)) is determined by the
image of the generators of the free part of G; hence, if we fix such a set of generators, then we have

an isomorphism

d
Hom(G, Consv?(S)) = @Consv¢($).

Jj=1
Our assertion now follows from Theorem 5.17. O
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Remark 5.20. Let the system (X, S, ¢) be as in Theorem 5.8, and assume that G = Z< and that the
action of G on X is free. The standard basis of G = Z¢ gives an isomorphism Hom(G, Consv?(S)) =
@?:1 Consv?(S), by associating to the element

d
w=W,.. . 9D)e @COHSV¢(S)
=1

the cocycle ¥ : G — Consv?(S) given by y(7) = Z?:l ;¢ for any 7 = (7;) € Z4. If we fix a
fundamental domain A of X for the action of G, then the map 6, in Proposition 5.18 is given by

d
_ ()
O = Z(Z TJ{T(AO))'
j=1 7eG
Hence, the form in C corresponding to ¢ = (£(V,...,¢@) is given by the form wy, =

G(Zle 2reG Tjgif&o)) as stated in (7) of §1.4. Then Corollary 5.19 implies that any shift-invariant
closed local form w decomposes as

w=08(F+68y)=0F +wy (52)

for some shift-invariant uniform function F in C° .($*) and ¢ € @‘.{1 Consv?(S). For the case
=

when ¢4 = dimg Consv?(S) is finite, if we fix a basis &1, ..., £(¢@) of Consv?(S), then we have
W) = fol a;j€W forsome a;; € R,i=1,...,cq,j =1,...,d. This shows that

Co d
=3 S 3 )
i=1 j=1 7eG

which with (52) gives the representation of Theorem 5 of the introduction.

A. The cohomology of graphs

In this section, we review well-known facts concerning the definition of the cohomology of a graph. A
cohomology is an algebraic method to extract invariants of a mathematical object. Let (X, E) be any
symmetric directed graph. Following [17, §4.6], we define the cohomology of (X, E) as follows.

Definition A.1. For any symmetric directed graph (X, E), we let
C(X) := Map(X,R), C'(X) :== Map'(E,R),
where Map?'(E,R) := {w: E — R | Ve € E w(é) = —w(e)}. Furthermore, we define the differential
9: C(X) - Cl(X), fof (53)
by df(e) = f(t(e)) — f(o(e)) for any e € E. We define the cohomology of (X, E) by
H°(X) := Kerd, H'(X) := C'(X)/0C(X),

and H™(X) := {0} for any m € N such that m # 0, 1.

We call any w in C'(X) a form on (X, E). A form is the analogue of a differential form. We say
that a form w is exact if there exists f € C(X) such that w = df. Then the cohomology H'(X) is the
quotient space of the space of forms by the space of exact forms.
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The cohomology H™(X) reflects the topology of the graph (X, E). In fact, classes of the 0-th
cohomology H(X) correspond to functions constant on each connected components of (X, E), and
the classes of the 1-st cohomology H'(X) correspond to functions on closed paths in (X, E). In what
follows, we will make these statements precise.

The statement for H(X) may be given as follows.

Lemma A.2. For any f € C(X), the function f'is horizontal (i.e., 0 f = 0) if and only if f is constant on
the connected components of (X, E).

Proof. Let f € H*(X) = ker d sothat d f = 0. Suppose x,x” € X are in the same connected components
of (X, E). Then there exists a path j = (e!, ..., e") from x to x” such that o(e') = x, t(e") = x’, and
t(e') = o(e™*!) for 0 < i < N. Then

N

F&) = fx) = Z(f(t(ei)) = flo(eM)).

i=1

Since df = 0, we have f(t(e)) - f(o(e')) = Oforany 0 < i < N; hence, this implies that f(x") = f(x).
This shows that f is constant on the connected components of (X, E)). Conversely, if f is constant on the
connected components of (X, E), then we have d f = 0. This shows that H°(X) = Ker d corresponds to
the R-linear space of functions on X which are constant on the connected components. O

As an analogy of the line integral of differential forms, we may define an integration of forms along
a path in (X, E). For any path p = (e!,...,e") in (X, E) and form w € C'(X), we define the integral
of w along p by

N

[o= 0. (54)
p

i=1
We say that a path j in (X, E) is closed if o(p) = t(p).
Definition A.3. We say that a form w € C'(X) is closed if /ﬁ w = 0 for any closed path j in (X, E).
Lemma A.4. A form w € C'(X) is exact if and only if it is closed.
Proof. Suppose w = 0 f for some f € C(X). Then for any closed path p = (e!, ..., e"), we have

N N

[ w= Y wle’) = ) (ft(eh) = flole") = f(t(F)) = F(o(p)) = 0.

p i=1 i=1

This shows that w is closed. Conversely, suppose w is closed. Fix xo € X for each connected component
of X. For any x € X, let jpy, » be the path from x; to x, where xo is the fixed point in the connected

component containing x. Let
fx) = [ w.

