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0. Introduction. Let M be a smooth m-dimensional submanifold in (m +d)-
dimensional Euclidean space R™"“ For x € M and a non-zero vector X in T,M, we define
the (d + 1)-dimensional affine subspace E(x, X) of R™** by

E(x, X)=x + span{X, N,(M)}.

In a neighbourhood of x, the intersection M N E(x, X) is a regular curve y:(-¢,&)— M.
We suppose the parameter 7 € (—¢, ) is a multiple of the arc-length such that y(0) =x
and $(0)=X. Each choice of X € T(M) yields a different curve which is called the
normal section of M at x in the direction of X, where X e T,(M) (Section 3).

For such a normal section we can write

vy =x+A@0)X + N(@). (0.1)

where N(t) e N.(M) and A(t) e R.
The submanifold M is said to have pointwise k-planar normal sections (Pk-PNS) if
for each normal section vy the first, second and higher order derivatives

{7(0), ¥(0), %(0),...., y(O)}

are linearly dependent as vectors in R"*, ‘
Submanifolds with pointwise 3-planar normal sections have been studied by S. J. Li
in the case when M is isotropic [6] and also in the case when M is spherical [7].
In this paper we consider product submanifolds M = M; X M, with P3-PNS and we
show that this implies strong conditions on M; and M,.

1. Basic notation. Let M be an m-dimensional submanifold in (m + d)-dimensional
Euclidean space R™*% Let V and D denote the covariant derivatives in M and R™*¢
respectively. Thus Dy is just the directional derivative in the direction X in R™*% Then
for tangent vector fields X, Y and Z over M we have
where h is the second fundamental form of M. We define Vyh as usual by

Vx(h(Y,Z)) = (Vxh)(Y,Z) + h(VxY,Z) + h(Y,VxZ), (1.1)
Then we have
hX,Y)=h(Y,X) (1.2)
and
(Vxh)(Y,Z) = (Vyh)(X, Z) = (Vzh)(X, Y) = (Vxh)(Z,Y)

= (Vyh)(Z, X) = (Vzh)(Y, X). (1.3)
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We will also need to refer to the shape operator A, where this is defined for a normal
field v:M — N(M) by (h(X,Y),v)=(A,X,Y). Note however that h(X,Y), (Vxh)(Y, Z)
and A,X have values at x € M which depend only on the values of X, Y, Z and v at
x € M and not on their derivatives.

2. Preliminary results. Let us write
HX)=h(X,X),
VH(X) = (Vxh)(X,X)
J(X) = (VxVxh)(X, X) + 3h(Anx. )X, X)
so that H:T(M)— N(M) and VH:T(M)— N(M) and J:T(M)— N(M) are fibre maps

whose restriction to each fibre T,{M) is a homogeneous polynomial map, H is of degree 2
and VH is of degree 3 and J is of degree 4.

Note that (1.2) shows that 4 is completely determined by H and (1.3) shows that Vh
is completely determined by VH.

LemMa 2.1. M has P3-PNS if and only if forall x e M and X € T,(M), H(X), VH(X)
and J{(X) are linearly dependent vectors in N.(M).

Proof. Differentiating the formula (0.2) and evaluating at r = 0 we obtain after some
calculation

¥(0)=X,N(@©)=0
¥(0)=h(X,X)=N(0)
$(0) = Vx VaX — Apx X + (Vxh)(X, X) = A(0)X + N(0)
y#(0) = (terms in T,(M)) + 4AS(0)h (X, X) +
+ 30 (A, X, X) + (VxVh)(X, X) =
= A™(0)X + N™Y(0).

From this it is clear that {7(0), ¥(0), ¥(0), y"*(0)} is a linearly dependent set if and only if
{N(0), N(0), N™(0)} is a linearly dependent set. It is also clear that N(0)= H(X),
N(0)=VH(X), N™(0)=4A™0)H(X)+J(X). Hence {N(0), N(0), N®(0)} is a lin-
early dependent set if and only if {H(X), VH(X),J(X)} is a linearly dependent set.
Lemma 2.2. M has P2-PNS if and only if
|H|? VH - (H,VH)H = 0. 2.1)
Proof. (H,VH)VH — (H,VH)H =0 means that for all x e M and X e T,(M),

| HX)? VH(X) = (H(X), VH(X))H(X) =0. 22)
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Suppose M has P2-PNS, then for all X e T(M), H(X) and VH(X) are linearly
dependent. So either | H(X)| = 0 or for some « € R, VH(x) = a H(X). In either case it is
easy to check that (2.2) holds. The converse is obvious.

