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SHARP CONDITIONS FOR OSCILLATIONS CAUSED BY
RETARDED AND ADVANCED PERTURBATIONS

J.E. Bowcock AND Y.H. Yu

In this paper we study the oscillatory behaviour of solutions of equations of the forms
n

(A)y'(t) + py(t) + 3 piy(t — =) =0 and (B)y'(t) — py(t) = 3 pi(y(t + 7)) = 0, where
i=1 i=1

pi and 7;, for i = 1,2,...,n, are positive constants and p is an arbitary constant. Three

necessary and sufficient conditions for all solutions of (A) and (B) respectively to be

oscillatory are established. These results extend and generalise previous results in a new

approach.

1. INTRODUCTION

Recently the study of the oscillatory behaviour of solutions of first order differential
equations with retarded and advanced perturbations has been a subject of great interest.
A characteristic feature of the work is that when the perturbation vanishes the resulting
first order ordinary differential equation has no oscillatory behaviour. In the literature
[1-6], the work in this direction is centred around functional differential equations in
which the rate functions depend only on the past history or the future of a state of a
system. However, in general, the rate functions not only depend on the past history or
future state of a system, but also on its present state.

In the present work, we give three necessary and sufficient conditions for all so-
lutions of (A) and (B) to be oscillatory. Our results are based on a very recent and
interesting result of Arino, Gyori and Jawhari [1]. Furthermore, our results extend and

generalise the results of [1-8] in a new approach.

LEMMA 1.1. [1] Consider a linear scalar functional differential equation
(L) z'(t) = U(z¢)-

Then all the solutions of (L) are oscillatory if and only if the characteristic equation
—X=1I(e™*) of (L) has no real root.
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2. DIFFERENTIAL EQUATIONS WITH SEVERAL RETARDED PERTURBATIONS
Consider the differential equation with retarded perturbations
n
(2.1) v'() +py(t) + ) piy(t — ) =0
i=1

where p is an arbitary constant and p; and 7;,for ¢ = 1,2,...,n, are positive constants.

The characteristic equation of (2.1) is
(2.2) —)\+p+2p¢exp()\r,-) = 0.
i=1
LEMMA 2.1. Put
Ao =p,

Ak = P+ Z piexp()\k_l‘ri) k= 1,2,...

i=1

(2.3)

Then {Ax}72, is a monotonically increasing sequence.

PrRoOOF: From (2.3) we have
)\] — /\0 >0,

therefore, by induction,

Ak41 — Ap = Zp,‘ exp(/\k_l‘r,')[exp(/\k — /\k—l)'ri — l] >0, k=1,2,...

=1
The proof of the Lemma is complete. 1
THEOREM 2.2. A necessary and sufficient condition for all solutions of (2.1) to be
oscillatory is that

(2.4) Jim A = +oo.

PROOF: Assume first that (2.4) does not hold. From Lemma 2.1 the sequence
{Ak}2, converges. In view of (2.3), there exists a real root of (2.2). Then (2.1) has a
non-oscillatory solution.

Assume conversely, that not all solutions of (2.1) oscillate. From Lemma 1.1 we

know that there exists a real number A* such that

(2.5) ~M4+p+ ) piexp(Atr) = 0.

i=1
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From (2.5) and (2.3) we have
A=) > 0.

Therefore, by induction,
(2.6) A=A = Zpi exp (Ag—iT1)[exp (A" — Ag_1)i —1] >0, k=1,2,...
i=1
(2.6) and (2.4) lead to a contradiction. The proof of the Theorem is complete. 1

THEOREM 2.3. A necessary and sufficient condition for all solutions of (2.1) to be

oscillatory is that

(2.7) £+ Zp,- exp(p+&)mi >0, £>0.

=1

PROOF: Assume first that (2.7) does not hold. We may then choose £* > 0, such

that
(2.8) —£+) piexp(p+ &) =0.
i=1
Set
At = 6* +p,

then (2.8) can be rewritten as (2.5). Therefore, (2.1) has a non-oscillatory solution.
Conversely, assume that not all solutions of (2.1) oscillate. From Theorem 2.2 we
know that (2.4) does not hold. In view of Lemma 2.1 the sequence {Ar}g2., converges.
Set
=& +p, k=0,1,2,....
Then
§o =0,
n
k= piexp(p+é€k-1)mi, k=1,2,....

i=1

(2.9)

Therefore, the sequence {{,}52, converges too, and we have

(2.10) lim & = €.
k- o0
From (2.9) we know that & > 0, for k¥ = 1,2,..., and the sequence {&}52, is
monotonically increasing. Hence we have £* > 0. From (2.9) and (2.10) we get
n
(2.11) €+ ) piexp(p+&)ri=0, £ >0.
i=1

(2.11) and (2.7) lead to a contradiction. The proof of the Theorem is now complete. 1
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Remark 1. Theorem 2.3 generalises the main results of [6,4] and Proposition 1 of
(1]
THEOREM 2.4. A necessary and suflicient condition for all solutions of (2.1) to be

oscillatory is that
(2.12) > piriexp(pri) > 7.

