BANACH SPACES WITH PROPERTY (w)
by DENNY H. LEUNG
(Received 2 December, 1991)

1. Introduction. A Banach space E is said to have Property (w) if every operator
from E into E’ is weakly compact. This property was introduced by E. and P. Saab in [9].
They observe that for Banach lattices, Property (w) is equivalent to Property (V*), which
in turn is equivalent to the Banach lattice having a weakly sequentially complete dual.
Thus the following question was raised in [9].

Does every Banach space with Property (w) have a weakly sequentially complete
dual, or even Property (V*)?

In this paper, we give two examples, both of which answer the question in the
negative. Both examples are James type spaces considered in [1]. They both possess
properties stronger than Property (w). The first example has the property that every
operator from the space into the dual is compact. In the second example, both the space
and its dual have Property (w). In the last section we establish some partial results
concerning the problem (also raised in [9]) of whether (w) passes from a Banach space E
to C(K, E).

We use standard Banach space terminology as may be found in [6]. For a Banach
space E, E' denotes its dual, and U its closed unit ball. If F is also a Banach space, then
we let L(E, F) (respectively K(E, F)) denote the space of all bounded linear operators
(respectively all compact operators) from E into F. The norm in /* is denoted by ||-||,. Let
us also establish some terminology about sequences. If (e;) is a sequence in a Banach
space, we use [e;] to denote the closed linear span of (e;). The sequence is semi-
normalized if 0 <inf ||e;|| <sup ||e;|| <. If (f;) is another sequence in a possibly different
Banach space, we say that (e;) dominates (f) if there is a constant C such that
IX a;f]l = C ||X aie;|| for all finitely non-zero real sequences (a;). Two sequences are
equivalent if each dominates the other. Finally, we use the symbol < (respectively >) to
indicate = (respectively =) up to a fixed constant. The symbol = stands for “< and >,

2. James type constructions. We first recall the construction of James type spaces
as in [1]. Let (e;) be a normalized basis of a Banach space E. For (a;) € co, the space of all
finitely non-zero real sequences, let

IS el = sup

The completion of the linear span of the sequence (;) is denoted by J(e;). Since we shall
only consider unconditional (e;), we use the equivalent norm

i (‘ﬁi’ aj)e,,(i) H:k eN,1=p(l)=q(1)<...<p(k) Sq(k)}.

i=1Yj=p(i)

k <p(i+1)—1
i=1

IS al =supf | >

Asin [1], Tk, (E2% D" a))e,q is called a representative of ¥ a,u; in E. The biorthogonal
sequences of (e;) and (;) are denoted by (e/) and (/) respectively. The basis projections
with respect to the basis (;) are denoted by (P,),-o(Fo =0). The functional S defined by
S(X au;) =Y a; is bounded, hence S € J(e;)'. The following lemma is useful for computing

a,-)e,,(,») ‘:k eN,1=p(1)<p2)<...<p(k+ 1)}.

j=pG)
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the norms of certain vectors in J(e;). Recall that a basic sequence (x;) is right dominant (1]
if it is unconditional and whenever 1 =m(1)=n(1)<...<m(i)=n(i)< ..., we have

12 @uiyXmoll S GngiyXneoll-

LemMma 1. Let (e;) be a right dominant basis of a Banach space. There exists a constant
C such that whenever (v;)., is a block basis of (u;) satisfying

n(i+1)—1 n(i+1)~1
v= D au, >, a=0, 1si=l, 1)
j=n(i) j=n()
there is a block basis (w)i=, of (e;) such that \wi|<|lv;|l, 1=i=<Il, and ||T/_, vi|| =
ClIZi= will.
Proof. Let (v;) be as given. Choose p(1) <p(2) <...<p(k + 1) such that
! k pGi+1)—1
IR E( a,)e,,(,-) :
i=1 i=1\ j=p@)

Let (q(i)) be a finite strictly increasing sequence such that
{q)}={p():1=i=k+1}U{n@():1=i=l+1}.
Let A = {i:there exists some m with p(i)<n(m)<p(i+1)}. For all i€ A, let m;=
min{m:n(m)>p(i)} and r;=max{m:n(m)<p(i + 1)}. By (1), for i e A,
pGi+1)—1 alm)—=1 pli+D—1

aj= E a]+ 2 aiji+Ci.
j=pli) j=pi) j=n(r)

