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1. Introduction and statement of the main result

The p-adic Gross—Zagier formula of Perrin-Riou relates p-adic heights of Heegner points
and derivatives of p-adic L-functions. In its original form [26], it concerns (modular)
elliptic curves over Q, and it is proved under two main assumptions: first, that the elliptic
curve is p-ordinary; second, that p splits in the field F of complex multiplications of the
Heegner points. The formula has applications to both the p-adic and the classical Birch
and Swinnerton-Dyer conjecture.

The first assumption was removed by Kobayashi [19] (see also [4]). The purpose of this
work is to remove the second assumption.

We work in the context of our previous work [9], which will enable us in [13] to deduce,
from the formula presented here, the analogous one for higher-weight (Hilbert-) modular
motives, as well as a version in the universal ordinary family with some new applications.
Nevertheless, the new idea we introduce is essentially orthogonal to previous innovations,
including those of [9] (and in fact it can be applied, at least in principle, to the nonordinary
case as well). For this reason we start in §1.1 by informally discussing it in the simplest
classical case of elliptic curves over Q. The general form of our results is presented in §1.2.

1.1. The main ideas in a classical context

Classically, Heegner points on the elliptic curve A ,q are images of CM points (or divisors)
on a modular curve X, under a parametrization f: X — A. More precisely, choosing an
imaginary quadratic field E, for each ring class character y: Gal (E/E) — QX one can
construct a point P(f,x) € Ag(x), the x-isotypic part of A (E)Q The landmark formula
of Gross and Zagier [17] relates the height of P(f,x) to the derivative L'(Ag ®x,1) of the
L-function of a twisted base change of A. The analogous formula in p-adic coefficients,"

(P(f):P(fx71))= %ls:OLp (AE X Xiye) (1.1.1)

relates cyclotomic derivatives of p-adic L-functions to p-adic height pairings (, ). We
outline its proof for p-ordinary elliptic curves.

We denote by = equality up to a less-important nonzero factor.
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Review of Perrin-Riou’s proof. Our basic strategy is still Perrin-Riou’s variant of
the one of Gross and Zagier; we briefly and informally review it, ignoring, for simplicity
of exposition, the role of the character x. Throughout the following discussion, we include
pointers to corresponding statements in the main body of the paper, as guideposts
meant to assist the reader’s navigation through the more technical framework used
there.

Denoting by ¢ the ordinary eigenform attached to A, each side of formula (1.1.1) is
expressed as the image under a functional ‘p-adic Petersson product with ¢’, denoted by
L, = formula (3.1.6), of a certain kernel function (a p-adic modular form).

For the left-hand side of formula (1.1.1), the form in question is the generating series
(compare formula (3.3.4))

Z=3 (P"TnP’) q" ZZv’ (1.1.2)

m>1

where P° € Div’(X) is a degree 0 modification of the CM point P € X, (, )x is a p-adic
height pairing on X compatible with the one on A, and the decomposition into a sum
running over all the finite places of Q (compare equation (3.6.1)) follows from a general
decomposition of the global height pairing into a sum of local ones. More precisely, global
height pairings are valued in the completed tensor product H*\H .. &L of the finite
ideles of the Hilbert class field H of E, and of a suitable finite extension L of Q. The
series Z, collects the local pairings at w | v, each valued in HX®L.

The analytic kernel .’ giving the right-hand side of formula (1.1.1) is the derivative
of a p-adic family of mixed theta-Eisenstein series (compare definition (3.2.5)). It also
enjoys a decomposition

=7

v#D

where, unlike in equation (1.1.2), the sum runs over the finite places of Q different
from p (compare equation (3.5.2)). Once we have established that Z, = .7, for v # p by
computations similar to those of Gross and Zagier (compare Theorem 3.6.1), it remains to
show that the p-adic modular form Z, is annihilated by ¢, (compare Proposition 3.6.2).

In order to achieve this, one aims at showing that after acting on Z, by a Hecke
operator to replace P° by PL¥! (a lift of the component of its image in the p-part of
Jac(X)), the resulting form Z[“o] is p-critical (compare Proposition 3.6.3). That is, its
coeflicients

Amps = <PM Tonps P >Xp

decay p-adically no more slowly than a constant multiple of p®. The p-shift of Fourier
coefficients extends the action on modular forms of the operator U, — which, in contrast,
acts by a p-adic unit on the ordinary form ¢: this implies that p-critical forms are
annihilated by £,.
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To study the terms a,,ps, one constructs a sequence of points P, € Xy whose fields of
definitions are the layers H of the anticyclotomic p>-extension of E. The relations they
satisfy allow us to express

Amps = <P[¢]7Dm,s>x s

P

where D,, s is a degree 0 divisor supported at Hecke-translates of P, which are all
essentially CM points of conductor p® defined over Hy (compare Proposition 4.1.4). By
a projection formula for X, — X, the height a,,,s is then a sum, over primes w of H
above p, of the images

Ns,w (hm,s,w)

of heights A, s computed on Xp, ,, under the norm map Ny : HX,,®L — HX®L.
Moreover, it can be shown that the L-denominators of h,, s . € HSX’MGEJL are uniformly
bounded (compare Proposition 4.4.1), so that here we may ignore them and think of
Pom,s,w € HY (@O

A simple observation from [9] is that the valuation w (A, s w) equals

Mg, (P[“’],Dm,s), (1.1.3)

the intersection multiplicity of the flat extensions (§4.2) of those divisors to some regular
integral model 2 of Xp,. In the split case, it is almost immediate to see that this
intersection multiplicity vanishes. This implies that

Nuw (ms) € N o (ﬁﬁw) &0 C HX&0L. (1.1.4)

Since the extension H, .,/ H,, is totally ramified of degree p®, the subset in formula (1.1.4)
is p* (O, ®0L) Cp* (HE®0L), as desired.

The nonsplit case. In the nonsplit case, the p-adic intersection multiplicity has no
reason to vanish. However, the foregoing argument will still go through if we more
modestly show that expression (1.1.3) itself decays at least like a multiple of p® (compare
Lemma 4.4.3). The idea to prove this is very simple: we show that if s is large, then for
the purposes of computing intersection multiplicities with other divisors 2 on %, the
Zariski closure of a CM point of conductor at least p® can almost be approximated by
some irreducible component V of the special fiber of 27; hence the multiplicity will be 0
if @ arises as a flat extension of its generic fiber. The qualifier ‘almost’ means that the
foregoing holds except if | 2| contains V itself, which will be responsible for a multiplicity
error term equal to a constant multiple of p®.

The approximation result (Proposition 4.3.3) is precisely formulated in an (ultra)metric
space of irreducible divisors on the local ring of a regular arithmetic surface, which
we introduce following a recent work of Garcia Barroso, Gonzalez Pérez, and Popescu-
Pampu [15]. The proof of the result is also rather simple (albeit not effective), relying on
Gross’s theory of quasicanonical liftings [18]. The problem of effectively identifying the
approximating divisor V is treated in [11].
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Subtleties. This description ignores several difficulties of a relatively more technical
nature, most of which we deal with by the representation-theoretic approach of [9] (in
turn adapted from Yuan, Zhang, and Zhang [29]). Namely, we allow for arbitrary modular
parametrizations f, resulting in an extra parameter ¢ in the kernels Z and .#’. By
representation-theoretic results, one is free to some extent to choose the parameter ¢
to work with without losing generality. A fine choice (or rather a pair of choices) for
its p-adic component is dictated by the goal of interpolation, while imposing suitable
conditions on its other components allows us to circumvent many obstacles in the proof.

1.2. Statement

We now describe our result in the general context in which we prove it — which is the same
as that of [9] (and [29]), to which we refer for a less terse discussion of the background.
(At some points, we find some slightly different formulations or normalizations from those
of [9], to be more natural: see §2.2 for the equivalence.)

Abelian varieties parametrized by Shimura curves. Let F be a totally real field
and let A/p be a simple abelian variety of GLo-type. Assume that L(A,s) is modular
(this is known in many cases if A is an elliptic curve). Let B be a quaternion algebra
over the adeles A = A of F, whose ramification set ¥ has odd cardinality and contains
all the infinite places. To B is attached a tower of Shimura curves (XU / F)U P with
respective Albanese varieties Jy. It carries a canonical system of divisor classes &y €
Cl(Xy)q of degree 1, providing a system ¢¢ of maps t¢,y € Hom p(Xy,Ju)q defined by
P+ P—deg(P)¢&y.

The space

T=TAB= @HomO(JU,A)
U

is either zero or a smooth irreducible representation of B* (trivial at the infinite places),
with coefficients in the number field M := End®(A). We assume we are in the case © =
ma,B 7# 0, which under the modularity assumption and condition (1.2.2) can be arranged
by suitably choosing B. Then for all places vt oo, we have L,(A,s) = L,(s—1/2,7) in
M ® C. We denote by w: F*\A* — M* the central character of 7. We have a canonical
isomorphism m4v B = TX,B[ng §1.2.2], and we denote by (, )x: maB ®mTav,B — M the
duality pairing.

Heegner points. Let E/F be a CM quadratic extension with associated quadratic
character 7, and assume that F admits an A-embedding Ea < B, which we fix. Then E*
acts on the right on X = l'glU Xy . The fixed-points subscheme X £” C X is F-isomorphic

to Spec 2", and we fix a point P € X" (E2). Let

X: EX\Ex. 2 Gal(E*/E) = L(x)*
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be a character valued in a field extension of L(x) D M, satisfying
wexjaex =1,
and define
a Gal(E**/E
Ap(x) = (A (E™) @ L) 7,

where L(x)y is an L(x)-line with Galois action by .
Then we have a Heegner point functional

£ Pl = Fee(PY) @ x(r)dr € Ap(x) (121)
Gal(Eab/E)

(integration for the Haar measure of volume 1) in the space of invariant linear functionals
H(maB,X) @) Ae(x),  H(mx) = Hompx (1@ x, L(x)),

where E} acts diagonally. There is a product decomposition H(m,x) = @, H(my, xv),
where similarly H(my,x,) := Hom px (7 @ xv, L(X))-

A local unit of measure for invariant functionals. By foundational local results
of Waldspurger, Tunnell, and Saito, the dimension of H(m,x) (for any representation 7 of
B*) is either 0 or 1. If A is modular and the global root number

e(Ap®x) = -1, (1.2.2)

then the set of local root numbers determines a unique quaternion algebra B over
A, satisfying the conditions already required and containing Ea, such that m4 8 # 0
and dimp,,)H(74,B,X) = 1.2 We place ourselves in this case; then there is a canonical
factorizable generator

)dt = HQ( ar, €H(mx)@H (7", x77)

depending on the choice of a pairing (,) = [[,(,)»: T®7" — L(x) and a measure dt =
[1,dt, on EX /A>Tt is defined locally as follows. Let us use symbols Viax) and Vg v 0,
which we informally think of as denoting (up to abelian factors) the virtual motive over
F with coefficients in L(y)

Viax) = Resg p(hi1(Ag) ®x) ©ad(hi(A4)(1))

and its local components (the associated local Galois representation or, if v is
Archimedean, Hodge structure). Then for each place v of F and any auxiliary
t: L(x) = C,? we define

21f e(Ag ® x) = +1, there is no such quaternion algebra, and all Heegner points automatically
vanish.

