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LATTICE TREES AND SUPER-BROWNIAN MOTION

ERIC DERBEZ AND GORDON SLADE

ABSTRACT. This article discusses our recent proof that above eight dimensions the
scaling limit of sufficiently spread-out lattice trees is the variant of super-Brownian
motion called integrated super-Brownian excursion (ISE), as conjectured by Aldous.
The same is true for nearest-neighbour lattice trees in sufficiently high dimensions. The
proof, whose details will appear elsewhere, uses the lace expansion. Here, a related
but simpler analysis is applied to show that the scaling limit of a mean-field theory
is ISE, in all dimensions. A connection is drawn between ISE and certain generating
functions and critical exponents, which may be useful for the study of high-dimensional
percolation models at the critical point.

1. Introduction. Lattice trees arise in polymer physics as a model of branched
polymers and in statistical mechanics as an example exhibiting the general features
of critical phenomena. A lattice tree in the d-dimensional integer lattice Zd is a finite
connected set of lattice bonds containing no cycles. Thus any two sites in a lattice
tree are connected by a unique path in the tree. For the nearest-neighbour model, the
bonds are nearest-neighbour bonds fxÒ yg, xÒ y 2 Zd, jx � yj = 1 (Euclidean distance),
but we will also consider “spread-out” lattice trees constructed from bonds fxÒ yg with
0 Ú kx � yk � L. Here L is a parameter which will later be taken large, and the norm is
given by kxk = maxfx(1)Ò    Ò x(d)g for x = (x(1)Ò    Ò x(d)) 2 Zd. We associate the uniform
probability measure to the set of all n-bond lattice trees which contain the origin.

We are interested in the existence of a scaling limit for lattice trees. This involves
taking a continuum limit of lattice trees, in which the size of the trees increases simul-
taneously with a shrinking of the lattice spacing, in such a way as to produce a random
fractal. The nature of the scaling limit is believed to depend in an essential way on
the spatial dimension, but the existence of the limit has not been proven in low spatial
dimensions. The corresponding problem for simple random walk has the well-known
solution that when space is scaled down by a factor n1Û2, as the length n of the walk goes
to infinity, there is convergence to Brownian motion in any dimension. For self-avoiding
walks, it has been shown using the lace expansion that the scaling limit is also Brownian
motion in dimensions d ½ 5 [8, 19, 17]. The same is believed to be true for d = 4 with a
logarithmic adjustment to the spatial scaling, but in dimensions 2 and 3 a different limit,
currently not understood, is expected.

Here we give an overview of recent work on high-dimensional lattice trees which
proves that under certain assumptions the scaling limit is ISE (integrated super-Brownian
excursion) for d Ù 8. To be precise about the assumptions, the scaling limit has been
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shown to be ISE for the spread-out model if d Ù 8 and L is sufficiently large, and for the
nearest-neighbour model if d is sufficiently large. Detailed proofs will appear elsewhere
[10, 11]. The hypothesis of universality implies that the scaling limit should be the same
for spread-out and nearest-neighbour lattice trees, and assuming this, our results provide
evidence that the scaling limit of nearest-neighbour lattice trees is ISE for d Ù 8. That
the scaling limit of lattice trees should be ISE for d Ù 8 was conjectured by Aldous, who
has emphasized the role of ISE as a model for the random distribution of mass [6]. In
particular, Aldous has shown that ISE arises in various situations where random trees are
randomly embedded into Rd [3, 4, 5]. ISE is super-Brownian motion (Brownian motion
branching on all time scales) conditioned to have total mass 1, and is closely connected
to the super-processes intensively studied in the probability literature. For our purposes,
it will be most convenient to understand ISE as arising via generating functions.
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FIGURE 1: A 2-dimensional lattice tree with 5000 vertices, created with the algorithm of [22].

It is typical of statistical mechanical models that there is an upper critical dimension
above which a model’s scaling properties cease to depend on the dimension and become
identical with those of a simpler so-called mean-field model. For the self-avoiding walk,
the mean-field model is simple random walk and the upper critical dimension is 4. For
lattice trees, the fact that ISE occurs as the scaling limit for d Ù 8 adds to the already
considerable evidence that the upper critical dimension is 8 [25, 7, 31, 16, 18]. The
proof of convergence to ISE for d Ù 8 is based on the lace expansion, and involves the
treatment of high-dimensional lattice trees as a small perturbation of a corresponding
mean-field model.

This paper is organized as follows. In Section 2 we introduce a generating function
approach to ISE; no previous knowledge of ISE is assumed. A connection is pointed out
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0 x6

x1

x2

x3

x4

x5

b1

b2

b3 b4

b5

FIGURE 2: The branch points b1Ò    Ò b5 and abstract skeleton for a realization of ISE containing
the sites 0Ò x1Ò    Ò x6.

between ISE and the critical exponents of statistical mechanics, which may be relevant
for the study of high-dimensional percolation models at the critical point. Section 3
contains precise statements of results showing that the scaling limit of high-dimensional
lattice trees is ISE. Proofs of these results, deferred to [10, 11], use the lace expansion to
perturb around a corresponding argument for a mean-field model. The mean-field model
and its connection with ISE is discussed in Section 4.