Therefore, since (e;) is right dominant,

pG+1)—1
2( > aj)e,,(i)’s Zb,-e,,(i)H+ Ecie,,(,-)”
ieA N j=p(i) i€eA €A
<> b;ep(,')|+ 2 Cairy
i€A i€A
g(i+1)—1
< Z( 2 aj)eq(,-).
j=g()

Also, it is clear that

pGi+1)—1
Z( 2 a,-)e,,(,-)
i¢A

qli+1)—1
=[2(2, @)l

i=p() i=aq()
Hence
! qli+1)—1
|Z v; SHZ( a,-)eq(,-)‘.
i=1 j=q()

Now let B,, = {i:n(m)=<q(i)<n(m +1)}. Then

Suls|2(3 (3 a)ews)| =1Z wa

m i=q()
Note that w,, is a representative of v, in E. Hence |\w,,|| < ||v,,||. Clearly, (w,,) is a block
basis of (e;).

<
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LemMa 2. Let (e;) be a shrinking normalized unconditional basic sequence. Assume
that L(E,J(e;)')# K(E,J(e;)') for some subspace E of J(e;). Then there are semi-
normalized block bases (x;) and (x;) of (u;) and (u}) respectively such that (x;) dominates
(x/) and Sx; =0 for all i.

Proof. Since (e;) is shrinking, by [1, Theorems 2.2 and 4.1}, J(&;)' = [{S} U {u/}i=,].
Let T:E—J(e;)' be non-compact. Define a projection P:J(e;)' — [w]): P(aS + ¥ a;u))
=Y a;u;. Then (1—P)T has rank 1. Thus PT is non-compact. Replacing T by PT,
we may assume without loss of generality that range T c[u/]. Choose a bounded
sequence (y;) in E so that inf; ; || Ty, — Ty;|| >0. By [1, Theorem 4.1], I' does not embed
into J(e;). Hence we may assume that (y;) is weakly Cauchy. Thus (y,.; — y,;) is weakly
null and semi-normalized; hence by Proposition 1.a.12 of [6], we may assume that it is
equivalent to a semi-normalized block basis (x;) of (&;). Since (x;) is weakly null, Sx;— 0.
By using a perturbation of a subsequence, we may further assume that Sx, =0 for all i.
Similarly, (T(y.i—1 — y»)) € [1/] is semi-normalized and weakly Cauchy. Using the same
argument, we may assume that it is equivalent to a semi-normalized block basis (x/) of
(/). Finally,

1> axill = 112, ;T (Yaim1 — y21)l
=TI a(yaimr — y2)ll

= ||2 axi|,

as required.

THeOREM 3. Let (e;) be a right dominant, normalized basic sequence which dominates
all of its normalized block bases. Then the following are equivalent.
(a) For every subspace E of J(e;), L(E, J(e;)’) = K(E, J(e;)").
(b) The sequence (e;) does not dominate (e;).

Proof. Since (e;) is unconditional, if it is not shrinking, it has a normalized block
basis equivalent to the /' basis. Hence (e;) dominates the /' basis. Thus (e;) is equivalent
to the /' basis. Both (a) and (b) fail in this case, so they are equivalent. Now assume that
(e;) is shrinking.

(a)=>> (b). Assume (e;) dominates (e/). If || bu;|| =1, then || X b;e;|| = 1. Hence

|(2 bu;, 2 auy )| = IZ a;by| = |<2 b:e;, 2 aie2'i>| = ”2 a;e|.

Therefore, (u3;) is dominated by (e5;). By [1, Proposition 2.3], (uyi—y —uy) is equiv-
alent to (ey). Hence, if E =[uy_,—uy], then the map T:E—J(e;) defined by
T(X a;(uy_, — uy;)) = X a;uy; is bounded. Clearly, T is not compact.