3Explicitly, if v is Archimedean, we have f(V(A’X),v,O) =2 and Q) 4z, (f1,0,f2,0) =
“tvol (C* /R, dty) (f1,0, f2,0)-
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Cro(2)L(1/24 8,1TE» ®tXy) |1 if v is finite,
Z LV, 0y §) 1= : . € L(x),
(Via.09) L(1L,,)L(L,umy,ad) ! ifu)oo )
(1.2.3)
_ -1
Q(,)U,dtu (fl,vva,vaXv) =1t 13 (L‘/(A,X),mo) / ) X(tv) (’/Tv(tv)fl,v,flv)vdtw
ES JFY
(1.2.4)
We make the situation more canonical by choosing dt =[], dt, to satisfy
vol (EX\EX /AX.,dt) =1
and by defining, for any f3 € m, f4 € 7V such that (fs,f1) #0,
Q(f1®f2;x> _ Q(,),dt(fl’fmx)' (1.2.5)
[3@ fa (f3,fa)

p-adic heights. Let us fix a prime p of M and denote by p the underlying rational
prime. Suppose from now on that for each v |p, Ap, has p-ordinary (potentially good
or semistable) reduction. That is, for a sufficiently large finite extension L D M, the
rational p-Tate module W, := V,A®,; L is a reducible 2-dimensional representation of
Gal (F,/F,):

0— W, =W, =W, —=0. (1.2.6)

Fix such a coefficient field L, and for each v | p let a,: F¥ = Gal (F2P/F,) — L* be the
character giving the action on the twist W,(—1). The field L(x) will from now on be
assumed to be an extension of L. Under those conditions, there is a canonical p-adic
height pairing

(,): Ap(x)®@ A% (x ") = Tr®L(X),

where T'p := AX /FX 52 " (the bar denotes Zariski closure). It is normalized ‘over F’ as
in [9, §4.1].

For fi,fs €, fao,fs1 €7, and PV: m¥ @y — A}, (x ') the Heegner point functional of
the dual, our result will measure the ratio (P(f1,x),P" (f2,x™'))/(f3.f4)» against the
value at the f; of the ‘unit’ Q. The size will be given by the derivative of the p-adic
L-function that we now define.

The p-adic L-function. We continue to assume that A is p-ordinary, and review the
definition of the p-adic L-function from [9, Theorem A] (in an equivalent form). We start
by defining the space on which it lives. Write I'p = I&nn I'r, as the limit of an inverse
system of finite groups, and define

@fl.c. = USPGCL [FF,TL] C @F = SpeCﬁLIIFF]] ®6’L L. (127)

Then %% is a space of continuous characters on I'p, and the 0-dimensional ind-scheme
@L< is its subspace of locally constant (finite-order) characters.
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For a character x': Gal (E*"/E) — L' together with an embedding ¢: L' — C, we shall
interpolate the ratio of complete L-functions

ZL(Viay,s) = H.f (tVia,x)m$) £ (Viax),vrs) = formula (1.2.3), R(s) >0,

where the product runs over all places of F.

We now define the p-interpolation factors for the p-adic L-function. First, recall that
the (inverse) Deligne-Langlands gamma factor of a Weil-Deligne representation W' of
Gal (FU / Fv) over a p-adic field L'/, with respect to a nontrivial character 1, : F, — C*
and an embedding ¢: L' < C, is defined as®
_ L(W’)

e(W1hy) L(W*(1))

Let ¢ =[[,%v: F\A — C* be the standard additive character such that () =
e Trre /RO et g =[], ¥E,w =10 Tra,/a. For a place v | p of F, let d, be a generator
of the different ideal of F,,. For a character x’: Gal (E/ E) — C*, we define

YW apy)

1
[ (WD (Wi, L 9X,) 0m0)
YWD (ad(W,)(1)) T +,4hy) 1
where ad(W,)(1)TT := Hom (W,",W.F) (1) = w;'a?| |?> and ¢WD is the functor from
v v v v

v
potentially semistable Galois representations to complex Weil-Deligne representations

of [14].

1.2.8)

_ —1
eo (Vi) = Ido| 772 2 (Vianno) s ¢

Theorem A. There is a function
% (Viax) € 0(%r)

characterized by the following property. For each complex geometric point s = xp €
WL (C), with underlying embedding v: L(xr) < C,

Ly (Viap:s) = tep (Viann) £ (Viax),0), X' = X XF|Gal(E/E)
where ep (Via,x)) = Lype0 (Vian))-

The factor e, (V(4,y/)) coincides with the one predicted by Coates and Perrin-Riou [7]
for Vi 4,4y (their conjecture motivates the denominator terms in equation (1.2.8), which
are constants), up to the removal of a trivial zero from their interpolation factor for

ad(W,)(1).

The p-adic Gross—Zagier formula. We are almost ready to state our main result.
Denote by 0 € # the point corresponding to xr = 1, and define

D?I: (V(A’X),O) = dfp (V(A,X),O) € To%p = FF®L(X).

4The terms L and e are normalized as in [28].
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We say that x, is sufficiently ramified if it is nontrivial on a certain open subgroup
of ﬁ;ip depending only on w, (see Assumption 3.4.1 for the precise definition and a
comment).

Theorem B. Suppose that the abelian variety A,p is modular and that for all v |
p, the Gal (FU/FU)-representation VoA is ordinary and potentially crystalline. Let
x: Gal (E**/E) — L(x)* be a finite-order character satisfying

€(AE®X) = _1a

and suppose that X, sufficiently ramified.
Then for any f1,f3s €T, fa,fa €7 such that (f3,f1)r # 0, we have

(P(fu.x).PY (f2x71)) _ 1, f1® fa
(F3. f1)r =6 (V(A,X)) 'gp (V(A’X)’O)'Q<fg®f4’x)

in Tp@L(X).

Remark 1.2.1. The technical assumptions that y, is sufficiently ramified and that V, A
is potentially crystalline® are removed by p-adic analytic continuation in [13, Theorem
BJ, and replaced by the (necessary) assumption that x,, is not exceptional for A — that
is, e (V( A,x)) # 0 (which in our case is implied by the potential crystallinity).

Note that for the removal of the first assumption, one only needs the anticyclotomic
formula analogous to [9, Theorem C.4], and not the full generality of the multivariable
formula in [13, Theorem D].

Remark 1.2.2. Concrete versions of the formula of Theorem B may be obtained by
choosing explicit parametrizations f; and evaluating the term . This is a local problem,
solved in [5]. In particular, by starting from Theorem B (as generalized to all characters
following Remark 1.2.1) and applying the same steps as in the proofs of [10, Theorems
4.3.1, 4.3.3], we obtain the simple p-adic Gross—Zagier formula in anticyclotomic families
for elliptic curves A,q proposed in [10, Conjecture 4.3.2], and similarly the direct
analogue® of Perrin-Riou’s original result in [26].

The theorem has familiar applications extending to the nonsplit case from [9] (when
the other ingredients are available); we leave their formulation to the interested reader,
and highlight instead an application specific to this case pointed out in [10], as well as a
new application to the nonvanishing conjecture for p-adic heights.

A new proof of a result of Greenberg and Stevens. Asnoted in [10, Remark 5.2.3],
the anticylcotomic formula indicated in the previous remark, combined with a result of

5 An assumption of this sort is equally necessary in the proof of the main theorem of [9] (see
Appendix B).

60f course, this is a long detour to get there; readers interested exclusively in the removal of
the ‘p splits’ assumption from Perrin-Riou’s formula, or from its analogue over totally real
fields, may prefer to try and insert the new argument of the present paper into Perrin-Riou’s
proof, or respectively into [8].
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Bertolini and Darmon, gives yet another proof (quite likely the most complicated so far,
but amenable to generalizations) of the following famous result of Greenberg and Stevens
[16]. If A/q is an elliptic curve of split multiplicative reduction at p, with Néron period
Q4 and p-adic L-function L,(A,—) on #q, then L,(A,1) =0 and

L(A1)
Ox

L (A1) = ), (A)- (1.2.9)

where \,(A) is the L-invariant of Mazur, Tate, and Teitelbaum [21].

We recall a sketch of the argument, referring to [10] for more details. One chooses an
imaginary quadratic field E such that p is inert in E and that the twist A satisfies
L (A(E),l) # 0. By the anticyclotomic p-adic Gross—Zagier formula, L;(AE,l) is the value
at x =1 of the height of an anticyclotomic family &2 of Heegner points. It is shown in [2,
§5.2] that the value £(1) equals, in an extended Selmer group, the Tate parameter g4,
of Aq, multiplied by a square root of L(Ag,1)/€24,. The height of ¢4 ,, in the ‘extended’
sense of [21, 25], essentially equals \,(A). This shows that after harmless multiplication
by L (A(E),l) /2 4m), the two sides of equation (1.2.9) are equal.

Exceptional cases and nonvanishing results. Suppose that A,q has multiplicative
reduction at a prime p inert in E, and that L(Ag,1) #0. Then for all but finitely many
anticyclotomic characters x of p-power conductor, a Heegner point in Ag(x) is nonzero
and the p-adic height pairing on Ag(x) is nondegenerate. This follows from noting,
similarly to before, that in the p-adic Gross—Zagier formula in anticyclotomic families
for Ag, both sides are nonzero since the height side specializes, at the character y =1,
to a nonzero multiple of A,(A), which is in turn nonzero by [1].

A similar argument, applied to the formula in Hida families of [13], will yield the
following result: if A q is an elliptic curve with multiplicative reduction and L(A4,1) # 0,
then the Selmer group of the self-dual Hida family f through A has generic rank 1, and
neither the height regulator nor the cyclotomic derivative of the p-adic L-function of f
vanishes. The details will appear in [13].

1.3. Organization of the paper

In §2, we restate our theorems in an equivalent form, a direct generalization of the
statements from [9] (up to a correction involving a factor of 2, discussed in Appendix B).
In §3 we recall the proof strategy from [9], with suitable modifications and corrections.
The new argument to treat p-adic local heights in the nonsplit case is developed in §4.

We conclude with two appendices, one dedicated to some local results and the other
containing a list of errata to [9].

2. Comparison with [9]

We compare Theorems A and B with the corresponding results from [9]. We continue
with the setup and notation of §1.2.
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2.1. The p-adic L-function

We deduce our Theorem A from [9, Theorem A].
Let ¢® be the nearly p-ordinary, M-rational [9, Definition 1.2.1] representation of
GL2(A) attached to A as in [9]. In [9, Theorem A], we constructed a p-adic L-function

LP,Q(O—E)v

which is a bounded function on a rigid space @/’Eg (denoted by #” in [9]). In the
construction of that theorem (and in all this paper), we use the same additive character
Yy = Hv|p ¥, as in Theorem A (and see the correction in Appendix B for the exact ring
of definition of L, o(cg)).

