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On the convergents to a recurring continued fraction, with
application to finding integral solutions of the equation

By ALEXANDER HOLM, M.A.

l.Let^-a. + l 1 'I 1 1 (1)
• *

where D and E are integers, and C a positive integer not a perfect
square, k being the number of partial quotients in the non-recurring
part of the continued fraction, and c the number in the cycle,

and let —±JL_ = a1 + _ _ . . (2)

D' and E' being integers.

If — and -^ are the sth convergents to the continued fractions

(1) and (2),
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Put r

The numerator of this fraction is prime to the denominator ; *

9r+.9r. /rlQ
Again

E + VC 1 1 1 1 1 1 1 1
D ' u., + " ut + a, + a., + ' 'a,,u. + a, + ffls + " ' «c +

— _L _L l —
1 a,+ '" at+ at + a., + '"a,liC

D7

ry

D E'+ s'C

From this eliminate pr^ and g,_, by means of (3).

E'+ JC
fit s'L U

/ E'q- VC v

E + vC / E + v'C V/^ E' + v'C

The above is similar to tierret, pp. GO-G1, except that the period

* See Scnel , Aly. Hu/i., 4me <jd. t. i., p. 01.
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has been made to begin at the first quotient of the cycle instead of
at any quotient.

Now r = k + mc ;

E+ JC
Pk+mc+i JJ <7<.+mc+»

E+ JC

and in particular when m = 0,

E+ JC I E+ Jc
{ ) V D 7

Then let s = c in (4).

E+ Jc

E+

E + v/C W D E + v^C. \ . ,
J»t+,m_1|c j3 ft+i«_i).)\P« ^ QcJ similarly.

E + X/

or writing wi for «i + 1,

E + JOE + JO i E + JC \ / p E W C \-

Substitute this in (4).

E+ JO
• '• Pk+mr+t g ?*+•«!+<

E+ x/C W E'+ v/CA\/p E'+x/C \") l p Q M P Q J— l
E + JC W- E' + JC

) ( p
, ...

https://doi.org/10.1017/S0013091500034611 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500034611


166

Now put k + a = n so that n<£k ;

where «*=1, 2, 3, and m<££.
In this way we can dispense with the tedious demonstration of

TV , / p

Serret, § 28, to prove that what corresponds to Po ^y—Qc in

(7) is constant, no matter at what quotient of the cycle the period
is made to begin.

123+ V37 . 1 1 1 1 1 1
4 +E x a m p l e : _ _ = 4 + T + y +

c = 3, and the first five convergents are —, —, —, -5-, —,
1 1 L o 0

, 3+ N/37 1 1
and = = 1 + — —

7 . 3 + 2 +
»

1 4 9
the first three convergents being —, -5-, -=-.

X O t

Putting n = 5, m = 2 in (7) we have

1 2 3 + ^ / .„ 123+V37 _WQ 3+ v/37 ,A2

fti 28 ' " " I 2 3 28 x 5 ) ( 9 7~X')

_ 4337 - 713
28

and />u = ^

2. Particular case of a pure recurring continued fraction.

_ E'+ JO 1 1

Let =n— = «i + — — .

Here D = D', E = E' ,

by (7) we have
• jp Q..Hp« j j ; Qc) (8).
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In particular let n = c, and then write m for m +1.

. P _ E ' w e o -iv g+^5f>r ^

3. To connect the convergents of the continued fraction repre-

senting —— with those of the continued fraction representing

—=r-,—, when the latter is a pure recurring continued fraction.

..£+£...4 ±

_L 1 I .
Ov + <*.»* + X

-P™_i=o (10)

. *. ——;— is one of the roots of this quadratic equation.

Theotherroot 5 L ^ _ - 1 ± 1 -1 (ll).

(See Serret, p. 49.)

E'- JC 1_ 1 1 2.
5' amc+a^Il+ 0^+1^ +

• *
F

Let —' be the rth convergent.
Vt r

m L .» F 1 1 1 1
Then if n<mc,

F 1 1
and p,"*7"̂  = aB+1 +
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Now —2?=«m— ...— —
«B + 2 +

The numerator is

and

Eliminate Q',

••• (PB(

P _
g a i n Q«c-i

" I T

V& me—n-

; +

S s me—n r-k

Qmt-«-l

P.Q'™
Q.Q'm,

prime

Pn^
Q»<3

s—n

s—»

to
1'

p»-

x^

1
ijH

1

a2 -

^*n "•" Ve me—»

+ P,,_1Q'me-.-.

