
BULL. AUSTRAL. MATH. SOC. 14P20 , 13PO5

VOL. 54 (1996) [503-507]

ON THE RING OF
LOCALLY BOUNDED NASH MEROMORPHIC FUNCTIONS

WOJCIECH KUCHARZ AND KAMIL RUSEK

We show that the ring of locally bounded Nash meromorphic functions on a con-
nected d-dimensional Nash submanifold of R" is a Priifer domain and every finitely
generated ideal in this ring can be generated by d -f 1 elements.

Moreover, every finitely generated ideal can be generated by d elements if
and only if the Nash manifold is noncompact.

1. INTRODUCTION

Let M be a connected Nash submanifold of M.n of dimension d. The ring M(M)
of all Nash functions on M is an integral domain. (For background material on Nash
manifolds and Nash functions the reader may refer to [1].) We call elements of the
quotient field £(M) of N{M) Nash meromorphic functions on M.

A Nash meromorphic function <p = f/g on M is said to be locally bounded if for
every point x in M there exist a neighbourhood Ux of x in M and a positive real
number Cx such that

\f(y)/g(y)\^cx for yeu^g-^o).

(Of course, this definition does not depend on the choice of / and g in M{M) with

v = f/g-)
The set of all locally bounded Nash meromorphic functions on M forms a subring

of C(M), which we denote by £/(,(M). Clearly, one has

M{M) C C,b(M) C C(M).

It is well known that N{M) has many "good" algebraic properties. For example,
is a Noetherian ring [1, Theoreme 8.7.15].
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If d = 1, then one can easily verify that Af{M) = £n,(M). For d ^ 2, the ring
Cib(M) is not Noetherian. Indeed, then there exist a sequence {av = ( a v i , . . . ,aun)}
of points in M and an index k £ { 1 , . . . , n} such that avk ^ fl/ijt for v ^ /i. Suppose,
for simplicity, that A; = 2 and define

and i /= 1 , 2 , 3 . . . .
(xi - avly + (x2 - a,2y

 v ' '

Then each function /„ is in £;&(M) and it is easy to see that the sequence of ideals
(A) C (/i,/a) C (/i,/2,/3) C . . . in £n(M) is not stationary.

However, the ring £j&(Af) has some amusing algebraic properties.
Let us recall that a Prufer domain is an integral domain whose every finitely

generated fractional ideal is invertible. (See [3] for other characterisations of Prufer
domains.)

In this note we prove the following:

THEOREM 1. Cib(M) is a Prufer domain.

THEOREM 2 .

(i) Every finitely generated ideal in Cib(M) can be generated by d 4- 1 eie-
ments.

(ii) Every finitely generated ideal in Cib(M) can be generated by d elements
if and only if M is noncompact.

2. LOCALLY BOUNDED RATIONAL FUNCTIONS

We need some preliminary results on locally bounded rational functions. Let X be
an affine irreducible nonsingular real algebraic variety of dimension d. Given a subset
A of X, we denote by 1-LA(X) the ring of rational functions on X locally bounded on
A (that is, bounded in a neighbourhood of every point in A). If U is a Zariski open
subset of X, then TZ{U) will denote the ring of regular functions on U.

We shall identify in the sequel the rings "Hu(X) and Hu(U) (clearly, the restriction
homomorphism is an isomorphism of these rings).

Let F be the field of rational functions on U and let A be a finitely generated
R-subalgebra of F whose quotient field is F. Then "HJJ{U) can be identified with the
real holomorphy ring H(F \ A) of F over A. Hence the ring Hu(U) is a Prufer domain
and every finitely generated ideal of this ring can be generated by d + 1 elements (see
[2, Introduction and p.307] and the references given there; note that the results of [2]
which are formulated in the language of schemes apply to our case of affine varieties).

LEMMA 2 . 1 . Let <p\,... ,<pk be in HA(X) . Then there exist an affine irreducible
nonsingular real algebraic variety Y of dimension d, a mapping n : Y —> X which is
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a composition of finitely many algebraic blowing-ups with nonsingulax centres, and a
Zariski neighbourhood V ofn~1(A) in Y such that won is in 1Z(V) for i — 1 , . . . , k.

PROOF: By Hironaka's resolution of singularities theorem [4], there exist a variety
Y with the above properties and a mapping it : Y —> X, a composition of finitely
many "good" blowing-ups, such that each function <pj has a normal form in a Zariski
neighbourhood of every point of Y, that is, ipj o -K ~ ajz"1 • • • z^d , where z\,... , Zi
are local parameters, a;- is invertible and a i , . . . ,otd are integers.

This implies that the set of points at which the functions tpj o n are not locally
bounded is algebraic (because locally it is the union of sets of the form {z;t = • • • =
Zip = 0}). Therefore its complement V is Zariski open and contains TT~1(A). Of
course, the function yj; o n is in TZ(V) for i = 1 , . . . , k. D

LEMMA 2 . 2 .

(i) ~HA{X) is a Priifer domain.
(ii) Every finitely generated ideal in HA(X) can be generated by d + 1 eJe-

ments.
(iii) If A contains no compact connected component of X, then every finitely

generated ideal in ~HA(X) can be generated by d elements.