The space #'"i& = %,ri,gp parametrizes certain continuous p-adic characters of E*\Ex
invariant under an arbitrarily fixed compact open subgroup V? C Ej,... Boundedness
means precisely that we may (and do) identify L, (o) with a function on a correspond-
ing scheme

' C SpecOy, [E*\Ex../VP]|®L (2.1.1)
that, when also viewed as a space of characters x’, is the subscheme cut out by the
closed condition w - XT Grx = 1. Similarly to %%, the scheme %" contains a 0-dimensional

F

subscheme %' parametrizing the locally constant characters in #”. The function
L, o(og) is characterized by the following property. Denote by Dy the discriminant
of a number field K. Then at all x’ € #’ with underlying embedding ¢: L <— C, we have

7r2[F:Q]|DF‘1/2

Lya(oe) () =[] 22 (x00) 2(r(2)

vlp

2 (WViaxn) (2.1.2)

for certain local factors Z;.
Fix a finite-order character

x: EX\Ej. = Gal(E*/E) — L(x)*
satisfying w-xja~x =1, and consider the map
jX: gF — gl,
xXF > x-xXroNg

ARX Jp0X "

Proof of Theorem A. Define

e, (Vi ’ )
() = p( Ax)) 1.
) = I, 22 () (2:4:3)

We show in Proposition A.1.2 that this is a constant in C' € L, independent of x,.
Define

2¢r(2)

gp (WA1X)> = m -C- L(l,UU,ad) 'j;Lp,a(UE)a (214)
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a function in O(#F). It is clear from the definition and equation (2.1.2) that it satisfies
the required interpolation property. O

2.2. Equivalence of statements

We now restate Theorem B in a form that directly generalizes [9, Theorem B]. It is the
form in which we will prove it, for convenience of reference.

We retain the setup of §1.2. Let dp be the I'p-differential defined before [9, Theorem
BJ. For all v{ 00, let dt, be the measure on E.¢ /F;* specified in [9, paragraph after (1.1.2)]
if vt oo and the measure giving C*/R* volume 2 if v | co.

Theorem 2.2.1. Retain the assumptions of Theorem B, and fix a decomposition (,), =
[L,()v, with (1,1), =1 if v|co. Then for all f1 € m, fo €Y,

(P(f1,x),P" (fax1)) = CE'I_[fo(er1 dpLpa(oae)(X)- H Q). .dt, (f1:f2:%)

vlp vtoo

(2.2.1)

in Tr®L(x), where

Cr(2)

— X
B = ) Fl Dy AL (L) © O

Lemma 2.2.2. Theorem 2.2.1 is equivalent to Theorem B. When every prime v | p splits
in E, it specializes to [9, Theorem B] as corrected in Appendiz B.

Proof. The second assertion is immediate; we prove the first one. First, we note that
equation (2.2.1) is equivalent to

<P(f17X)7PV (f27X71)>
(f3:fa)r

o Q),.at, (f1,f2:%)
=cp [[25(xo) " drLpaloar)(x FQ]H fgv,f:y)Q (2.2.2)

vlp

for any fs € m, fa € m¥ with f3 00 = f1,00 =1 and (f3, f1)r # 0 (the extra power of 2 comes
from the Archimedean places). The left-hand side of equation (2.2.2) is the same as that
of the formula of Theorem B, and the product of the terms after the L-derivative in the
right-hand side equals

q L dto <f1®f2_ >
2w Y e

=211 Dy |2 | Dp 2 QL (1) - Q (? zj’% )

because the measure [],dt, (resp., dt) gives E*\AJ/A* volume 2|Dp,p|
|Dp|/27~F:QIL(1,n) (resp., 1).

1/2
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Next, we have dpLy o(0r)(x) = 54 (j;Lpa(op)) (1), and it is clear from comparing
the interpolation properties that

7r2[F:Q] |DF ‘ 1/2

. 71 . ,
27 (2) €p (V(Avx)) Zp (V(Ax)vo) :

[12:00)™"  5a (i Lpalon) @) =
|p

It follows that the right-hand side of equation (2.2.1) equals c-e, (V(A)X))_l

Q(&f5x). where

"Z;; (V(Ayxﬁo)'

7.1.2[F:Q]|1)F‘1/2 ' 1/2

1-[F:Q]
2¢r(2) 2 [Dr/r|

c=cp- |Dp| e QL (1) = 1. O

3. Structure of the proof

We review the formal structure of the proof in [9], dwelling only on those points where
the arguments need to be modified or corrected. For an introductory description with
some more details than are given in §1.1, see [9, §1.7]. Readers interested in a detailed
understanding of the present section are advised to keep a copy of [9] handy.

3.1. Notation and setup

We very briefly review some notation and definitions from [9], which will be used
throughout the paper.

Galois groups. If K is a perfect field, we denote by ¥ := Gal (F/K) its absolute
Galois group.

Local fields. For v finite a place of F, we denote by w, a fixed uniformizer and by g¢r,,
the cardinality of the residue field of F,. We denote by d, a generator of the absolute
different of F,,, by D, a generator of the relative discriminant of E, /F,, (equal to 1 unless
v ramifies in F), and by e, the ramification degree of E,/F,. If w| v is a place of E, we
denote by ¢,: £, — F, and q,,: F,, — F, the relative norm maps.

We denote by ¢ =[], %,: F\A — C* the additive character fixed before Theorem A.

Base change of rings and schemes. If R is a ring, R’ is an R-algebra, M is an
R-module, and S is an R-scheme, we denote Mp = M ®g R',Sp: = S Xgpecr SpecR’.

Groups, measures, integration. We adopt the same notation and choices of measures
as in [9, §1.9], including a regularized integration f* In particular, T:=Resg/p G, g, Z =
G, F, and on the adelic points of T'/Z we use two measures dt (the same as introduced
before Theorem 2.2.1) and d°t. The measure denoted by dt in the introduction will not be
used.
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Operators at p. Let v |p be a place of F. We denote by w, a fixed uniformizer at v.
For r > 1 we let K{ (@) C GL2(OF,,,) be the subgroup of matrices which become upper
unipotent upon reduction modulo @w”. We denote by

w"’

T 1 T * T
U=kt (1 )R, vi=kien (

v

EIES
the usual double coset operators, and define

Wy y = < r 1 > € GLQ(FU).
—

v

We also define w,. :=]]
Bp(@) = Hv|pﬁv(wu)-

wlp Wr,v € GL2(F}), and if (B,),|p are characters of F,, we denote

Spaces of characters. We denote by #p, %' %, respectively, the schemes over L
defined in formulas (1.2.7) and (2.1.1) and the subscheme of # cut out by the condition
X|Asx = w™l. We add to this notation a superscript ‘l.c.” to denote the ind-subschemes
of locally constant characters (which has a model over a finite extension of M in L).
Let #o )9+ be the ideal sheaf of # C #". If .4 is a coherent Oy -module, we denote

dFZ %@ﬁ@, ]@/@// — %@ﬁ@/ j@/@//ﬂé/@/ = %@/@FF

the normal derivative (compare the definition before [9, Theorem B]).

Kirillov models. Let o> = ®MOO o, be the M-rational automorphic representation
of GLy(A) attached to A, and denote abusively still by ¢ its base change to L. For
every place v the representations o, of B and 7, of GLy(F,) are Jacquet—Langlands
correspondents.

For v | p, we denote by

Hop, 1 0y = C (FUX,L)

a fixed rational Kirillov model.

Orthogonal spaces. We define V := B equipped with the reduced norm ¢, a quadratic
form valued in A. The image of FEa is a subspace V7 of the orthogonal space V, and we
let V3 be its orthogonal complement. The restriction gy, is the adelization of the norm
of E/F.

Schwartz spaces and Weil representation. If V' is any one of the spaces already
discussed, we denote by -7 (V' x AX) = Q. .7 (V' x FX) the Fock space of Schwartz
functions considered in [9]. (This differs from the usual Schwartz space only at infinity.)
There is a Weil representation

r=ry: GLa(A) x O(V,q) — End 7 (V x AX),

defined as in [9, §3.1]. The orthogonal group of V naturally contains the product
T(A) xT(A) acting by left and right multiplication on V. The Weil representation also
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depends on a choice of additive characters 1. The restriction rj7(a)x7(a) Preserves the
decomposition Vi @ Vs, hence it accordingly decomposes as r1 @ rs.

Special data at p. We list the functions at the places v | p that we use.
Define

Wo(y) == 1w ,—0(y)|ylvew (y), (3.1.1)

the ordinary vector in the fixed Kirillov model 7, of o4,,. We consider
Pv = Pu.r =y (@) "W, W) € 0. (3.1.2)
Now we consider Schwartz functions. We let
B, = My (F,)

be the indefinite quaternion algebra over F),; this choice is justified a posteriori by
Corollary A.2.3. The following choices of functions correct and modify the ones fixed in
[9] (compare the errata in Appendix B); note in particular that we will use two different
functions on Vg ,,.

Decompose orthogonally V, =V , &V, ,,, where V , = E, under the fixed embedding
Epc — B*™. We define the following Schwartz functions on, respectively, F,* and its
product with Vi ,, Vo, Vy:

vol (ﬁ;,v)
orp,r(u) = 61,up, (u), where 61,0, (u) := mluwrﬁm(u)a
G1,r(x1,u) = 01,0y, (21)01,0p . (v),  where 01,0, (21) = ‘m 14+ 05, (T1);
(3.1.3)
and
P2(2,u) = Loy,  (12)14x (u),
o, (w2,0) = € M dlo - Loy, ng-t(—14wr 05, ) (02) Livwr o, (1), (3.1.4)

br(x,u) i= d1,p(@1,u) P2, (T2,u).

p-adic modular forms and g-expansions. In [9, §2], we defined the notion of Hilbert
automorphic forms and twisted Hilbert automorphic forms (the latter depend on an
extra variable u € A*). We also defined the associated space of g-expansions, and a less
redundant space of reduced g-expansions. When the coefficient field is a finite extension
L of Q,, these spaces are endowed with a topology. We have an (injective) reduced-g-
expansion map on modular forms, denoted by

o 9y,

The image of modular forms (resp., cusp forms) of level KP K} (p>) C GLa(AP>), parallel
weight 2, and central character w™! is denoted by M =M (Kp,w’l) (resp., S). The closure

https://doi.org/10.1017/51474748021000608 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000608

2214 D. Disegni

of M (resp., S) in the space of g-expansions with coefficients in L is denoted M’ (resp.,
S’) and its elements are called p-adic modular forms (resp., cusp forms).

If % = %, %', we define the notion of a % ’-family of modular forms by copying word
for word [9, Definition 2.1.3]; the resulting notion coincides with that of bounded families
on the analogous rigid spaces considered there.

For a finite set of places S disjoint from those above p, we have also defined a certain
quotient space §fg of cuspidal reduced g-expansions modulo those whose coefficients of
index a € F* AS%°* all vanish. According to [9, Lemma 2.1.2], for any S the reduced-g-
expansion map induces an injection

S Sy (3.1.5)

p-adic Petersson product and p-critical forms. For ¢? € o, we defined in [9,
Proposition 2.4.4] a functional

bypa: M(KP,w ' L) - L, (3.1.6)

whose restriction to classical modular forms equals, up to an adjoint L-value, the limit
as r — oo of Petersson products with antiholomorphic forms ¢P¢,, . € o with component
@p.r = [L,}pPo.r as in equation (3.1.2).

Set v | p. We say that a form or g-expansion over a finite-dimensional Q,-vector space
L is v-critical if its coefficients a, (where x € A**) satisfy

af’mwi =0 (Q%J}) (317)
in L, uniformly in m € A*°*. Here for two functions f,g: N — L, we write
f =0(g) < there is a constant ¢ > Osuch that|f(s)| < ¢|g(s)| for all sufficiently large s.

