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SINGULARITIES AND HIGHER TORSION
IN SYMPLECTIC COBORDISM

BORIS I. BOTVINNIK AND STANLEY O. KOCHMAN

ABSTRACT. In this paper we construct higher two-torsion elements of all orders in
the symplectic cobordism ring. We begin by constructing higher torsion elements in the
symplectic cobordismring with singularities using a geometric approachto the Adams-
Novikov spectral sequence in terms of cobordism with singularities. Then we show
how these elements determine particular elements of higher torsion in the symplectic
cobordismring.

1. Introduction. The symplectic cobordism ring MSp, is the homotopy of the Thom
spectrum MSp and classifies up to cobordism the ring of smooth manifolds with an Sp-
structure on their stable normal bundles. Although MSp, only has two-torsion, its ring
structure is far more complicated than any of the other cobordism rings MG, for the
classical Lie groups G = O, SO, Spin, U, SU which have been completely computed.
Over the past thirty years, these cobordism rings MG, have had a major impact on
differential topology and homotopy theory. On the other hand, if the complexity of the
ring MSp, were understood, then symplectic cobordism theory MSp*(-) would have the
potential to become a powerful tool in algebraic topology.

The symplectic cobordism ring MSp, is still far from being computed and understood
despite much research on the subject over the past twenty years. It seems beyond present
methods to completely compute MSp, in the near future. Nevertheless, we can try to
determine some general structural properties of this ring. The most striking example of
such a result is the application of the Nilpotence Theorem [5] to MSp, which says that
all of its torsion elements are nilpotent. Another basic structural question is:

(1) Do there exist elements of order 2X in the ring MSp, for all k > 1?

Note that the corresponding structural property is well-known for all other classical
cobordismrings as well as for framed cobordism, the stable homotopy groups of spheres.
This paper gives an affirmative answer to (1).

We begin by describing the background of our research. In the torsion of MSp, there
are the fundamental Ray elements [13]: ¢9 = n € MSp,; which comes from framed
cobordism, and ¢; € MSpg;_3 for i > 1. These are nonzero indecomposable elements
of order two, and all torsion elements of MSp, can be constructed from these Ray
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elements by using Toda brackets. These ¢; determine basic patterns in all approaches to
understanding the structure of symplectic cobordism. In particular, projections of these
elements to the Adams and Adams-Novikov spectral sequences for MSp have had a
major impact on the description of their structure.

The approach based on the Adams spectral sequence (ASS) E;* = MSp, was devel-
oped in North America. Computations through the 29 stem were made by D. Segal [14]
in 1970. Subsequently the second author in [6], [7], [8] computed the E, and E3-terms,
showed that the spectral sequence does not collapse, computed the image of MSp, in
", found elements of order four beginning in degree 111 and computed the first 100
stems.

The other approach based on the Adams-Novikov spectral sequence (ANSS)
E;* = MSp, was developed in the former Soviet Union. In particular, V. Vershinin [ 16]
computed the ANSS through the 52 stem and showed that the first element of order four
in MSp, occurs in degree 103 (unpublished).

It became apparent from both approaches that if there was torsion of order greater
than four in MSp, then it would occur in such a high degree that it would not be
reasonable to try to discover it through stem by stem computations. In addition, there
were no candidates for elements in E; of either the ASS or ANSS which might represent
elements of higher torsion. (The only such family of candidates in the ASS was shown
in [7] to be the image of higher differentials.) The determination of elements of higher
torsion required new geometric ideas.

V. Vershinin’s paper [17] provided new perspectives for viewing the symplectic
cobordism ring. He constructed a sequence

MSp, — MSp}' — MSp}* — - -+ — MSp" — - — MSp?

of cobordism rings MSp™ of symplectic manifolds with singularities which starts with
the ring MSp, and ends with MSpZ, a polynomial ring over the integers. In the two-local
category, the spectrum MSp” splits as a wedge of suspensions of the spectrum BP. Here
X=(P1,...,Py,..)and X, = (Py,..., P,) are sequences of closed Sp-manifolds which
represent the Ray elements [P} ] = n and [P;] = ¢, fori > 2. This led to the description
of the Adams-Novikov spectral sequences for the spectra MSp™ in terms of cobordism
with singularities [2], and, in particular, to a precise formula for the Adams-Novikov
differential d; that reduces the computation of the E,-term to elementary algebraic
manipulations.

The opportunity that we have had to work together at York University has led to the
understanding that the geometry of manifolds with singularities can be used to uncover
the deep interaction between the Adams and Adams-Novikov spectral sequences for
MSp thereby constructing torsion elements of all orders 2% in MSp, .

First we construct higher torsion elements in MSp;" for n > 3. The keys to this
construction are that the cobordism ring MSp>" has new elements w. . . ., w, that have
the same degrees and behavior as the elements v;,...,v, € BP, and that the Toda
brackets (¢;, wy, ¢;) are defined for k < n. In Section 5, we prove the following theorem.
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THEOREM A. For eachn > 3 and n < iy < --- < I, there exist indecomposable

elements T,(iy, ..., i) € MSpf; L1 With the following properties:
(i) (i) = ¢2i|*2y'
(”) Tn(ils sy l?) S <¢21.r25 Wn—1, Tn(ila ey is—l)>;
(iii) Tu(i1, . . ., is) has order at least 21*V/2) for s > 1.

Using Bockstein long exact sequences we deduce Theorem B which gives a positive
answer to question (1).

THEOREM B. For each k > 1 there exist elements of order 2% in the symplectic
cobordism ring MSp,_.

Theorem B does not give a particular way to construct higher torsion elements
in MSp,. The remainder of this paper is devoted to the construction of elements
a(iy, ..., is) € MSp, from the elements 73(iy, ..., i) € MSpf% Consider the diagram

below
3

MspR 2 MspE L Msp s Msp,
’\7r
MSp,

We define the elements o'(iy, . . ., is) = B2 (B3 (7'3(1'1 ey is))) inthering MSpf’ . Then we

construct elements a(iy, . . ., iy) € MSpy,,; such that Tr(a(il, ceey is)) and 2'(iy, . . ., dy)
in MSpZ' project to the same element of E“;’A*” (MSp*) in the Adams-Novikov spectral
sequence. Finally we prove that the o(iy, . . ., i5) € MSpy,,; are elements of higher order
in MSp, .

THEOREM C. The element a(iy, .. .,is) € MSp,,,, has order at least 2\¢*D/21=3 for
s>Tand3 <i) < -+ <l

We describe the contents of this paper in more detail. In Section 2, we summarize the
basic facts about the spectra MSp™ which we will be using. In Section 3, we give the
definition and basic properties of three-fold Toda brackets of manifolds with singularities.
These Toda brackets will be used to inductively define the elements we construct. In
Section 4, we study the Adams-Novikov spectral sequence for the MSp™. The key
technical and conceptual fact we use is that the Adams-Novikov spectral sequence for
the spectrum MSp, coincides with the Z-singularities spectral sequence which is defined
in terms of cobordism with singularities [2]. The Z-singularities spectral sequence gives
us a specific resolution 4 (n) for computing E; of the ANSS for MSp*. In particular,
we identify torsion elements t,(i) of all orders 2% in the first line of the ANSS

E;.* - Extl*

o (BP*(MSp™), BP*).

Let i = (i1,...,i). In Section 5, we use Toda brackets to construct elements 7,(i) in
MSpf" and prove Theorems A and B. In particular, the element 7,,(i) has order at least
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2[6+1)/2] because it projects in the Adams-Novikov spectral sequence to the infinite cycle
t,(1) that has order 2(+1/2l jp E;‘*(Msz”). In Section 6, we study the elements

(i) = B3(r3(1)) EMSpP,; and  a'(i) = B2(V(D)) € MSpy,,

and identify their projections to the third line of the ANSS. In Section 7, we prove
Theorem C by projecting the elements «/(iy, . . ., i) to the third line E;'*(Msz') of the
ANSS. We use chromatic arguments to compute the order of these projections in E”,
and we show that they can not be killed by d;-differentials.

In the paper [3], we show that the elements 73(1) € MSp’,‘:3 constructed here lift
to elements 7[i] € MSp> where MSp?" is the cobordism ring with singularities £, =
(Pa,...,P,). We prove that the resulting elements a[i] = fv’_g (Bz(t[i])) € MSp, have
order at least 216+1/21=2 " an improvement upon Theorem C. The paper [3] concludes
with four conjectures on likely generalizations of our results.

All groups, rings and spectra are two-local throughout this paper.

The first author would like to thank the topology community at M.L.T. for their warm
hospitality during his visit in the spring term of 1991 as well as the Department of
Mathematics and Statistics at York University for their kind support and hospitality. In
addition he would like to thank Haynes Miller for important discussions on the basic
ideas of this paper.

2. Symplectic cobordism with singularities. In this section we collect basic con-
structions and theorems concerning the spectra MSpf, MSp," and MSp;" of symplectic
cobordism with singularities. In particular, we determine formulas for computing the
Bockstein operators which will be used in Sections 4 and 7 to make computations in the
ANSS for MSp*.

LetX=(Py,..., Py ...) beasequence of closed Sp-manifolds representing the Ray
elements such that [P,] = 7 and [P;] = ¢, for i > 2. Let X, denote the sequence
(Py,...,P,) forn > 1, and let ﬁl,, denote the sequence (P»,...,P,) for n > 2. The
bordism theory Aof Sp-manifolds with Z-, Z,-, )i,,-singularities is denoted by MSpf('),
MSpZ(-), MSp2(+), respectively. By [2], [17], [18] the theories MSpZ"(-), MSpZ"(-)
have admissible product structures, and the coefficient ring MSp> is polynomial up to
dimension 22 — 3. (See [17], [2, Theorem 3.3.3].) The following theorem describes the
structure of the ring MSp=.