Pxg,x
Since w is closed, the integral is independent of the choice of the path j, . By construction, for any

e € E, we have
df(e) = f(t(e)) — flo(e)) = - = = w(e),
¢ ‘ ok ‘/p;xo,r(e) “ ‘/ﬁ “ '/I;U(L’)J«‘) ¢ “ie

x.0(e)

where Py (e).r(e) = (e) is the path of length 1 from o(e) to t(e). This shows that w = df € cl(X);
hence, w is exact as desired. O
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Let Z'(X) c C!'(X) be the space of closed forms on X. By Lemma A 4, we have Z!(X) = 0C(X);
hence, H'(X) = C'(X)/Z'(X). For any closed path  in (X, E), the integration along j gives a well-
defined homomorphism

[:HI(X)HR, wH[w. (55)
P P

In fact, the first homology H (X, Z) consists of finite formal sums of closed paths of (X, E), and we have
H'(X) = Homz(H, (X, 2), R), (56)

where Homyz(H, (X, Z),R) denotes the space of group homomorphisms from H;(X,Z) to R. In the
equality (56), a class of a form w € H'(X) maps to a a homomorphism H;(X,Z) — R mapping a
closed path j to /ﬁ w. To further make this statement precise, we next review the construction of the
homology groups Hy(X,Z) and H; (X, Z) of the graph (X, E).

Following [17, §4.1], let

finite
Co(X.Z) = (Pzx = {Z ayx | ay € Z},

xeX xeX
alt finite

C1(X,Z) = @Ze = {Z bee | b, € z}/~,
eeE eeE

where ~ is the equivalence relation given by ¢ ~ —¢é for any e € E. In other words, Co(X,Z) and
C1(X,2Z) are free abelian groups generated by the set of vertices and edges of (X, E) (i.e., certain sets
of finite formal sums over the set of vertices and edges of (X, E)). We call any element of Cy(X,Z) or
C1(X,Z) a chain. We define the boundary morphism

d: C1(X,Z) — Co(X,Z) (57)

to be the group homomorphism given by d(e) = t(e) — o(e). In other words,
d(Z bee) = 3" be(t(e) - 0(e)) € Co(X. Z)
eckE ecE
forany ), cg bee € C1(X,Z).
Definition A.5. We define the homology of (X, E) by

Ho(X,Z) = Co(X,2)/dC\(X,2), H(X,Z) = Kerd,

and H,,(X,Z) = {0} form # 0, 1.

Note that lower numberings (as in Hy, Hi,...) are used for objects pertaining to homology, in
contrast with upper numberings (as in H%, H', . . .) for objects pertaining to cohomology. The homology
Hy(X,Z) is related to the connected components of (X, E) as follows.

Lemma A.6. If we denote by y(X) the set of connected components of the graph (X, E), then we have
Ho(X,Z) = @CERQ(X) ZC.

Proof. Our assertion follows from the fact that the classes in Hy(X,Z) corresponding to vertices
x,x’ € X coincide if and only if there exists a path p = (e, ..., e") from x to x” — in other words, if
and only if x and x” are in the same connected component of (X, E). o
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e X

X
K oy s
e e
! ' x e HX)=2Z®Z
X es s

Figure 7. Example of calculation of homology.

The first homology H; (X, Z) is related to closed paths as follows. A path p = (e!,...,eN)in (X, E)
defines a chain @ == ¢! +--- + ¢V in C; (X, Z). Then

N
d(@) = Y (1(e") —o(e") = 1(5) - 0(§) € Co(X, Z),
i=1

where 1(p) = t(eVN) and o(p) = o(e'). In particular, if the path j is closed, then we have d(a) = 0.
This shows that any closed path j in (X, E) defines a homology class @ € H;(X,Z) = Ker d. Moreover,
we have the following.