The space of p-critical forms is the sum of the spaces of v-critical forms for v | p. Any
element in those spaces is annihilated by £ » «.

3.2. Analytic kernel

The analytic kernel is a p-adic family of theta-Eisenstein series, related to the p-adic
L-function. We review its main properties.

Proposition 3.2.1. There exist p-adic families of g-expansions of modular forms & over
Y and S over %', satisfying the following:

1. For any xp € Z%%(C) and any r = (ry)y)p satisfying c(xr) | p", we have the identity
of g-expansions of twisted modular forms of weight 1:

L(p)(LnXF)

poo, —
g(u7¢2 1XF) - |DF| L(p)(1,7’]>

qE'f" (ua ¢27XF)7
where

Er(gaua(b%XF) = Z 5XF7T(’ngT)T(’yg)¢2(O7u) (321)
~yEPY(F)\SL2(F)
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is the Bisenstein series defined in [9, §3.2], with respect to ¢o = ¢5° (XF)P3 oo, With
¢35, as in formula (5.1.4) forv|p and ¢2,.,(xv) for vioc and ¢3 , forv|oo as defined
in [9, §3.2].

2. For ¢1 € (Vi x A*) and x' € &', consider the twisted modular form of weight
1 with parameter t € E :

0(g,(t, D, 1) == 11(g,(t,1))r (). (3.2.2)

r1€EFR

For any x' € ', define x ::cu_l)dAX € Wk Then for any r=(ry)y), satisfying
ry > 1 and c(xr) | p", we have

»|Dpl/? [*
F(g;y) = edDel /mx'(t) ST (1)) (gl S ) 4

1/2
|Dp| wepZ \Fx
(3.2.3)
where for v | p, we have ¢1,, = ¢1,9,r s as in formula (3.1.3).
3. We have
lor,a( T(@7)) = Ly.a(or) - [ [IdEID] [T 28 (Werdu,xt), (3.2.4)

vlp vipoo

where the local terms %5 are as in [9, Propositions 8.5.1, 3.6.1].

Proof. Part 1 is [9, Proposition 3.3.2]. Part 2 summarizes [9, §3.4]. Part 3 is [9, (3.7.1)],
with the correction of Appendix B. O

Derivative of the analytic kernel. We denote
I (@P;x) := dp I ($P; X), (3.2.5)

a p-adic modular form with coefficients in T &L ().

3.3. Geometric kernel

The geometric kernel function [9, §85.2, 5.3] is related to the heights of Heegner points.
We recall its construction and modularity.

CM divisors. For any xz € B®*, we have a Hecke translation T,: X — X, and a
Hecke correspondence Z(x)y on Xy x Xy. Fix any P € XE" (Eab), and for x € B®*|
let [x] := T, P be the Hecke-translate of P by =, and let [z]y be its image in Xy. If H/E
is any finite extension, the points in Xy, g corresponding to Galois orbits of points of the
form [z]y are called CM points (for the CM field E).

Let C1(X, 7)q D CI°(X, #)q be the space of divisor classes with Q-coefficients and
its subspace éonsisting of classes with degree 0 on every connected component. Denote by
()°: Cl Xy 7)o — cr’ (Xyr 7)q the linear section of the inclusion whose kernel is spanned
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by the push-forwards to X, 7 of the classes of the canonical bundles of the connected
components of X, 7, for any sufficiently small U’.
We define the x-isotypic CM divisors

ty = ) t)[t71]  d°t € Div (X, & ,
X /[T]X(>[ ]U 1"( U,F)L(X)

* 110 o .
t9 :—/[ x(t) [t71],, d°t € Div° (XUf)L(X)’

T

where the integrations simply reduce to (normalized) finite sums.

Generating series. For a € A®*  ¢>® €.7(V x AX), consider the correspondences

Za(¢™) =cupwylal DY ¢ (zaglx) ) Z(z)u, (3.3.1)

zeU\B>X /U

where wy = |[{£1} NU| and cyr is defined in [9, (3.4.3)]. By [9, Theorem 5.2.1] (due to
Yuan, Zhang, and Zhang), there is an automorphic form

Z(¢m) € COO(GLQ(F)\GLQ(A),C) KQ PiC(XU X XU)Q, (332)

whose ath reduced coefficient is the image of Z,(¢>) for cach a € A®*.
Let

(,)=(,)x:JV(F)xJ(F) = Tp&L (3.3.3)

be the p-adic height pairing defined as in’ [9, Lemma 5.3.1]. (We abusively omit the
subscript X, as we will no longer need to use the pairing on Ag(x)® A% (x)-)
We define the geometric kernel to be

Z6*x) =3 (Zal@™)IH12 ) 0, (3.34)

a€Fx
By [I, Proposition 5.3.2 and the formula after its proof], the series Z(¢,x) is (the ¢-
expansion of) a weight 2 cuspidal Hilbert modular form of central character w™!, with
coefficients in T'r&L(x).
Geometric kernel and Shimizu lifts. Let
0,,: (XS (VxA® ) )@y L— (n@7") @, L
be Shimizu’s theta lifting defined in [9, §5.1]. Let
Talg: 7TU Rm 7TV’U — Hom(JU,Jg) QM
be defined by Tag(f1,f2) := f5 o fi1.

"There is a typo in loc. cit. (also noted in Appendix B): the left-hand side of the last equation
in the statement should be <f{(P1),f§(P2)>J .
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Proposition 3.3.1. If ¢, = ¢, is as in formula (3.1.4) for all v | p, then for any
sufficiently large v/, the geometric kernel

Z(¢™,x)

is invariant under [, K}(w" ), and it satisfies

lora (Z(67))
:2IDF|”2IDE|1/2L(1,77)~<Talg,Lp (9Lp (¢,ap|.|,,(w)*r’w;1 ))anPX’1>X~ (3.3.5)

vlp

Proof. The invariance under Hv|p K} (w"") follows from the invariance of ¢, under the

action of (1 ﬁ’i‘?) and the continuity of the Weil representation. The proof of equation

(3.3.5) is indicated in [9, proof of Proposition 5.4.3] (with the correction of Appendix B).
O

3.4. Kernel identity

We state our kernel identity and recall how it implies the main theorem.

Assumptions on the data. Consider the following local assumptions on the data at
primes above p:

Assumption 3.4.1. Let Uf«“,u =1+4+w,)0F,, with n > 1 be such that w, is invariant
under Ug . The character x,, is sufficiently ramified in the sense that it is nontrivial on

qu‘ﬁE U;,v) - ﬁ;,p'

v|p

(Recall from §3.1 that g,: E, — F, is the norm map.)

Under this assumption, we have t, = tg)é; see [I, Proposition 8.1.1.3], where £ € C1(Xy)q
denotes the Hodge class defining the section Cl(Xy)q — Cl°(Xy)q. The technical
advantage gained, which is the same as in [I] and is implicitly reaped in Theorem 3.6.1, is
that one may analyze the height-generating series purely in terms of pairs of CM divisors
of degree 0, thus avoiding a study of & and the recourse to p-adic Arakelov theory made
in [8].

Assumption 3.4.2. For each v | p, the open compact U, C B satisfies the following;:

- Uy,=Uy,=14+w"Ms(0OF,) for some r > 1.

— The integer r > n is sufficiently large that the characters x, and «,o0gq, of E} are
invariant under U, N ﬁ;,v'

Convention on citations from [9]. In [9], we denoted by Shonsplis the set of places of

F nonsplit in E, and by S, the set of places of F' above p. When referring to results from
[9], we henceforth stipulate that one should read any assumption such as ‘set v € Shonsplit’
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or ‘let v be a place in F nonsplit in E’ as ‘set v € Snonsplit —Sp - Similarly, the set Sy
fixed in [9, §6.1] should be understood to consist only of places not above p.

Theorem 3.4.3 (kernel identity). Assume the hypotheses of Theorem B, and that
U, P, P>, x,r satisfy the assumptions of [9, §6.1] as well as Assumptions 3.4.1 and 3.4.2.
Define ¢, := @y|p@o,r, with ¢y, =formula (3.1.]). Then

Cor,aldr 7 (67:X)) = 2|Dr| Ly (1) - Lgr,a (2(670))
The elements of the proof will be gathered in §3.6.
Lemma 3.4.4. Theorem 3.4.3 implies Theorem 2.2.1.

Proof. As in [9, Proposition 5.4.3] as corrected in Appendix B, we consider the following
equivalent (by [9, Lemma 5.3.1]) form of the identity of Theorem 2.2.1:

(Talgstp(f1 ® fa) Py, Py-1)

_ Q)
(2/2)" D[ /2L(1,)

[12:(cwx0) ™t - dpLpa(oae)(X) - Q(f1, f2x), (3.4.1)

vlp

where ¢p: M <> L(x), and Py = fi;, Te(P —€p)x(t)dt € J (F)L(X). By linearity, equation
(3.4.1) extends to an identity that makes sense for any element f € 7 ® 7¥. By the
multiplicity 1 result for EX.-invariant linear functionals on each of w7V, it suffices
to prove equation (3.4.1) for one element f € 7@ 7V such that Q(f,x) # 0 (compare [29,
Lemma 3.23]).

We claim that Theorem 3.4.3 gives equation (3.4.1) for £ = 6(y,¢), where:

— oo 18 standard antiholomoprhic in the sense of [9] and ¢ is standard in the sense
of [9]; and

— for all v | p, we have that ¢, =equation (3.1.2) and ¢, = ¢, , =formula (3.1.4) for any
sufficiently large r.

The claim follows from equations (3.2.4) and (3.3.5), the local comparison between %
and @, 00, for vtp of [9, Lemma 5.1.1], and the local calculation at v|p of Proposition
A.2.2.

Finally, the existence of o, satisfying both the required assumptions and Q(6(y,¢)) #0
follows from [9, Lemma 6.1.6] away from p, and the explicit formula of Proposition A.2.2
at p. O

3.5. Derivative of the analytic kernel

We start by studying the incoherent Eisenstein series & (¢5>). For a € F)*

v

denote by
Weo

the normalized local Whittaker function of E, (45 (xr)¢5 ,,xr) = formula (3.2.1),
defined as in [9, Proposition 3.2.1 and the paragraph after its proof].
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The following reviews and corrects [9, Proposition 7.1.1]:

Proposition 3.5.1. For each v | p, let ¢po .y = 2. be as in formula (3.1.4).

1. Let v be a place of F and set a € F,}.
(a) If a is not represented by (Va,y,uq), then W7 ,(g,u,1) = 0.

(b) (Local Siegel-Weil formula.) If v{p and there exists x, € Vg, such that
uq(zy) = a, then

Weo ()t = [ r(()i) éauemu)a.

By

(c) (Local Siegel-Weil formula at p.) Ifv|p,a€—-1+w"OF,, andu€l+w" OF,,,
let xq € Vo, be such that ug(z,) =a. Then

Wou (D) =l [ r(( )b onlendn (351)

2. For any a € FyN]],,(-1+@"Op.), ue F*N]],,(1+@"OF.), there is a place
vip of F such that a is not represented by (Va,uq).