2. Integrated super-Brownian excursion (ISE).

2.1. ISE probability densities. ISE can be considered as an abstract continuous random
tree embedded in Rd, rooted at the origin and having total mass 1 [6]. It is designed
in such a way that if 0Ò x1Ò    Ò xm�1 are points in Rd contained in ISE then there is an
underlying tree structure with branch points b1Ò    Ò bm�2 2 Rd and Brownian motion
paths connecting the branch points and the points 0Ò x1Ò    Ò xm�1 according to an abstract
skeleton (minimal spanning subtree); see Figure 2. There are (2m�5)!! distinct “shapes”
for the skeleton. See [14, (5.96)] for a proof of this elementary fact; here N!! is defined
recursively for N = �1Ò 1Ò 3Ò 5Ò 7Ò 9Ò    by (�1)!! = 1 and N!! = N(N � 2)!!, N ½ 1. The
shapes for m = 2Ò 3Ò 4 are illustrated in Figure 3. The joint probability density function
for the skeleton shape, the durations t1Ò    Ò t2m�3 of each of the Brownian motion paths
and the positions of points and branch points is given by the explicit formula

�2m�3X
i=1

ti
�

e�(
P2m�3

i=1 ti)2Û2
2m�3Y

i=1
pti (yi)Ò(2.1)

where the yi are the vector displacements along the skeleton paths and pt(y) is the
Brownian transition function

pt(y) =
1

(2ôt)dÛ2
e�y2Û2t(2.2)

In Figure 2, the vector displacements (in Rd) along the skeleton paths are y1 = b1,
y2 = b2 � b1, y3 = x1 � b2, y4 = x2 � b2, and so on. The ordering of the labelling of
the displacements is fixed according to some convention, for each skeleton shape õ. The
density (2.1) is discussed in [4, 5, 6]; see also [24].
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FIGURE 3: The unique shapes for m = 2Ò 3 and the three shapes for m = 4, joining points
0Ò x1Ò    Ò xm�1.

The joint probability density function for the skeleton shape and the positions of the
points and branch points, with the time variables integrated out, is given by

(2.3)

A(m)(õ; y1Ò    Ò y2m�3) =
Z 1

0
dt1 Ð Ð Ð

Z 1
0

dt2m�3

�2m�3X
i=1

ti
�

e�(
P2m�3

i=1 ti)2Û2
2m�3Y

i=1
pti (yi)

The right side is independent of the shape õ and depends only on the displacements yi.
This is indeed a probability measure, because integrating over the yi’s simply removes
the product over Brownian transition functions, and the remaining integral over the ti’s
equals 1Û(2m�5)!!, the reciprocal of the number of shapes. If we leave the xi’s fixed and
integrate out the positions of the branch points and sum over all the (2m � 5)!! possible
shapes, the result is a measure P(m) on Rd(m�1). The measures P(m), for m = 2Ò 3Ò 4Ò   ,
represent the joint probability densities for ISE to contain the sites 0Ò x1Ò    Ò xm�1, and
hence form a consistent family. For example,

Z
Rd

P(3)(x1Ò x2) ddx2 =
Z 1

0
dt1

Z 1
0

dt2
Z

ddb pt1 (b)pt2 (x1 � b)

ð Z 1
0

dt3(t1 + t2 + t3)e�(t1+t2+t3)2Û2
Z

ddx2 pt3 (x2 � b)

= P(2)(x1)Ò(2.4)

as can be seen by performing the integrals from right to left, using the semi-group
property of pt(x) for the b-integral.

In the simplest case m = 2, P(2)(x) represents the probability density function for a
point chosen randomly from the distribution of ISE. Explicitly, for m = 2,

A(2)(x) = P(2)(x) = (2ô)�dÛ2
Z 1

0
t1�dÛ2e�t2Û2e�x2Û2t dt(2.5)

and

Â(2)(k) =
Z 1

0
te�t2Û2e�k2tÛ2 dtÒ(2.6)

where our convention for the Fourier transform of a function f :Rdn ! C is

f̂ (k1Ò    Ò kn) =
Z
Rdn

f (y1Ò    Ò yn)eik1Ðy1+ÐÐÐ+iknÐyn ddy1 Ð Ð Ð ddynÒ ki 2 Rd(2.7)
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The integral (2.6) can be written in terms of the parabolic cylinder function D�2 as
Â(2)(k) = ek4Û16D�2(k2Û2) [13, 3.462.1]. For general m ½ 2,

Â(m)(õ; k1Ò    Ò k2m�3)(2.8)

=
Z 1

0
dt1 Ð Ð Ð

Z 1
0

dt2m�3

�2m�3X
i=1

ti
�

e�(
P2m�3

i=1 ti)2Û2e�
P2m�3

i=1 k2
i tiÛ2

2.2. ISE and generating functions. In this section, we indicate that the family of prob-
ability distributions A(m), m = 2Ò 3Ò 4Ò    , can be encoded simply in terms of generating
functions. As an analogy, consider the generating function

Bz(k) =
1

k2 + 1 � z
Ò k 2 Rd(2.9)

Expanding in a power series, we can write Bz(k) =
P1

n=0 bn(k)zn, where bn(k) =
(1 + k2)�n�1. The generating function Bz(k) thus gives rise to the (unit-time) Brown-
ian transition function via

e�k2Û2 = lim
n!1

bn

�
k(2n)�1Û2

�
bn(0)

(2.10)

For ISE, beginning with m = 2, we define

Cz(k) =
1

k2 +
p

1 � z
(2.11)

where the square root is defined to be positive for real z Ú 1 and has branch cut [1Ò1) in
the z-plane. This definition was motivated by the considerations of Section 2.3.1 below.
Define coefficients cn(k) by

Cz(k) =
1X

n=0
cn(k)znÒ jzj Ú 1Ò(2.12)

so that

cn(k) =
1

2ôi

I
Γ

Cz(k)
dz

zn+1
(2.13)

where Γ is a small circle centred at the origin. The following lemma provides a link with
ISE.