Lemma A.7. Any chain a € H|(X,Z) may be expressed as a sum of closed paths.
Proof. This fact is proved in [17, §4.2]. O

In the example of Figure 7, let X = {x,...,x7} and E = {ey,...,e7} U{é,...,&7}. Then the pair
(X, E) for a symmetric directed graph. Then p; = (e1, ez, e3) and py = (ey, es, eg) are closed paths
of (X, E). The vertices x1, x2, x3 are in one connected component, and x4, xs, X¢, x7 are in a different
connected component. Hence, 7o(X) = {C(x1), C(x4)}, where C(x) denotes the connected component
of X containing x € X. This shows that

Hy(X)=ZC(x)) ®ZC(x4) = Z D Z.
Ifweleta; = e +er +e3 € C1(X,2Z), then
d(ay) =d(e; +ex+e3) =d(er) +d(ex) +d(e3) = (x2 —x1) + (x3 —x2) + (x; —x3) =0.

Hence, a; € H|(X). Similarly, a; = e4 + e5 + ¢6 € H{(X). In fact, we have

Hi(X)=Za1 ®Zay =Z & Z.

The relation between homology and cohomology is given as follows.
Proposition A.8. Let (X, E) be a symmetric directed graph. We have
H®(X) = Homz (Ho(X.Z),R), H'(X) = Homz(H, (X, Z),R).
Proof. Note that a homomorphism Homz(Cy(X,Z),R) is determined by the image of x € X, and we
have Homz(Cy(X,Z), R) = Map(X, R). Similarly, we have Homz(C) (X, Z),R) = Map™*(E,R). Thus,
by (14), we have
C%(X) = Homz(Cy(X,Z),R), C'(X) = Homz(C; (X, Z),R).

The differential 9: C°(X) — C!(X) of (53) is the homomorphism induced via pull-back of the
differential d: C;(X,Z) — Co(X,Z) of (57). Hence, by duality, we have
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H(X) = Ker(d: Homz(Cy(X,Z),R) — Homz(C(X,Z),R))

= Homz(Co(X,Z)/dCy(X,Z),R) = Homz(Ho(X,Z),R),
H'(X) = Homz(C; (X, Z),R)/0Homz(C (X, Z),R))

= Homgz(Ker d,R) = Homz(H, (X, Z), R).

This proves our assertion. m]

By Proposition A.8, we see that Lemma A.2 is in fact a consequence of Lemma A.6. In particular,
dimp H°(X) corresponds to the number of connected components of (X, E). Moreover, by Proposi-
tion A.8 and Lemma A.7, we see that a class in H' (X) corresponds to the space of functions on closed
paths of (X, E) given by integration as in (55).

B. Examples
B.1. The exclusion process

In this subsection, we focus on the exclusion process and give explicit descriptions of objects newly
introduced in this article, such as the uniform functions, uniform forms and uniform cohomology.
Consider S = {0, 1} with the base state * = 0 and ¢(s,s’) = (s’,s). We consider any locale
X = (X, E). For this setting, Consv?(S) = {¢ : {0,1} — R;£(0) = 0} and so cg = 1. The class of
functions with exact support A, which is defined in 3.1 and denoted by Cx (SX), is explicitly given as

CA(S¥) ={f : 8* 5> R| f(n) = allyeanr. a € R}.

Namely, it is a one-dimensional space. Then, Proposition 3.3 implies that any function f € C(SX) is
uniquely given as

f = Z aAHxEAUx

AcX,|A|<oo

for some ap € R for each A. In particular, the space of uniform functions for this case is given as the set
of functions of the form

f = Z aAerAnx
AcX
diam(A) <R

for some R > 0. In particular, ¥ .y 77, is a uniform function. Also, if X = Z9, then Y, cza x jNx is a
uniform function for j = 1,2,...,d.

The zeroth cohomology HO f(SX) is the space of functions f € C° .(S¥) such that V.f = 0
for any e € E. Theorem 3. 7 claims that H°
{a Xyexnxla R}

Next, we give some examples of the pairing /1 in Proposition 3.18. First note that M = {0,1,2,...}
for this setting. Let f = (X yex 7x)> = Xxyex Mxfly € C(SX). Then 8f = 0 € Cy(S¥) for any R > 0.
For any A, A’ such that dx (A, A’) > 0, we have

ANy - =N p = (Y ) (D) () =2 Y e Y

x€AUN’ xeA xeN xeA yeN

=2En(mén ().