Proof. Parts 1(a) and (b) are as in [9, Proposition 7.1.1]. Before continuing, observe
that under our assumptions, a is always represented by (Vg ,,ug,) for all v | p: this is
clear if v splits in F, and up to possibly enlarging the integer r, it may be seen by the
local constancy of ¢, and the explicit identity g, (j,) = —1, where j,=formula (4.1.2) if
v is nonsplit. Then part 1(c) follows by explicit computation of both sides (starting, for
example, as in [29, proof of Proposition 6.8] for the left-hand side). Explicitly, we have

equation (3.5.1) =
ey t|d|,vol (E% N ﬁgw,dh) ly|Y?16, , (ay)lﬁ;,v (y~tu) if v(a) >0 and v(u) =0,
0 otherwise.

Finally, part 2 follows from the observation of the previous paragraph and
[29, Lemma 6.3]. O

Lemma 3.5.2. Suppose that for all v|p, we have that ¢1,, = ¢1.r s as in formula
(3.1.3). Then for any t € T(A), the ath g-expansion coefficient of the the theta series of
formula (3.2.2) vanishes unless

a€ ml—l—w’“ﬁp’v.

vlp
Proof. This is straightforward. O

Denote

U;,* = HUv,* s

v|p

https://doi.org/10.1017/51474748021000608 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000608

2220 D. Disegni

an operator on modular forms that extends to an operator on all the spaces of p-adic
g-expansions defined so far.

Corollary 3.5.3. Suppose that pP> € . (V5™ x AP >)satisfies the assumptions of [9,
§6.1]. Set x € %<, For any sufficiently large r, we have

Uy, 7 (675 x) = 0.

Proof. For the first assertion, we need to show that the ath reduced g-expansion coeffi-
cient of .# vanishes for all a satisfying v(a) > r for all v | p. By the defining property (3.2.3)
of .Z(x’) and the choice of ¢,, the group T (F},) C T(A) acts trivially on the g-expansion
coefficients of .#(x’). The remaining integration on T'(F)Z(A)VP\T(A)/T (F,) is a finite
sum, so the coefficients a are a sum of products of the coefficients of index a; of  and
of index ag of &(1), for pairs (aj,as) with a1 + a2 = a. When a = 0, the vanishing follows
from the vanishing of the constant term of &, which is proved as in [29, Proposition 6.7].
For a # 0, by Lemma 3.5.2 only the pairs (a1,a2) with a1 € ﬂvlpl +w"OF,, contribute.
If v(a) = r for v | p, this forces az € (,, =1+ @, OF . Then the coefficient of index ay of
&(1) vanishes by Proposition 3.5.1. O

We can now proceed as in [9, §7.2], except for the insertion of the operator Uy, . (This
will be innocuous for the purposes of Theorem 3.4.3, since the kernel of U} , is contained
in the kernel of £,» o.) We obtain, under the assumptions of [9, §6.1], a decomposition of
formula (3.2.5)

U, I (7% x) = . > . Uy 7 (873x) (v) (3.5.2)
VESnonsplit —Op

valid in the space S of p-adic g-expansions with coefficients in T'r&L(x) (see [9, §6.1] for
the definition of .#/(¢P>°; x)(v)).

3.6. Decomposition of the geometric kernel and comparison

Suppose that Assumptions 3.4.1 and 3.4.2, as well as the assumptions of [9, §6.1], are
satisfied. Then we may decompose [9, §8.2] the generating series (3.3.4) as

Z(6=x) =Y Z(6™.x)(v), (3.6.1)

according to the decomposition (, )x =), (, )x,v of the height pairing. Here the sum
runs over all finite places of F.

The following is the main result of [9] on the local comparison away from p. Let S" =S,
be the quotient of the space of p-adic g-expansions recalled before formula (3.1.5).

Theorem 3.6.1 ([9, Theorem 8.3.2]). Let ¢> = ¢P> ¢, with ¢, = Hv|p ¢y as in formula
(5.1.4). Suppose that Assumptions 3./.1 and 3.4.2, as well as the assumptions of [9, §6.1],
are satisfied. Then we have the following identities of reduced g-expansions in S':

1. If v € Sepiic — Sp, then
Z(6>,x)(v) =0.
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2. If v € Shonsplit —S1 — Sp, then
Uy (@75 (v) = 21Dp | L) (L) U}, L Z (67,0 (v).
3. If ve Sy, then
Uy I (@70 (0),  UpLZ(6,X)(v)

are theta series attached to a quaternion algebra over F.
4. The sum

Uy Z(6*00(0) = Y Up . Z(¢,X)(v)

vESy

belongs to the isomorphic image S C S'of the space of p-adic modular forms S.

By this theorem and the decompositions of .#" and Z , the proof of the kernel identity
of Theorem 3.4.3 (hence of the main theorem) is now reduced to showing the following
proposition. (See [9, §8.3, last paragraph] for the details of the deduction.)

Proposition 3.6.2. Retain the assumptions of Theorem 3.6.1, and further assume that
VoA is potentially crystalline at all v | p. Then the p-adic modular form

Ur L, Z(¢>,x)(p) €8
is annihilated by lup o.

Let S be a finite set of non-Archimedean places of F' such that for all v ¢ S, all the
data are unramified, U, is maximal, and ¢, is standard. Let K = K? K, be the level of
the modular form Z(¢), and let

T,,(c") € #5(L) = #5(M) @, L

be any o"-idempotent in the Hecke algebra as in [9, Proposition 2.4.4]. By that result,
in order to establish Proposition 3.6.2 it suffices to prove that

Cora (Up Ty (0)Z(6%,X)(0)) = 0. (3.6.2)
As in [9], we will in fact prove the following, which implies equation (3.6.2):

Proposition 3.6.3. Let v |p. Under the assumptions of Proposition 3.6.2, for all v | p,
the element

T,,(0")Z (6, x)(v) € §
is v-critical in the sense of equation (3.1.7).

The proof will occupy the following section.
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4. Local heights at p

The goal of this section is to prove Proposition 3.6.3, whose assumptions we retain
throughout except for an innocuous modification to the data at the places v | p. Namely,
let ¢, be the Schwartz function denoted by ¢, in formula (3.1.4), and let U, C BX be the
open compact subgroup denoted by U, , in Assumption 3.4.2. Then we define

U, = ﬁUUﬁw,U, oy ::][ r(z,l)gv dz.
U

o
F,ov

Since X, px = Wy ' is by construction invariant under U ,, the geometric kernels

Z ((b”‘x’(gp,x) and Z(¢p°"¢p,x) are equal. Therefore we may work on the curve Xy .

We fix a place v | p. If v splits in E, then the desired result is proven in [9, §9] with
the correction in Appendix B. Therefore we may and do assume that v is nonsplit. We
denote by w the place of E above v.

We refer the reader to §1.1 for a general sketch of our argument. It is developed here
as follows. In §4.1, we prove that after acting by a high power of U, ., the coefficients
of the generating series are height pairings with CM points of high v-conductor (norm
relation). After some general background in §4.2, we use the norm relation to prove the
decay property of arithmetic intersection multiplicities in §4.3. Finally, in §4.4 we use
again the norm relation and some p-adic Hodge theory to prove the decay property of
local heights.

4.1. Norm relation for the generating series

The goal of this subsection will be to show that for s large enough, each ¢-expansion
coefficient of U;*Z(gzﬁoﬂx) is a height pairing of CM divisors, one of which is supported
on Galois orbits of CM points of the ‘pseudo-conductor’ s (as defined later).

We start by considering the U, .-action on the generating series Z (¢p>) =
formula (3.3.2). Recall that d, (§3.1) is a generator of the different ideal of F;,.

Lemma 4.1.1. If a € A** satisfies v(a) > —v(d,), the ath reduced g-expansion coeffi-
cient of Uy Z(¢™) equals

Zawm, (6™),
where Zy (¢) is defined in formula (5.3.1).

Proof. After computing the Weil action of U, . on ¢, this is a simple change of
variables. O

We can factor

Za(¢w) = Za’“ ((bvoo)Zav ((bv)
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as the composition of the commuting correspondences

Z2(¢") = cuw > ¢"> (2",aq(z") ") Z(2")v,

mveUU\BvooX/Uv
Zay($0) = D bu(wnaq(@)") Z(z)u- (4.1.1)
ZE':JGUU\B’?)(/UU

From here until after the proof of Lemma 4.1.2, we work in a local situation and drop
v from the notation. Let # € O be such that Og = Or +00F, and write T = TrE/F(H),
N =Ng/p(0). Fix the embedding £ — B = M(F) to be

t=a+60b— <
—b a

j::< A ) (4.1.2)

Then j? =1, ¢(j) = —1, and for all t € E, jt = tj; and in the orthogonal decomposition
V =V;® Vs, we have

a+bT BN >

Set

ﬁVQ :ngMg(ﬁp) :‘]ﬁE

Let E(w") =1+ @ O0p+j(OpNg ' (1+@"0OF)); then ¢ is a fixed multiple of the
characteristic function of Z(w”) X (1+w"Or) C Bx F*. For a € F*| let

E(@)e={z€E(w@") | q(z) €a(l+= " OF)}.
Then the local component (4.1.1) of the generating series equals
Za (¢) = Z Z('r)U’
2€U\E(w™),US/U

up to a constant that is independent of a.

Lemma 4.1.2. Let a € F* satisfy v(a) = s > r. The natural map Z(w") Up/U —
U\E(w"),Us/U is a bijection. For either quotient set, a complete set of representatives
is given by the elements

z(b):=14jb
as b ranges through a complete set of representatives for

(1 —a(l+w"0p)/(1+ @+ 0g) C (O /" OF) .

Proof. It is equivalent to prove the same statement for the quotients of Z(w”), by the
group U=1 +w@"M>(OF). By acting on the right with elements of &rNU, we can bring
any element of = to one of the form z(b). Write any v € U as v =14w"u; +jw"us with
Uy, Ug € Or. Then

z(b)y=1+jb)1+@ us +jow us) =1+w" (w1 +busz) +j(b+w" (bus +u2)
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is another element of the form x(b') if and only if u; = —b%us. In this case,
bV =b+w (1-qb)uy €b(l+"50g).

Thus the class of b modulo " ** is the only invariant of the quotient =/ U. The U-action
on the left similarly preserves this invariant. O

We go back to a global setting and notation, restoring the subscripts v and w. Denote by
recg, : B — gg‘fw the reciprocity map of class field theory. Recall that for z € B®*, we
have a point [z]y € Xy; for a subset = C B**, we similarly denote [Z']y = {[z]v |z € E'}.