THEOREM 2.1 (V.VERSHININ [17]). There exists an admissible product structure in
the theory MSpX(-) such that its coefficient ring MSpZ is isomorphic to the polynomial
ring

MSp)*: EAVAC LTI S35 < S A |
where degw; = 2(2 — ) forj=1,2,...anddegx,, = 4mform=2,3,5,...,m#2*— 1.
The generators w; are represented by Sp-manifolds W; such that d W; = 2P;.

In fact, the cobordism theory MSps(-) splits as a sum of the theories BP*(-).
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THEOREM 2.2 ([2, COROLLARY 3.5.3]). The ring spectrum MSp* splits as
MSp* = BP AM(G)

where G =1 )[x2, .« oy Xomy - L, m=2,4,5,.., m#2' — 1, deg x,, = 4m and M(G) is a
graded Moore spectrum.

NOTE 2.1. Theorem 2.2 implies that the ANSS based on the cohomology theories
BP*(-) and MSps.(+) are isomorphic.

There are Bockstein operators in the theory MSpf(-) fori > 1:

Bi: MSP(-) — MSp; ().

They have the following properties:

BioBi=0, and B;opB; =000

In general a product formula for Bockstein operators acting on a bordism theory with
singularities is too complicated to write down. However in our case this formula has the
following simple form.

THEOREM 2.3 ([2, THEOREM 4.2.4]). The product structure and the elements w; in
Theorem 2.1 may be chosen in such a way that the Bockstein operators 3, i > 1, satisfy
the product formula:

(2) Bi(x - y) = (Bix) - y +x - (Biy) — wi - (Bix) - (Biy)
where x,y € MSp=.

To describe the action of the Bockstein operators on the polynomial generators of
MSpZ we introduce the following notation. Let m + 1 = 27~ 4 ... + 24~ be a binary
decomposition of the integer m + 1 where 1 < i} < i < --- < i;. If m is odd, the
generator x,, is denoted by x;, .. ;. If m = 2-1 with 1 < i then the generator x,, is denoted
by X1,i-

THEOREM 2.4 ([2, THEOREM 4.5.1]). There are generators x,, of the ring MSpf such
that the formulas below describe the action of Bockstein operators By on x,, for k > 2.
LIfm=271 4271 1,1 <i<jthen

3 Bixij = wj, Bixij = wi, and Brxi; =0 ifk #i,j.
2.1fm=2""1+--~+2’1‘"l —1,2<i<ib<---<ligands > 3, then
Wiy k=
(4) IBkXIhm’lx B 0 lfk # il7 ey l\
3. If m is even and not a power of two then
(5) ﬂkxm =0. L]

Formulas (2)—(5) are the ones we will use in Sections 4, 5 and 6 to make computations
in the ANSS for the spectra MSp*. Note that (2) and (3) are invariant under permutations
m of the subscripts where 7 is a permutation of the set of integers greater than one.
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3. Toda brackets. In this section we extend the construction of Alexander [1] to
define triple Toda brackets in the ring MSp>. Note that we do not claim that all of the
usual properties of Massey products [10] and Toda brackets [15] generalize to cobordism
with singularities. These Toda brackets will be used in the constructions of Sections 5
and 6.

Let P, be closed Sp-manifolds, [P} ]sp = 7 and [P,]sp = ¢ for n > 2. Consider the
manifold P, = PV x P? x I. Here P!, P? are two copies of the Z,-manifold P, such
that: d P, = 3,P!, x P, and 3,P,, = P\V' x {0} UP'? x {1}. The cobordism class [P, ], is
the obstruction to the existence of a product structure on MSp™. In our case, [P,]5, = 0,
and we let Q,, denote a Z,-manifold such that §Q, = P, as in [2, Theorem 4.2.4]. Thus,
we have the following product construction of [2, Theorem 2.2.2].

A product m,, (A%, B?) of two X,-manifolds is defined by induction on n as follows:

m (A%, B%) = A* x B U(—1)"8,4% x 3B x Q)
and forn > 2
ma(A, B”) = m, (A%, B") U (= 1) my, 1 (1, 1(BA% BB”), Q).

In particular, if C is an Sp-manifold without singularities then m,(X, C) = X X C and
m,(C, X) = C x X and we have the following diffeomorphism of X,-manifolds:

(6) Sm (A%, BY) = m,(6A, B) U (—1)%m,(A, 6B).

By (2, Theorem 3.3.3], this product of ¥,-manifolds m, determines an admissible prod-
uct structure (i, in the theory MSp;"(-) which is commutative and associative. At the
level of X,-manifolds commutativity of u, means (see [2, Definition 2.1.3]) that for all
¥,-manifolds A%, B? there exists a X,-manifold §,(A%, B?) called the canonical commu-
tativity construction which is functorial in the category of ¥,-manifolds and satisfies the
formula

(7)  68,(A,B) = m,(A, B)U (—1)*m,(B,A) U —$K,(64, B) U (— 1)1 & ,(A, 6B).

Associativity of u, at the level of X,-manifolds means (see [2, Definition 2.1.3]) that
for all X,-manifolds A%, B?, C* there exists a X,-manifold 2, (A%, B?, C°) called the
canonical associativity construction which is functorial in the category of Z,-manifolds
and satisfies the formula
5Un(A, B”, C) = m, (A, m,(B, ) U —m,(m,(A, B), C) U
(8) — U,(6A, B, O)U (=)™ ,(A, 6B, C) U (—1)**"* 19 (A, B,5C).
Let A% and B” be Sp-manifolds without singularities. Then § ,(A, B) can be taken to be

the cylinder §,,(A, B) = I X A X B with an Sp-structure such that there is a diffeomorphism
preserving Sp-structures:

AU XAXB) =AXBU—(—1)®BxAU—Ix3JAXxBU(—1D™'IxAXIB.
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In this case &,(A, B) has been described [7, Section 10] in the special category of
manifolds as a “cup-one product of manifolds”. It projects in E; of the ASS to an
algebraic cup-one product. Moreover, the Sp-structure on & ,(A, B) can be chosen so
that &, satisfies the Hirsch formula [9). Using the definition of &,(A, B), this property
generalizes to the two cases of Z,-manifolds given in the following lemma which suffice
for the constructions of this paper. Statement (b) is nontrivial; it is essential that the
2,-manifolds A% and C¢ have only one common singularity, i.e. there is only one i < n,
such that both 3;,A # () and 3;C # 0.

LEMMA 3.1. (a) (Hirsch Formula) If C¢ is an X,-manifold and one of the X,-
manifolds A%, B is an Sp-manifold without singularities then we have a diffeomorphism
of X,-manifolds preserving Sp-structures:

) Sa(A X B, C) = (—1)m, (A, (B, O)) U (= 1)1, (K44, C), B).

(b) (Generalized Hirsch Formula) If A% and C° are closed X,-manifolds that have
only one nonempty common singularity and c is even then there is a X,-cobordism
between the manifolds

(10) §t,(m4(C, A), C) U AW (C,A,C)  and  m,(C, Ku(A, C)) Um,($t,(C, 0), A).

COMMENTS ON THE PROOF. Part (a) is proved by comparison of the constructions
on the left and right sides of equation (9). In part (b), the obstruction to the associativity
of the product structure p,, has order three in the group MSpZ; see [2, Lemma 2.4.2].
Since the group MSp> does not have any odd torsion, the associativity construction 2,
may be taken to be a cylinder. This gives a way to construct a cobordism between the
X,-manifolds in (10). The construction of this cobordism is straightforward when the
manifolds A, C have only one common singularity. [

Now we are ready to define the Toda bracket (a, b, c), where a, b, c € MSp;". Since the
product of X,-manifolds is not associative, we need to use an associativity construction
(8) to glue together the two usual pieces which define such a bracket in an associative
context. We use the standard sign conventions of [10].

DEFINITION 3.2. Let a, b, ¢ € MSpZ" such that ab = 0 and bc = 0. Let A, B, C be a
X,.-manifold which represents a, b, c, respectively. Let X, Y be X,-manifolds such that
6X = mu(A, B) and Y = m,(B, C). Then

smy(X, €)= m, (ma(A, B),C), and ému(A,Y) = (=1)***m, (4, mu(B, 0)).
Let the Toda bracket {(a, b, c) be the set of all cobordism classes of X,-manifolds

Z = (—1)*eB (X, O) U (—1)*4eB9, (A, B, C) U (—1)%eA*eeB iy, (A, Y).
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NOTE 3.1. Let the Toda bracket (a, b. c) be defined where the element a is represented
by a closed Sp-manifold A. In this case the Z,-manifold 2(,(A, B, C) is just the cylinder

oA, B, C)=1%X A X mu(B, C);

see [2, Theorem 2.5.1]. Thus, the following X,-manifold Z represents an element of
(a,b,c):

Z= (=D, (X, O)U (=) x A x m (B, C) U (—1)deeA+deeByy (A Y).

By properties of m,, U, (see [2, Section 2.2]), the %,-manifold Z depends only
on the cobordism classes a, b,c and on the choice of the Z,-manifolds X and Y
with 6X = m,(A, B) and 6Y = m,(B, C). Therefore we have the usual indeterminacy:
in{a,b,c) = {ay+xc|x,y € MSp>}.

We define a generalized quadratic construction which we use in the next lemma to

identify Toda brackets of the form (a, b, a). Suppose M is a X,-manifold of dimension
2k. Define a closed X,-manifold A(M) as follows:

(11) AM) = m, (M, MP) x TU —&,(MP, M)
where we identify the following manifolds:

(MWD, MP) < {0} D m, (M, MP) C 6%, (M, MD),
m,(MP, MP) x {1} D —m,(MP, MYy C -6, (MP, MD).