Namely, i 7 (@, ) = 2ap for any «, f € M. Note that hy # 0 in this case.

unif §X) coincides with the one-dimensional space
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B.2. Counterexample for the case when X = (Z,E) and c 4 = 2.

In Theorem 5.2, we assumed that the interaction is simple in the weakly transferable case. In this
subsection, we give an example of a weakly transferable locale X and an interaction ¢ that is irreducibly
quantified and satisfies ¢4 > 1, but the uniform cohomology H;mf(SX ) does not satisfy the conclusion
of Theorem 5.2. More precisely, we prove the following.

Proposition B.1. Suppose k = 2 so that S = {0, 1,2}, and let X = (Z, E), which is weakly transferable.
If we consider the configuration with transition structure SX for the interaction ¢: S x S — S x S given
in Example 1.3 (2), then we have H' f(SX) # 0.

uni
Proof. We will explicitly construct a form w € Z&nif(SX ) which is not integrable by a function

Fe Cl?nif(SX). For any W c SX, let 1y be the characteristic function of W on SX. Let w = (W, )eck €

Map(®, R) such that
We = 1{’70(9)=2’77t(e)=1} - 1{7ln(e>=1,77r(e>=2}

if t(e) > o(e) and w, = w; otherwise. We let f € C(SX) be the function

f = Z l{flx=1>17y=2}'

y>x

Then for any 7 € SX and e € E, we have

Ve ) = F1°) = fD) = ) Vnemtin=2) (1) = D Liymt.ny=2) ().

y>x y>x
If we suppose t(e) > o(e), then the sum of V, f (1) cancels outside e = (x, y), and we have
Vef(rl) = 1{770(6):2,%(6):1}(77) - 1{7][(6):1,7]0(()):2}(77) = we‘
Furthermore, we have Vsf(n) = w. = wg; hence, df = w, which by Lemma 2.28 shows that
w € Z'(S¥). By definition, we have w € C}($*) c C! .(S¥); hence, w € Z! .(5%).

We prove our assertion by contradiction. Suppose there exists F € Cl?nif(SX ) such that 0F = w. By
taking F — F(x) if necessary, we may assume that F(x) = 0. For any 1,1’ € SX, if & () = & (7)),
then since the interaction is irreducibly quantified by Proposition 2.19, there exists a path ¥ from n
to ’. Since d(f — F) = 0, by Lemma 2.21, we have (f — F)(n) = (f — F)(n’). This shows that
there exists 4: M — R such that f(5) — F() = h o £ (n) for any n € SX. By Remark 3.6, we have
ANE = AF + N F for any pair (A, A”) € og. Hence,

MNFa) = Ao =N o) = AN - FYa) = M- FY) =N (- F) ()
=ho&un(m) —ho&x(n) —ho&y(mn)
=ho(Ex(m) +&x (M) —ho&px(n) —ho&y(m).

In particular, for n,n’ € SX,if £,(n) = £, (n") and €, (') = €,/ (1), then we have
MNFG) = Ao =N o) = AN ) = Ao = K F ).

In what follows, we prove that this it not the case. For any (A, A”) € &g, we have

A ETAVE T Y (RIS B TR S TRy

y>x y>x y>x

x,yEAUA X,yEA x,yeN

= Z Lin=tiny=2) + Z Lin=1.,=2)-
y>x y>x

yeA,xeN xeA,yeN
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Since A and A’ are connected, replacing A by A’ if necessary, we may assume that y > x forany y € A
and x € A’. Then we have

’ ’ 1 2
AN N = Y A = E0ED

y>x
yeA,xeN

where £V and ¢@ are the conserved quantities defined in Example 1.3 (2). Fix y € Aand y’ € A’. We
let n = (1) € SX be an element such that ny = 1,1, =2 and is at base state outside y and y’, and we
let n” = (%) € SX be an element such that n;, =2, 1}, = 1 and is at base state outside y and y’. Then

we have gl(\{) (n)fl(\z,) (n) =1, but gl(\{) (n’)fl(\z,) (n’) = 0; hence, we have

AN = A =N ) = AN - A =N ),
which gives a contradiction, as desired. O
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