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WEIGHTED COMPOSITION OPERATORS
ON FUNCTIONAL HILBERT SPACES

R.K. SINGH AND R. DAVID CHANDRA KUMAR

Let AT be a non-empty set and let H(X) denote a Hilbert space

of complex-valued functions on X . Let T be a mapping from X

to X and 9 a mapping from X to C such that for all / in

H(X) , f o T is in ff(x) and the mappings C~ taking / to

f o T and M taking / to 6./ are bounded linear operators

on H(X) . Then the operator ^n^a is called a weighted

composition operator on H{X) . This note is a report on the

characterization of weighted composition operators on functional

Hilbert spaces and the computation of the adjoint of such

2
operators on L of an atomic measure space. Also the Fredholm

criteria are discussed for such classes of operators.

1. Introduction

Let X be a non-empty set and le t V(X) denote a Banach space of

complex valued functions on X . Let T from i to X be a mapping such

that for every / in V(X) , the composite function f ° T is also in

V(X) and the mapping C_ taking / to f ° T is a bounded linear

operator on V(X) . Then C_ is called the composition operator on V[X)

induced by T . If 6 : X -*• C , the field of complex numbers, is a
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function such that the mapping taking / to 9 . / is a bounded linear

operator on V(X) , then this operator is called the multiplication

operator induced by 6 and we denote i t by A/- . The product CJdr. of

Cy and MQ is called a weighted composition operator on V(X) . In the

las t twelve years or so an extensive study of composition operators and

multiplication operators has been made on different Banach spaces of

functions (see [7] and [3]).

In this note a characterization of weighted composition operators on a

functional Hilbert space is obtained. The adjoint of weighted composition

2
operators on L of an atomic measure space is computed. A necessary and

sufficient condition for the adjoint of a weighted composition operator to

be a composition operator is obtained. Also the dimensions of the kernels

of weighted composition operators are determined.

By B(H) we denote the Banach algebra of a l l bounded linear operators

on H . The symbol ker A stands for the kernel of A € B(H) . If 6 is

a complex valued function on X , then Z_ and Z' denote the zero set of
o u

6 and the complement of the zero set of 0 respectively.

2. Characterization of weighted composition operators

Let H(X) denote a Hilbert space of complex valued functions on a

non-empty set X with algebraic operations of pointwise addition and

pointwise scalar multiplication. H(X) is said to be a functional Hilbert

space if the evaluation functional taking / to f(x) is continuous for

2 2

every x in X . The Hardy space H and the L space of atomic

measure space are well-known examples of functional Hilbert spaces. Let

x € X . Then by the Riesz representation theorem, there exists a vector

K in H(X) such that f(x) = ( / , K ) for every / in H(X) . Let
K = {K : x i. X} . Then an operator A on H(X) is a composition

operator if and only if the set K is invariant under A* . This has been

established by Caughram and Schwartz [2]. A result of Shields and Wallen

[S] shows that an operator A on H(X) is a multiplication operator if

and only if the elements of K are the eigen-vectors of A* . The

characterization of weighted composition operators on a functional Hilbert

space is given in the following theorem.
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THEOREM 2.1. An operator A on a functional Hilbert space H(X) is
a weighted composition operator if and only if A*(K) c M (K) for some

function $ on X . In this case 9 and T are determined such that

Proof. Suppose A is a weighted composition operator on H(x) .

Then A = CM for some T : X •* X and 6 : X •+ C . Then, for every /

in H(X) ,

(f, A*Kx) = (Af, Kx)

= < W ' Kx)
= (V'

Consequently A*K = 6X™, > . Taking $(x) = 6(x) , we see that
x -LKX)

A*(K)

Conversely, suppose A*{K) c M.{K) for some function <|> . Let

a; € X . Then there exists z (. X such that i4*# = 4>.# . Define

T(x) = 3 and 9(x) = ̂ (x) . Then

(Af)(x) = (Af, Kx)

for every / in H(X) and x € X . Hence A = CJi~ . This completes the

proof of the theorem.