Note that in the case where M is a manifold without singularities, the manifold A(M) is
just the quadratic construction.

LEMMA 3.3. Let the Toda bracket {(a, b, a) be defined in MSp*", where a = [M] and
b = |R] for M a X,-manifold of dimension 2k and R a Sp-manifold. Then

(12) (a,b,a) = {(=1)"*E"b[AM)] + ax | x € MSpZ" }.

PROOF. Throughout this proof we ignore trivial associativity constructions in which

one of the three entries has empty singularities. Let Y be a Z,-manifold such that
0Y =R X M. Then

S(YURXMXDU—8,(R,M)) =M xR,
and the X,,-manifold
C = my(Y,M)Umy(R x M, M) X TU —m,(R,(R, M), M) U —m,(M. Y)

is a representative of the Toda bracket (—1)'*4¢?(M R M). Glue the Z,-manifold
Q,(Y, M) to the cylinder C x I by identifying the following manifolds:

Cx {1} Dmu(Y, M) x {1} = mp(Y, M) C 68%,(Y. M),
Cx {1} D —my(M,Y)x {1} = —m,(M,Y) C 64 ,(Y, M).
C x {1} D m,(SWR, M), M) x {1} = m, (K (R, M), M) C 64,(Y, M).
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—R x §,(M, M)

-

—R x A(M)

\

K.Y, M)

m(Y,M) x {1}

Rx m,M,M)xIx {1}

—1m, (SR, M), M) x {1}

—m,(M,Y) x {1}

m,(Y,M)

mu,(Rx M,M) x I

—mn(ﬁ,,(R, M), M)

FIGURE 1: The X,-manifold Z.

The boundary of the resulting X,-manifold Z is given by

0Z=—Rx AM)UC x {0}

since, using the Hirsch formula,

—-m,(M,Y)

SRV, MYNEZ = —K,(8Y, MYNEZ = —Ku(R X M, M)NSZ = —R X K,(M, M).

See Figure 1. Thus, (—1)'*%€%(q b a) contains [A(M)]b and in{a,b,a) = aMSp>".
Therefore, (12) holds.

The next property is well known for manifolds without singularities. See [1, Defini-

tion 2.1(5)].

LEMMA 3.4. Let {a,b,c) be a Toda bracket which is defined in the ring MSp>.
Assume that a = [A) is represented by a closed Sp-manifold, and b = [B], ¢ = [C] are
represented by L,-manifolds. Then the following inclusion holds in the ring MSpZ:

bla,b,c) C (—1)*€(b, a, b)c.

PROOF. Let X, Y be X,-manifolds such that 6X = A x Band 6Y = m,(B, C). Then the
following X,-manifold Z represents an element of (—1)!*4€%(q b, c):

Z=m,(X,C)U—I x A X m,(B,C)U(—1)1*4€4 x Y.
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V(fh!nn(rﬂ”()?, B)« C>
m,,(m,,(B.X), C) —a,l X m,,(m,,(B X A, B). C) L R.B.O)
a,,m,,()?. m,(B, C))
—N,(B,X,C) —o,] x W ,(B x A,B,C) \

N

o,m(X,Y)

Vi

Pl

m, (B, (X, 0))  —oyl % m,,(B x A, 1m,(B. C)) —0,M,(B X A.Y)

FIGURE 2: %,-manifold Vs, where ¢, = (—1)%2¢, g, = (—1)deb,

Thus, the Z,-manifold m,(B, Z) represents an element of (—1)'*9€?b(a, b, ¢), and using

(6):

mu(B. Z) = m, (B, m,(X,C)) U
— (B, I X A X my(B.C)) U(—1)""*8m,(B,A x ¥)
m (B, ma(X, €)) U (=120 x m, (B x A, m, (B, C))

U(—D)*eed (B x A, Y).

1l

Let X be a T,-manifold such that X = B x A. Glue (—1)%2%m,(X, Y) to the cylinder
m,(B, Z) x I along their common boundary:

dmu(B,Z) x {1} D m,(B x A, Y) Cém,(X,Y).
Denote the resulting Z,-manifold as Vi; see Figure 2. Now consider the X,-manifolds
W,(B,X,C), IxW,(BxABC), WyX,B C)
with boundaries:

§Un(B, X, C) = my (B, my(X, ) U —m,(mu(B, X), C) U(—1)*E"190,(B, 6X. C)
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M, (B, mu(X, ©)) U —mu(m, (B, X), C) U (=)™, (B,A x B, C)
(B, my(X, 0)) U —m,(m,(B, X), C) U (—=1)*E**190,(B x A, B, C);

I

5(1 x Un(B X A, B, C))
=1 X {—m,(B x A, my(B, C)) U m,(m,(B x A, B),C)} Ual x W,(B X A, B, C);

53X, B, C) = m, (X, m,(B. ) U —m,(mu(X, B), C) U, (6X, B, C)
M, (X, mu(B. ) U—m,(m,(X. B), C) U—Uu(B x A, B, C).

Now we glue together the Z,-manifolds
Vi, —M,.(B,X,C), (=D x,(BxA,B,C), (—D¥*"),(X,B,C).
The resulting ¥,-manifold V, gives a Z,-bordism between m,, (B, Z) x {0} and
i, (—m, (B, X) U (=)™ %1 > m, (B x A, B) U (—=1)*#"m,(X, B), C).
The latter X,-manifold represents an element of (—1)!*dga+deeb(p g p)c. Thus,
(=1 g b ¢y © (—ydeeardeebrl (g pe

and b{a, b,c) C (—1)%€%(p_a, b)c, as required. "

NOTE 3.2. Let Bbe any (B, f)-structure as in [11], and let M B be the cobordism ring
of B-manifolds with singularities £. Assume that the theory MBX(-) has an admissible
commutative and associative product structure. Then, as in Definition 3.2, Toda brackets
can be defined in M fo. Moreover, if M ﬂf does not have 3-torsion then all the results of
this section are valid for thesg Toda brackets. In particular, all the results of this section
are true for the theories MSpf"(-) where £, = (P>, P3, ..., P,) forn > 2.

4. Adams-Novikov spectral sequence for MSp™. Recall that our plan for deter-
mining elements of higher order in the ring MSp, is to construct X,-manifolds which
project to infinite cycles in the Ep-terms of the ANSS and ASS of MSp> for n > 3.
Then we determine the order of these projections in E; of the ANSS and bring back
these X,-manifolds to MSp, . In this section, we accomplish the first part of our program
by describing particular torsion elements t(ij, . . ., i>,) of higher order in the first line

E;A*”(MSpZ”) _ Ext/l‘fp*” (BP*(MSPZ”)v BP*)

of the ANSS which are the projections of the X,-manifolds which we will construct in
Section 5.

Throughout this section, let n > 0 be a fixed integer, and let MSpX" denote MSp. In [2,
Section 1.6], the ANSS for each of the spectra MSp*" is described in terms of geometrical
constructions on manifolds with singularities. In particular, the ANSS for the spectrum
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MSp™ is identified with the Z-singularities spectral sequence (£-SSS) associated with
the exact couple:

Y(Dn YQ2)n Y(3)n
MSpE ¢ MSpErs MSpE @

(13) NN 3, N, 3 T2 N\

mspn A pgpzon 22

Here MSp= ©n MSpX®» are the coefficient groups of particular bordism theories closely
related to the theories MSpZ'(-), MSpZ(-); see [2, Section 1.4]. The E”-term of the
2-SSS (or the ANSS) is described as follows. Consider the bigraded commutative
algebra M(n) = MSPX[Uns1, Unss - - - Unsks - - -], Where |un| = (1,2Q2"* — 1)), and
|x| = (0, degx) for x € MSpZ. Let M(n), = {z € M(n) ‘ |z = (s.%)}. As we shall see,
M (n), is isomorphic to the s-th line £} of the ANSS for MSp™. We have the following

complex:
a4 ar(n), 25 arm), 2 ar(n), 2 20 gy, 2
The differential D(n) is defined as
| 4 J (@) a artl <
@<”>(x“?1 v '“ij) = ;(—1) ((Bi,x)“i,' U Uy )
where n < iy < --- <ij, @ = (ay,...,a;) is a sequence of nonnegative integers and

e(a) = ¥4I, a;. It follows from the product formula (2) for Bockstein operators, that the
subalgebra of cycles of the algebra #((n) is a DGA. Therefore, the homology H.(M(n))
of the complex M (n) has an induced algebra structure from #(n). The elements u;,
i=n+1,n+2,...are the projections of the “basic Ray elements” u; = 1, u; = ¢, for
i > 2. We use the same notation for these elements and their projections to the ANSS.

THEOREM 4.1 ([2, THEOREMS 3.4.1,4.4.5]). (i) The exact couple (13) is an Adams
resolution of the spectrum MSp™ in the theory BP*(+).
(ii) There is an isomorphism of algebras

Ep(MSp™) = Ext}, (BP"(MSp™), BP*) & H.(M(n)).

In particular, there is a ring isomorphism
Ey* = Homjy, (BP"(MSp™), BP*) & Ho(M (n)). .