LEMMA 1. For any k 2 Rd,

cn(kn�1Û4) ¾ 1pôn

Z 1
0

te�t2Û2e�
p

2k2t dt =
1pôn

Â(2)(23Û4k) as n !1(2.14)

In particular,

lim
n!1

cn(kn�1Û4)
cn(0)

= Â(2)(23Û4k)(2.15)
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PROOF. For k = 0, cn(0) is given by a binomial coefficient and is asymptotic to
(ôn)�1Û2, in agreement with (2.14). Suppose henceforth that k 6= 0. Beginning with
(2.13), we deform the contour of integration to the branch cut and make the change of
variables w = n(z� 1). This gives

cn(kn�1Û4) =
1p
n

1
2ôi

Z
Γ0

1
k2 +

p�w

dw
(1 + wÛn)n+1

Ò(2.16)

where the contour Γ0 runs around the branch cut [0Ò1) in the w-plane, oriented from
right to left below the cut and from left to right above the cut. Then we use

1
k2 +

p�w
=
p

2
Z 1

0
dt exp[�p2t(k2 +

p�w)](2.17)

Taking into account the correct branches of the square root on either side of the branch
cut, and applying Fubini’s theorem, gives

cn(kn�1Û4) =

p
2

ôpn

Z 1
0

dt e�
p

2k2t
Z 1

0

dw
(1 + wÛn)n+1

sin(t
p

2w)(2.18)

Since (1 + w
n )n+1 ½ 1 + (n+1)n

2 ( w
n )2 ½ 1 + w2

2 for all n ½ 1, the dominated convergence
theorem can be applied to give

cn(kn�1Û4) ¾
p

2
ôpn

Z 1
0

dt e�
p

2k2t
Z 1

0
dw e�w sin(t

p
2w)(2.19)

The desired result then follows, since
R1
0 dwe�w sin(t

p
2w) = (ôÛ2)1Û2te�t2Û2.

For any shape õ and any m ½ 3, recalling the definition of Cz(k) in (2.11), let

C(m)
z (õ; k1Ò    Ò k2m�3) =

2m�3Y
j=1

Cz(kj)(2.20)

We write the Maclaurin series of (2.20) as

C(m)
z (õ; k1Ò    Ò k2m�3) =

1X
n=0

c(m)
n (õ; k1Ò    Ò k2m�3)znÒ jzj Ú 1(2.21)

A calculation similar to that used in the proof of Lemma 1, using (2.17) for each of the
2m � 3 factors in (2.20) and a limiting argument if any kj = 0, then gives

(2.22)

c(m)
n (õ; k1n�1Û4Ò    Ò k2m�3n�1Û4) ¾ 2m�2nm�5Û2

pô Â(m)(õ; 23Û4k1Ò    Ò 23Û4k2m�3)

Since Â(m)(õ; 0Ò    Ò 0) = 1Û(2m � 5)!! is the reciprocal of the number of shapes, this
gives

lim
n!1

c(m)
n (õ; k1n�1Û4Ò    Ò k2m�3n�1Û4)P

õ c(m)
n (õ; 0Ò    Ò 0)

= Â(m)(õ; 23Û4k1Ò    Ò 23Û4k2m�3)(2.23)
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Thus the distributions A(m) arise as the scaling limits of the coefficients of the gen-
erating functions C(m)

z , m ½ 2. In particular, this essential aspect of ISE follows solely
from (2.11) and (2.20). Moreover, small perturbations of (2.11) and (2.20) will not affect
the scaling limit; see Section 4.2. In Sections 3 and 4 below, we indicate how generating
functions can be related directly to (2.1) itself, rather than to its integral (2.3).

2.3. ISE and critical exponents. This section shows that the generating function ap-
proach to ISE outlined in Section 2.2 provides a link between ISE and the critical
exponents of statistical mechanics. For lattice trees, it is the exponents ë and ç which
are relevant, while for percolation it is ë and é.

2.3.1. Lattice trees. A lattice tree containing the points 0Ò x1Ò    Ò xm�1 has a unique
skeleton (the minimal spanning subtree for 0Ò x1Ò    Ò xm�1), with m � 2 branch points
b1Ò    Ò bm�2 and 2m � 3 paths. Let y1Ò    Ò y2m�3 denote the vector displacements of
the skeleton paths, as in Figure 4, and let t(m)

n (õ; y1Ò    Ò y2m�3) denote the number of
n-bond trees having skeleton of shape õ and skeleton path displacements y1Ò    Ò y2m�3.
Equivalently, t(m)

n (õ; y1Ò    Ò y2m�3) is the number of n-bond lattice trees containing the
branch points b1Ò    Ò bm�2 and sites 0Ò x1Ò    Ò xm�1 consistent with the displacements
y1Ò    Ò y2m�3 and joined together by a skeleton of shape õ. Define

G(m)
z (õ; y1Ò    Ò y2m�3) =

1X
n=0

t(m)
n (õ; y1Ò    Ò y2m�3)zn(2.24)

It can be shown via a subadditivity argument that summing the above expression over
y1Ò    Ò y2m�3 results in a power series having a radius of convergence zc 2 (0Ò1),
independent of m. The two principal ingredients involved in the proof of convergence
of lattice trees to ISE in high dimensions are to show that the functions G(m)

z obey, to
leading order, (2.11) and (2.20).

In terms of critical exponents, the Fourier transform of the two-point function is
believed to behave asymptotically as

Ĝ(2)
zc

(k) ¾ c1

k2�ë as k ! 0Ò Ĝ(2)
z (0) ¾ c2

(1 � zÛzc)ç
as z ! zcÒ(2.25)

with the mean-field values ë = 0 and ç = 1
2 for d Ù 8. Here the Fourier transform is the

discrete one, given for f :Zd ! C by

f̂ (k) =
X

x2Zd

f (x)eikÐxÒ k 2 [�ôÒ ô]d (2.26)

For d Ù 8, the simplest possible combination of the two asymptotic relations in (2.25) is

Ĝ(2)
z (k) =

C1

D2
1k2 + 23Û2(1 � zÛzc)1Û2

+ error termÒ(2.27)

where C1 and D1 are positive constants depending on d and L, and the factor 23Û2 has
been inserted for later convenience. The error term is meant to be of lower order than

https://doi.org/10.4153/CMB-1997-003-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1997-003-8