3. Adjoint of weighted composition operators

A measure space (X, S, X) i s said to be a standard Borel space i f X
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is a subset of a complete metric space Y with the sigma algebra S of
Borel sets restr icted to X . I t has been proved in [4] that the adjoint

2
of a composition operator C on L of a standard Borel space is a

composition operator i f and only if i t is invertible and / = 1 (almost

everywhere) , where / is the Radon-Nikodym derivative of the measure

XT with respect to A . In the following theorem we obtain almost an
analogous result for the adjoint of a weighted composition operator.

THEOREM 3.1. The adjoint of a weighted composition operator CJ4.

2
on L of a standard Borel space is a composition operatir if and only if
C_ is invertible and &f = 1 (alrrost everywhere).

Proof. Suppose (CJtfS) * is a composition operator. Then there

exists a non-singular measurable transformation S on X such that
(C J4a) * = C . This implies that MrC* = C and hence

M^C*CT = CSCT = CToS . By the proof of Theorem 1 of Singh [4, p.

C*C = Mf and hence Mry = C . Again by Theorem 2 of Singh [4, p.

3U93, ~Qf = 1 (almost everywhere) and C_ is left invertible. Since /

is a real valued essentially bounded function 9/n = 1 (almost everywhere)

and 6 and / . are invertible.

Let / be in L2(X) . Since C^Q = MQofCT , C* = «9oyCT and hence

C*C = M / / . This shows that M = C where g is the

Radon-Nikodym derivative of AS with respect to A . Hence by Theorem 1
of [4, p. 3U8D, C™ is right invertible. This completes the necessary

part of this theorem.

Conversely, suppose C~ is invertible and 6/ . = 1 (almost

where). Then
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Hence [cdir\ * is a composition operator.

Note. The necessary part of this theorem is true when (X, S, X) is

any sigma-finite measure space. The following corollaries are an immediate

consequence of this theorem.
o

COROLLARY 3.2. The adjoint of a composition operator C_ on L (A)

is a composition operator if and only if C_ is invertible and f= 1

(almost everywhere).

COROLLARY 3.3. Let T : X •*• X be injective. Then [MQCT)* is a

composition operator if and only if C_ is invertible and [®fa) ° T = 1

(almost everywhere).

Proof. Since T is injective, by the proof of Theorem 2 of Singh [4,
P- 3^9], Cj, has dense range and hence CX* = Mf oT • Thus the result

•'O

follows from Theorem 3.1.

COROLLARY 3.4. Let CM € B(l2) , where I2 is the Hilbert space

of square summable sequences of complex numbers. Then [CJ4^\* is a

composition operator if and only if G = 1 and /. = 1 .

Proof. Since C_ is invertible implies C is an isometry,

f' = 1 . Hence the necessary part follows from this.

Conversely, suppose 9 = 1 and f' = 1 . Then C™ is unitary if and

only if C_ is invertible and hence C* is a composition operator.

THEOREM 3.5. Let CJt~ € B{12) . Then the following are equivalent:
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(i) CJ4Q is unitary and |0| = 1 ;

(ii) CJtf i-s invertible and |0| = 1 ;

(iii) [CM-\ * is a composition operator.

4. Atomic measure spaces and weighted composition operators

Let {X, S, X) be a sigma-finite measure space. A non-null E (. S

is said to be an atom if every non-null measurable subset F of E is

such that either X(F) = 0 or X(F) = X{E) . A measure space (X, S, X)

is said to be atomic if every measurable set contains an atom. A non-

singular measurable transformation T : X •* X is injective (almost every-

where) if the inverse image of every atom under T contains at most one

atom. A measurable transformation T is surjective (almost everywhere) if

the inverse image of every atom under T contains at least one atom. If

(X, S, X) is a sigma-finite atomic measure space, we write X as a

countable union of atoms {x.} , where the ith atom is denoted by x. .

2
We compute the adjoint of a weighted composition operator on L of an

atomic measure space.