NOTE 4.1. The complex M (n) in (14) is the bottom line of the diagram (13). In
particular the first Adams-Novikov differential D(n): M(n), — M(n), is given by
Din) = B(Dn = Bt Br-

Now we are ready to use the above results to set up the environment in which we will
do our chromatic calculations of E>(MSp>"). Since the ring MSpZ is polynomial and w,
is one of its generators, we have the following exact sequence:

wh ik
(15) 0 — MSpE 2 MSpE 5 MSpE/wk) —— 0
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where (w! ) is the principal ideal generated by w¥, and 7® is the natural projection. Since
D(n)(wm) = 0, the exact sequence (15) induces the exact sequence of complexes:

(16) 0 — a(n) 2 ar(n) D an)/wh) — 0.
We paste the sequences (16) together to obtain the following commutative diagram:
0 — ) 2 atln) " M(n)/Gww) — O
ol ]

0 — Mn) — M@n) = Mn)/wi) — 0

L
ol »

(k)
0 — Mn)

17)

J+
2
3

AN M(n)/(wk) — O

e

Taking the direct limit of the rows of (17), we obtain the following short exact sequence
of complexes:

(18) 0 — Mn) — wp'dn) — Mn)/wg) — 0
where
W' M (n) = lim(M (n) = M(n) =" --) and
M(n) [ (wiy) = lim((n) /(W) == M (n) [ (wp) = ---).

The short exact sequence of complexes (18) induces the following long exact sequence
in homology:

0 — Ho(M(n)) — Ho(w,,' M(n)) — Ho(M (n /W°°)——>H1(5M( )
19) — Hi(w,,' M (n)) — H(M(n /W“’)—>H2(M( ) —

The key point about (19) is that the complex w;,! #(n) is acyclic.
LEMMA 4.2. Forn>1,n>m >0ands > 1:

(20) H(w,'M(n))=0

It follows that we have the exact sequence

(21) 0 — Ho((n)) — Howy, ' $(n)) — Ho(M(n) /wie) =" Hy(M(n)) — O,
and for s > 1 we have group isomorphisms

Hy(M(n) [wy) = Hy(M(n)).
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PROOE. Consider the following subalgebra of w,, ' (n):
Lliyy .o i) = wy, MSP,Luti,s - .t ],

where n < i; < --- < i;. This subalgebra is closed under the differential D(n), so it is
also a subcomplex of w;,! #(n). To prove (20) it is enough to show that

(22) Hy(L(y,...,i)) =0 forallkands > 1.

We prove (22) by induction on k.

THE CASE k = 1. H,(L(i)) ¥ 0 for s > 1. By Theorem 2.4, BiXy; = wy. In terms
of the algebra £(i) this means that D(n)(w,,'xn;) = u;. Let xué € L(i),a > 1, be any
element such that D(n)(xu?) = (Bx)ué*' = 0. Then Bix = 0 and D(n)(w,, Xy xus ") =
Bi(w,;lxm.,-x)u?‘l = xu;.

THE INDUCTION STEP. H(L(i1, ... ix-1)) ¥ 0 => Hy(L(). ..., i) = 0. We have
the following exact sequences of complexes:

(23) 0 — Liyy..yixg) — L>1y...,0) — L) — 0.

The long exact sequence determined by (23) implies that HY(L(il ..... ik)) = 0
fors > 1. ]

Now let n > 3. We describe the structure of the subring
Ho(w, ! (M (n)) C w, ' MSpE.

Let wi, x;j, X;,...;. be the polynomial generators of the ring MSpf described in Theo-
rem 2.4. Define the following polynomial generators of w;, ', MSpZ:

(24) Zj:xj.rhh Jj= L,2,....,n=2, Zy=Xp-1n;
2xn_1,i Xn—1.i

(25) Xi= =% —wi, Y= D = wwe ), i > ntl
Wn—1 W1

Note that X? = 4Y; + w?. Let 1 <i<j;i,j#n — 1. Then define

WiXn—1j — WiXn—1i | 2Xn—1iXn—1,
(26) X,‘J=)C[,j* dl J + n J.

2
Wn—1 WL

Note that if | < i < n—1,j # n— [, then we could have chosen the polynomial

generators
WiXp—1,
27) X =x,— —2.
" Wn—1
We can also choose polynomial generators X;, . ; of w;_’l MSpf fors > 3 asx;, i +

---. We only need their existence. Their exact definition, is not necessary for our
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computations. However, for completeness, we define them as follows. If 1 <ij <--- <
Isy i1y ..., Is #n— 1 then define

52
_ k Wi
Xiy iy = Xiyoiy Z((*l) 2 -l X L X iy .....i,k,....i_‘>
k=1 Wi 1 1< << <s
D St Wikn— iy EnLi Xl 2Xnoliy XL
1 e > .
n—1 n—1
Ifi; <---<iand i, =n— 1 then define
s—m—2
w
k 1
Xiy ooy = Xiy iy + (=)' —— > XLy, """ X Ly Xiy ooy ooy, oo
k 1 k 1 k
k=1 Wn71 m+1 <t <--<f(;<s
w 5
s—m—1 1 N
+(—1) (ﬁ D Xnetgy Xnetc Xne 10X i,,,.i,)
n—1 t=m+l
1
,lémwl
(=D I X1, X,
wnfl
(1 =8l )w
S—m m
+ (_1) —1 xnfl,i,,,u o 'xnfl.l}xil ~~~~~ Im
n—1

where 8, is the Kronecker delta.
We have the following two polynomial subrings of the polynomial ring MSpZ:

P, = Lipylxm | mevenand m # 2, W(n). = Zoylwi, . .., Wa2).
We will also need the following polynomial subrings of w, !, MSpZ:
R<n>1 = Z(z)[Zj,Xi,Y,‘ [j= l,....n—2, n,i>n+1]j,
R(n)y = ZLp)Xij | 1 <i<j, i,j#n—1],
Rn)s = Zy[Xiy...i, | s > 3,1 <iy <--- <y,
R(n) = R(n)y ® R(n)> ® R(n)3.

LEMMA 4.3. There is a ring isomorphism:
Ho(w, '\ M(n)) ¥ Zo)[wa_1,w, 1] ® Win), ® 2. @ R(n).
PROOF. There is a ring isomorphism:

w, L MSpE ¥ Zg) (w1, w, 1|1 @ Wn), ® 2. @ T @ R(n), ® R(n)s,

where

T =Z)Wnels-eosWatks - ooy Xln—ls+ « s Xn—2n—1s Xn—Luns + + > Xn— Lk - + -]

Since the subring T of MSpZ is closed under the action of the Bockstein operators g; for
j > n+ 1, T generates the subcomplex

(28) T =Tlups, -

'~7un+kv---]
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of M(n). To prove this lemma, it suffices to establish the isomorphism:

(29) Ho(T) = w, ! | R(n):.

For k > 1, define the following subrings of w,j_‘ 1 MSpf:
TR = Zo)[Waty - - oy Wsks XLt -+ Xn—2u1—1s Xn—lns + + + s XnLnsk)s
Tf)k) = Z)[Wn—1 Wik Xn—1.n4k]

RY = Zo)wp-1, 2, X, Yi | j=1,...on—2,n, i=n+1,...,n+k],

RY = Z)[Wn-1, Xnsks Yusa]-
Since the rings T, T{ are also closed under the action of the Bockstein operators f3;
for j > n+ 1, we can define the subcomplexes T* and 'To(k) of M(n) as in (28). Direct

computation shows that
(30) How, ') = w, ' RY.

In particular, we have the isomorphisms:

_ ~ - 1
How, ', 7D) = How, '\ T ") ® Zo) X115+« + s Xn2m 1y X 1.0)

1 pa 1 p(l
w,,_lR(() ) ® Zoy)[Xt ety -+« s Xn—20—1s Xn—1.n] = wy - R,

1

By induction on k > 1, we have the a homomorphism of short exact sequences of
complexes

O _ w;llT(k) N W;J]T(kﬂ) —_ w;l],zz)(k+l)
0 — w;|\R® — Wil RED oyt REHD

where the complexes on the bottom line have zero differential. The left and right vertical
maps induce isomorphisms in homology. Thus, the Five Lemma completes the induction
proof of the isomorphisms (30). Taking the direct limit over k of the isomorphisms (30)

establishes the isomorphism (29). n
Define . .
. . n—1i, " " An—1iy
G31) ity -y i) = 6, (b ) € py (9 ()

where 3 < n <) <---i, 6, is the boundary homomorphism of (21) and

H\(M(n)) = Extly,

"ABP

(BP*(MSp™), BP*).
These are the required elements of higher torsion in the first line of the ANSS.
PROPOSITION 4.4. The element
t(irs - .. i) € Exty™! (BP*(MSp™), BP)

"ABP

has order 2“”')/2]f0r any sequence (i1, ...,i5), s > 1,3 <n<ij<- - <l
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For convenience we prove Proposition 4.4 assuming that s is even. The proof for the
case when s odd is a slight modification of the even case. The following technical lemma
will be used to show that 2°7't,(iy, .. ., is) # 0.

LEMMA 4.5. There does not exist an element Y € MSpZ, such that the element
(32) Z=2"" i X1y, — Wt Y

belongs 1o the ring Hy(M(n)).

PROOF. By the definition of X;; in (26), £(, ) = wi_IX,-_j € MSpf. Thus, £(i,j) €
Hy(M(n)), and there is an element a € MSpf such that

§(ir, 10) - - Eing—1, 2g) = 2°Xn—1i) * * * Xn—1,ip, — Wn—1a € Ho(M(n)).

Suppose that Y exists such that Z € Hy(M(n)). Then 2Z = 25,1, - - *Xn—1.4p, —2Wn—1Y
or &(iy, in) - - - E(ias—1, I25) — 2Z = w,_1(2Y — a). In particular, in the polynomial ring
Ho(w, !, M (n)) ® Z /2 we have the identity

Eiryia) -+ Elingmty ing) = W Xiv i+ X iy = W1 (2Y — ).