T Vtn—1 Vfc tnc—n—1

-1

the denominator.

- . + Q ^ Q ' _ .

-V"Cnf^C me— n—1 ^

1 1
i- «»+«,+,-

1

f «„ + P'

'»Qme-Q»Pm«;

1 1

1

me-» '

and in the same way as above we find

( - i)nP ^c—i = P- Q ^ . - Q*

Now

P», -1+ — ^ - = sum of roots of the quadratic (10)

• • *<»•«—1T yv T&mc x me
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and — . —— = product of roots of the quadratic =

A g a i n ( ^ ) ( ^ )

75 E'+N/0 E'-

P —O P
p 2 ' • • *<»>ie—1 p p, •'•tne—1 /-v a
•*• IK ?j • r i K Vtmc 7\ • VJm̂

- ( - 1 ) - ;

.-. by (9) we have

E — »/c
The relations connecting the convergents of — with those

of —j-,— a r e thxiB established directly.

Comparing (12) with (8) we see that the power of Pc "!., Q,,

is - m instead of m.
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3+ N/37 . 1 1
l +

1 4 9
6 = 3, and the first three convergents are —, -5-, -=-.

Taking n = 2, m = 3 in (12) we have

663 + 109^37

.-. Q'6=109;
3 ,nn 663 i o... F . = - T x l 0 9 + - = 48.

Thus r-r-r is the sixth convergent to

3 - N/37 1 J_ J_
7 ~ 2+ 3+ 1+

4. For a pure quadratic surd, let

x/C~ 1 1 1 1
D «,+0

— being the rth convergent.

_ aT> + >/C" s/C~
Then =r = a + -=- = 2a + — —

D D a, + «j+ ac_i
#

aD y— is represented by a pure recurring continued fraction,

p
and if -^ is the rth convergent, by (8) we have

Now £ = 2« + ± 1 J - = « + a = Pi
Q + +
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The numerator is prime to the denominator.

and Qr =

aD+ / c
Pmc+n + "?!«+« g }me+n

aD + VC" W aD +

, x/80 1 1 1 1
Example ——- = 1 + — -r- -r- -rr-e o 1 + 3 + 1 + 2 +• *

1 2 7 9
c = 4, and the first four convergents are —, —, —, -^-.

Taking n = 3 and m = 2 in (13) we have

N/80 /_ V80 . \ / 0 N/80 y OO^Q 1274( 7 x 4 K ° x 5 ) 22'9
and

. «D + JC 1 1
Again, since =r = 2a H —

, / i n «D s/C 1 1 1 1 1
, . by(ll) 5—= _ _

1 1 1

Let — and -^ be the rth convergents to the continued fractions
j , Q ,

(15) and (14).

Then by (12) we have

T \
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1

The numerator is prime to the denominator.

.•. Q'r = ff,j_, and I

aD +
- aq™-,. +

- 1 )""•+"! /?„ + aqn =- qn II pc + a9c - ^

- - ^ . ) ( p . - - ^ g . ) (16).

y/80 t J_ J_ 1 1
5 1+3-

*
Taking n= 3, m = 2 in (16) we find

_. , N/80 , 1 1 1 1
Example —;—=l+—- _ _ _ _ _ _

r o 1 + 3 + 1 + 2 +

./80

.-. p5=25 and <y5 =14.

The formulae (13) and (16) could be obtained independently, and
on account of their importance in the solution of indeterminate
equations of the second degree, it might be advisable to prove them
directly.

5. To find integral solutions of a? - Cy2 = ( - 1)"D, ,
where D, is the (n +1 )th divisor in the development of VC as a
continued fraction.

(i) when c, the number of quotients in the cycle of \ZC~is even.

Taking D = 1 in (13) we have

P«+,- JC.q^^^iPn- J(T.qn)(pc- JC~.q,)m.

Now pnc+n, qm+ti, pn> ?«i Pa ?« are all rational, whereas JC is
irrational, hence we may change the sign of JC.