26 E. DERBEZ AND G. SLADE

r

r

r

r

r

r

r

r

0

b1

x1

b2

b3

x2

x3

x4

FIGURE 4: A lattice tree containing the sites 0Ò x1Ò x2Ò x3Ò x4 with its corresponding skeleton and
branch points b1Ò b2Ò b3. The vector displacements along the skeleton paths are y1 = b1, y2 = x1�b1,
y3 = b2 � b1, y4 = x3 � b2, and so on. The ordering of the labelling of the displacements is fixed
according to some convention, for each skeleton shape õ.

the main term, in some suitable sense, as k ! 0 and z ! zc. The first step in the proof of
convergence to ISE is to show that (2.27) does hold in high dimensions, with a controlled
error, so that much as (2.11) leads to (2.15),

lim
n!1

t̂(2)
n (kD�1

1 n�1Û4)

t̂(2)
n (0)

= Â(2)(k)(2.28)

This can be interpreted as asserting that in the scaling limit the distribution of a site
xD1n1Û4 in an n-bond lattice tree is the distribution of a point from ISE. It was the
anticipation of this conclusion which motivated Section 2.2.

The second step in the proof of convergence to ISE involves showing that in high
dimensions there is an approximate independence of the form

Ĝ(m)
z (õ; k1Ò    Ò k2m�3) = vm�2

2m�3Y
j=1

Ĝz(kj) + error termÒ(2.29)

where v is a finite positive constant which translates the self-avoidance interactions of
lattice trees into a renormalized vertex factor. Then, with sufficient control on the error
term in (2.29), the finite-dimensional distributions can be shown to have scaling limit
Â(m)(õ; k1Ò    Ò k2m�3), just as (2.20) leads to (2.23).

We believe that the above discussion should apply also to lattice animals for d Ù 8,
yielding ISE for their scaling limit for d Ù 8 and consistent with the general belief that
lattice trees and lattice animals have the same scaling properties in all dimensions.

2.3.2. Percolation. Reasoning of the above type has led Hara and Slade to conjecture
that for d Ù 6 the scaling limit of large percolation clusters at the critical point is ISE.

https://doi.org/10.4153/CMB-1997-003-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1997-003-8


LATTICE TREES 27

The remainder of this section discusses the basis for the conjecture. Further discussion
of the scaling limit can be found in [1].

Consider independent Bernoulli bond percolation on Zd with p fixed and equal to its
critical value pc [14]. Let C(0) denote the random set of sites connected to 0, let

ú(2)
n (x) = PpcfC(0) 3 xÒ jC(0)j = ng(2.30)

denote the probability at the critical point that the origin is connected to x via a cluster
containing n sites, and let

T(2)
z (x) =

1X
n=1

ú(2)
n (x)znÒ jzj � 1(2.31)

The generating function (2.31) converges absolutely if jzj � 1. Let ú(p; 0Ò x) denote the
probability that 0 is connected to x. Then T(2)

1 (x) = ú(pc; 0Ò x) (assuming no infinite cluster
at pc). The conventional definitions [14, Section 7.1] of the critical exponents ë and é
lead to

T̂(2)
1 (k) ¾ c1

k2�ë Ò as k ! 0Ò T̂(2)
z (0) ¾ c2

(1 � z)1�1Ûé Ò as z ! 1(2.32)

Using the mean-field values ë = 0 and é = 2 above six dimensions, the simplest
combination of the above asymptotic relations for d Ù 6, analogous to (2.27), is

T̂(2)
z (k) =

C2

D2
2k2 + 23Û2(1 � z)1Û2

+ error termÒ(2.33)

for some constants C2, D2.
Proving (2.33) would provide an analogue of (2.11). With sufficient control of the

error in (2.33), contour integration with respect to z may then lead to

lim
n!1

ú̂(2)
n (kD�1

2 n�1Û4)

ú̂(2)
n (0)

= Â(2)(k)(2.34)

The above equation can be interpreted as asserting that in the scaling limit the distribution
of a site xD2n1Û4 in the cluster of the origin, conditional on the cluster being of size n, is
the distribution of a point in ISE.

The study of percolation clusters containing m ½ 3 sites is more difficult than for
lattice trees because for percolation there is not a unique skeleton nor therefore unique
branch points and corresponding displacements for a cluster containing m specified points
(the same is true for lattice animals). Nevertheless, for d Ù 6 this lack of uniqueness
should be a “local” effect whose role is unimportant in the scaling limit, and we expect
that a relation of the form

T̂(m)
z (õ; k1Ò    Ò k2m�3) = vm�2

2m�3Y
i=1

T̂(2)
z (ki) + error term(2.35)
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should hold for a suitably defined generating function T̂(m)
z (õ; k1Ò    Ò k2m�3). Such a

statement would provide a relation analogous to (2.29), and could lead to the ISE
correlation Â(m)(õ; k1Ò    Ò k2m�3) in the scaling limit. An asymptotic relation in the spirit
of (2.35) was conjectured for d Ù 6 already in [2]. There it was argued that the sum, over
sites x1Ò    Ò xm�1 in the lattice, of the probability that the cluster of the origin contains
x1Ò    Ò xm�1, should behave asymptotically as vm�2ú̂(p; 0)2m�3 in the limit p ! pc, where
v is a positive constant.

Hara and Slade are currently investigating whether the method of [11] can be combined
with the method of [15] to prove the conjecture. The methods of [29, 30] could possibly
serve as a starting point to study related questions for oriented percolation.

3. Lattice trees in high dimensions. In this section, we state precise results for the
scaling limit of high-dimensional lattice trees. We begin by introducing some notation
and recalling some previous results.