Thus, 2Y —a = w>'X; 4, Xs i It Temains to observe that the element
w2 X, 5, - X, 1., does not belong to the ring Hy(M(n)) ® Z /2, while the element
2Y — a does. n

Now we can prove Proposition 4.4 from Lemma 4.5 and the exact sequence (21).

PROOF OF PROPOSITION 4.4. The element
Wi X1y Xn 1y, € Ho(M(n) /W)

is a D(n)-cycle. Suppose that 2°~'1,(ij, . . ., iss) = 0 in H; (M (n)). By the exact sequence
(21), there is an element Y € MSpf such that

Y 2 1y X,
Wn—1
is a cycle in Ho(w, !, ¥ (n)). Then the element w,,_ Y + 2 x,_ 1 ; -+ X1, € MSpZ is
a cycle in M (n), which contradicts Lemma 4.5. "

5. Existence of higher torsion elements. This section is devoted to the proof of
Theorem A. In particular, we construct elements 7,(i, . . ., ;) € MSp>" which project
to the elements t,(i,...,i;) of higher torsion in the one line of the ANSS which
we studied in Section 4. The idea is to reproduce geometrically the inductive alge-
braic construction of the elements t,(iy,...,i5) as ,(i;) = w; and t,(i,...,i) €

{(ti.y Wn—1, tali1, . . ., is—1)). Recall the following result where MSpX denotes MSp and
¢_1 denotes ¢g = 1.
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THEOREM 5.1. (V.Gorbunov, [2, Theorem 4.3.5]) Forj > 2"~ 2 and n > 1 the Toda
bracket {¢y 2,2, ¢;) contains zero in the ring MSp>-'.

Recall from Section 2 that MSpZ” is a polynomial ring in degrees less than or equal to
224 withwy, . .., w, as polynomial generators. P, is an Sp-manifold which represents
=1 and Py is an Sp-manifold which represents the basic Ray element u; = ¢ -2 for
k > 2. We also chose Sp-manifolds W; such that dW; = 2P;. Let j > n > 2. By
Theorem 5.1, the Toda bracket (¢,.-3, 2, ¢y;2) contains zero in the ring MSpZ-2 In other
words, there exist Z,_,-manifolds X, ; j, W}" Dand WY | such that sWY X2,

n—1=

5W;”") =2 x Pjand 6%, 1= WP | x PjUP,_; X W;”_”. As E,,-mamfolds we have

(33) 6Xu1j= W9 x Py
Note that cobordism classes of the manifolds Wf{i ; depend, in general, on j.

LEMMA 5.2. Forj > n > 2, there exist X,-manifolds W,_ and X,_j, such that
(34) 6Xn_1J = Wn—l X P]

where W,_| does not depend on j.

PROOF. We prove this lemma by induction on n > 2. Let n = 2. For each j > 2
we have that BIWY’ = 2 by construction. For j > 2, all the Z;-bordism classes [W}”]
equal the same element w; € MSp;Z‘ since w is the unique cobordism class such that
81wy = 2. Now assume that this lemma is true for n — 1. Let W,,_; be any Sp-manifold
such that oW, = 2P,_,. Let j > n with X 1; and W(’ | Zn2-manifolds as above.
We will define an 2,-manifold X, _;; that satisfies (34). Smce MSpf’ is a polynomial
ring in degrees less than or equal to 22 — 4, we have that ¥ = [W,(,’z,] — [W,11. 1s
a polynomial in the generators wy, ..., w, 1, X, r < 2" 73, r # 2 — 1, degx, = 4r, as
in the statement of Theorem 2.1. Let ¥ be the sum of kK monomials: ¥ = £, 7;. Since
dim W,_; = 2(2"~! — 1), each monomial 7; contains at least one factor W My <0 —2;
write ¥; = ﬁiwm‘,. By induction, there is a %,,-manifold X, j, m; < n — 1, such that
OXm,j = Wy, X Pj. Let I'; be a T,-manifold which represents 7;. Define a ¥,-manifold
Xn—1; as the disjoint union of the following X,-manifolds:

~ k ~
Xn—Lj = Xn—lJ‘ U U —mn(I}Xm,‘i X Pj)
i=1

where the ¥,-manifolds Xn—l,i are as in (33). Clearly 60X, j = W,_ X P;. n
LEMMA 5.3. There exist elements 1,(iy, . . ., is) in the ring MSpf;H fors > 1 and
n<iy<---<ligsuchthat:
(1) () = w;;
(ii) Talirs .- yis) € (Uiy Wan1, Tuli1, - . .y ig1)) fors > 2;
(iii) wp1Tp(iyy ..., 05) =0.
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PROOF. We construct the elements 7,(ij, . . ., i5) by inductionon s > 1. For s = 1,
Theorem 5.1 gives that w,_ju; = 0. Assume that this lemma is true for s — 1. Se-
lect any element 7,(i|, . . ., i5) of the Toda bracket (u; , wp_1,Tn(i1, - - ., is—1)). We must
show that w,_;7,(i;,...,i5) = 0. Let W,_; be a X,-manifold as in Lemma 5.2 which
represents w,_; so that there exists a X,-manifold X,,_; ; with 6X,_;; = W,_; X P;.
By Lemma 3.4 we have that w, 17,(i1, ..., i5) € Wae1{tiys Wn1, Tu(ils - - -5 i5-1)) C
(Wn—1, iyy Wa—1)7n(il, - - -, is—1). Note that the X,-manifold A(W,_;) of (11) has dimen-
sion 2(2"~' — 1) — 1 = dimu,,. The element u, is the unique nontrivial element of this
degree in MSp>-!. Thus,

35) [AW,_D]s, , = ku,, wherex =0or 1.

Therefore, in MSpf", [A(W,_)] = 0. Thus in MSpZ", Lemma 3.3 and the induction
hypothesis give

(Wats iy Wy )Tt -« oy Is—1) = (Kttnttiy, + Wp_1@)Tn(i1, . . ., i5-1) = 0. "

Next we determine the projection of 7,(ij, . . ., i) into the E>-term of the ANSS for
MSpZ" to be t,(i...., ;) which we defined in (31) and studied in Proposition 4.4. We
do this by constructing a X,,-manifold which represents 7,(i}, . . ., is) and a X,-manifold
whose boundary equals w,—7,(i1, . . ., is) modulo the Adams-Novikov filtration. These
manifolds will be used in the constructions of the next section. We denote as m, &, U
the constructions m,, $,, U, from Section 3.

LEMMA 5.4. There exists an element T,(iy, . . ., is) of the Toda bracket
(s Wn1y Taliny - - i)

such that the projection of T,(iy, . . ., is) into E;A*“ (MSpZ") of the ANSS equals
s
tality ooy bs) = ) Ui Xty * "X, XL
r=1

PROOF. Lemma 5.3 gives us a X,-manifold 7(iy, . . ., i) which represents the element
To(i1, ..., Is) and a X,-manifold H(i|, . . ., i;) with

8H(i, ... i) = m(Wooy, Ty, . . ., ).

We use induction on s > 1 to define specific X,-manifolds 7, and H; such that:
(1) 6Hs = m(Wn-h TS’);
(ii) Ty projects in the one line of the ANSS to t,(i|, . . ., i5) € H(M(n));
(iii) H, projects in the zero line of the ANSS t0 x,_1;, - - - Xu—1,;, € Ho(M(n));
(iv) Ty represents an element of {u; , wy_1, Tu(il, - - -, Es—1))-
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If s=1letT, = P; and H; = X, ;,. By induction suppose that we have Z,-manifolds
T,_, and H,_, which satisfy the above four conditions. Consider the Z,-manifold H¥ =
m(X, 1, Hs—1) with

SHO) = m(Xy 1oy m(Wy 1, To1)) Um(Wy oy X Py Hy).

Glue the X,-manifolds H® and —%(X,_1,,W, 1,7, 1) together along their com-
mon boundary m(X,H‘,-S,m(W,,*I,TSfI)) to obtain the X,-manifold HV = HO U
~UXp—1,, Wy, Ts—y) with

SHY) = m(Wy1 X Py He ) Umi(m(Xy i, Wao 1), To 1)
UNWpoy X Py, Wooy, Tsp).

Next glue the Z,-manifolds H'" and —m(ﬂ(X,,-l,,»s, W,-1), T, H) together along their
common boundary m (m(X,1;,, W 1), Ty-1) to obtain the Z,-manifold H? = H" U
~11 (8 K- 1i,s Wa1), Tst) with
SH®) = m(Wy—y X Pipy Hye ) Um(m(Wo1, Xn1.): Ts1)
Um (W1 X Piyy Wa 1), ot ) U (W, y X Py Wy, Tiy)
= m(W,o1, P, X He)Um(m(Woo1, X1, Toot)
U (n(Woet, 8Py W), Tt ) U (S Wty Wat) X Py Tiy)
@) ?I(Wnrl X Pisv anlﬂ TsAl)

by the Hirsch formula of Lemma 3.1(a). Observe that & (W, _;, W,_) must be the
boundary of a X,-manifold V since MSpi‘,;;L3 = 0. Thus, glue the X,-manifolds H®

and m(V x Py, Ty_) along m (S (W1, Wa_1) X Py, Ty_,) to obtain the E,-manifold
H® = H®Um(V x P;, Ts-y) with

S(H) = m(Wy 1, Py, X Hy ) Um(m(Woo 1, X1, T 1)
Um(m(Wo1, Ry, Wa)), Too ) U N W,y X Py Wy Ty )

Finally glue the ,-manifolds H® and 2(W,_y, X, ;, US(P;., W, 1), T,_;) along their
common boundary

(i (Wo 1 X120, Tor) Ui (W1, P Wa ), T )
UN Wy X Py, Woh, Tsoy)

to obtain the £,-manifold Hy, = H® UW(W,_1, X, 15, UK (P;,. W,_1). T, 1) with
8(Hy) = m(Wo 1. Py, X Ho) U mt(Wa1, M1, To1)
Ui (Woor, m(RCPy, W), 7501))

= m(Wn—h Pi.\ X H.VAI Um(thI.i_\. U S‘(Pi“ Wn-l)- Ts—l)) = m(W,,_[. T\)
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where Ty = P; x Hy_;Um (X,,ﬁl.i:uﬁ (Pi,s Wn_1), Ts—y ) Clearly (i) is satisfied, and (iv) is
satisfied because 5(X,,;1.,} UK(P;,, W,,*l)) = m(P;,, W,—1). By the induction hypothesis,
the projection of 7 to the one line of the ANSS equals

UiXn— 1) " X1, FXn—1i 01, .oy i) = (0, - 0 o, 0.