= (p . + \/C~. qn)(p. + JC~. qc)
m.
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On multiplying we obtain

since c is even, and Dc = 1.

Similarly from (16) we get

.*. integral solutions

are

x — y »JC = +(p,

of a ? -

±9W+»

Qy

} and

q )

l)"Dn

X= ±pwr_r,

y=+ q,nc—n

or + (p,,lc_,

" ± (Pn - Vc : qn)(Pc - JU. y.)±» by (13) and (16).

.•. integral solutions of ar!-Cj/2 = ( - l)nDn are furnished by

x-VjW=±(p,l-qnJC)(pc-qcs/Cy - - (17)

where TO is zero, or any integer positive or negative.

Example: Find positive integral solutions of a,-2 - ly1 = - 3.

IT- L fir -> l 1 1 1Wehave «/7 = 2 + — — — —
1 + 1+ 1 + 4 +
* *

c = 4, and the first four convergents are -^-, —, —, — .

W h e n « = l , pn
a-7?,.2 = 2 2 - 7 x l 2 = - 3 ;

.•. by (17) we have

x-yj7 =±(2- Jf)(8 -3 Jl)'\

Taking m = 0, - 1 , +1 , - 2 , +2

we find x = 1 \ 5 N 37 •> 82 •» 590 •>
y = l ) 2 ) 14 ) 31 J 223 /

(ii) When e, the number of partial quotients in the cycle of Jc
is odd.

( - l)c = - 1, but if m is even {( - l)e}"'= + 1;

12 Vol. 21
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and proceeding in the same way as above we see that integral
solutions of ar* - Cy2 = ( - 1)"D,, are given by

x-yJC=±(Pn-qnJC)(pc-qcJCr* - - (18)

where m is zero, or any integer positive or negative.

Example: Find positive integral solutions of a? - 13^ = + 3.

We have JH = 3 + | + | + | + ± _ | +

c = 5, and the first five convergent^ are —-, -=-, —, -r-, — ;
1 i J o D

when« = 2,

.•. by (18) we have

x-yjl3= ±(4- Jl3)(l8-5 JlSf".

Taking w» = 0, - 1 , +1

we find a; = 4 •> 256 ̂  4936a: = 4 -̂  206 ^ 45J3O "i

y=l ) 71 / 1369 /

6. Two lemmas on continued fractions.

Lemma 1. If * lies between — and *-^,
In Vn+l

where — is the preceding convergent to ̂ -^ when converted into

in

a continued fraction, then — is a convergent to the continued

fraction which represents x.

For, let P?H = ai l L
7

then by supposition x lies between — and —- ;
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.-. — is a convergent to the continued fraction which represents x*

_. Mx' + M'
Lemma 2. If s - j j ^ p ,

where x is one of the complete quotients in the development of x
as a continued fraction, and M, N, M', N' integers all of the same
sign, such that MN' - M'N = ± 1

and M > M', N > N' in absolute magnitude,

then y^-, and -rj- are consecutive convergent^ to the continued

fraction which represents x.

We may suppose M, N, M', N' to be all positive; for if they
were all negative, they could be made all positive by changing the
signs in the numerator and the denominator.

Then from the above conditions it can be proved, as in Serret,

p. 36, that r— is the preceding convergent to r— when converted

into a continued fraction.

* See Chrystal's Algebra, Vol. 2, Chap. XXXII., § 9, Cor. 4.
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M M Ma' + M'

_ MN'~ M'N
~ N(Na;'

1

^ ' since

M . M'
-j^- is a convergent to x, the preceding convergent being •==•,. *

7. To connect the convergents of the continued fraction repre-

sen ting —— with those of the continued fraction representing

E +
D

E+ JO 1 1 1 1 1
Let D

D
(19)

and, changing the sign of vC~we have

E' - s/C" E' - N/C"

E'- VC
D ' •

See Chrystal's Algebra, Vol. 2, Chap. XXXII., §9, Cor. 4.
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Now let
E' - Jc~ 1 1 1 1

_ W

E"H
D"

E"W CX+Q'_,

(where r>\).

D"
Substitute in (20) and reduce

E"H

E - V c ~ I
1?"