(b)=>(a). Suppose L(E,J(e;)')# K(E,J(e;)") for some subspace E of J(e;). By
Lemma 2, there are semi-normalized block bases (x;) and (x;) of (4;) and (1) respectively
such that (x;) dominates (x;) and Sx;=0. Let 1=n,=m,<n,=<m,<... be such that

https://doi.org/10.1017/50017089500009769 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009769

210 DENNY H. LEUNG
x! € [u,]i,,. By using a subsequence, we can assume that
m,-—n,-+15n,-+1—m,-—1, fOr a]l iZl (2)

Let R:J(e)—J(e;) denote the right shift operator R(X a;u;) =X a;u;,,. Since (e;)
dominates all of its normalized block bases, (R*) is uniformly bounded. Choose a
normalized block basis (y;) of (;) such that y; € [u,]7,, and (y;, x/) = ||x/|| for all i. Now
let z;=y;,— R™*'~"y, for all i=1. By (2), (z;) is a semi-normalized block basis of (1;).
Also (z;, x{) = ||x{]| and Sz; =0 for all i. Fix (a;) € coo. By Lemma 1, there is a block basis
(w;) of (e;) such that ||w;|| = ||a;z;]| for all i, and

IS 4zl IS wll = | S il o < el <IZ ae

since (e;) dominates (” “> Computing the norm of a vector of the form Y b;x/ on some

¥ a;z;, we find that (x/) dominates (e/). Since Sx; =0, for all i, the computation above can
also be applied to (x;). Hence (x;) is dominated by (e,;). Since (x;) dominates (x;) by the
choice of the sequences, we see that (e;) dominates (¢;).

CoRrOLLARY 4. Let (¢;) be the unit vector basis of I”, where 2 <p <. Then J(e;) has
Property (w) but not a weakly sequentially complete dual.

Proof. This follows immediately from Theorem 3 and the fact that J(e;) is
quasi-reflexive of order 1 by [1, Theorem 4.1].

REmMARK. Theorem 3 fails without the assumption that (e;) dominates all of its
normalized block bases. In fact, if (e;) is subsymmetric, then by [1, Proposition 2.3}, (e;) is
equivalent to (u,;—; — uy;). Similarly, (e/) is equivalent to (u3;) in this case. Now if we let
(e;) be the unit vector basis of the Lorentz space d(w, 2) [6], then (e;) is symmetric and
shrinking, and does not dominate (e;). However, [* embeds into both d(w, 2) and its dual,
and hence into both J(e;) and J(e;)' by the observation made above. Hence condition (a)
of Theorem 3 fails.

3. A non-reflexive space whose dual and itself have Property (w). In this section,
we give an example of a non-reflexive Banach space E so that both E and E' have
Property (w). In fact, neither E nor any of its higher duals is weakly sequentially
complete. The example will again be a J(e;) space with a suitably chosen (e;).

If (e;) is a normalized basis of a reflexive Banach space E, then J(g;) is quasi-reflexive
of order 1 by [1, Theorem 4.1]. Thus, if we define the functional L on J(e)' by
L(aS + ¥ a;u) =a, then J(e;)"=[{L} U {u;};=,]. Using this observation, the following
Proposition can be obtained by straightforward perturbation arguments.

ProposITION 5. Let (e;) be a normalized unconditional basis of a reflexive Banach
space E.

(a) Let (y,) be a bounded sequence in J(e;) with no weakly convergent subsequence.
Then there exist a subsequence (y,,), an element y, of J(e;), a block basis (z;) of (u,), and
a # 0 such that

@) (n = o) = (20,

(ii) Sz;=a for all i.
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(b) Let (y,) be a bounded sequence in [u,] with no weakly convergent subsequence.
Then there are a subsequence (y,.), a vector yo€(u,], 0=ko<k,<...,(z{)<[u,], and
b #0 such that

() foralli,z]e[w))s . +1,

(ii) the sequence (y,. —ys—bP;._S — z]) is norm null.

Recall that a Banach lattice E satisfies an upper p-estimate if there is a constant K
such that || x,|| = K(X ||x,]|”)'” for every finite sequence (x,) of pairwise disjoint
elements in E.

PrOPOSITION 6. Let (e;) be a subsymmetric normalized basis of a reflexive Banach
space E, and let 1 <p <. Assume that
(i) E satisfies an upper p-estimate,
(ii) (e/) does not dominate (e;),
(iil) the IP basis does not dominate (e;).
Then both J(e;) and J(e;))' have Property (w), but neither has a weakly sequentially
complete dual.

