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A GENERALIZATION OF THE CYCLOTOMIC 
POLYNOMIAL 

BY 

K. N A G E S W A R A R A O * 

ABSTRACT. In this paper, the cyclotomic polynomial is 
generalized and several of its properties based on the Môbius 
inversion are derived. It is deduced that a polynomial whose roots 
are the roots of a cyclotomic polynomial multiplied by those of 
another cyclotomic polynomial is the product of cyclotomic polyno
mials. Character sums and finite Fourier series are employed for the 
latter result. 

1. Preliminaries. Let n > l be any integer. To each integer n associate a 
non-empty set A(n) of positive divisors of n satisfying the following condi
tions: 

I. If deA(m) and meA(n) imply that deA(n) and mldeA(nld) and 
vice versa. 

II. If deA(n) then n/deA(n). 
III. leA(n). 
IV. A(mn) = A(m) x A(n) = {ab \ a e A{m), b eA(n)} whenever (ra, n) = 1. 
V. For every prime power of pk , there exists a positive integer t so that 

A(pk) = { l , p ' , p 2 f , . . . , p r t } , 

rt=k, and p'eAip2'), p2teA(p3t), etc. 

Following Narkiewicz [9] the number pl is called the primitive element of 
A(pk) associated with the prime p. (Also see McCarthy [4].) 

If m is any integer, then the A-greatest common divisor (A-g.c.d.) of m and 
n is defined as the largest member of A(n) that divides m and is denoted by 
(m, n)A. The number of integers m, 0 < m < n such that (m, n)A = 1 is denoted 
by (f>A(n) which generalizes Euler's totient. 

Let p be any primitive nth root of unity, d\, d2,..., dr be all the elements of 
A(n). Then let C(dt) stand for the set of all elements {pm}, 0 < m < n which are 
such that (m, n)A = nldt. 

Let JLLA be the Môbius function associated with the set A(n) which is 
multiplicative and is defined for prime power values by 

[- 1 if p" is primitive 

0 otherwise 
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Also, let the generalized Ramanujan's sum CA(m, n) be defined by 

CA(m,n)= X, exp(2 irimx/n) 
(x, n)A = l 

Let QA\x)=Q(n\x) = TT(X-8) where the product runs over all elements 8 
of C(n). If A(n) is the set of all positive divisors of n then Q(n\x) reduces to 
the cyclotomic polynomial. For an extensive literature on the cyclotomic 
polynomial, see Apostol [1]. 

The object of the paper is to obtain several of the properties involving 
Q(n\x). In particular, it is shown that a monic polynomial Q (dl ' dk)(x), whose 
roots are given by x = Xi • x2 * • * xk, where xt (i = 1 , . . . , k) runs over all the 
roots of Qidl\x) = 0, is the product of the polynomials Q(d)(jc), where d runs 
over all the elements of A(n). 

2. Main results. 

THEOREM 1. 

Q(n\x)= n (xd-ir-(n/d) 

deA(n) 

Proof. It is clear that xn-l=YldeMn)Q
(d\x). Now by applying Môbius 

inversion (see McCarthy [3]), we get the result. 

REMARK 1. From Theorem 1 it follows that the coefficients of Q(n\x) are 
rational integers. 

REMARK 2. The polynomial Q(n\x) is irreducible over the rational field if 
A (n) is the set of all positive divisors of ft. 

We now obtain some lemmas: 

LEMMA 1. If f{n) = \[[l-e(T, ft)] & f(l)=l and g(n) = Y[[l-e(x, n)] & 
g ( l ) - 1 where in the first product T runs from 1 to n-1 and in the second x 
ranges over all the elements mod n such that (x, ft)A = 1 then g(n) = 

rLeA(n)[/(n/ai)r-w. 
Proof. Clearly f(n) = Y[0)eMn) g(<o). Now by applying the inversion principle 

for products, the result is obtained. 
Note: 