Let t(1)
n denote the number of n-bond lattice trees containing the origin, with t(1)

0 = 1.
By a subadditivity argument [23], the limit z�1

c = limn!1(t(1)
n )1Ûn exists and is positive

and finite. For m ½ 2, let t(m)
n (õ; y̨Ò s̨) be the number of n-bond lattice trees with skeleton

shape õ and skeleton displacements y1Ò    Ò y2m�3 as in Figure 4, with the skeleton path
corresponding to yi consisting of si steps (i = 1Ò    Ò 2m � 3). We also define

t(m)
n (õ; y̨) =

X
s̨

t(m)
n (õ; y̨Ò s̨)Ò(3.1)

t(m)
n (̨y) =

X
õ

t(m)
n (õ; y̨)(3.2)

We will make use of Fourier transforms with respect to the y̨ variables, for example,

t̂(m)
n (õ; k̨) =

X
y̨

t(m)
n (õ; y̨)ei(k1Ðy1+ÐÐÐ+k2m�3Ðy2m�3)Ò ki 2 [�ôÒ ô]d (3.3)

Note that for m ½ 2,

t̂(m)
n (̨0) =

X
õ

X
y̨

t(m)
n (õ; y̨) = (n + 1)m�1t(1)

n (3.4)

To see this, perform the sums over õ and y̨ by first fixing the values of x1Ò    Ò xm�1

and then summing over all shapes and branch points compatible with x1Ò    Ò xm�1 as in
Figure 4. This leaves the sum over x1Ò    Ò xm�1 of the number of n-bond lattice trees
containing the origin and x1Ò    Ò xm�1. Then (3.4) follows from the fact that an n-bond
lattice tree contains n + 1 sites.

In [16, 18], some critical exponents for lattice trees were proven to exist and to assume
their mean-field values when d Ù 8. More precisely, the results were obtained for the
nearest-neighbour model when d ½ d0 for some undetermined dimension d0 Ù 8, and
for spread-out trees when d Ù 8 and L is sufficiently large depending on d. We will refer
to either of these restrictions on the dimension and L as the “high-dimension condition.”
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In particular, it was shown in [18] that under the high-dimension condition there is a
positive constant A (depending on d and L) such that

t(1)
n ¾ Az�n

c n�3Û2Ò as n !1(3.5)

In terms of the critical exponent í occurring in the conjectured relation t(1)
n ¾ Az�n

c n1�í,
this says that í = 5

2 under the high-dimension condition. The bounds c1n�c2 log nz�n
c �

t(1)
n � c3n1Ûdz�n

c , proved respectively in [21] and [26] and believed not to be sharp, are the
best general bounds known at present for t(1)

n . The critical exponentí is formally related to
the exponent ç, discussed in Section 2.3.1 and defined by Ĝ(2)

z (0) ¾ const (1 � zÛzc)�ç

as z ! zc, by í = 3 � ç. It had been proved earlier, in [16], that ç = 1
2 under the

high-dimension condition. With (3.5), (3.4) gives

t̂(m)
n (̨0) ¾ Az�n

c nm�5Û2(3.6)

Another critical exponent involves Rn, the average radius of gyration of n-bond trees.
The squared average radius of gyration is defined by

R2
n =

1

t(1)
n

X
T:jTj=nÒT30

R(T)2Ò(3.7)

where

R(T)2 =
1

jTj + 1

X
x2T

jx � x̄Tj2(3.8)

is the squared radius of gyration of T. Here we write jTj to denote the number of bonds
in a lattice tree T, x̄T = (jTj + 1)�1 P

x2T x to denote the centre of mass of T (considered
as a set of unit masses at the sites of T), and we say that x 2 T if x is an element of a
bond in T. Equivalently,

R2
n =

1

2t̂(2)
n (0)

X
x
jxj2t(2)

n (x)(3.9)

It is believed that there is a critical exponent ó such that Rn ¾ Dnó as n ! 1, but very
little has been proved rigorously about this in general dimensions.

Under the high-dimension condition, it is proved in [18] that

Rn ¾ Dn1Û4Ò(3.10)

so that ó = 1
4 . The amplitude D of (3.10) is a positive constant which depends on d,

and for the spread-out model, also on L. Asymptotically, for fixed d, D behaves like a
multiple of L as L !1. For later use, we define

D1 = 23Û4d�1Û2ô�1Û4D(3.11)

The fact that ó = 1
4 under the high-dimension condition can be interpreted as saying that

the mass n of a tree grows on average like the fourth power of its radius, suggesting a
4-dimensional nature for lattice trees in high dimensions. This compares well with the
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fact that ISE has Hausdorff dimension 4 [9, Theorem 4.9], and also permits the upper
critical dimension 8 to be interpreted as the dimension above which two 4-dimensional
objects generically do not intersect.

Define

p(m)
n (õ; y̨) =

t(m)
n (õ; y̨)

t̂(m)
n (̨0)

Ò(3.12)

which is the probability that an n-bond lattice tree containing the origin has a skeleton of
shape õ mediating displacements y1Ò    Ò y2m�3. The following theorem [10, 11] shows
that this distribution has the corresponding ISE distribution as its scaling limit, under the
high-dimension condition.

THEOREM 1. Let m ½ 2 and ki 2 Rd (i = 1Ò    Ò 2m�3). For nearest-neighbour trees
in sufficiently high dimensions d ½ d0, and for sufficiently spread-out trees above eight
dimensions,

lim
n!1 p̂(m)

n (õ; k̨D�1
1 n�1Û4) = Â(m)(õ; k̨)Ò

where D1 is given by (3.11).