THEOREM 2.3. M has P3-PNS if and only if
{1H N2 \VH | = (H, VHY’W

={{J, H)| VH|* =, VHXH, VH)}H +{{J,VH) |H||* = {J, HKVH, H)}VH. (2.3)
Proof. Observe that

WH|?VH = (H,VH)H | = |H|*{|H|* |VH|* - (H, VH)?}.
Again the condition (2.3) means that for all X € T(M)
{IlH(X)|* VH(X) = (H(X), VH(X)y’}J (X)
={U(X), HX)) IVHX)|? = J(X), VHX)XH(X), VH(X))1H(X)

+{U(X), VHX)) 1HX))? - J(X), HX)XVH(X), HXMIVH(X). 2.4)

In this case the condition that H(X), VH(X), J(X) are linearly dependent can be
written as either

(a) H(X), VH(X) are linearly dependent or

(b) J(X)=aH(X)+ BVH(X) for some «a, B € R.

So in case (a) we can use Lemma (2.2) to see that (2.4) is true since the coefficients of
H(X), VH(X) and J(X) are all zero. In case (b) one checks that (2.4) is true by
substituting for J(X).

Conversely if (2.4) is true, this says that H(X), VH(X), J(X) are linearly dependent
unless the coefficients are all zero. However in the latter case, again by Lemma (2.2),
H(X) and VH(X) are linearly dependent; which of course means that H(X), VH(X),
J(X) are linearly dependent.

Submanifolds with P2-PNS have been classified. The subclass of those submanifolds
with P2-PNS for which VH =0, that is, that have parallel second fundamental form have
been shown to coincide with the class of extrinsically symmetric submanifolds which were
classified by Ferus. We will call these s-submanifolds. We have shown in another paper
that the other manifolds with P2-PNS must be hypersurfaces.

In the classification theorem we give below we separate manifolds into three types.

DermviTioN 2.4. Submanifolds are
(i) of type AW(1) if they satisfy J =0;

(ii) of type AW(2) if they satisfy |VH ||>J =(J, VH)VH,

(iii) of type AW(3) if they satisfy |[H||>J = (J, H)H.

We have not investigated yet the geometrical consequences of these conditions. Note
however that (ii) is the condition for VH and J to be linearly dependent and (iii) is the
condition for H and J to be linearly dependent, so if any one of these three conditions
hold M will have P3-PNS.

Note also that for a submanifold with P2-PNS either VH =0, when it is an
s-submanifold and it is automatically of type AW(2) or by the theorem in [1] it is a
hypersurface and so automatically of type AW(2) and of type AW(3).
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3. Product submanifolds with P3-PNS. Now consider the case when M =M, XM,
is a product submanifold. That is, there exist isometric embeddings f,: M, — R™*% and
fo: My— R™* % we put m = my + ms, d = d, + d, so that R™** =R™*% X R™*% and then

flxy,x2) = (ilx1), fo(x2))

defines the embedding f: M — R™ "¢ which we will take to be the inclusion map. With this
abuse of notation we can write, for any x e M, x = (x;,x,)

T,(M)=T,(M)® T.‘-Z(M)}
Ny(M) = N (M) B N,,(M)

We cite here, in a slightly modified form, a theorem due to Deprez and Verheyen for
submanifolds with P2-PNS. The main purpose of this paper is to generalise this theorem.

THEOREM. Let M = M, X M, be a product submanifold of R™*? where M, c [R"““‘,
M, < R™*%_ Then M, X M, has P2-PNS if and only if M, and M, are s-submanifolds or
one of them is totally geodesic and the other is either an s-submanifold or a hypersurface.