Proof. Since J(e;) is quasi-reflexive of order 1, neither J(e;) nor J(e;)' has a weakly
sequentially complete dual. If T:J(e;)—J(e;)' is not weakly compact, then we may
assume that range T < [1/], as in the proof of Lemma 2. Now there is a bounded sequence
(y.) in J(e;) such that (Ty,) has no weakly convergent subsequence and inf;; ||y, — y;ll >
0. Apply Proposition 5 to (y,) and (y,)=(Ty,) to yield the various objects identified
there. For all ¢, let x; =y,  — V., ,- Then (x;) is semi-normalized and (x;) = (24;_y — Z4;—3)
(where (z;) is as given by Proposition 5). Also [|Tx; — x/|| — 0, where

_ '
xi' = b(Pk.sz-x - P/:Qi-J)S + 240 Z‘ii_:;'

Note that (x)) is a semi-normalized block basis of (&) such that x/e [u,]%43 .., and
(uj, x/) = b if ky_3<j=<ky_,. Without loss of generality, assume (Tx;) = (x/). For all i,
let ky_y <Ji = ky. By the subsymmetry of (e;), it is easy to see that ||X b,(u;,_ , —u,)| =
|X bie;]|. Computing the norm of a vector of the form ¥ a;x; on ¥ b,(u;,_, — u;,), we see
that (x/) dominates (e/). On the other hand, since S(z4;_-, — 24;—3) =0 for all i, Lemma 1
implies that (x;) = (24-; — z4-3) is dominated by some semi-normalized block basis of
(e;)- But since E satisfies an upper p-estimate, (x;) is dominated by the /# basis. Thus

1> aell I axlll =12 a:Tell <UD axill < lail?)™,

a contradiction. Hence J(e;) has Property (w).

Since J(e;) is quasi-reflexive, if J(e;)’ has not Property (w), there is an operator
T :{u,]— J(e;) which is not weakly compact. Choose a bounded sequence (y,) in [u,] so
that (y,)=(Ty,) has no weakly convergent subsequence. As before, apply Lemma 5. In
the present situation, we may assume z; =0 as (z/) is a weakly null sequence. Arguing as
before, we find that the sequence (zy; — z;—;) is dominated by ((Pi, — Px,_)S). Since
Sz;=a#0 for all i, and because (e;,) is subsymmetric, it follows that (z,; —25_;)
dominates (e;). On the other hand, if x € J(e;), ||x|| =1, then | ((Pi, — Pr,_ )%, S)el| <
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1. Therefore,

|<X, 2 ai(Pl,(z,-_ P;cz,-_,)s>| = |2 ai((sz,- - sz;_l)xr S>|

<02 aedll.

Hence (e;) dominates ((P;,— Py, )S). Consequently, (¢/) dominates (e;). This con-
tradicts assumption (ii). Hence J(e;)’ also has Property (w).

We now construct a sequence (¢;) satisfying the conditions in Proposition 6. For a
number p € (1,«), let p’=p/(p —1). Now fix p and r such that 1<p <2<r< and
r' <p. Let (k,) =N be such that

n—1
142 Y k2 <k ??nP?, 3

i=1

2 (lp=1p"yrr2
() )= @
n+1
Finally, let a, = Vn k7' ~V"2 for all n > 1.
LemMma 7. Forall l,j e N with
-1

22 ik =j = kiR, (5)

i=1

-1
and for all (x)i-, with0=x;<k;, 1=i<l,0=x,<j— ¥ x;, we have
R

~

2 rr/p< +2

Proof. Note that j — E k;=0 by the chonce of ], smce r >2. Clearly, there is no
loss of generality in assummg that x, =j — Z x;. Let f: H [0, k;]— R be defined by
; b

fly, .., X)) = 2 aixi’.

Clearly, f=0 on ITiZ1 [0, k;]. Suppose that f attains its maximum at (j,,...,j,_,)€
~I—]1[O’ki]' Let A={1=i<l:j;=0}and B={1=i<l:j,=k;}. Thenfori¢ AUB,

f . T Frer
(11, e fim) =0 o = agji? Y
Hence,
fGueesjim) =2 kP + Y g+ aljy,
ieB 1=<i<{
i¢AUB
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[l
where j,=j— ¥ j;.. Now a}k[” = i"*k". Hence
i=1

ieB I=i<i
i¢AUB

fGrse o siim) = 2 ik + a:;:"'(l + 2 11»/;})