PROOF: Assume first that all solutions of (2.1) oscillate. From Theorem 2.3, (2.7)

holds, or, equivalently,

(2.13) Zp, exp(p+ &) >1, £>0.

1

Each p;£~!exp(p + £)7i is minimised by setting ¢ = 77" and thus, has its minimum

equal to p;m;exp(pri +1). Soif (2.13) holds, we have

n

(2.14) D piriexp(pri+1) > 1,
i=1

which implies (2.12).
Conversely, if (2.12) holds, from (2.13) and (2.14), we know that (2.7) is true. In
view of Theorem 2.3, (2.1) has only oscillatory solutions. The proof of the Theorem is

complete. n

Remark 2. Theorem 2.4 extends and generalises the corresponding results of (2, 3,

5] and Proposition 2 of [1].
3. DIFFERENTIAL EQUATIONS WITH SEVERAL ADVANCED PERTURBATIONS

Consider the differential equation with advanced pertrubations

n
(3.1) y'(t) —py(t) = ) piy(t+7:) =0,
where p is an arbitary constant and, p; and 7;, with ¢ = 1,2,...,n, are positive
constants.

The characteristic equation of (3.1) is

(3.2) A+p+ Zp.’exp(—,\f,-)=0

i=1
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LEmMMA 3.1. Put
A0 = -p,

A= —p— Z piexp(—Ae_17), k=12,....

i=1

(3.3)

Then {A¢}{2, is a monotonically decreasing sequence.

PROOF: From (3.3) we have
A1 — Ay <O0.

therefore, by induction,

Akt — Ak = Zp,' exp(—/\kri)[exp()\k — Ak—1)Ti — 1} <0, k=1,2,....

i=1
The proof of the Lemma is complete. "
THEOREM 3.2. A necessary and sufficient condition for all solutions of (3.1) to be
oscillatory is that

(3.4) klim Ar = —o00.

PROOF: Assume first that (3.4) does not hold. From Lemma 3.1 the sequence
{Ae}2, converges. In view of (3.3), there exists a real root of (3.2). Then (3.1) has a
non-oscillatroy solution.

Assume conversely, that not all solutions of (3.1) oscillate. From Lemma 1.1 we

know that there exists a real A* such that

(3.5) M4+p+ Zpi exp (—A*7) = 0.

=1

From (3.5) and (3.3) we have
A" =X < 0.

Therefore,

(3.6) A= = Zp,- exp (= A"m)exp (A = Apoy)ri — 1] <0, k=1,2,....

i=1

The inequalities (3.6) contradict (3.4), and the proof of the Theorem is complete. J

https://doi.org/10.1017/50004972700027052 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700027052

434 J.E. Bowcock and Y.H. Yu (6]

THEOREM 3.3. A necessary and sufficient condition for all solutions of (3.1) to be

oscillatory is that

(3.7) E+) piexp(p-&mi>0, £<0.

i=1

PROOF: Assume first that (3.7) does not hold. Then we may choose £* < 0, such

that
(3.8) §*+Zpiexp(p—§*)ri=0.
i=1
Set
A= 6* - P

then (3.8) can be rewritten as (3.5). Therefore, (3.1) has a non-oscillatroy solution.
Conversely, assume that not all solutions of (3.1) oscillate. From Theorem 3.2 we
know that (3.4) does not hold. In view of Lemna 3.1 the sequence {Ax}2, converges.

Set
Me =& —p, k=01,2,...
then
§o =0,
(3.9) §k=—zn:p,'exp(p—§k_1)n, k=1,2,:...

Il
Sl

1

Therefore the sequence {£;}52, converges too, so we have

(3.10) lim & = €.
k—co
From (3.9) we know that & < 0, for £ =1,2,... and the sequence {{x}32, is mono-

tonically decreasing. Hence we get £* < 0. From (3.9) and (3.10) we have

(3.11) &+ piexp(p-&)ri=0, £ <0.
i=1
(3.11) and (3.7) lead to a contradiction. The proof of the Theorem is complete. |

Remark 3. Theorem 3.3 generalises the main results of [4, 8] and Proposition 1 of [1].
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THEOREM 3.4. A necessary and sufficient condition for all solutions of (3.1) to be

oscillatory is that
n

(3.12) Zp;r,- exp (pri) > e .
=1

PROOF: Assume first that all solutions of (3.1) oscillate. From Thoerem 3.3, (3.7)

holds, or equivalently,

(3.13) Y ptexp(p-E)mi>1, £<0.
i=1
Each —p;é~!exp (p — €)7: is minimised by setting £ = —7;", and thus has its minimum

equal to p;7; exp (pr: +1).
So if (3.13) holds, we have

(3.14) an; exp (pmi +1) > 1,

i=1
which implies (3.12). Conversely, if (3.12) holds, from (3.13) and (3.14) we know that
(3.7) is true. In view of Theorem 3.3, (3.1) has only oscillatory solutions. The proof of

the theorem is complete. R

Remark 4. Theorem 3.4 exiends and generalises theorems 3.1 and 3.2 of 5].
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