For a more refined statement than Theorem 1, we wish to see the integrand

â(m)(õ; k̨ Ǫ̀ t) �
�2m�3X

i=1
ti
�

e�(
P2m�3

i=1 ti)2Û2e�
P2m�3

i=1 k2
i tiÛ2(3.13)

of the integral representation (2.8) of Â(m)(õ; k̨) as corresponding to Brownian motion
paths arising from the scaling limit of the skeleton. For this, we denote by

p(m)
n (õ; y̨Ò s̨) =

t(m)
n (õ; y̨Ò s̨)

t̂(m)
n (̨0)

(3.14)

the probability that an n-bond lattice tree containing the origin has a skeleton of
shape õ mediating displacements y1Ò    Ò y2m�3 with skeleton paths of respective lengths
s1Ò    Ò s2m�3. The following theorem [11] shows that, for m = 2Ò 3, the skeleton paths
converge to Brownian motions, with the weight factor appearing in (3.13).

THEOREM 2. Let m = 2 or m = 3, ki 2 Rd and ti 2 [0Ò1) (i = 1Ò    Ò 2m � 3).
For nearest-neighbour trees in sufficiently high dimensions d ½ d0, and for sufficiently
spread-out trees above eight dimensions, there is a constant T1 depending on d and L
such that

lim
n!1(T1n1Û2)2m�3p̂(m)

n (õ; k̨D�1
1 n�1Û4Ǫ̀ tT1n1Û2) = â(m)(õ; k̨ Ǫ̀ t)(3.15)

(As an argument of p̂(m)
n , tiT1n1Û2 is to be interpreted as its integer part btiT1n1Û2c.)

We believe that Theorem 2 is valid for also for m ½ 4, but we encounter technical
difficulties in attempting a proof. It would be of interest to extend Theorem 2 to general
m, and also to investigate tightness with the aim of obtaining a stronger statement of
convergence to ISE.
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The factor (T1n1Û2)2m�3 on the left side of (3.15) has a natural interpretation. In fact,
writing ti = siÛ(T1n1Û2) in the right side of (3.15), and then multiplying by (T1n1Û2)�(2m�3)

and summing over the si, gives a Riemann sum approximation to (2.8). Theorem 2
indicates that skeleton paths with length of order

p
n are typical, and that the skeleton

paths converge to Brownian motion paths in the scaling limit.
The proofs of Theorems 1 and 2 are given in [10, 11]. The proofs use generating

functions and contour integration, with the generating functions controlled using the lace
expansion. To define the generating functions, we begin with m = 1 and define

g(z) =
1X

n=0
t(1)
n zn =

X
T:T30

zjTj(3.16)

For m ½ 2, let

G(m)
z (õ; y̨) =

1X
n=0

t(m)
n (õ; y̨)zn(3.17)

The series in (3.17) and (3.16) converge if jzj Ú zc. When the high-dimension condition
is satisfied, it was shown in [16] that g(zc) Ú 1.

For m = 2, there is only one shape, and the two-point function G(2)
z (x) is the generating

function for lattice trees containing the sites 0 and x. A lattice tree T containing these
two sites contains a unique self-avoiding walk ° connecting them (the skeleton), and
removing the bonds of ° from T leaves behind trees R0ÒR1Ò    ÒRj°j attached along the
skeleton sites, with the restriction that as sets of sites Ri \ Rj = ; if i 6= j. Explicitly,

G(2)
z (x) =

X
°:0!x

zj°j
j°jY
i=0

X
Ri :Ri3°(i)

zjRijI[Rj \ Rk = ; if j 6= k]Ò(3.18)

where the sum is over self-avoiding walks ° from 0 to x (spread-out or nearest-neighbour
as appropriate) and j°j denotes the number of steps of °. There is a differential equation
relating Ĝ(2)

z (0) and gz, since by (3.4)

Ĝ(2)
z (0) =

1X
n=0

t̂(2)
n (0)zn =

1X
n=0

(n + 1)t(1)
n zn =

d
dz

�
zg(z)

�(3.19)

The lace expansion was used in [16] to show, under the high-dimension condition,
that

Ĝ(2)
z (k) =

gz + Π̂z(k)

1 � zΩD̂(k)
�
gz + Π̂z(k)

� Ò(3.20)

where Ω is the number of bonds emanating from the origin (2d for the nearest-neighbour
model and (2L + 1)d � 1 for the spread-out model), and

D̂(k) =
1
Ω
X
x2Ω

eikÐx(3.21)
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(letting Ω denote also the set of sites which together with the origin form a bond).
The function Π̂z(k) is complicated but explicit and is well-understood under the high-
dimension condition, where it can be regarded as a small perturbation of g(z). It can be
shown [10, 11] that under the high dimension condition

Ĝ(2)
z (k) =

C1

D2
1k2 + 23Û2

q
1 � zÛzc

+ error termÒ(3.22)

with appropriate control on the error term. This shows that the critical exponent ë takes
on its mean-field value ë = 0. The bounds on the error term are sufficient that, using
Lemma 1, and [19, Lemma 3.3] or [27, Lemma 6.3.3] for the error term, the result of
Theorem 1 for the two-point function can be concluded. For the m-point function, the
basic step involves showing that

Ĝ(m)
z (õ; k1Ò    Ò k2m�3) = vm�2

2m�3Y
j=1

Ĝ(2)
z (kj) + error termÒ(3.23)

with v a positive constant. With sufficient control on the error term in (3.23), this is
enough to prove Theorem 1.

To prove Theorem 2, more refined generating functions are used. For the two-point
function, this involves the insertion of a factor êj°j on the right side of (3.18), where ê is
a complex fugacity (in the unit disk) for the length of the skeleton. This modifies (3.20)
to

Ĝ(2)
zÒê (k) =

gz + Π̂zÒê(k)

1 � êzΩD̂(k)
�
gz + Π̂zÒê(k)

� Ò(3.24)

where now the interaction term Π̂zÒê(k) depends also on ê. It is shown in [11] that

Ĝ(2)
zÒê (k) =

C1

D2
1k2 + 23Û2

q
1 � zÛzc + 2T1(1 � ê) + error termÒ(3.25)

with appropriate control on the error term. This permits us to perform a contour integra-
tion in the ê-plane to extract the coefficient of ês, corresponding to trees with an s-step
skeleton, and then perform a contour integration in the z-plane to extract the coefficient
of zn, corresponding to n-bond trees with an s-step skeleton. This aspect is discussed in
more detail in Section 4.2, in the context of the mean-field model. The situation is similar
for the three-point function, using also a ê-dependent analogue of (3.23).