Lemma 4.1.3. Fiz a € Op,, with v(a) =s>r.
1. Set b€ (Opw/@ T 0p.)", t €14+ w0k . Then
recg, ()[z(b)]v = [z(bt°/)]u
2. We have
E@0DaUb]y = recs, (1+@108.0)/ (1+ @ 0r.0) (14 @, Op0)) [(0)] .
b
where the Galois action is faithful, and b ranges through a set of representatives for
0, ' (1-a(l+w0p,)) /(1 +@,08,) - (1+wg+v<9—9c)ﬁm mq;1(1)) . (4.1.3)
The size of this set is bounded uniformly in a.
Proof. For part 1, we have
recg,, (t)[z(0)]u = [t +tjblu = [t +jt°blu = [L+jbt°/tlu
Part 2 follows Lemma 4.1.2 and part 1, noting that the group (1—|—wr+v(9 o )ﬁE,w> N

¢, *(1) is the image of the map ¢+ ¢¢/t on 1+ @’ Of 4. Finally, the map (projection,q,)
gives an injection from

0, (1—a(1+w0p,))/ (1+ =5 08,.) - (1 +a "o, mq;1(1))
to
c X
(Or/my O 0p0) % (1=a(1+@508)) fa (14T, Or ),

whose size is bounded uniformly in @ (more precisely, the second factor is isomorphic to
Op.,/Tr(Og,,) via the map 1 —a(1+wjz) — x). O
We denote by @ an extension of the place w to E2P. For s >0, let

H, C E*

be the finite abelian extension of E with norm group UpU% (1 +w!»**0g, ,), where U} =
U'NEXw. Let Hy = Uszo H,. If r,, is sufficiently large, for all s > 0 the extension H;/Hy
is totally ramified at w of degree ¢y ,, and

Gal(H,/Ho) = Gal (Hy w/How) = (1+ @7 Op.) (1 + @7 Op.) (1 4+ @0 05.,) .
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In particular,
[Hs : Hol = [Hsw : How| = -
We will say that a CM point z € Xp, has pseudo-conductor s >0 (at w) if Hy(2) =
H; .

Proposition 4.1.4. There exists an integer d > 0 such that for all a € A" with v(a) =
s>y, there exists a degree 0 divisor Dy € d~*Div® (Xuv,H,), supported on CM points,
such that

Za((boo)[l]U = TrHs/Ho (Da)

in Div® (Xv.m,). All prime divisor components of D, are CM points of pseudo-
conductor s.

Proof. This follows from Lemma 4.1.3(2), by taking D, to be a fixed rational multiple
(independent of a) of

Zie=) > =@y
beformula (4.1.3)
The divisor is of degree 0 by [9, Proposition 8.1.1]. Its prime components are not defined
over proper subfields Hy C H,, because of the faithfulness statement of Lemma 4.1.3(2).
O

4.2. Intersection multiplicities on arithmetic surfaces

Before continuing, we gather some definitions and a key result.

Ultrametricity of intersections on surfaces. Let 2 be a 2-dimensional regular
Noetherian scheme, finite flat over a field k or a discrete valuation ring & with residue field
k. We denote by ( - ) g the usual Z-bilinear intersection-multiplicity pairing of divisors
intersecting properly on 27; for effective divisors D; (j = 1,2) with Op, = 04/ .7}, it is
defined by

(D1-D3) g =length, O /(S + F).

The subscript 2" will be omitted when it is clear from context.
We will need the following result of Garcia Barroso, Gonzalez Pérez, and Popescu-
Pampu:

Proposition 4.2.1. Let R be a Noetherian regular local ring of dimension 2, which is
a flat module over a field or a discrete valuation ring. Let A be any irreducible curve in
Spec R. Then the function

(D1-A)(Dy-A)/(Dy-Ds) if Dy # Do,

da(D1,Ds) :=
a(Dr, D) {o if Dy = Dy

is an ultrametric distance on the space of irreducible curves in SpecR different from A.

https://doi.org/10.1017/51474748021000608 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000608

2226 D. Disegni

Proof. For those rings R that further satisfy the property of containing C, this is proved
in [15]. The proof only relies on (i) the existence of embedded resolutions of divisors in the
spectra of such rings and (ii) the negativity of the intersection matrix of the exceptional
divisor of a projective birational morphism between spectra of such rings. Both results
still hold under our weaker assumptions: see [20, Theorem 9.2.26] for (i) and [20, Theorem
9.1.27, Remark 9.1.28] for (ii). O

Arithmetic intersection multiplicities. Suppose now that 2 is a 2-dimensional
regular Noetherian scheme, proper flat over a discrete valuation ring & with residue
field k. A divisor on 2 is called horizontal (resp., vertical) if each of the irreducible
components of the support |D| is flat over & (resp., contained in the special fiber Z).
We extend (- ):=( - )g to a bilinear form ( e ) on pairs of divisors on 2~ sharing no
common horizontal irreducible component of the support by

(Z:,eV):=0

if V is any vertical divisor.
Denote by X the generic fiber of 27. If D € Div’(X) with Zariski closure Din 2, a
flat extension of D is a divisor D € Div(2")q such that D — D is vertical and

(ﬁ.v):o

for any vertical divisor V on Z . A flat extension of D exists and is unique up to addition
of rational linear combinations of the connected components of Z..

The arithmetic intersection multiplicity on divisors with disjoint supports in Div"(X)
is then defined by

mx(D1,Ds) := (51 0132) = (lA)l 0E2> €Q.

4.3. Decay of intersection multiplicities

We continue using the notation introduced in §4.1. Let mg :=m X, .- Developing the
approximation argument sketched in the introduction, we will show that for any degree-0
divisor D on Xp,, we have

in L, uniformly in a.
Set Uy, := GL2 (OF,») C By and Xg := Xyey, ,, let 2o be the canonical model of
Xo,F, over O ,, which is smooth [6], and let 2 be its base change to Op, . Let 2" be

w

the integral closure of 2 in Xp, ., which is a regular model of Xy, over Oy, ., and
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let p: 2" — 2 be the natural map. Thus we have a diagram

XHo,m

Xop, —> 20,05,

of curves and regular integral models. (The bottom row will be used in proving Lemma
4.3.2))

Some intersection multiplicities. As a preliminary, we first compute the intersection
multiplicities of Zariski closures of CM points with the special fiber of 2", then bound
their intersections with horizontal divisors.

We denote by & the residue field of Hyw and by k the algebraic closure of . For a
scheme ¢ and a point y € ¢, we denote 6, := Spec O ,,.

Lemma 4.3.1. Let z; € Xpg, be a CM point with pseudo-conductor s, let Zs be its closure
in Z, and let y € Z; be its reduction modulo w. Then

(Zs - [%Jw])%/ = [“(y) : H]q}m.

(Recall that, following §3.1, 2, . denotes the special fiber of £,.)

Proof. We will deduce this from Gross’s theory of quasicanonical liftings [18], which we
recall. The situation is purely local, and we drop all subscripts v, w, and w. For a finite
extension K O F contained in E?P, let K" be the maximal unramified extension of K
contained in E2P (thus the residue field of KU is identified with k).

By [6, §7.4], for any supersingular point yo € Zo, gu» the completed local ring of 2, gun
at yo is isomorphic to Opu[u] and is the deformation ring of formal modules studied by
Gross. The main result of [18] is that for any CM point zg € X, g, there exists a unique
integer t (the conductor of zy) such that the following hold. First, the field E"(zg) is
the abelian extension E®) of E™ with norm group (O +w!0g)™ /05, which is totally
ramified of some degree d;. Second, the inclusion of the Zariski closure Zo — Zo, gue gives
rise to a map of complete local rings

ﬁEun [[’LL]] — ﬁE(t) = ﬁ(?o),

which sends u to a uniformizer w® of E®. It follows that if s is the minimal polynomial
of w®),

(ZT) %7;@)%0 - = dimy Ogun [[u]]/(wE,ut(u)) =dimy, ﬁE(t) /ZDE =d;. (431)
L OWR,
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Consider now the situation of the lemma. By the projection formula,

(Zs - [%y,ﬁ])gfy = (% p" %,no)gfy

= (p*zs : %O,R)ggo/ , = [HO(ZS): Hy (ZO,S)] : (EO,S : %O,R)ggo/ )

Y Y

where ¢y’ = p(y) and zp,s = p(zs) € Xo u, is a CM point. The last intersection multiplicity

is [k(y) : k] times the multiplicities of the base-changed divisors to the ring of integers of

Hy™, where zg s remains an irreducible divisor since Hy (zo,s) C Ho(zs) is totally ramified

over Hy. We perform such base change to &y without altering the notation. Let 2 be

the image of 20 s € Xpgu in Xpun, and let ¢ be the conductor of z; so E® ¢ Hi™ (20,5).
The fiber above z 2 Spec E® in Xpppn s

SpecEY @ gun H{" = SpecHy" (Zo,s)ebc

for c= [E® : Eu] - [H§™ : EY) / [H, (20,s) : Hy), and 2o, is one of the factors in the right-
hand side. By the projection formula applied to 2o X Spec Opyn — Zy X Spec Ogun and
equation (4.3.1), we have

[Ho(zs): Ho (z0.5)] - (Zo.s - Zo) gy = [5(y) - ket [Ho(zs): Ho(20,5)] - [Ho™ : E™] - dy
= [k(y) : ] - [Ho(zs) - Hol-dy " -de = [(y) : sl

as desired. O

Lemma 4.3.2. Let A be an irreducible horizontal divisor in 2 . The intersection
multiplicities

(a-2)

are bounded by an absolute constant as z ranges among CM points of sufficiently large
pseudo-conductor reducing to y.

Proof. The intersection multiplicity (A-Z) is bounded by the degree of the natural map
q: £ — Zo,ey,, near y, times the intersection multiplicities of the push-forward divisors
to 20,65, .- Similar to the proof of Lemma 4.3.1, we may estimate this intersection in
the base change of % to O3". The base change of the divisor q.z equals a sum of CM
points of Zy ¢,m; because the extensions Hy /Hy are totally ramified, the number of
points in this divisor is bounded by an absolute constant, and the conductors of all those
CM points go to infinity with the pseudo-conductor s of z. Thus it suffices to show that
if Ag is a fixed horizontal divisor on 2 gun, its intersection multiplicity with CM points
of conductor ¢ is bounded as t — co.

Let z € Zo,ow» be a CM point of conductor ¢, and let yo € Zo x be the image of the
reduction of t. Now write the image of Ag in the completion of 2y ¢, at yo as

Ao = SpecOpu[u] /(f) C SpecOgunu],
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with f = Z?Zlaiui an integral nonconstant monic polynomial. Let f € k[u] be the
reduction of f. Then

(Ao %) = dimy, Opun [u] /(f, 1) ]
=dimy Opw / (f (w(t)>) =dimy Opw / ((w(t))deg(f)) =deg (f) <d

if ¢ is sufficiently large, since the normalized valuations of w® decrease to 0 as t — oo.
This completes the proof of the lemma. O

Approximation by vertical divisors. The following proposition contains the essen-
tial new ingredient of this work. We denote by

CM (XHo)zs O CM (XHo)s

respectively the set of CM points of Xy, that have pseudo-conductor at least and equal
to a given integer s. We denote by ¥ the set of irreducible components of Z; (henceforth:
‘vertical components’), and if y € 2, is a closed point, we denote by ¥}, C ¥ the set of
vertical components of %, .. We still use a bar to denote Zariski closure.

Proposition 4.3.3. There exist an integer so > 1, depending only on Xp,, and a function
(V,p): CM (X )5, — ¥ x Q

satisfying the following property:

For every divisor D € Div(Z") 1, there exists a constant sp > so depending only on the
support of D, such that if z € Xp, is a CM point of conductor s > sp, then (Z-D) may
be computed as follows. Let V =V (z), p=p(z), and write

D=cZ,.+D
with ¢ € L and D' € Div(Z2"), a divisor whose support does not contain V. Then
(2-D) = cli(y) : Klao + p(V 0 D), (43.2)
where y € Z, denotes the reduction of z modulo w.