Since T;-; and P; have Adams-Novikov filtration degree one, the projec-
tions of W(X,_1, Wy_1, Ts—1), m(&\(X,,_L,-S, Wa—1), Ts_l), m(V x P;,Ts—;) and
lI(W,H,X,HJ: U K(P;,, W), Ts,l) to the zero line of the ANSS are trivial. Thus,
the projection of H; to the zero line of the ANSS equals the projection of H® which by
the induction hypothesis is x,—1.i, - Xp—1.4, * = - Xn—1,i, ,- ]

PROOF OF THEOREM A. By the previous lemma, the element 7,(iy, . . ., is) € MSpZ"

can be defined as required so that it projects to

taits . .. i5) € Extyy,(BP*(MSp™), BP")
which has order 2(¢+D/21 by Lemma 4.4. Therefore, 7,(iy, . . ., is) has order greater than
or equal to 21+D/2)in MSp . Finally, note that 7,(i, . . ., i,) is indecomposable in MSp>"
because its projection t,(ij, . . ., is) into the algebra E;‘*(MSpZ") is indecomposable.

PROOF OF THEOREM B. By Theorem A, there are torsion elements of order greater
than or equal to 2% for all k > 1 in the ring MSp™. Consider the Bockstein-Sullivan
exact sequences:

.- — MSp> %, MSp> 5 MSp> LN MSpZ2 — - -

™

C L MSpE L MspE L MSpE: 2 MSpE — - -

- MSp, — MSp, "% MSpE L MSp, —— -+ -

We show that exponents of the groups Tors MSp2?, Tors MSpZ' and Tors MSp, must be
infinite since the exponent of Tors MSp® is infinite. Assume, to the contrary, that all
torsion of MSp>* has exponent 2*. We take an element a € MSpZ® of order 22*!. Then
the element a; = 3,(a) has order no more than 2*. From the above Bockstein-Sullivan
exact sequence,

2*a € Im{MSp> — MSp=} C MSp™ .

Let m(az) = 2*a. Then 2¥*'a; € Kerm = Im(-¢y), so 2'a; = ¢ox. Consequently
2K24, = 0, and a5 has finite order. Since m(2%a;) = 2%a # 0, the element a; € MSp®
has order greater than or equal to 2¥*!, contradicting the assumption that Tors MSp> has
exponent 2. Thus, the exponent of Tors MSpZ? is infinite. (]
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6. Construction of elements in MSp>? and MSp>'. In Lemma 5.3 we constructed
elements of higher torsion

. . . . ¥
T(ity ...y ig) = 7300, - -, B5) € MSPyS,, -
In this section we study the elements:

Vi, - ooy is) = Ba(iny -« .y i) € MSP32, 5,
oGty oo oyis) = BaV(its - - . i) € MSPZL,

In particular we compute their projection to the three line of the ANSS. Throughout this
section, let m and §& denote the canonical constructions m, and §, of Section 3.

We begin by interpreting 63(73(1'1, . ..,ix)) in terms of manifolds with singulari-
ties. Recall that by Lemma 5.3 there is a representative X3-manifold 7(iy,. .., ) of
73(i1, . . ., Is) and a Z3-manifold H(iy, . . ., is) such that

SH(iy, . .. i) = m(Wa, T(iy, . . . iy)).

We can consider the manifold T(ii, ..., i), H(i,...,i) as a Z,-manifold T(i, . ... i),
HGy, ..., 0y), respectively, with

SH(iy, ... i) = m(Wz, TG, .. .,is)) UPy x E(iy,....0),
(36) 8T iy, ... i) = P3 x G(iy, . .., i)
where G(iy, . .., is) = 33T(i1, . . ., iy) represents the X,-cobordism class Y(iy, . . ., is). Note
that OE(iy, . .., i) = m(Wz, G(y,. . ., is)). To determine the projection of E(iy, . . ., i) to
the ANSS we need to identify the quadratic construction A(W,) which was defined in

Section 3. The following lemma is an easy computation in the ASS for MSp;?. We defer
its proof to [3, Corollary 4.6].

LEMMA 6.1. The cobordism class [A(W>)] equals [P3] = ¢, in MSp.>. n

We are now ready to compute the projection of E(iy, . . ., i) into the two line of the
ANSS for MSp>. This will lead directly to the identification of the projection of the
Y(i, . . .. i) into the three line of the ANSS for MSp*:.

LEMMA 6.2. (a) E(i;) = 0.
(b) Fors > 2, E(iy, . . ., iy) projects in Er**** of the ANSS for MSp™ 10

ey vl = D0 g g X4 Ry Rt X
1< < <s
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m (Wa, m(T, 1, X0;) U STy, Wa) X Py, x {0} UH, | X P,)

m(Wz, KT, Wz)) x Py x1

(rum@.T,.)) x P,

?l(wb'ij\ |7X2.i\) - “(H\ Iy W2) X Pl,

p

P3XTX,1XP,‘A_

m(i’l‘-‘| 9 X2,i_‘)

o )

FIGURE 3: The Z,-manifold H,.

PROOF. (a) Since T(i) = P;, H(i) can be taken to be the ¥,-manifold X, ; of Lemma 5.2
with boundary 6X, ; = W, x P; where W, does not depend on i. Thus, E@@) = 0.
(b) By induction on s, we construct Z,-manifolds Ty, Hy, E, and L, such that:
(i) Ty represents 7(iy, . .., is);
(i) 6Hy, = m(Wo, T,) UP3 x E;ULy;
(i) 7y projects to t(iy, . . ., is) in the one line of the ANSS;

(iv) H, projects to xy;, - - - x2,;, in the zero line of the ANSS;
(v) E; projects to e(iy, . .., is) in the two line of the ANSS;
(vi) L, has Adams-Novikov filtration degree four.

The case s = 2 will be proved as a special case of the induction step with T, = P;,
H, = Xy, E; = 0 and L; = (). Clearly statements (i)—(vi) are valid for s = 1. Thus,
assume that s > 2 and that our six assertions are true in the case s — 1. Define the
X,-manifold

H = m(H, 1, X2,) U NWa, Ti1, Xp,) U
— Q(H -1, Wa) X P Um(Wa, §(T1, W) X P, X I.

See Figure 3. Let F? denote the set of X,-manifolds of Adams-Novikov filtration degree
p- Then, as in the proof of Lemma 5.4, we have modulo F* that

SH, = m(Wa, m(Ti_1, Xp) UH, | x Py, USU(T1, Wa) X Py, x {0})
UPs x m(Es_y, Xp:) U (m(Wo, Ty 1), Wa) X P,
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U AWy, Ty, Wo) X Py U—m(Wa, §(T,-1, W) x Py x {1}

Observe that §T;_; = 6W, = () module F>. Thus by the generalized Hirsch formula (10),
we have modulo F? that there is a Z;-manifold Y such that

BY = =S (m(Wa, Tio1), W) U=U(Wa, Ty, Wa)

U m(sz S(T-1, Wz)) Um (S‘(Wzﬁ W), T, 1)-
By Lemma 6.1 there is a Z,-manifold Z such that $Z = —8(W>. W) U Ps. Let H, =
H UY x P, Um(Z,T,_1) x P;.. Then
8Hy = m(Wy, T,) UP; X E;UL;  where
Ty = m(Ty-1, X00) UH_y x P US(T,-1. W) X Py
E; = m(E; 1, X2,)UT 1 X P,

and L, has Adams-Novikov filtration degree four. By the induction hypothesis, T projects
in the one line of the ANSS to

CQLy ooy e t)X F X2, X0, Uy, = E(, .. 0g)s

H, projects in the zero line of the ANSS to xy;, - - - x2,,_, - X2, and E projects in the two
line of the ANSS to

Y(ry ooy bsm)Xo + (0 oy B DU, = V(- -5 D).

This completes the induction step. Observe that E5 and E(iy, ..., i) differ by a -
manifold of Adams-Novikov filtration degree five. Therefore, they have the same pro-

jection to the three line of the ANSS. n
We can now determine the basic properties of the Y(iy, . . ., i).
PROPOSITION 6.3. The elements Y(iy, . .., i5) = B37(i1, . ... I5) € MSp§i+3 satisfy the
following conditions:
(a) (i) =7, i) =0;
(b) Y(iy, iz, i3) = u; Ui u;,;
(c) Fors >4, Y(iy,...,i5) € {uij, wa, Y(i1y oo oy is—1));
(d) Fors>3,Yii,...,is) projects in E;*(MSp™) of the ANSS to
QU -y is) = D0 My W Xo g, Rag, R, R X

1<t <t,<t3<s

PROOF. (a) Since 7(i1) = u;, and 7(iy, iy) is represented by
Pi] X X2.i2 U g\(P,'] , W) X Piz UXQ_,-X X P,'2

it follows that G(i)) = G(i, ir) = 0.
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(b), (c) Let s > 3. By Lemma 5.3(ii) and (36), we have the boundary of ¥;-manifolds
8T(iry - i) = m(Xi 2, Py X Gl . . ., ig-1)) UP, X P3 X E(iy, .. ., is-1).