Sé ajjy’ (1 + 2 /,/11)
] -1
<j+air(1+3 /(-3 )

« i=1

§+ 247 by choice of j
] rer
—+ 2 (4
2 24]]

s% + 2(a k(P 1D[1Y2y by choice of f
J
i
2

Let (t;) be the normalized basic sequence so that for all (a))}.,; 2, € cqo,

k; . 1/py =
(2 a tk.+ ki .+/> (“i(E |a;|p) )
i=1\j= =1 i=1

=@l v (ko =0).

r

ExampLE 8. Let E be the Banach space with a basis (e;) so that
||2 bie;]| = sup{||>, bits»ll : 0 is a permutation of N}.

Then £ satisfies the conditions of Proposition 6. Hence J(e;) and J(e;)’ have Property (w),
but neither has a weakly sequentially complete dual.

Proof. It is clear that (e;) is a symmetric basis and E satisfies an upper p-estimate. To
show that E is reflexive, it suffices to show that ¢, does not lattice embed into E. This will
follow if we show that ¢, does not lattice embed into [¢,]. Let (x;) be a disjoint normalized
sequence in [¢,]. If inf ||x;||, = € >0, then

k k Ur
x| =(3 all) = ek
r i=1

=

i= i

for all k. Hence (x;) is not equivalent to the ¢, basis. On the other hand, if inf |[x,|{, = 0,
we may assume that |lx;||,—0. For each i, we write x;=} x,(j), with x;(j)e
j

[t ﬁ'*klf"ﬂ, +1- Since ||x]|,—0, limx,-(j)=0 for all j. Thus, by perturbation and
Ji

dropping to a subsequence we may assume that each x; has the form Y  x;(j), where
j=ji-i+1

(j;) is strictly increasing. But then since (x;) is normalized and these factors add according
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to the /” norm, we see that (x;) is not equivalent to the c, basis. This shows that E is
reflexive.

For all I, choose j as in Equation (5). We estimate the norm of Z e;. It is easy to see
i=1

that there exists (j;)i~, = NU {0} such that ¥ j; =, j; = k; for all i, and

I
2l
i=1

"V @i ?)ll-

Now

—~

2 ririo <1 +2

by Lemma 7. For i >,

Y =1/p
)i’ = a;j

< a,(k} P2/ 1PV

\/} k; (Up—1/p"H2
- 7(1?)

_(1+1 m >1/2(1+I_[1 km—l)(l/p—llp')ﬂ
m=iMm — 1 m=i km

< 2-—(i—l)/r’

by Equation (4). It follows easily that ||(a JPyl, <j". Hence

<]1/r

This implies that

S e
i=1

Finally, for all n,

/| =", Since r' <p, the /¥ basis does not dominate (e;).

k,
2 = o,k = Vnk,.

Also,
kn K, 1/p
She|=1 > a3 br) <1
i=1 i=1
k, k,
(5 b 3, el) =101, ki
kLP k
= = =z
a, n
k
Hence | ¥ e;| < (kn/n)"2. Therefore, (e/) does not dominate (;).
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4. Property (w) in C(K, E). In this section, we consider the question of whether the
Property (w) passes from a Banach space £ to C(K, E), the space of all continuous
E-valued functions on a compact Hausdorff space K. Let E, F be Banach spaces, and let
K be an arbitrary compact Hausdorff space whose collection of Borel subsets is denoted
by 2. The dual of C(K, E) is isometric to the space M(K, E') of all regular E'-valued
measures of bounded variation on K [4]. In case E =R, we use the notation C(K) and
M(K) respectively. For u in M(K, E"), let |u| e M(K) denote its variation ([4, p.2]).
Given T € L(C(K, E), F), it is well known that T can be represented by a vector measure
G:Z— L(E, F") [4]. In fact, G is given by

G(A)x =T"(xa ®x),
for all AeZX and x € E, where y, is the characteristic function of the set A. For all
y' € F', we define G,. e M(K, E’) by
<x’ Gy(A)> = (}", G(A)X>
for all x € E, A € Z. Then the semivariation of G is given by

Gl (A) = sup{IG,-1(4): lly"ll =1}.
The following result is well known [2].

ProrosiTion 9. Let T:C(K, E)— F be weakly compact. Then its representing measure
G satisfies the following conditions.