Remark 4.3.4. The vertical component V(z) will be characterized as the one maximiz-
ing the intersection multiplicity with Z. We refer the reader to [11, §2, Figure 1 in §1]
for an equivalent and possibly more vivid geometric description® of the relation of V to
zs: one can define pairwise disjoint open subsets (‘geometric basins’) of the Berkovich
analytification of X, labelled by the irreducible components of the special fiber; then z
belongs to the basin corresponding to V.

Proof. We will omit all subscripts v,w,w and use some of the notation introduced in the
proof of Lemma 4.3.1.

8Note however that the substantial results of [11] hold for the curve X over the field F,.
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Let y € Z, be a closed point, and write [2y,x] =1y, ev/ V' as divisors. By Lemma
4.3.1, the weighted sum

Zev' (Zs- V') = (% (Zy,x]) = [K(y): Klgr (4.3.3)
v

is independent of the choice of a CM point zs € Xp, of pseudo-conductor s reducing to
y. As equation (4.3.3) goes to infinity with s (and the coefficients ey are independent of
s), the quantity

maxv/enf/(fs . V/) (434)

(more precisely, the minimum of those maxima as z, varies in CM(Xp,)s) goes to infinity
with s.

Fix now a CM point z; € X, of pseudo-conductor s, let y € Z,; be its reduction, and let
V € ¥, be a vertical component realizing the maximum in expression (4.3.4). Let D # V
be an irreducible divisor in Z,. Pick any irreducible horizontal divisor A # D,Z, in Z,
and consider the ultrametric distance da of Proposition 4.2.1 for R = 04 . (Note that
A may be drawn from a finite set independent of z; and D; in fact, we may fix any set A
of at least two irreducible horizontal divisors that are not Zariski closures of CM points,
and for given D pick any A € A—{D}.)

By the choice of V and Lemma 4.3.2, if s is sufficiently large (a condition depending
on D), we have

(z:-4)(V-A)

da (Zs,V) = GGy da(V,D),

so that by Proposition 4.2.1,
da (Zs,D) =da(V,D).
Unwinding the definitions,
(zs-D)=p(V-D) (4.3.5)

for p:=(z5-A)/(V-A). Applied to a vertical component D = V' # V', formula (4.3.5)
together with Lemma 4.3.2 shows the uniqueness of the maximizing V' =: V(z,) for large
s; it is clear that p =: p(zs) is then uniquely determined as well. Now the intersection
formula (4.3.2) follows by linearity from equation (4.3.5) and Lemma 4.3.1. O

Corollary 4.3.5. If D € Div° (Xm,); is any degree-0 divisor, then for all sufficiently
large s and all a,

M (Zaze (67°)[1]u, D) = O(qr,,)
in L, where the implied constant can be fized independently of a and s.

Proof. Let D be a flat extension of D to a divisor on 2" (with coefficients in L), and
abbreviate Z, s := Zgws(¢*°)[1]y. Then by Propositions 4.1.4 and 4.3.3,

m(Za,6:D) = (Za,s- D) = Agio, + > _ Ni(Vie D)
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for some vertical components V; C 2  and some A, \; € L. By the definition of flat
extension, (V; oﬁ) =0 for all 5. The constant A is a linear combination of the constants c
in equation (4.3.2) (which depend only on ﬁ)7 with coefficients whose denominators are
bounded by those of Z, s; by Proposition 4.1.4, the latter are bounded independently of
a and s. O

4.4. Decay of local heights
Recall that we need to prove (Proposition 3.6.3) that

T, (0")Z(6*,x)(v)

is a v-critical element of S'.
As in [9, §9.2, proof of Proposition 9.2.1], this is reduced to the following. For any s > 0,
denote by (, )sw the local height pairing on Xy, _, which is valued in HSXE@L; and let

(w=How: B Nirwye, (O )ym)

which is valued in F.*&L C I'r®L and is compatible with varying s by [9, (4.1.6)]. Then
we will show that for all w | v and all a € A% with v(a) =r,, we have

(Zuwe (@)W T, (0")ity)_=0(ai,)  in FYOL(Y),

N v R (4.4.1)
(Zuwr (6™) W0 T, ()it ) =0 (ah)  in HGBL(),

where the second statement implies the first one. Until Lemma 4.4.3, the argument follows
the lines of previous works [9, 24, 27].

The norm relation and heights. Denote by N, the norm from H, 5 to Ho 5, set L' :=
L(x), and let p’ C &1/ be the maximal ideal. By the norm relation of Proposition 4.1.4,
the aforementioned compatibility [9, (4.1.6)], and the integrality result of [9, Proposition
4.3.2],°

<ZawS ((boo)[l]U’TLp (Uv)%ftx>0 - = <TrHs/Ho (Daws) aTLp (O’v)%]tx>07E
=N, ((DW,TLF, () irty), E) (4.4.2)
€ p/~(dooFdotdy, atda o) . (H:mé@ﬁy)

for some integers d; (;) > 0 that we now define and study.

Boundedness of denominators. Set

Vi=rlveu VA (x ) V=V, Ju®q, L’

9When comparing with the similar argument of [9, §9.2, proof of Proposition 9.2.1], our field
H should be assimilated to the H; there.
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considered as ¥, -modules; let V" be its direct complement in the decomposition of V'
n [9, (9.2.4)], and let 0 — V'T — V' — V'~ — 0 be the ordinary filtration analogous to
formula (1.2.6). If ? € {",/",/*}, define T? := T, Jy ®z, O, NV", and let T'~ =T'/T'F.
Then the integers d; () are defined as follows:

— dgo accounts for the denominators of the divisors, and it can be taken to be
independent of s by Proposition 4.1.4.

— dp is such that p’®T c T'&T".

~ dy, = lengthy,, H' (Hy m,T"* (1)),

—dys = lengthﬁL,H} (HS)E,T’)/NOOH} (Hsw,T"), where N denotes the universal
norms ([23, §6], [9, §4.3]) with respect to the infinite abelian extension of H, cut
out by the closure in 93> > H); of

X NHS,E/FU % ~
Ker \H o, — FJ = Tr®L|.
Proposition 4.4.1. Suppose that V, A is potentially crystalline as a representation of
Y, ; then the sequences of integers (di,s) and (da s) are bounded.

We will use the following vanishing result, in which L denotes an algebraic closure of
L'

Lemma 4.4.2. Set U := Gal(Hoow/Ey) = EX\Ex. /UU} . For all Hodge-Tate
characters v: 9g, — i factoring through I, and for any

Ve {v, V" (1),V 1),V },
we have

H° (E,,V'(¥)) =0.

Proof. The proof is largely similar to that of [9, Lemma 9.2.4], to which we refer for the
background on the p-adic Hodge theory of characters.
We have

=1

HO (Bu, V") = Derys (V' ()7,
where ¢ is the crystalline Frobenius, and it suffices to prove that D,y (V?(zp))¢d=1 =0
for d = [E, : Ey,0], where E,, ¢ is the maximal unramified extension of Q, contained in
E,. As V' has been assumed potentially crystalline, it is pure of weight —1, hence so
are all the subquotients of V/ and V'*(1). In particular, % acts with negative weights on
Derys (V?) for V' = V'**(1),V'~; by [22, Theorem 5.3], this last assertion is also true of
V?=V =2 V*(1) and its subquotients such as V? = V"*(1). Therefore, it suffices to show
that p? acts with weight 0 on De,ys(¥™) for m such that ¢™ is crystalline.
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Since 1 is trivial on Ug, the Hodge-Tate weights (nT)TeHom(Ew I) satisfy n; +n.. =0,

where c is the complex conjugation of E,,/F,. The action of ¢ on Depys(¢p™) is by

—-m mn,
orecy () - H wy"T, (4.4.3)
TEHom(Ew,f)
where w,, € E,, is any uniformizer. Choose w,, so that wﬁ;( /F) w, is a uniformizer

in F,. Then w{, = +w,,, so that the second factor in expression (4.4.3) is £1. On the
other hand, the subgroup F*\Fx. /Ug (U"NFZ«) C T is finite, hence w, and @,
have finite order in I's,. It follows that the first factor in expression (4.4.3) is a root of
unity too, hence p? acts with weight 0 on Depys(¥™). O

Proof of Proposition 4.4.1. By the long exact sequence attached to
0—=T"(1)=V"™1)=>T"1)L' /0 —0
and the vanishing of H? (Hy z,V'*(1)) (which follows from Lemma 4.4.2), we have
H'(Hy 51" (1)), £ H® (Hs 0, T"* (1) ®0,, L'/ O1/)
=H° (B, 7" (1) ®¢, OL[Gal(Hyw/Ew)®e, L'/ OL).

tors

By [23, Theorems 6.6, 6.9] (or strictly speaking, a slightly generalized form thereof which
still holds true by the arguments in [9, proof of Proposition 4.3.2]) and the vanishing of
H°(Hs 7, V'T*(1)®&V'") (which follows from Lemma 4.4.2), we have

do,s <length, H° (Hyw T (1) ®6,, L'/ O1) +lengthy , H (Hym, T~ ®6,, L'/ OL)
=length, ,H (Ey, (T ()& T'") ¢, 01 [Gal (Hsw/Ew) ©e, L'/ O1r) .

Then the boundedness of d; s and ds s follows as in [27, proof of Proposition 8.10] from
the vanishing of

H (Hoow V') © D H (B, V' (1))
i T'oo—L " Hodge—Tate
for V* € {V'"*(1),V'**(1),V'}, which is a consequence of Lemma 4.4.2. O O

Completion of the proofs. We are ready to reduce our decay statement for local
heights to the decay statement for intersection multiplicities proved in §4.3.

Lemma 4.4.3. For all s’ < s, the restriction of the w-adic valuation yields an isomor-
phism of O, -modules

w: N, (H:E®ﬁy) /g - (H(;wé@m,) = 0L )¢" 6.

Proof. We drop all subscripts w. Recall that the extension H,/Hy is totally ramified of
degree ¢°. Let w, € Oy, be a uniformizer; then wy := Ns(w;) is a uniformizer of Hy. For
* = 0,s we have the decompositions

H:<®ﬁL/ :ﬁ§*®ﬁL/@w*®ﬁL/.
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The map N, respects the decompositions and, by local class field theory, has image
q°- (ﬁ;_;o@ﬁy) DweROrr.

The valuation map annihilates the first summand and sends the second one isomorphically
to 0. The result follows. O

Proof of Proposition 3.6.3. By the comparison of the valuation component of local
heights with arithmetic intersections in [9, Proposition 4.3.1], applied to the curve Xv g,
the image of the left-hand side of equation (4.4.2) under w is

m (Zw (=)o, T,, (aV)tUtX) . (4.4.4)

By Corollary 4.3.4 applied to D =T, (¢"){ty, the right-hand side of expression (4.4.4) is
0] (q}v) By equation (4.4.2), Proposition 4.4.1, and Lemma 4.4.3, we deduce the desired
decay statement (4.4.1). O

Summary We have just completed the proof of Proposition 3.6.3. It implies Proposition
3.6.2, which together with Theorem 3.6.1 implies the kernel identity of Theorem 3.4.3. By
Lemma 3.4.4, that implies Theorem 2.2.1, which is in turn an equivalent form of Theorem
B by Lemma 2.2.2.