55

Therefore, Y(iy, . . ., i5) = B37(i1, - . ., i5) is represented by the Z,-manifold
(37) Gli, ... is) = m(Xi,2, Gli, .o is—1)) U Py, X E(it, -y i)

If s = 3 then the first unionand is vacuous. Observe that the constructions in the proof
of Lemma 6.2 give E;, = P;, x P, and I, = 0. Thus, Y, iy, i3) is represented by
P, X P, x P;,. If s > 4 then the element in (37) is an element of the Toda bracket
(uiys wo V(1 - oy is—1)).

(d) We use induction on s > 3. The case s = 3 follows from (b). Assume the case
s — 1. By the description of the Z,-manifold G(ij, . . ., i;) in the proof of (c), Y(i, - . ., i)
projects in the three line of the ANSS to

Qs - - o d) = X0 2800, - -y Is—1) Ut X ey ooy bg—1)-
By the induction hypothesis and the previous lemma,
QUn, - ooy is) = X2 2 Wi, Uiy Wiy X3, ~ - X - Xy, » o Ry - X2,
1< <h<3<s—1

+ Ui, Z ul}[ ul}znyil T2y 'x2,l}2 T X2
1< < <s—1

This is the asserted value of g(ij, ..., is) in (d). n

We complete this section by computing the projection of the element
al(ih vy ls) = /327(1.11 ceey 15) € MSP;\:]
to the ANSS E?'*(MSpZ') where 3,: MSpX> — MSpZ' is the Bockstein operator. To
describe this projection we introduce the notation

p(llvu-»]q) = Z ujq uj,zlleBle o .wjtl .”Wj'z o 'le3 W,
1< <n<n<g

in E2*(MSp™) for ¢ > 3.

MWmmm64MMMmequm=mwww@eM%LNMWMe
following conditions.
(a) o(i)) = &/ (iy, i2) = &' (i1, iz, i3) = 0.
(b) Fors>4,d'(iy, ..., i) projects in E?‘*(MSPZI) of the ANSS 1o

N

. . k k—4 . . a P
a’'(iyy . .ondp) = 3 (—D'w; > PR T2 NS FARRES N SN
=4 1<t <-<t<s

(c) For s > 4, there are elements a(iy,...,is) € MSp, such that the element
m(airs - .., i)) € MSpY' projects to 2a(iy, ...,i5) € Ey*!(MSp™) where
7: MSp — MSp*! is the natural map.

(d) The projection a(iy, ..., i) € Eg"‘*“(MSp) of a(iy, ..., Is) € MSp, is a nonzero
infinite cycle.
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PROOF. (a) This follows from Proposition 6.3(a),(b).
(b) The Bockstein operator 3,: MSpX* — MSp*' induces the homomorphism

by: E*(MSp™) — E;*(MSp™).

Then &'(iy, ... 1) = Bz(ﬁ(z’,, .. ..is)) projects in E?'*(Msz') to b, of the projection of
Y(ity ..., i5) to E*?'*(MSpEZ). In Proposition 6.3(d) we determined the latter projection
g(i1, . . .is). Direct computations establishes formula (6.4) for a’(iy, . . ., is).

(c), (d) Since 2n = 0, the element 2a'(i) — wlﬁl(a’(i)) is in the kernel of the
Bockstein operator 3,: MSpX' — MSp, which equals the image of m,: MSp, — MSpZ'.
Let m(a(i)) =2a/(1) — w101 (a’(i)). Observe that the element 3, (a’(i)) has Adams-
Novikov filtration at least four since 3;a’(i) = 0 in Eg‘* (MSpZ‘) from (b). Therefore, the
element 2¢/(i) — wlﬂl(a’(i)) projects to 2a’(iy, . . ., is) € E;A*“(MSpZ'). n

7. Proof of Theorem C. In this section, we prove Theorem C. Let i = (i, . . ., i).
In Sections 5 and 6, we constructed the elements 7(i) € MSp>, Y(i) = 330(i) € MSp™,
a/(i) = B2Y(i) € MSpX' and a(i) € MSp, such that the element m(a(i)) =2a'(i) —
w101 (a’(i)) projects to a’(i) in E;A*” of the ANSS for MSp>'. Note that the lowest
degree element of order at least eight which we have identified in MSp, is a(ip) in degree
32,769, where i = (3,4,5,6,7,8,9, 10, 11, 12, 13).

Let t(i), g(i), a’(i) denote the projection of 7(i), (i), /(i) to E;‘*(MSpZ‘),
E;*(MSp™), E;*(MSp™), respectively. The chromatic technique was developed to make
computations in the E,-term of the ANSS for spheres. See [12]. In this section, we use a
chromatic argument to prove the following proposition.

PROPOSITION 7.1. Let i = (iy,...,i5) with3 < i) < ---<isands > 6.
(i) The element g(i) € Eg'*(MSpZZ) has order at least 2!6+*)/21-1,
(ii) The element a’(1) € Eg’*(MSpZ‘) has order at least 21*)/21=2

PROOF OF THEOREM C USING PROPOSITION 7.1. Recall from Proposition 6.4(d) that
the infinite cycle a(i) € E§'4*+'(MSp) is the projection of (i) € MSp,. By Proposi-
tion 6.4(c), m.(a(i)) = 2a(i)’ where m.: E}"*(MSp) — E;"*(MSp™). By Proposition 7.1,
the element 2a’(i) = m(a(i)) has order at least 216+1/21=3 jp E;'A*”(Msz‘)‘ Thus a(i)
has order at least 2!*D/21=3 in E3**!(MSp). Since Eé'4*+2(MSp) = EY**(MSp) = 0,
the element 2'a(i) cannot be killed by differentials for# = 1,...,[(s+ 1)/2] — 4. Thus,
216+D/21-4 (i) projects to a nonzero element of E;'(MSp) and must be nonzero. .

NOTE 7.1. This argument can not be used to prove directly that 216+*D/21=30/(i) is
nonzero in EOO(MSpZ') because Eg'4*+2(Msz‘) is nonzero which raises the possibility
of hitting 21¢*1/21-3¢/(i) by a d3-differential.

The following lemma shows that we can assume that i; > 4 in proving Proposi-
tion 7.1(i).

LEMMA 7.2. Let s > 6. If ¢'(i1,ia, - - ., is) € Ey"(MSp™) has order 21+D/21-1 for
all4 < iy < - < iy then §'G3,ia, ..., i) € Ey*(MSp™) has order 21*V/21-1 for qll
3<ipa <<y,
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PROOFE. Lett = [(s+1)/2] — 2. Suppose there is r € E>*(MSp™) such that d, (r) =
2'g(3, iy, ..., is). Choose n > i;. The element r depends on the generators x;, ___j,, w; and
u;. In particular, the formula for the first differential is invariant under the transposition
(3, n) in all entries of the elements r and g(3, iz, . . ., is). Applying this permutation we
obtain an element ', such that d;(x’) = 2'g(is, . . ., i, n), a contradiction. n

We give the proof of Proposition 7.1 in the case s even and 4 < i) < --- < i,.
The proof for the case s odd is obtained by a slight modification. Thus, i will denote
i1, ..., I for the remainder of this section. We prove Proposition 7.1(i) by showing
that (i) has order at least 2°~'. Let m: MSp™ — MSp™ denote the canonical map
which induces .: E5*(MSp™) — E5*(MSp™). Let &(i) = m.(a(i)) € E;*(MSp™). By
Proposition 6.3(d),

qiy = Y i Xog, R Ry R X2,
1< <t,<t3<2s
We use chromatic methods to determine the order of §(i). Consider the following exact
sequences of complexes:

0 — M(3) — wy 'M(3) — M(3)/(W5*) — 0,
0— M(3)/ (W) — wi ' M(3)/ (W*) — M(3) (W, wi®) — 0,
0 — M(3)/ (W, wi®) — w3 'M(3) / (WS>, wi®) — M(3) [ (W3, w5, wi®) — .
Recall that by Theorem 5.1 there exist elements x;; € MSpZ, x,;x € MSpZ, and

x3x € MSpf3 such that By (x) &) = wi, Bi(x24) = w2, Bi(x34) = wz. The arguments used
to prove Lemma 4.2 can be used to prove the following lemma.

LEMMA 7.3. The  complexes — wy'M(3),  wi'wi'M(3),  wilM(3)/(w3),
w3y 1M (3) /(W) and wy ' M(3) /(WS wi°) are acyclic, i.e. their n-th homology groups
are zero forn > 1. [

Consider the following composition of boundary homomorphisms:

Ho((3)/ (5", wi*, wi®)) 2 Hi(3(3) /0, 7))

2D, Hy (M(3) ) w)) “2 Hy(94(3)).

By Lemma 7.3, 6(0) is an epimorphism and (1), 6(2) are isomorphisms.
Define the element

~ . 1 o N
G =wy' D0 i i xR Ry X2,

1< < <2s
~ e 1. —1 a N
G,(1) = wy w) Z X1y Uiy X2y~ * " X2dy """ X2y * " X2y
1<<p,<2s
P —1,,—1 -1 - s
Qo(1) = wy wy w3 > Xliny X340, X2,y 77" X2udyy " A2 " X e
1<t<1,<2s
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in the homology group HZ(M<3)/(W§°)), H, (.‘M(3> [ (WS, wfo)),
HO(M (3)/ W, we, wcl’o)), respectively. A direct calculation gives that 6(0)(@0(0) =
d,(1), 5(1)(@1(0) = {,(i) and 6(2)(@2(0) = §(1). Proposition 7.1(i) is a consequence of
the following lemma.

