
NOTE ON P P. RINGS

(A SUPPLEMENT TO HATTORΓS PAPER)

SHIZUO ENDO

A ring R is called, according to [2], a left p.p. ring if any principal left

ideal of R is projective. A ring which is left and right p.p. is called a p.p. ring.

In this short note we shall give some additional remarks to A. Hattori [2].

In Proposition 1 we shall give a characterization of commutative p.p. rings, and

in Proposition 3 we shall give a generalization of Proposition 17 and 18 in [2],

which shows also that the modified torsion theory over commutative p.p. rings

coincides with the usual torsion theory.

Our notations and terminologies are the same as those in [2].

We begin with

LEMMA 1. A commutative ring R is regular (in Neumanns sense) if and

only if the quotient ring Rnx of R with respect to any maximal ideal m of R is

a field, or if and only if any element of R is expressible as the product of a

unit and an idempotent.

Proof. The first part: If R is regular, then any Rm is obviously regular.

Since a local ring is regular when and only when it is a field, any Rm is a field.

Hence we have only to show the if part. Let a be an element of R and set

b = {b ba = 0, b<Ξ R}. Since any Rm is a field, b is not contained in any maxi-

mal ideal of R containing a. Setting c= (a, b), c is not contained in any maxi-

mal ideal of R, and so we have R= (a, b). Since (β)b = 0, (a) is a direct sum-

mand of R. Accordingly we have (a) = (e) for a suitable idempotent e of R

and also have b = ( l —g). Furthermore, if we set d=(l-e)-ha, then d is

clearly a unit of R and we have de-ae- a. So we obtain ad'1 a = a. This

proves that R is regular.

The second part: This follows directly from the above proof of the first

part.
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PROPOSITION 1. A commutative ring R is a p.p. ring if and only if the total

quotient ring K of R is regular and the quotient ring R\w of R with respect to

any maximal ideal m of R is an integral domain.

Proof. The if part : Set Pm-{a #s = 0 for some s £ i ? - n i , a^R) for

any maximal ideal in of R. Since Rn\ is an integral domain, pm is a prime ideal

of R. Further, since K is regular, the set of all p\\\K coincides with the set of

all maximal ideals of K. Let e' be an idempotent of K. If PmK a e1, we have

se' = 0 for some s^R-m. On the other hand, if pmK^e', then pn\K^l~e',

and therefore we have sf{l- ef) = 0 for some s' e R- m. Hence sV = s'. If we

set a - {a ae'^ R, a^R), then α is an ideal of R which is not contained in

any maximal ideal of R. Consequently α = R. This shows ef e iv*. Now let a

be an element of R. Since iΓ is regular, we have a — ae' for a suitable idem-

potent ef of /£ and a unit α: of K. Then we have (#) = (e1) as ivNmodules. Since

e'<=R, this shows that (<z) is projective.

The only if part: If if? is a p.p. ring, then K and R\w are obviously p.p.

rings. If a local ring is a p.p. ring, then it is an integral domain, for any local

ring has no idempotent except a unit element. Therefore we have only to show

that K is regular. If K is not regular, then, by Lemma 1, there exists at least

one maximal ideal m' of K such that Km! is not a field. If we set p[χγ — {a1 a's'

= 0 for some s 'e i f—tn' , a'^K}, p{χ\> is a prime ideal of K strictly contained

in in' since Km' is not a field but an integral domain. Now we choose an element

cf of K which is not contained in p[w but contained in m'. A principal ideal (cf)

of K is projective by our assumption. Hence we have c' - a'e' for a unit a' and

an idempotent e', by Lemma 1. Then e' is not contained in p'm> but contained

in m'. Since e'(l-e')=Q, we have l — e'&Pm'* i e., ^ m'. This is obviously a

contradiction. This shows that K must be regular.

A ring R is called a normal ring if any idempotent of R lies in the center

of R.

LEMMA 2. Let R be a normal right p.p. ring. Then for every element c of

R there exist an idempotent a and a left non zero divisor a of R such that c — ae.

Proof. Put ψ(r) = cr for each r GΞ R. Then ψ is a homomorphism of R onto

(c)r. Since R is a right p.p. ring, we have r(c) = (e1) for an idempotent e' of

R. If we set e = l — e', then £ is also an idempotent. Now set a - e' + c. If
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ad=0> J E R, then ad - e'd + cd^Qy and so ead = ecd = red = r <tf = 0 and

+ e'cd=e'd+ce'd=eld=O. This shows d e (*V Π (*')r = (OV. Therefore <z is

a left non zero divisor. Since ae = #'<? + r£ = r£ = c, a and £ are elements as

required.

LEMMA 3. Let R be a normal right p.p. ring. Then every left or right non

zero divisor of R is a non zero divisor of R.

Proof. Let b be a left non zero divisor of R. Suppose that cb = 0, cei?. By

Lemma 2 we have c^ ae for an idempotent e of R and a left non zero divisor

a of R. Then we have <zg£ = 0. Since a is a left non zero divisor, we have

eb-be = 0, and so £ = 0, as £ is a left non zero divisor. This shows c = 0. Thus

& is a (right) non zero divisor of R.

Now let £ be a right non zero divisor of R. Again, by Lemma 2, b = ae for

an idempotent e and a left non zero divisor a of /?. Then eb-ea-ae-b.

Hence (1~ e)b - 0. Since b is a right non zero divisor, we have 1 = e, so b = a.

Thus b is a (left) non zero divisor of R.

PROPOSITION 2. A normal ring R is a left p.p. ring if and only if it is a

right p.p. ring.

Proof. Obvious by Lemmas 2 and 3.

In the following proposition we shall denote by "Torsion-modules and

Torsion-Free modules" torsion modules and torsion-free modules in the modified

torsion theory of Hattori [2].

PROPOSITION 3. For any normal p.p. ring R, the following conditions are

equivalent

1) R has the left quotient ring.

2) For any left R-module A, we have t(A) =Ύ(A).

3) For any non zero divisor a of R, RlRa is a torsion left R-module.

Proof. The implications 2) -> 3) -> 1) can be seen easily. Hence it suffices

to show the implication 1) ->2). By assumption t( A) is clearly a left /vNsubmodule

of T(A). Since A/t(A) is torsion-free, T(A)/t(A) is also torsion-free. On the

other hand, by [2] Proposition 12, Ύ(A)/t(A) is a Torsion module. If Ύ(A)/t(A)

is Torsion-Free, then Ύ(A)/t(A) =0, i.e., T(A)=t(Λ). Hence it suffices to

showτ that any torsion-free R-mod\x\e M is Torsion-Free. Suppose that cu - 0
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for a non zero element c of R and an element u of M. Since R is a normal

p.p. ring, we have, by Lemmas 2 and 3, c = ae = ea, for an idempotent e of R

and a non zero divisor <? of R. Hence we have aeu = 0. As Λf is torsion-free,

we have eu = 0, so u= (1 — e)u. Since I - ^ E Γ ( C ) , this shows wEr(c)M. Thus

M is Torsion-Free.

REFERENCES

[1] H. Cartan and S. Eilenberg, Homological Algebra, Princeton Univ. Press, 1956.

[2] A. Hattori, A foundation of torsion theory for modules over general rings, Nagoya

Math. Jour., this issue.

[3] Y. Akizuki, The theory of local rings, Lecture notes at Univ. of Chicago, 1958,

[4] S. Endo, Regular rings and semi-hereditary rings, to appear.

Kanto Gakuin University

https://doi.org/10.1017/S0027763000002129 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002129