. . [0 ( n ) ( l ) if n>\ 

LI if ft = 1 

LEMMA 2. log g(n) = AA(n), where g(n) is the function defined above and 
AA (ft) is given in 

("»-E [logp* if ft is the power of a prime and pl is its primitive 

LU otherwise 
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It is well known that f(n) = n, then by the above Lemma 1, g(n) = 
FLeA(n) (n/a)TA(oi). If n has canonical representation given by n = p"1- * • p?r 

and p-' is the primitive for pr (/ = 1 , . . . , r) then 

«M-(=)fifê)fi(£)lï(^ 
VL/ i \ n / i^- \pfPj/ i*j*k\ n 

where p|j are primitives. (Vacuous products are to be taken as 1.) But this is 
clearly given by 

g(n) = 
rPÏ = P* if r = l 
-1 otherwise. 

This completes the proof of the lemma. 

LEMMA 3. Q(1)(1) = 0. 

Since Qa\x) = x — l, the result follows. 

Lemmas 2 and 3 yield the following result. 

THEOREM 2. 

\pl if n = pk and pl is the primitive 

Q ( n )( l )= 0 ifn = l 

|_1 otherwise 

THEOREM 3. 

Q(w)(x) = x*A(n)Q(n)(x-1) 

Proof. Clearly the degree of Q(n\x) is <M«)- Also, if 8eC(n) then S _ 1e 
C(n) and hence QM(x) = 0, Q(n)(x_1) = 0 have the same roots. 

THEOREM 4. If (m, pa) = 1, tfierc Q(mp")(^)= Q (mp0(xpt t t). 

Proof. The result follows from 

jQ [x^p«/d_ 1j^A(d) = JJ [^p—ynpVd_ 1jfAA(d) 
deACmp") 

THEOREM 5. 

Q(ptm)(x)Q(m)(x) = Q (m V ) whenever (m, p') = 1. 

Proof. Consider 

n [xmpt/d-ifA(d>- n um/s-ifA(ô) 
deA(mp') 8eA(m) 

= n [xmp'/D-if-<D)- n [xmp,/A-ir-(A)- n i>m/s-i:rA(s) 
D&Aim) AeACmpO SeA(m) 

AéA(m) 
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But 

H [ j ^ P ^ - l j M ô p O . FT |-Jcm/ô_^j^A(ô) 
Sp'eAOnp') SeA(m) 

S^ACp1) 

= n [xm/ô-ir^(s)- n um/s-ir-(ô)=i 
Sp'eACmp1) SeA(m) 

Ô^A(pf) 

Let 

P;(ra, n) = 
1 if (m, n)A G C(di) 

LO otherwise. 

It is easy to see that Pi(m,n) is multiplicative in n and also in ra, n; i.e., 
Pi(m, nxn2) = Fi(m, ni)Pi(m, n2) whenever (ni, n2) = 1; also Pi(m1m2, rtin2) = 
Pi(mi, ni)Pi(m2, n2) whenever (miWi, m2n2) = 1. Also, it is an A-even function 
(mod n), i.e., Pi(m, n) = Pt(g, n) where g = (m, n)A. 

THEOREM 6. 77ie function P/ra, n) has the representation given by 

Pi(m,n) = - I cJ^,di)cA(m,d). 

Proof. Since Pi(m, n) is A-even (mod n) it admits a representation given by 

Pi(m,n)= X «a>CA(m, to) 
weA(n) 

where 

W deA(n) \ a / \û> / 

(cf. McCarthy [3], Theorem 6). (See Cohen [2].) Using the definition of 
Pi(m, n) we have a^ = (l/n)CA(nl(o, dt). 