PROOF: We know that 7ix{X) is a Priifer domain. Obviously, HA{X) is an

overring of Jix{X) and hence (i) follows by virtue of [3, Theorem 26.1].

Let I be an ideal in W^(X) generated by <pi,... ,<pk- Choose 7r : Y —> X and
V as in Lemma 2.1. Let J be the ideal in Tiv{Y) generated by ipiorc,... ,tpk ° T-
Then J can be generated by d + 1 elements. Note that

(TT-1)* : Hv{Y) 3 <p —> V o TT"1 6 HA{X)

is a well-defined ring homomorpbism and (7r - 1)*(J)HA{X) = I. Therefore I can be
generated by d + 1 elements and (ii) holds.

Suppose now that A contains no compact connected component of X. Then
ir~1(A) contains no compact connected component of Y and we can assume that V
has the same property (we modify V by removing a finite subset, if necessary). By [2,
Theorem 1.1], every finitely generated ideal in %v{Y) can be generated by d elements,
and (iii) follows. D

LEMMA 2 . 3 . Assume that A contains a compact connected component C of X.
Let xo be a point in C and let

/ = {/ 6 U(X) | /(xo) = 0} .

Then the ideal IHA(X) cannot be generated by d elements.
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PROOF: Let p : X' —> X be the algebraic blowing-up of X at^x0 and let J =

p*(I)7l(X'), where p* : 7l(X) —> TZ(X') is the ring homomorphism induced by p.

First observe that
i

J = {geTZ(X')\g(x') = 0 for x1 £ p-\xQ)} .

This equality is a consequence of the definition of the blowing-up at XQ and the local-
global principle.

Suppose now that IT-IA(X) can be generated by d elements. Then the ideal
JTip-HA^X') can also be generated by d elements, say <pi,... ,<pd- Let / i , . . . ,fk
be generators of J. We have

d

for some a.ij in W ^ - i ^ ^ X ' ) . By Lemma 2.1, there exist 7r : Y —> X', a composition
of finitely many algebraic blowing-ups with nonsingular centres, and a Zariski neigh-
bourhood V of n~1 (p-1(j4)) in Y such that a-ij on and <pj o TT belong to 7Z(V) for
i = 1 , . . . ,k, j = 1,... ,d.

It foUows that if K = TT*(J)R{Y), where w* : U{X') —> 1Z{Y) is the ring homo-
morphism induced by n, then the ideal K7iv(Y) is generated by d elements, namely
ifi o 7r,... ,ipd o 7T. On the other hand, it follows from the proof of Lemma 3.5 in [2]
and our remarks at the beginning of this section that the ideal KTLviY) cannot be
generated by d elements. This contradiction proves Lemma 2.3. D

3. P R O O F S OF THEOREMS 1 AND 2

We can now return to the study of the ring £n,(M) and prove our main results.

PROOF OF THEOREM 1: Let 7 be a finitely generated fractional ideal of Cn{M),
say, / = (fi/gi,... ,fk/gk)£ib(M), where fi,g{ are in M(M), i = 1 , . . . ,k. By the

theorem of Artin and Mazur [2, Theoreme 8.4.4], there exist an irreducible nonsingular

real algebraic set X C K m of dimension d, an open semialgebraic subset M' of X,

a Nash diffeomorphism cr : M —* M', and polynomial functions pi,qt : X —> K, i =

1 , . . . , fc , such that pi o cr = fi, </,• o a = gi for i = 1 , . . . , k. Let / ' be the fractional

ideal of T-LM'{X) generated by Pi/qi, • • • ,pk/qk- Consider the ring homomorphism

a* : HMi{X) B p/q —> p o a/q o a G Cib(M).

Note that cr*(I')Cib(M) = I. Therefore the conclusion follows from Lemma 2.2(i) and

the last equality. U
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PROOF OF THEOREM 2: (i) follows from Lemma 2.2(ii) and the proof of Theorem

1. Furthermore, the same argument shows that if M is noncompact then every finitely

generated ideal of Cib{M) is generated by d elements (use Lemma 2.2(iii)).

Assume now that M is compact. Let xo be a point in M and let

Suppose that ICn,(M) can be generated by d elements ipi/ipi,... ,(fid/ipd , where <Pj,ipj
are in Af(M). By the Artin-Mazur theorem, there exist an irreducible nonsingular
algebraic set X C K m , an open semialgebraic subset M' of X, a Nash diffeomorphism
or : M —• M' and polynomial functions Pi,qi : X —> R such that pi o cr = ipi,
qi o a = ipi. Obviously, M' is a compact connected component of X. Let j/o = &(xo)
and let

iyo = {/ e n*) I f(vo) = 0} •

By Lemma 2.3, the ideal Iyo?iMi(X) cannot be generated by d elements. On the
other hand, the ideal Iyo7iMi(X) is generated by Pi/qi,-•-Pd/qd- Hence we obtain a
contradiction, and Theorem 2 is proved. D

PROBLEM. Let N be a connected real analytic manifold of dimension d and let
jMioc(A0 be the ring of locally bounded meromorphic functions on N. Are the coun-
terparts of Theorems 1 and 2 true for the ring M\Oc(N)?
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