4. Mean-field theory. The proofs of Theorems 1 and 2 can be interpreted as per-
turbations of corresponding calculations for a mean-field theory. This section sketches
the main ideas of an analysis of the mean-field theory, valid in all dimensions, which
serves as a basis for the proofs of Theorems 1 and 2 in [10, 11]. The mean-field model
studied here can be regarded as a model of non-self-interacting lattice trees with no
self-avoidance constraint, and is closely related to the model studied in [7]. Its scaling
limit is ISE in all dimensions. For convenience, we will consider throughout this section
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the case where z is a site fugacity rather than a bond fugacity, which has the effect of
replacing factors zjTj by zjTj+1, for example in (3.16). This is not a substantive change.
We also restrict attention to the nearest-neighbour model. At the end of this section, we
make some remarks of a combinatorial nature.

4.1. Definition. Switching to a site fugacity, if we remove the indicator function con-

taining the interaction in the two-point function (3.18), we obtain
P
°:0!x

�
g(z)

�j°j+1
. This

prompts us to define the two-point function of the mean-field theory by

F(2)
z (x) =

X
°:0!x

�
f (z)

�j°j+1Ò(4.1)

where the function f (z), specified below, can be regarded as the generating function for
mean-field trees containing the origin. The sum in (4.1) is taken over simple random
walks, and by analogy with (3.19) (taking into account the switch to site fugacity), f (z)
is required to satisfy the differential equation

F̂(2)
z (0) = z

df (z)
dz

(4.2)

We demand, by analogy with (3.16), that f (z) ¾ z as z ! 0. In the next paragraph, we
show that this uniquely defines f (z) and hence F̂(2)

z (k). For the m-point function of the
mean-field model, we define

F̂(m)
z (õ; k1Ò    Ò k2m�3) =

2m�3Y
i=1

F̂(2)
z (ki)Ò(4.3)

an exact analogue of (2.20). This definition of the m-point function as a product of 2-point
functions is consistent with a lack of self-interaction for the mean-field model.

Taking the Fourier transform of (4.1) gives

F̂(2)
z (k) =

f (z)

1 � 2df (z)D̂(k)
Ò(4.4)

where, as in (3.21), D̂(k) = d�1 Pd
j=1 cos k(j). Combining (4.2) and (4.4) gives

f (z)
1 � 2df (z)

= z
df (z)

dz
(4.5)

Let z0 be defined by 2df (z0) = 1. Solving the separable equation (4.5) gives

f (z)e�2df (z) =
z

2dez0
(4.6)

Comparing the asymptotic behaviour of both sides as z ! 0, using f (z) ¾ z, gives
z0 = 1Û(2de) and hence

f (z)e�2df (z) = z(4.7)
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4.2. Analysis. This section sketches proofs of analogues of Theorems 1 and 2 for the
mean-field model.

By (4.7), f can be written as f (z) = �(2d)�1W(�2dz), where W is the principal branch
of the Lambert W function, defined by W(w)eW(w) = w. The principal branch of W(w)
is analytic on the w-plane with branch cut (�1Ò�e�1], corresponding to a branch cut
[z0Ò1) for f (z). Properties of f can be derived from known properties of the Lambert
function, or derived directly from (4.7). In particular, f has a square root singularity at
z0, and

f (z) = f (z0)� 1

d
p

2
(1 � zÛz0)1Û2 + O(j1 � zÛz0j)Ò(4.8)

with the absolute value of the error term bounded by a constant multiple of j1 � zÛz0j
uniformly in the cut plane. Using also the fact that D̂(k) = 1 � (2d)�1k2 + O(k4), this
gives

F̂(2)
z (k) =

1 + E1

k2 + d23Û2
q

1 � zÛz0 + E2
Ò(4.9)

where E1 = �p2(1 � zÛz0)1Û2 + O(j1 � zÛz0j) and E2 = O(k4) + O(k2j1 � zÛz0j1Û2) +
O(j1 � zÛz0j). Writing F̂(m)

z (k) =
P1

n=0 û̂(m)
n (k)zn, the asymptotic form of the coefficient

û̂(2)
n (kn�1Û4) can then be obtained using contour integration as in the proof of Lemma 1.

The result is

û̂(2)
n (d1Û2kn�1Û4) ¾ 1

2d
p

2nô
1
zn

0

Â(2)(k)Ò(4.10)

and hence, as in Theorem 1,

lim
n!1

û̂(2)
n (d1Û2kn�1Û4)

û̂(2)
n (0)

= Â(2)(k)(4.11)

For the general m-point function, the procedure is similar. By (4.3) and (4.9), F̂(m)
z (õ; k̨)

is approximately equal to

2m�3Y
i=1

1

k2
i + d23Û2

q
1 � zÛz0

(4.12)

As in (2.22), this leads to

û̂(m)
n (õ; d1Û2 k̨n�1Û4) ¾ nm�5Û2

(2d)2m�3
p

2ô
1
zn

0

Â(m)(õ; k̨) as n !1(4.13)

Since Â(m)(õ; 0̨) = 1Û(2m � 5)!! is the reciprocal of the number of shapes, this gives a
mean-field version of Theorem 1:

lim
n!1

û̂(m)
n (õ; d1Û2 k̨n�1Û4)P

õ û̂(m)
n (õ; 0̨)