Proof. In [4] it is proved that M, X M, has P2-PNS if and only if either both M, and
M, have parallel second fundamental form, or one of them is totally geodesic and the
other has P2-PNS. However, Ferus [5] has shown that submanifolds with parallel second
fundamental form are s-submanifolds and we have shown that if a manifold has P2-PNS,
it either has parallel second fundamental form (and hence is an s-submanifold) or it is a
hypersurface [1].

(3.1)

CLASSIFICATION THEOREM. Let M = M, X M, be a product submanifold of R™*“ where
M, cR™*, M, < R™*%. Then M; X M, has P3-PNS if and only if, up to an interchange
of M, and M,, one of the following is true:
1. M, is totally geodesic and M, has P3-PNS;
II. (a) M, is an s-submanifold of type AW(1) and M, is a submanifold of type
AW(Q2);
(b) M, is a submanifold of type AW(1) with P2-PNS and M, is a submanifold of
type AW(1);
III. M, is an s-submanifold of type AW(3) and M, has P2-PNS;
IV. M, and M, are both submanifolds of type AW(3) with P2-PNS.

Proof. Let h; and h, be the second fundamental forms of M; and M,. We define H,,
H,, VH,, VH,, J,, J, analogously for M, and M, in terms of h,, h, and their covariant
derivatives. Then if X e T,(M), where x = (x},x,), we can write X = X, ® X,, where
X, e T, (M), X, € T, (M,) and it is easy to see that

H(X) = Hi(X,) ® HyX>),
VH(X) = VH\(X,) © VH,(X>)
and
J(X) = 1(X1) B J5(X2).
We will express this by saying that
H=H,+H,,
VH =VH, +VH,
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and
.] = J] + .]2.
For convenience let us use a shorter notation for the coefficients in Theorem 2.3 and
put

a={{IVH|*H - (H,VH)VH}),
B={.{IH|*VH - (H, VH)H}),
8=||H|* |\VH|?* - (H,VH).
We define a;, B8, 6; and a,, B,, 8, similarly for M, and M,. Then we can write
a =+, H + H,) |VH, + VH,||*> = (J, + ], VH, + VHX(H, + H,, VH, + VH,)
=(,, H)) |VH,|> = {J,, VH,XH,, VH,)
+(Jy, Ho) || VH,||* = (J5, VH X Hy, VHD)
+ (1, H) | VH, |2 = (), VH X Ha, VH)
+ (Jo, Ho) [ VH, |2 = (J5, VHXH,, VH))
= oy + ap + (i, Hy) |[VH,||* = (), VH XH,, VH)
+(Jy, Hy) \VH, |? = (), VHLXH,, VH))
and similarly
B={,+1, VH, + VH,) |H, + Hy|> = {J; + J», H, + H,XVH, + VH,, H, + H)
= (h, VHy) | Hy||? = ¢y, F\XVH,, Hy)
+ (2, VHY) | H |12 = {Jyy HyX(VHy, Hy)
+ (o, VH) || Hy || = (Jz, HoXVH,, Hy)
+ (0, VHY) | Ho|)? — (1, )XV H:, Hy)
= By + B2+ (o, VHY) [ H ||* — (Jo, Ho)XVH, Hy)
+ (0, VHY) | Half? = (0, Hy(VH,, Hy)
and similarly
8= |H,+ H,|? |VH, + VH,|* = (H, + H,, VH, + VH,X(H, + H,, VH, + VH,)
= |H|? |VH,||* = (H,, VH XHy, VH))
+ | Ha||? | VH,|? = (Hy, VHo)X(H,, VH)
+ || H, l|2 “Vquz —(H,, VH\><H2, VH,)
+ | Hal|? I VHL| — (Ha, VHo)(Hy, VH)
=81+ 8, + | Hy || IVH, > = 2(Hy, VH X Ho, VHY) + || Hal|? | VH |
Now M has P3-PNS if and only if for all X, e T(M,), X, e T(M,)
a(X,+ X,)H(X, + X,) + B(X, + X)VH(X, + X3)
= 6(X; + X))/ (X, + X5).
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From the above equations we have
aH+ BVH + 6] = a,H, + B,VH, — 6,J;