LEMMA 7.4. Fors > 3, the element §,(1) € H, (M(?))/(wgo, wf°)) has order at least
2571

PROOF. Assume that 2°~2§,(i) = 0. Then §(0)(2°2§y(i)) = 2°~2§,(i) = 0. Therefore,
there is an element Z; € Ho(wglM(?a)/(w‘lx’, w3° ) such that 7((Z;) = 2°2§,(i) where
my is the homomorphism in the diagram below. In the following diagram the row and
both columns are exact.

0

l

0 Ho(34(3) /7 )

| !

™
H(,(w;‘M(3)/w;°) —  How'wy'™M(3) /W) ——  Ho(wy'M(3)/(wPwF)  —— 0

[ nl

Ho(w;'w’l"w;‘M(:%}) Ho(M(})/(W?Q.W;)O.W?Q))
1 by
Holw; ' wy' #4(3)) 1, (M(3) /o))
| |
0 0

From the diagram above, we see that there exist Z, € Ho(w'w3'4(3)/w3°) and
Z; € H()(W2.1W1—1W3'1M<3>) such that m3(Z3) = Z, and m(Z;) = Z;. Let

s—2 S a
§=2 ( Z xl,i,lx3.i,2x2,i| BRI R O N 'x2.iz_‘)-
1< <1, <2s

By definition of the elements Z;, Z,, Z3 we have that

1

Zy = wi'wy'wi 'S+ w Pwy "y,
-1, 1, — —p, - ~b
(38) Zy = wi'wy 'wi 'S+ w Pwy MY+ wy Y,
Z; = WI_IW2‘1W3_IS+ Wl_pwz—b‘yl + W2_b2Y2 +Y3

where Y1, Y5, Y3 € MSp® and p,by, by > 1. Let g = max{by, b»}. Note that we can
define Y; and Y; so that g > 3. It follows from (38) that

wWowiwsZy = w2 WIS 4 ws(wi TP Y) + WP Ya) + wi(Wws V).

Since wwiwsZ; € Ho(M(3)), the following lemma produces the contradiction which
proves our lemma.
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LEMMA 7.5. Forp > 1 and q,s > 3, there are no elements By, By, B3 € MSp)*: such

that the element
C= w‘,’*lw‘z’—lS + WfBl + Wng +w3B3
belongs to the ring Ho(M(3)).

PROOF. Recall from Lemma 4.3 that Ho(w; !4 (3)) is a polynomial ring and that
there is a ring monomorphism: ,: Hy(M (3)) — Ho(w; '™ (3)). Assume that we have
chosen Y; and Y, in (38) to make g so large that the cycle C can be written as a
polynomial in the polynomial generators of Hy(w; ' M(3)). Also, we can always choose
integral polynomial generators for Hy(w; ' M(3)), i.e. from the image (HO(IM (3))),
which include

!
§1j = waxij —wixg; =waXjj, &2 = 20 — waw; = wokXj,
/
(39 §3j = waxzj — waxy; = wa Xy,

2 _ .2
iy = 2x2ix0; — wawixp; — wixa ) + waxij = wiXi;

where 1 <i <, ij ¢ {1,2,3}and X] ,, X}, X;;, X; are the polynomial generators

1j> 23>
of Ho(w51M<3)) defined in (25), (26), (27). Define X(j1,....Jj2) = X, o - =" Xj 1 ju €
HO(W2_1M<3>) and £(il~, e wj2f) = gjhjZ e ng/—l-jZI = W%IX(’.I’ ttt ’jZ’) € HO(M<3>) It
follows from (39) that

2
WX Li, X34, = €1, €3, + WiX2,, €34, + WaX24, E1, + WIW3X2, X2,

(40 = &1, 834, T Wia1 +w3az
where a;, a; € MSpf. Consider the monomial
—1 N A
(=2 Xty X304y X200y " " X2y " " X2y T X2 -
It follows from (39) and (40) that
wal = Wax1s x35 )2 \xns o Roy o Rou o xo4)
Sl = (waxy i, X33, (2 iy -+ - Ry - Ray, X2,
= (€1, 3, + wiar +w3@2)(EGns - 30,5y Btys -y ig) + WD)
= gl.i,l 63.1}26(’.17 R itm sy ifzﬁ ceey iZS)

+ (Wi iy i) + w3as(iny, i) )EGL -y Btys ooy Tty ey dg)

+W%x1,i1lx3‘l‘,2D(ilﬂ ‘e .,i;l, ceey i,z, ey izs).
Assume that B|, B,, B3 exist which make C a cycle in #(3). Then

2C = wh Wi (2wiS) + 2(WB) + wiB, + w3B3)
:M)F;_lwg‘:" Z §l<i¢l€3,i12€(il7'"’itl""’itl""’iz“‘)

1<n<t,<2s

+ W’l)wgkz‘A] + W3W€_1A3 + WII)AIWI;_D

https://doi.org/10.4153/CJM-1994-026-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-026-7

514 B. I. BOTVINNIK AND S. 0. KOCHMAN

+ W’l)zBl + W%ZBQ + w3283
=w Wi Y € G Elin i)

1< <1, <2s

+ W (Wi A +2B1) + wa(w) Ay +2B3) + 2wiB,

+w'wiD.
Let
(4D E= Y & & &l A d2y)

1<, <1, <2s -

Then in Hy(M(3)):
(42) 20— Wi wi 2 = WK + wiKs + wiKs = K.
Let 3;,....;, X denote the composition (3, ([)’,2(- (B X) - )) for an element X of MSpZ.

Recall that 5;(3;X) = 3;(3;X). Thus 3, .., X does not depend on the order of /y..... /.
The proof of the following lemma is straightforward.

LEMMA 7.6. Let X € MSp* with deg X < 2(2" — 1). Then

n
X+3 (=D Yy w By X

k=1 4<h <<l <n

belongs to the ring Hy(M(3)) C MSpZ. .
PROOF OF LEMMA 7.5 CONTINUED. Choose 7 so that 2(2" — 1) > deg K. Then
n
Si=2"Ki+ 3 (=12 ST wy ey By K
k=1 4<| <<l <n

are cycles for i = 1,2, 3. Since K is a cycle,

Therefore,

K=2"K+3 (—=D2"* S wyow By K
k=1

4<) << <n
=D wy e w B K
k=1 A<l <<h<n
= 2”WI1)K1 + Z"WZKZ + 2"W3K3
n
+3=DR2 Y wy ey,
k=1

4<l)<-<k<n
q
W81, K+ wiBy,
= w”lSl + W%Sz + ws3Ss3.

..... 1Ko+ wify, 1, K3)
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Multiplying (42) by 2" we get the following equality in the ring Ho(M (3)):
43) 27— 2" W TR = WSy + WS + ws Sa.

Observe that we can choose Y; and Y, in (38) to make ¢ is so large that C, S, S,
S5 all belong to Ho(w; 2 (3)). Then the equality (43) occurs in the polynomial ring
Ho(wy'#(3)). By the definition of Z in (41), w/~'w¢ 7 Z is a linear combination of
monomials in the canonical polynomial generators with odd coefficients. Moreover, these
monomials do not use the generators wy, wj and are not divisible by w, in Ho(M(3)).
Thus, (43) is a nontrivial relation in the polynomial ring Ho(w; ' M (3)), a contradiction.
This completes the proof of Lemmas 7.4, 7.5 and Proposition 7.1(i). n

Let t = (ij,...,ip) fors > 6 and 3 < i;--- < ip;. We turn our attention to the
elements /(i) = 3> (“/(i)) and prove Proposition 7.1(ii). Recall that we already know
the projection of o(1) into E;*(MSp*™') from Proposition 6.4(b). In E;™*(MSp™), for
4 < k < 2s define

k—4),: k—4 . . ~ N
a® (i) = wj DD ORI /L FAEEES SHRERES SYARERECIN
1<t <<y <2s

where

PUL - sd) = D0 W Wi Uy Wy W W W
1<t)<tr<t<t

Then we can rewrite the projection &'(i) of /(i) into Eg'*(MSpX‘) as
2s
&) = > (= Dfa* ().
k=4

Direct computation shows that the elements a%~%(i) are d;-cycles. In the following
lemma, we obtain a convenient description of a’(i).

LEMMA 7.7. In the algebra E;'*(MSpZ3)f0r4 <k<2s—1lands>6:
2a%9(1) = a* ().

In particular, there is an odd number ) such that & (i) = A a(i).

PROOF. In E[™(MSp™) for t > 3, define

OG1 - add = D0 s Ui, Wy, Wy Wy, - owy, and
1<q)<g2=<t
4, 4 . . o o
i) = wh 2o B, i xR R Xy,

1< << <25

Then d;c*9(i) = 2a% (1) — a*3(i). Thus, @'(i)) = X a@(i) where A =1 —2+4 +
- 42359 js 0dd. .

The following lemma indicates the relationship between §(i) and a'(i).
LEMMA 7.8. In the algebra E;’*(MSpEJ), 273(1) = wod'(i) for s > 6.
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PROOF. Define

TOETEED DENE O AN PSR SPARPRE 'S ARERS S ARER SR
1< <t,<t<2s - :

Then d; (Ac(i)) = 2A(1) — waha@(i) = 2A§(1) — wad'(i). .

PROOF OF PROPOSITION 7.1(ii). Suppose that 2*73a’(i) = 0. By the previous lemma,
0 = 23w, &'(1) = 2°72§(i). This contradicts Proposition 7.1(i). .

This completes the proof of Proposition 7.1 and consequently of Theorem C.
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