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AUTOMORPHISM GROUPS OF ORTHOMODULAR LATTICES

GUDRUN KALMBACH

Every group is the automorphism group of an orthomodular la t t ice .

In this note we prove that every group is the automorphism group of

some orthomodular la t t ice . The proof makes use of the following results:

Birkhoff's construction of a lattice with a given group as i ts automorphism

group [4]; the embedding of a latt ice £ in an orthomodular lat t ice

generated by the chains in L [6]; the existence of Boolean algebras with

tr ivial automorphism groups [7] and the pasting of orthomodular lattices at

atoms [5]. The case of finite groups was solved in [ I I ] , i t is an easy

application of results in [10]. For basic facts about orthomodular

lattices the reader is referred to [5].

Let G be a group provided with a ordinal-type well ordering < such

that the unit e t G is the smallest element. The latt ice L consists of

the elements of the following disjoint sets: {o}, {l}, G, G x G and the

set U of two-element subsets {a;, y] of G . The order structure 5 on

L has 0 as the smallest, 1 as the largest element and G as i ts set

of atoms. Furthermore we define

( i ) x, y < {x, y] € U for x, y € G ,

( i i ) (x, y) 5 (u, v) i f x = u and y 5 v for

(x, y), (u, v) € G x G ,

( i i i ) x ± (y, z) i f x~ y < z for x € G , (y, z) € G x c 5
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and

( i v ) {x, y) < ( x , z) for {x, « / } € £ / , ( x , z) € G x G i f

t/ £ ( x , s ) .

The maximal chains in L a re of the form

0 < x < ( x , e) < . . . < (x , a) < . . . < 1

or

0 < x < {x, y] < {x,bQ) < . . . < (x, a) < . . . < 1

or

0 < x < {x, y] < [y, oQ) < . . . < {y, d) < . . . < 1

where b respectively a are the smallest elements in G with

y x 5 b respectively x y 2 a . Observe that the only non-trivial

joins and meets in L are x V y = {x, y] = (x, b ) A [y, a ) .

The automorphisms g of L are given by

2(0) = 0 , g[l) = 1 , g(x) = 2>x ,

#(x, y) = (ix, zy) , #({x, y}) = {bx, fey}

for a fixed element b d G ([4], pp. t+U—1+T) • Therefore G is isomorphic

to the automorphism group of L .

The lattice L generates an orthomodular lattice M as follows (for

details see [6]): let [C.).,T by the set of finite chains in L

containing 0 , 1 and define D. . = C. n C. . Every C. generates a

Boolean algebra B. . In the union M = U B. the elements of S. and

B . which are generated by the common subchain D. . are identified. M is
3 '•J

an orthomodular lattice with the ' and 5 structure induced by the 5. .
2-

The atoms of M are the elements of G , of ff = {{x, y} A x ' | I , j f C) ,

of P = | (x, i>Q) A {x, j / } ' | {x, y] € y, bQ minimal with y~Xx < bQ\ and of

5 = {(x, a) A (x , a) ' | x € G, e covers a} .

An automorphism of M maps atoms onto atoms. Therefore we now extend

M t o an orthomodular l a t t i c e N with the same se t of atoms by past ing

https://doi.org/10.1017/S0004972700021560 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700021560


Automorph ism groups o f o r t h o m o d u l a r l a t t i c e s 311

sui table automorphism-free Boolean algebras at the atoms of M - L in such

a manner tha t N has the (uniquely) extended automorphisms of L as i t s

automorphisms. Let B be a Boolean algebra of power 2^T (T an

ordinal) with Aut[B ) = 1 [7 ] . Then B has at most one atom. We can

assume tha t i t has exactly one atom since i f i t has no atom then 2 x B

has one atom and Aut(2 x B_] = 1 .

LEMMA. If a £ C is an atom of the orthomodular lattice C and D

is obtained from the disjoint union of C and B by identifying the two

zero elements, the two unit elements, the atom a € C with the atom

b € B and the element a' € C with b' € 5 then D with the ' and

5 structure induced by C and B is an orthomodular lattice.

This i s a special case of Greechie's paste job ( [ 5 ] , pp. U2—UU). We

assume now that \G\ i s i n f i n i t e . Then a l l blocks (maximal Boolean

subalgebras) of M have the same cardinal i ty m . Choose the ordinal

number T\ such tha t 2*n > m . To every atom in H respect ively P we

paste one copy of B respectively B + . . Enumerate the elements of the

well-ordered chain G by

« = V 2 < V 3 < ••• < a o < ••• •

At every atom (x, a ) f\ (x, a A ' € Q (if it exists for o ) we paste

one copy of B • The lemma assures that the pasting N of M with all

these Boolean algebras is an orthomodular lattice.

If an atom p of N is mapped by an automorphism of N to an atom

q € N then the blocks containing p are mapped onto the blocks containing

q . For different o. , O? , S is not isomorphic to B and B is,

for a, > n , also not isomorphic to some block in M by cardinality

reasons. Hence an automorphism of N can only map atoms of L onto atoms

of L , atoms of H respectively P onto atoms of H respectively P

and in Q only the atoms of the form (x, a ) A (x, a . ) ' and

{y, a ) A (i/, a . ] ' can be mapped onto one another. Every automorphism
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of L therefore extends uniquely to an automorphism of N and N has no

other automorphisms which shows that Aut(ff) is isomorphic to G .
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