+ a, Hy + B,VH, — 6,J,
+a H,+ B, VH, — 6,J,
+ ayHy + B,VH, — 8,
+ (1, VEWXIH,|)? VH, = (Hy, V) Ha}
+ (Jo, VHLX | H, |\* VH, — (H,, VH,)H,}
+ (hh, L{IVH, > Hy — (H,, VH,)VH,}
= XIVHL|® Hy = (Hp, VH,)VH}
= W VHP {1 Hal|? T2 = (5, Hp) Ho}
~ \VELN* {IH\ P 0y = (G, H)Hy}
+ (Hy, VHI{2(H,, VH), — (Jo, H))VH, — (J,, VHy) H,}
+ (H,, VH2(H,, VH ), — (), H)VH, — (J,, VH)H,}
— P {IVHN? T, = (o, VH)VH}
— N ELIP{IVEL 1120y = (y, VH)VH ) = 0.

If we fix x e M, then a,, B;, 8, are polynomials on T, (M,) and a,, B,, 8, are
polynomials on T,,(M,) where x = (x;, x,). Similarly H,, VH,, J; are polynomial maps from
T.(M,) to N,,(M;) and H,, VH,, ], are polynomial maps from T,,(M,) to N,,(M). So if we
look at the above equation and think about the degrees of the terms as polynomials in X,
(or X,), and then pick out terms of the same degree in X;, i = 1,2, we get the following:

(a) ayHy+ B,VH, = 8,J,, aH, + BoVH, = 8,05,
(b) ayH,=0, aH, =0,
(c) BiVH,=0, B.VH, =0,
(d) 8,/,=0, 8,J1=0,
(e) 1, VH)||H,||* VH, — (Ha, VH)H,} =0,
(h, VHLY 1 H; ||2 VH, —(H,, VH))H,} =0,
(6) ¢, HXIVH,|? Hy = (Hy, VH)VH) = | VHy P { Ha 1P T, — (Ha, J)Ho} =0,
o HLXIVH, |2 Hy — (Hy, VH)VH = VHL P {IH, |12, = (Hy, D) H =0,
(g) (Hy, VH\X2(H,, VH)], — {J5, H))VH, — (I, VH))H;} = 0,
(Hy, VH{2(H,, VH)J, — (i, H)VH, — (J;, VH)H,} =0,
(b) [ H:l?{IVH,)* T, = (J5, VHL)VH,} =0,
IH0? {IVHL 2 Jy = (1, VH,)VH, } =0.

We have also borne in mind that H,, VH,, J; have values in N(M,) and H,, VH,, J,
have values in N(M,) so that the terms of degree 10 actually give (d) and (h).
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Now (a) means that both M; and M, have P3-PNS. Then from (b) we see that at each
point (xy, x2) € M; X M, =M we have either a; =0 or H, =0. But a, depends only on x,
and not on x,. So if a; #0 at x; we must have H, =0 for all x, € M,. Thus either @, =0 or
H,=0. A similar argument applies to (c) and (d). Thus we distinguish the following cases:

Case . H,=0o0r H,=0;

Case II: a,=0 and a,=0 and either J; =0 or J,=0;

Case III: a,, a», 8, 5, are all identically zero and either VH, =0 or VH,=0;

Case IV: a, a3, Bi, B, 8, 8, are all identically zero. Note that §,=0 implies that
a;=0and B;=0.

Let us consider these in turn.

Case I. Suppose H,=0. This implies that the second fundamental form on M; is
identically zero. Thus M, is totally geodesic and a, 8,, §,, H,, VH,, J, are all identically
zero. Thus conditions (b) to (h) are automatically satisfied. Thus in this case M, is totally
geodesic and M, has P3-PNS and this is sufficient to ensure that M; X M, has P3-PNS.

Case I1. Suppose that J; =0. This implies that 8; =0. Note also that VH, =0 implies
6; =0. We use (c) to distinguish the subcases.

Case II(a): a;, a,, J;, VH, are identically zero.

Case 1I(b): a,, a, B, B,, J;, are identically zero.

Case 1I(c): a,, aj, J;, VH, are identically zero.