(a) G takes values in L(E, F).

(b) For every A e X, G(A) is weakly compact.

(¢) The semivariation of G is continuous at &, i.e., lim||G|l (A,) =0 for every
sequence (A,) in X which decreases to .

Condition (c) is just the uniform countable additivity of the set {|G,.|:]|y'|| =1}. By
Lemma VI.2.13 of [4], this is equivalent to the fact that
lim sup |G, |(A,)=0
noly'li=1
whenever (A,) is a pairwise disjoint sequence in Z. For the sake of brevity, we introduce
the following ad hoc terminology.

DeriNiTiON. A pair (K, E), where K is a compact Hausdorff space and E is a Banach
space, is called simple if for every Banach space F, every operator T: C(K, E)— F whose
representing measure G satisfies conditions (a)—(c) of Proposition 9 is weakly compact.

THEOREM 10. Suppose that (K, E) is simple. Then E has Property (w) if and only if
C(K, E) does.

Proof. One direction is trivial. Now assume that E has Property (w). Then E’ cannot
contain a copy of ¢, [9]. We first prove that every (bounded linear) operator from
C(K,E) into E' is weakly compact. Let T:C(K, E)— E' be represented by the measure
G. Forall x e E, define T,: C(K)— E' by T.f = T(f ® x) for all f € C(K). Since E' does
not contain a copy of ¢y, T, is weakly compact [7]. Hence G takes values in L(E, E') [S].
Since E has Property (w), G(A) is weakly compact for all A € Z. If ||G|| is not continuous
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at J, then there are (x,;) ¢ Ug., a pairwise disjoint sequence (A4,) in Z, and € >0 such
that |G,.(A,)| > € for all n. Choose Z-measurable Ug-valued simple functions (f,) such
that supp f c A, and [ f, dG,, > € for all n. Since Ug is o(E”, E')-dense in U and f, is
simple, there exist (x,) < Ug such that [ f, dG, > e. Note that for all x € E,

> |[#.4c,

Hence S: E—[' defined by

=D |G (A4,) = |G| (K) = IT'y]I.

s

is bounded. Since (Sx,)(n)>¢€ for all n, (Sx,) is not weakly compact in I'. Using
Proposition 2.a.2 of [6], we can find a subsequence (x,, ) such that (Sx,, ) is equivalent to
the /' basis, and [Sx,,,] is complemented in !'. From this it follows readily that E contains
a complemented copy of I' as well. This contradicts the fact that E has Property (w).
Since G satisfies conditions (a)-(c) of Proposition 9, and (K, E) is simple, the claim
follows.

The proof that C(K, E) has Property (w) proceeds analogously. Let T be an operator
from C(K,E) into M(K,E') represented by the measure G,; define T, e
L(C(K),M(K,E")) as above by T.f=T(f ®@x) for all xeE, feC(K). If M(K,E")
contains a copy of ¢, then /' embeds complementably in E [8], a contradiction. Hence T,
does not fix a copy of ¢,, and so is weakly compact [7]. Thus G is L(E, M(K, E’))-valued
[5]. For all A € Z, let

S =G(A) |¢k.g: C(K,E)> E'.
S is weakly compact by the argument above. It is easy to see that §'x = G(A)x for all
x€E. Thus G(A)=S§' |E is weakly compact. Finally, if ||G|| is not continuous at &, we
obtain, as in the proof of the claim, a pairwise disjoint sequence (A4,) in =, a

Z-measurable Ug-valued sequence of functions (f,) on K, a sequence (g,) € Uc(x.k), and
€ >0 such that suppf, c A, and [ f, dG, > € for all n. Now

S:C(K,E)->1I', Sg= (ff ng>"

is bounded. Since (Sg,)(n) > € for all n, we obtain as before that /' embeds complemen-
tably into C(K, E). By [8], this implies that I' embeds complementably into E, a
contradiction. Since the pair (K, E) is simple, we conclude that T is weakly compact.

The pair (K, E) is simple in either one of the following situations [2], [3], [10]:

(a) E' and E" both have the Radon-Nikodym Property [2];

(b) K is a scattered compact {3].

CoroLLARY 11. If the pair (K, E) satisfies one of the conditions (a) or (b) listed
above, then E has Property (w) if and only if C(K, E) does.
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