= Â(m)(õ; k̨)(4.14)
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To study the scaling behaviour of the skeleton, we introduce fugacities êi (jêij � 1)
for the bonds in the skeleton paths. For the two-point function, we define

F(2)
zÒê (x) =

X
°:0!x

�
f (z)

�j°j+1êj°jÒ(4.15)

so that

F̂(2)
zÒê (k) =

f (z)

1 � 2dêf (z)D̂(k)
(4.16)

Define, for jêij � 1 and jzj Ú z0,

F̂(m)

zǪ̀ê (õ; k̨) =
2m�3Y

i=1
F̂(2)

zÒêi (ki) =
1X

n=0

X
s̨

û̂(m)
n (õ; k̨Ò s̨)ês1

1 Ð Ð Ð ês2m�3
2m�3znÒ(4.17)

where the last equality defines û̂(m)
n (õ; k̨Ò s̨). To prove a mean-field version of Theorem 2,

for all m ½ 2, we wish to argue that

lim
n!1 nm�3Û2 û̂(m)

n (õ; d1Û2 k̨n�1Û4Ǫ̀ tpn)P
õ û̂(m)

n (õ; 0̨)
= â(m)(õ; k̨ Ǫ̀ t)(4.18)

Since the right side of (4.16) is the sum of a geometric series (in ê),
1X

n=0
û̂(m)

n (õ; k̨Ò s̨)zn =
2m�3Y

i=1

h�
2dD̂(ki)

�si
�
f (z)

�si+1iÒ(4.19)

and thus

û̂(m)
n (õ; k̨Ò s̨) =

�2m�3Y
i=1

D̂(ki)
si

� 1
(2d)2m�3

1
2ôi

I
Γ

�
2df (z)

�P2m�3
i=1 (si+1) dz

zn+1
(4.20)

where Γ is a small circle centred at the origin. Writing si = ti
p

n and replacing ki by
d1Û2kin�1Û4, the Gaussian factor emerges in the limit n !1 from

(4.21)
2m�3Y

i=1
D̂(d1Û2kin

�1Û4)ti
p

n =
2m�3Y

i=1

 
1 � k2

i

2
p

n
+ O

�k4
i

n

�!ti
p

n

! e�
P2m�3

i=1 k2
i tiÛ2

Letting t =
P

i ti and M = 2m � 3, it remains to determine the asymptotic form of the
integral

1
2ôi

I
Γ

�
2df (z)

�t
p

n+M dz
zn+1

(4.22)

This can be done by deforming the contour to the branch cut [z0Ò1), making the change
of variables w = n(zÛz0 � 1), using the fact that f (z) has a square root singularity at z0

by (4.8), and finally applying the dominated convergence theorem, with the result

1
nzn

0

1
ô
Z 1

0
e�w sin(t

p
2w) dw =

1
nzn

0

1p
2ô te�t2Û2(4.23)
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The fact that (4.22) is asymptotic to (4.23) is a special case of a more general fact;
see [28, (4.2)], with, in their notation, ã = 0 and ï = t. Combining (4.20)–(4.23), and
recalling from (4.13) that

X
õ
û̂(m)

n (õ; 0̨) ¾ nm�5Û2

(2d)2m�3
p

2ô
1
zn

0

Ò(4.24)

gives the desired result (4.18) that for the mean-field model typical skeletons have path
lengths proportional to

p
n, and have a Brownian scaling limit with the ISE weight factor

te�t2Û2.

4.3. Combinatorics. We close with some considerations of a combinatorial nature,
relating the analysis of the mean-field model to the scaling limit of lattice embeddings
of abstract trees.

The Taylor series at the origin of the Lambert function is W(w) =
P1

n=1
(�n)n�1

n! wn, and
hence

f (z) = � 1
2d

W(�2dz) =
1X

n=1

(2dn)n�1

n!
zn(4.25)

The function f (z) is thus essentially the exponential generating function of rooted labelled
trees [20, (1.7.6)], and we would like to argue that the analysis of the mean-field model
captures an essential feature relevant to the scaling limit of embeddings of abstract trees
into the lattice.

This claim is based on the fact that the coefficient of zn in (4.25) is given asymptotically
by

(2dn)n�1

n!
¾ ep

2ô (2de)n�1 1

n3Û2
(4.26)

The power law n�3Û2 corresponds to the square root singularity of f (z), which in turn led
to (4.9) and hence to ISE. In terms of critical exponents, the power law n�3Û2 corresponds
to the critical exponent value í = 5

2 , which in turn corresponds to ç = 1
2 . This reiterates

the theme of Section 2.3, relating critical exponents and ISE.
Lattice embeddings of abstract trees typically also give rise to this power law n�3Û2.

For example, the number of rooted unlabelled trees with n vertices is given [20, (9.5.29)]
asymptotically by c1cn

2n�3Û2, where c1 and c2 are positive constants. Since each edge
of an abstract tree can be embedded in 2d ways, the number of lattice embeddings is
therefore asymptotic to

c1(2d)n�1cn
2

1

n3Û2
(4.27)

As another example of lattice embeddings of abstract trees that gives rise to the power
law n�3Û2, consider the number of embeddings of planted planar trees with 2n vertices,
each of degree 1 or 3 (these trees are discussed in [12, Section 2.7.2]). The number of
such trees is given by the Catalan number (n + 1)�1

�
2n
n

�
, and hence the number of lattice

embeddings is asymptotic to

1pô22n(2d)2n�1 1

n3Û2
(4.28)
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The difference in the rates of exponential growth of (4.26), (4.27) and (4.28) serves
only to give different values of the critical point z0 and does not play an important role.
However, the common power law n�3Û2, which is well-known to combinatorialists [28],
corresponds to the square-root nature of the singularity of f (z) which plays an essential
role in the identification of the limit as ISE.
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