THEOREM 4 . 1 . Let C^Q € s(L2(X)) and let A (.B[L2{X)) be defined

as

(Af)[x.) = TT T [ fdX almost everywhere

for every atom x. in X . Then A = (r M\*

P r o o f . L e t f , g £ L ( \ ) . T h e n

g)= {>x

•iL ( 9 o T)(f o T)gd\
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= I efa^)/^) f gdX

V

= f f(Ag)d\ = {f, Ag) .
>X

Hence A =

We compute the dimension of the kernel of weighted composition

2
operators on L of an atomic measure space in the following theorem.

THEOREM 4.2. Let Cy*Q € B[L
2{\)) . I^en dim ker C^i equals the

number of atoms in (x\T(X)) u ZQ .

Proof. Suppose a;, is an atom such that x. € [X-T(X)) u Z . If

x. € X - T{X) , then x. ̂  T(X) and therefore XT^fx.} = 0 . This

implies that ^j^i 1 = 0 , where Xr i is the characteristic function of1 = 0 , where Xr i

x.} = ° • I f xi i s m a t o m i n 2e •
If

then 0(x.) = 0 and this shows that M^Xi i = 0 . Hence CJ^QX! 1 = ° •

Conversely, suppose x. is an atom such that x. jl (X-T(X)) u Z. .

Then XT'1 [x^ t 0 and 6(x.) / 0 . Hence C^i., i t 0 and
1r

A/gXr l # 0 . This implies that
1

x.} T ^ { X . }

This completes the proof of the theorem.

COROLLARY 4 . 3 . The weighted composition operator CJ4 on L (A)
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is an injection if and only if T is surjective (almost everywhere) and

9 # 0 (almost everywhere).

Proof. Since C_ is an injection if and only if T is a surjection

(almost everywhere) the result is obvious.

COROLLARY 4.4. If 0 + 0 (almost everywhere), then dim ker CJi

equals the number of atoms in Z. .

COROLLARY 4 .5 . If Q t 0 (almost everywhere), then

ker (Cy*6) * = ker C* .

COROLLARY 4.6. Let C^dQ € B[L2{\)) . Then CJA~ has dense range

if and only if T is an injection (almost everywhere) and 0 ^ 0 (almost

everywhere).

I t has been proved i n [ 7 ] t h a t i f C € B [L (A)) , then

oo

dim ker C* = £ 3 , where 3 denotes the number of atoms minus one i f
n=l

T [x ) has more than one atom, otherwise zero.

THEOREM 4.7 . Let C^Q €S(L2(X)) . Then C^4Q has closed range

if and only if Q and fQ are bounded away from zero in ZL n ZL .

Proof. Suppose CJ4^ has closed range. Then [CJ4^\*CJ4- and hence

M has closed range. This implies that 161 /"„ i s bounded away from

M2/0
zero in Z' and hence 0 / i s bounded away from zero in Z' .

|e|2f0 ° e/o
Since Z. „ = Za u Z» , 0 and f are bounded away from zero in

DEFINITION. An operator A € B(H) i s said to be Fredholm i f the

kernel and co-kernel of A are f in i t e dimensional and the range of A i s

closed.
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The following theorem characterises Fredholm weighted composition
2

operators on L (A) .

2
THEOREM 4.8. The weighted composition operator CJi. on L (X) is

Fredholm if and only if

(i) X - T(X) and Z~ contain finite numbers of atoms,

(ii) on the complement of a set containing a finite number of

atoms, T is an injection (almost everywhere),

(iii) 6 and fQ are bounded away from zero in Z' n Z' .

P r o o f . The p r o o f f o l l o w s from Theorem k.2, Theorem ^ . 7 and Theorem 5

o f [ 7 , p . 2 6 3 ] .

COROLLARY 4.9. Let C^Q € B[l2) . Then CJ4Q is Fredholm if and

only if

(i) X - T{X) and Zfl contain finite numbers of elements,

(ii) on the complement of a set containing a finite number of

elements, T is an injection,

(iii) 6 is bounded away from zero in Zl <"> Z L .

2
Proof. Since the range of CL on I is closed [6] , the result

follows from Theorem 1*. 8.
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