The Cauchy product h(m, n) of Pi(m, n) and P,(m, n) is defined by the 
relation: 

h(m, n)= £ Pt(a, n)Pj(b, n) 
m=a+b(mod n) 

where the summation runs over all a and b (mod n) such that m = 
a + b(mod n). We now have the following: 

LEMMA 4. Iff(m, n) and g(m, n) are two A-even functions (mod n) having the 

representations given by 

f(m,n)= X 0LdcAm,-) 
d€A(n) \ a/ 

g(m,n)= X PdCAm,-:) 
deA(n ) \ « / 
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then the Cauchy product {{m, n) of f(m, n), and g(m9 n) is given by 

{(m,n)= X f(a,n)g(b,n) 
ms=a+b(modn) 

= n X <xdpdCA[m,-\ 

Proof. The result is a direct conseauence of the orthogonality relation: 

l cA(a,di)cA(b,d,)=KA(m^) i j * : ; * = d 

m =a+b(mod n) LU 11 &i F (tj 

(cf. McCarthy [3], Theorem 3.) 

THEOREM 7. The number of solutions {a,b} of the congruence: m = 
a + b(mod n), such that (a, n)A = n\d{ and (b, n)A = n/dj is 

- Z cJ",d)cJ-9d\cA(m,< >) 

Proof. By Lemma 4, the Cauchy product h(m, n) of Pi(m, n) and Pj(m, n) is 
the expression given in the theorem. But this Cauchy product by definition is 
Xm5sa+b(modn)Pi(a, n)Pj(b, n) which is the number of solutions of the congruence 
stated above. 

REMARK 3. Since CA(m, n) is A-even (mod n) it follows that the number of 
solutions of the congruences: m = a + b(modn) such that (a,n)A = nldi and 
(6, n)A = n/dj and m' = a + fo(mod n) are the same whenever (m, n)A = 
(m\ n)A. The same thing can also be interpreted as follows: Let C(dt) ® C(dy) 
stand for the set of elements obtained by multiplying each element of C(di) 
with each element of C(dj). If any element of C(dk) appears y times in the 
product set then every element of C(dk) must repeat the same number of 
times. Or equivalently C(d£) ® C(dj) can be represented as a linear combina
tion of C ( d i ) , . . . , C(dr). If A(n) is the set of all positive divisors of n, the 
above discussion in substance reduces to the result of Vaidyanathaswamy [10]. 

THEOREM 7'. The number of solutions of the congruence m = 
JCI + • • • + xs(mod n) where st of the x's are such that (xt, n)A = nidi and X st = s, 
is equal to 

I 
eA(n) n 

- i 

cA—,di) 
\0) } . 

• CA(m, co) 
-

Proof. The result mentioned is the Cauchy product of S\ functions Pi(m, n), 
s2 functions P2(m, n ) , . . . so that X st = s. 

This generalizes some of the results of Rao [7] and [8] and McCarthy [5]. 
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THEOREM 8. If Q(di*-'dk)(x) is a monic polynomial whose roots are 

{xxx2 * * * Xk}, where xt runs over all the roots of Q(di\x) = 0, then Q(d^-,dk\x) = 

rid6A(n)[O c d )(x)r ( d--d-d ) where 

7(di,...,4,d) = - I cJ-tdX-cJ-tdtScAd,**). 
n cueA(n) \(0 J W / 

Proof. This is a direct consequence of Theorem 7' since each root of Q(d\x) 
is repeated y(du . . . , dk, d) times in {(xix2 * • • xk)}. This generalizes a result of 
Menon [6]. 

When A (n) is the set of all positive divisors of n denote Q(n\x) by Pn(x) the 
cyclotomic polynomial and CA(m, n) by C(m, ft), the Ramanujan's Sum. We 
now deduce that a polynomial whose roots are the roots of a cyclotomic 
polynomial multiplied by those of another cyclotomic polynomial is the product 
of cyclotomic polynomials. Precisely, 

THEOREM 8'. If Pdud2(x) is the monic polynomial whose roots are the roots of 
Pd,(x) multiplied by those of Pd2(x) then: 

din 

where 

T(dl9 d2, d) = -Y c ( - , d1 )c(-, d2 )C(d, <o). 
n win \(o I \(o J 

The author is grateful to the referee for his useful suggestions. 
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