Case H(a). In this case the only condition which remains to be satisfied is

| H, ||2 {“VHz”2 J, — (1, VH)VH,} =0,
since VH; =0 implies 8, =0 and 6, =0. Thus we either have Case I or
IVH, 1> J2 ~ (1, VH)VH, =0,

which implies that a,=0. M, is an s-submanifold of type AW(1) and M, is a type AW(2)
submanifold. This is sufficient to ensure that M; X M, has P3-PNS.

Case I1(b). Note first of all that for any submanifold M, a = g = 0 implies that either
8=0 or (J,Hy=(J,VH)=0. This is because if 6§ #0, then VH and H are linearly
independent and ||H|?|VH||?—(H,VH)>0. Hence |H|*VH - (H,VH)H and
|VH|* H—(H,VH)VH are also linearly independent. But a =8 =0 says that J is
perpendicular to both of these vectors and hence to the plane spanned by H and VH.
Hence (/, H)=(J,VH)=0.

Now in our case 8,J, =0, so either §,=0 or J,=0. But if §, =0, then one of the
remaining conditions to be satisfied is

IVHy 2 {1 Kol Jy = (Hy, ) Ho} = 0.

Here VH, =0 gives us the Case II(a) and because a,= B, =0, then either §, =0, which
gives Case IV, or by the above

(Jo, Hy) = {5, VH,) = 0.

So |H|i*J,=0. But H, = 0 gives the Case I and J, = 0 says M, has the property AW(1). So
in this case M, is a submanifold with P2-PNS satisfying the condition AW(1) and M, is a
submanifold with P3-PNS satisfying the condition AW(1). This is sufficient to ensure that
M, X M, has P3-PNS.

Case 1I(c). Note that VH,=0 implies that 8,=0 and 6,=0 and J, =0 implies
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B1=0. We must have 6,/,=0. So either §;, =0 or J/,=0. But if §, =0, we have Case IV,
which we consider later. If we suppose J, =0, then we have Case II(a) (but with M, and
M, interchanged). So this gives nothing new.

Case I1l. Suppose that VH,=0 and «a,, «,, §,, 6, are all identically zero. Then
VH,; =0 implies that a; =0 and 8, =0. The only conditions that have to be satisfied are

IVHo > {I Hli? Jy = (Hy, J)H =0,
ML {IIVH? 1, = (o, Ho)Ho} = 0.

Thus we either have Case 1 or ||VH,|?J, — (Jo, VH,)VH,} =0 which implies a, =0 and
B> =0. Thus in this case M, is an s-submanifold of type AW(3) and M, is a submanifold of
type AW(2) with P2-PNS. This is sufficient for M, X M, to have P3-PNS.

Case IV. The conditions that remain to be satisfied are

(f) IVH, H2 {li Hznz J, = (Hy, I))yHa} =0,
“VHZHZ {”Hl ”2-]1 —(H,,,)H,} =0,
(8) (H\, VH\{2(H>, VH )], — {Jy, H)VH, — (J,, VH)Hy} =0,
(Hy, VH{2(H,, VH)J, = 1, H)VH, — {(J;, VH)H,} =0,
(h) IH, ”2 {||VH2||212 — (o, VH))VH,} =0,
IH: {IVH 120y =y, VH, ) = 0.

Thus either we have Case I or Case III or
I H, “2-’1 - (h, HyH, =0,
|Hal1? J2 = (Jo, H)H, =0,
IVH, 2]y = (J,, VH,)VH, =0,
IVH,|>J, = {Jo, VH,)VH, = 0.

That is, both M, and M, are of type AW(2) and AW(3). But we already are assuming that
8,=0 and 8,=0, so they also have P2-PNS and

\VH,||* H, = (H,, VH,)VH,.
Substituting for [|VH,||*> H, this gives
\VH, |12 {2(H,, VH)), — {Jy, H))VH, — {J,, VH,)H}}
=2H,, VHXIVH P {IVH|1* ], — (,, VH)VH}=0

with a similar result for H,, VH,, J,. Thus the conditions (h) together with §, =0, §,=01in
this case imply the condition (g).

Thus, noting that submanifolds with P2-PNS are automatically of type AW(2), we see
that in this case M, and M, are both type AW(3) submanifolds with P2-PNS and this is
sufficient to ensure that M; X M, has P3-PNS.

Since we have now exhausted all possibilities this completes the proof of the
theorem.
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