Appendix A. Local integrals

Throughout this appendix, v denotes a place of F above p unless specified otherwise. We
use some of the notation introduced in §3.1, in particular the Weil representation r (see
[9, §3.1] or [29] for the formulas defining it).

A.1. Interpolation factors

We relate the interpolation factors of the p-adic L-function of this paper with those from
[9].

Lemma A.1.1. Let&: ES — C* and ¢: E,, — C* be characters, with ¢ # 1. Let dt be
a Haar measure on E. Then

| o= 7660

The left-hand side is to be understood in the sense of analytic continuation from
characters £[-|* for R(s) > 0.

Proof. We may fix dt = d,t. Then the result follows from the functional equation for
GL; [3, (23.4.4)]:

2(6,6) =1(&0) 2 (9671 1), (A1)
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where for a Schwartz function ¢ on F,,,
208)= [ o0t 30= [ @
EJ} Ey

Namely, we insert in equation (A.1.1) the function

" -1
¢ = 5*14’@'{}@1? = VOI(]. +’(ﬂgﬁF’v,d»¢,t) 1*1+Wu"ﬁF,u7 n 2 1,

approximating a delta function at ¢ = —1. Then by Fourier inversion, ¢(t) = ¢(—t) =
d14wnep *(t), which if n is sufficiently large (depending on the conductor of £) has the
same integral against £ as (). O

Proposition A.1.2. The ratio C(X;) defined in formula (2.1.3) is a constant C € L
independent of x;,.

Proof. By the definition of e, (V(A,x’)) and a comparison of [9, Lemma A.1.1] with Lemma
A.1.1 applied to [],,, Xow@v||v © qu, we have

€)= T (a (o)) ) e L.

vlp

wlv

A.2. Toric period at p

We compare the toric period at a p-adic place with the interpolation factor. Denote by
P, C GLy(F,) the upper triangular Borel subgroup.

Lemma A.2.1. The quotient space K} (w" )\GLy(F,)/P, admits the set of representa-
tives

- (¢1) ifc#oo y
n~(c) ::{(_11) ;‘ZZZ, CE€Op,Jw" Op ,U{c0}.

Proposition A.2.2. Let x € Z" be a finite-order character, let v be sufficiently large
(that is, satisfying the v-component of Assumption 3.4.2), let W,, be as in formula (3.1.1),
and let ¢, = ¢y,r be as in formula (3.1.4).

Let m, =0y and let (, )y: mp x 7, — L be a duality pairing satisfying the compatibility
of [9, (5.1.2)] with the local Shimizu lift.'" Finally, let Z°(cw,,x) be the interpolation
factor of the p-adic L-function of [9, Theorem A].

Then for all sufficiently large v’ >,

Qe ot (B0 (Wosal o) w60 ) X0 ) = 21Dl - L(L7) ™ 2 (0 x),

where Q) v, qot, uses the measure d°t, = |d|;1/2|D|;1/2dt,

10There, the pairing (, )o is denoted by %, .
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Proof. We drop all subscripts v, and assume as usual that ¢ is our fixed character of
level d'. Let

@ (hfex) = [ x(OOAL) (A.2.1)

EX JFX

where dt is the usual Haar measure on E* /F*, giving volume |d|'/?|D|'/? to 6 /0}.
By the definitions and [9, Lemma A.1.1] (which expresses Z° as a normalized integral),
it suffices to show that

OF (9 (W,a|.|(w)—r’w;1¢),x) = |d|3/2|D|-L(Ln)‘1-/

al-[oq(t)x(t)r(t)dt.
EX

By [9, Lemma 5.1.1] (which spells out a consequence of the normalization of the local
Shimizu lifting) and Lemma A.2.1, we can write

G =Q(0(Waall@) " wiler ) x) = D @

cePl(ﬁp/wT/)

where for each c,

Q) = |d|75/2 . o |<w>*’”/FX W((*)n ()

r(n~ (c)kw ! -1,,-1 d*y
~/T(F)X(t)/lf’(wT')\Kll(wT/)|y| (™ (Okw ) ¢ (yt ™y q(t)) dkdt R

Here P(w" ) = PNK} (w").
It is easy to see that Q¥(>) =0 (observe that ¢ .(0) = 0). For ¢ # 0o, we have

n~(cw,t =w ! ( 1 767777”, >7
and when © = (z1,22) with zo =0,
r(n”(wy') d(z,u) = / Ve (ur1§1)P(—ucq(§))dr (§,WT/U) dg.
v

On the support of the integrand, we have v(u) =@ ™" and v(q(£)) > r, by the definition
of ¢,. If v(c) <’ —r —wv(d), the integration in d¢, gives 0; hence Q#(®) =0 in that case.
Suppose from now on that v(c) >’ —r —v(d). Then ¥(—ucg(§)) =1 and
r (0 (@) dla,u) = AP IDIL(Lm) el Vg (27 21 ) 81,000 (7" 0),

where ¢, = vol(Og)~' - 01,uy, * ¥p, and we have noted that QEQ’T(O) =e1d| -
vol (¢ (~=1+w"Or)N Ov,) = |w|"|d*| DI'/2L(1,n) .
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If v/ is sufficiently large, the Whittaker function W is invariant under n~(c). Then

Q¥ =d|*2|D|L(1,n) " Wwertw|" ™ a(w) ™" - |d[V/2¢pu(1) !
LW @ [ x O (= ) b, (= a0 i,
Fx T(F)

where |w| =" |d|Y/2¢p, (1)~ appears as vol(P(w" )\ K} (=")).
Integrating in d*y and summing the foregoing over the q?v(d) = |d|~Yw|~" contribut-

ing values of ¢, we find
QF =1dD|- L) [ x(®al [oatvett,
EXx
as desired. 0

Corollary A.2.3. If x, is not exceptional — that is, e, (V(A,X)) #0 — then the quaternion
algebra B over A satisfying H(mg,x) # 0 is indefinite at all primes v | p.

Proof. By Propositions A.2.2 and A.1.2, if x, is not exceptional, then for all v | p the
functional Q, € H (mps,(r,),xv) @H (WX42(FU)7X;1> is not identically zero. O

Appendix B. Errata to [9]

The salient mistakes are the following: the statement of the main theorem is off by a factor
of 2; the proof given needs a further assumption, (no stronger than) that V}, A is potentially
crystalline at all v | p (however, the theorem still holds true without the assumption;
compare Remark 1.2.1); and the Schwartz function ¢, , given by the local Siegel-Weil
formula at p needs to be different from the Schwartz function used to construct the
Eisenstein family.

References in italics are directed to [9], and references in roman letters to the present
paper.

— Theorem A. It should be L, ,(0r) € O(#")P (with the interpolation property being
correct for the choice of additive character i, as in Theorem A). For a correct
discussion of the ring of rationality of L, (o), within the context of a generalized
construction, see [12, Corollary 4.5.4].

— Theorem B. The constant factor should be c¢p and not cg/2 (the latter is,
according to (1.1.3), the constant factor of the Gross—Zagier formula in Archimedean
coefficients).!! The mistake is introduced in the proof of Proposition 5.4.3 (see later).

The proof works under the further assumption that V, A is potentially crystalline
at all v | p (see the correction to Proposition 9.2.1).

— Theorem C. Similarly, the constant factor should be ¢g/2 in part 3, and cg in part 4.

" The heuristic reason for the difference is that the direct analogue of s — L(1/2+ s,0g,X) is
XF— Lp(og) (X‘XF oNE/F), whose derivative at xp =1 is twice our dp Ly (0g) (X), as the

tangent map to xr — X = X XF oNg/p wt 'XiAX is multiplication by 2.
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— §2.1. The space of p-adic modular forms is the closure of My (KpKll(pD")p), not
Moy (KpKl(poo)p).

— Proposition 2.4.4.1. The multiplier in equation (2.4.3) should be a|-|(w™") =
[, @l lo (@, "), and the statement holds for forms in M> (KPK{(p")p). Similarly,
the definition of R}, in Proposition 3.5.1 should have an extra |o,|™". The result
of Proposition A.2.2, as modified later, holds true for this definition of Ry, (there,
a complementary mistake appears between the third-last and second-last displayed
equations in the proof).

— Lemma 3.2.2. A factor n(y) is missing in the right-hand side of the formula.

— Proposition 3.2.3.2. The proposition should be corrected as follows: Let v | p and let
$2,0 = 95, be as in formula (5.1.4) (of the present paper). Then

|dy|>/2|Dy | ?xF.(—1) if v(a) >0 and v(u) =0,

Wy 17 U, =
a,r,v ( XF) {O OtheI'WiSe.

— Equation (3.7.1). The right-hand side should have an extra factor of []
owing to the correction to Proposition A.2.2.

— Lemma 5.5.1. The left-hand side of the last equation in the statement should be
(f1(P1), f5(P2)) ;. .-

— Proof of Proposition 5.4.3. The second-last displayed equation should have the factor
of 2 on the right hand side, not the left hand side:

2lpr o (Z(¢OO7X)> = |Dr|"?Dp|"2L(1,0) {Taig,ty (0., (p.a(w) "w;  ¢)) Py, Pt).
Then the argument shows that first,

(Taigstp(f1 ® f2) Py, Py-1)

_ () N .
(@22 D 2L (1) HZ (@vxe) ™ drlpa(04.8) (00 Q1 o)

I3 Dl

vlp

(without an incorrect factor of 2 introduced in the denominator of the right-hand
side of (5.4.1) there); and second, that this equation is equivalent to Theorem B as
corrected.

An extra factor Hvlp|d|g|D|v should be inserted in the right-hand sides of the
last and fourth-last displayed equations; compare the corrections to (3.7.1) and
Proposition A.3.1.

— Proposition 7.1.1(b). It should be replaced by Proposition 3.5.1(b) and (c).

— §7.2, third paragraph. The coefficient in the second displayed equation should have
|Dg|*/2, not |DE/F|1/2, in the denominator.

— Lemma 9.1.1. This is corrected by Lemma 4.1.1 (this does not significantly affect the
rest).

— Lemma 9.1.5. The extension H., is contained in a relative Lubin—Tate extension.
This is the only property used.
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— Proposition 9.2.1. The assumption that V}, A is potentially crystalline at all v | p should
be added. The bounded dependence on s of the integer dy = da ; was not addressed; it
holds true by the proofs of Proposition 4.4.1 and Lemma 4.4.2, which work verbatim
in the split case (under the comparison given in footnote 8 of §4.4). The definition of
dy,s contains an extra ®¢, L/ 0},

~ Lemma 9.2.4. The statement should be that H° (f[éowﬁ,VpJ{}(lﬁ vanishes, and it
this group that should appear in the left-hand side of the first displayed equation in

the proof.

— Lemma A.2.1. The list of representatives is missing the element n~(c0) = (° §)
(compare Lemma A.2.1).

— Proposition A.2.2. The statement should be

CF,?)(Q)L(17UU)2 HZw (X/ )

R, (Wo,00,x,') = I3 1Dl - Z3 (x1) = df3 D -
L (1/2v0-LE‘7'UaX'/u> w|v
The factor |d|2|D|, missing from [9] should first appear in the right-hand side of the
displayed formula for r (w; 1) ¢(x,u) in the middle of the proof.

— Proposition A.3.1. It should be replaced by Proposition A.2.2.
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