E" + >/O~ E' -
—=r^— is one of the complete quotients of =-

or ot —=- , since ——=• and —

terminate by the same quotients. (Serret, p. 49.)

The conditions that M, N, M', N', may be all of the same sign,

that *"' and shall not
Pk 7k

and these conditions are fulfilled.
p/ w

For if ^^- and -^£± lay between ~^ and —r,
Pk 9k *« r—1 y r

then by Lemma 1, r~I would be a convergent to - ~' — '
W r—1

xr r>k 1 i i
Now — = a, -\ —

9k °^ ~^~ a*—1 "̂  ak

P,_, 1 1 1 1

are that - ^ i and -^=i- shall not lie between - ^ and ~
P* qt Qr-l Qr

Pk ak + a i - l + °2 + "l

(7>_ , 1 1 1
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. P'r_, l l l
and - ^ — = — ;

Qr-l O. + ««_!+ <»_r-V
hence we would have ak = ac, at_] =<&,,_], atHr_2) = ac_(r_2).
B u t ak # ac;

•p . lr\
for, if this were so, the period of —=r ought to begin one step

earlier.

. •. ~' and ' do not lie between ^,r~' and ^-f :
Pk qk Qr-l Qr

.•. M, N, M', N' are all of the same sign.

Again, MN' - M'N = {pkV'r - p w Q ' , ) ^ , - ? W Q ' J

- (PA-. -

= ± 1 ;

thus M is prime to N.

If now TTF;>1 and —>• 1, then by Lemma 2

M' , M ... . E -
^ and ^r will be consecutive convergents to —=r— .

But if TT?;<1 and ^ ; < 1 | continue the development of =-,—

to one more quotient, so that ^ — = <»m.-r H—— ]=- >

w
substituting in (21) we obtain

and now

, . , M . Ma_,_.+ M'
. •. as above it follows that T= and ^; ^

N N a , . , + N

, , E - VC"
are consecutive convergents to —=- ;
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M p*Fr - p^Qf, . K - >/C.-. T=-or .„, j ^ - is a convergent to —=7 .

The general idea of the above is due to Serret, pp. 70-71,* but the
details have been considerably modified.

Let £- denote the convergent Pk^J ~ Pt~1®r.

Since the numerator is prime to the denominator,

Then by eliminating JV-J and q^ from (19) by means of (22) in
the same way as in § 1 we deduce that

, E+ >/O*, / E+ JC~
D )(

s + 2
Now let r = wtc - a - 1, then if m c - s - l > l or m> ,

c
, E+

E + Vc" \ /_, E' + Vo"
ft) \ p + — w ~ Q -—.

ft)(pQ)(pQ) by(12>
E'+ >/C" v-" ...

Qj ' ' ' y(0)-

Put k + s = n so that n^A.

E+
( 2 3 >

. . . . , , n-k + 2
provided n-̂ A and m>

Comparing (23) with (7) we see that the power of Pe =-— Q,

is -m instead of m.

* See also Legendre's Theorie des Nombiet, 3me ed. t. i., §§59-74.

https://doi.org/10.1017/S0013091500034611 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500034611


180

Serret's § 29, in which infinite limits are used, and the latter part
of § 30 have been dispensed with.

123+ v/37 1 1 1 1 1 1
4 +Example: 28 °4 + T + T + T + T + T + T +

4 5 9 14
k = 4, c = 3, and the first four convergents are —, -r-, -jr, -5- ;

, 3+ jWf 1 1
a n d — 7 — = } + T + Y +

1 4 9
the first three convergents being —, —, — .

l o t

n-2
The requi ite conditions are n<£4 and m> .

Taking n = 4, jn= 1, these conditions are satisfied.

, 123+737, / 123+737 W 3+^37H U x 3 K 9, 123+737 , / 123+737 W 3+
p 28— H U 28— x 3K9 7

- 27 - 5 ^37
28

and P ' = ^ x 5 - | = 21.

Similarly if n = 4 -i then p' 238

" 7 " f
and if M = 4 ) p' 2877

w = 3 / ' ?' ~ 689 '

_ 21 238 2877
Thus y , -gy, -ggg are convergents to

_. J_ 1 1 J_
28 T+ T+ T+ "3+

* *
namely the 2nd, 5th, and 8th convergents.
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