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Le t K be a c l a s s of r e a l valued funct ions defined on an 
i n t e r v a l which need not be bounded . The c l a s s K i s said to be 
c h a r a c t e r i z e d in t e r m s of a s s o c i a t e d s e t s if t h e r e e x i s t s a fami ly 
of s e t s of r e a l n u m b e r s P such tha t f € K if and only if for 

e v e r y r e a l n u m b e r a the s e t s E = {x:f(x) < a} and E = {x:f(x)>ûr} 

a r e m e m b e r s of P . Many c l a s s e s of funct ions have b e e n c h a r a c 
t e r i z e d in t e r m s of a s s o c i a t e d s e t s . The c h a r t below s u m m a r i z e s 
a few such c h a r a c t e r i z a t i o n s . 

f is if and only if for a l l r e a l a 
Q. 

cont inuous E and E a r e open 
a 

measurable E and E are measurable 
a 

in B a i r e c l a s s £ E and E a r e in addi t ive B o r e l c l a s s £ 
a (£ a countable o rd ina l ) if £ is f ini te , £ +1 if £, is infinite 

a p p r o x i m a t e l y cont inuous E (E ) i s of type F , and each point 

of such a s e t i s a point of dens i ty of 
the s e t 

Q/ 

a D a r b o u x funct ion in E (E ) is of type F and b i l a t e r a l l y 
a cr B a i r e c l a s s 1 

c- d e n s e - i n - i t s elf 

1 
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In h i s s tudy of d e r i v a t i v e s , Z a h o r s k i [8], among o t h e r 
th ings , posed the p r o b l e m of c h a r a c t e r i z i n g the c l a s s of d e r i v a 
t ives in t e r m s of a s s o c i a t e d s e t s . He w a s able to show tha t the 
c l a s s of bounded d e r i v a t i v e s does not a d m i t of such a c h a r a c t e r 
i z a t i o n . The p u r p o s e of th i s note i s to give a s i m p l e condi t ion 
on a c l a s s K which i s n e c e s s a r y for K to a d m i t a c h a r a c t e r i z a 
t ion in t e r m s of a s s o c i a t e d s e t s . We u s e th i s r e s u l t to p r o v e 
tha t c e r t a i n c l a s s e s , inc luding the c l a s s of d e r i v a t i v e s , do not 
a d m i t of such c h a r a c t e r i z a t i o n . 

T H E O R E M . Le t K be a c l a s s of funct ions c h a r a c t e r i z e d 
in t e r m s of a s s o c i a t e d s e t s . Then for each f e K and each 
h o m e o m o r p h i s m h of the r e a l l ine R onto i tself , the funct ion 
ho f i s in K . 

P roo f . Le t P be the f ami ly of a s s o c i a t e d s e t s . Le t a 
be a r e a l n u m b e r , f € k , and h a h o m e o m o r p n i s m . F o r 
d e f i n i t e n e s s , suppose h i s i n c r e a s i n g . Then the s e t 

- 1 
{x: (ho f)(x) < a} - {x:f (x) < h {a)} . Since f € k , th i s s e t i s a 
m e m b e r of P . The s a m e i s t r u e of the s e t {x: (ho f)(x) > a} . 
Thus , the a s s o c i a t e d s e t s of the funct ion h o f a r e a l l m e m b e r s 
of P . T h e r e f o r e ho f e K . 

COROLLARY 1. None of the c l a s s e s l i s t ed be low can be 
c h a r a c t e r i z e d in t e r m s of a s s o c i a t e d s e t s . 

(i) the c l a s s of f in i te d e r i v a t i v e s ; 

(ii) the c l a s s of d e r i v a t i v e s (poss ib ly infini te) of con t inuous 
func t ions ; 

(iii) the c l a s s of f ini te a p p r o x i m a t e d e r i v a t i v e s ; 

(iv) the c l a s s of a p p r o x i m a t e d e r i v a t i v e s (poss ib ly inf in i te) , 
of a p p r o x i m a t e l y cont inuous func t ions . 

P roo f . (i) and ( i i ) . The only h o m e o m o r p h i s m s h with 
the p r o p e r t y tha t ho f i s a d e r i v a t i v e for e v e r y d e r i v a t i v e f a r e 
those h o m e o m o r p h i s m s of the f o r m h(x) = ax + b [2; p . 8 9 ] . 

(iii) and ( iv) . A c c o r d i n g to the t h e o r e m of Kh in tch ine [3] 
and [4], if F is an i n c r e a s i n g a p p r o x i m a t e l y d i f f e ren t i ab l e 
funct ion, then f i s , in fact , d i f f e r e n t i a b l e . Since an a p p r o x i m 
a te ly d i f f e ren t i ab le funct ion whose a p p r o x i m a t e d e r i v a t i v e i s 
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e v e r y w h e r e p o s i t i v e m u s t be i n c r e a s i n g , the a p p r o x i m a t e d e r i v a 
t ive of such a funct ion m u s t ac tua l ly be the o r d i n a r y d e r i v a t i v e 
(for (iv) we u s e h e r e a t h e o r e m of Tols tof f ' s [5]). 

Let , now, f be a pos i t i ve bounded d e r i v a t i v e which is not 
r i 2 

a p p r o x i m a t e l y con t inuous . Then [7J f i s not a d e r i v a t i v e , but 
2 2 

f i s p o s i t i v e . If f w e r e the a p p r o x i m a t e d e r i v a t i v e of s o m e 
funct ion F then we would be able to infer f r om the above r e m a r k s 

2 
tha t f would, in fact , be the d e r i v a t i v e of F . Thus , if h is 

the h o m e o m o r p h i s m defined by 

h(x) = 

2 .r 
x if x > 0 

2 
- x if x < 0 

then ho f i s not an a p p r o x i m a t e d e r i v a t i v e . 

R e m a r k . C e r t a i n n e c e s s a r y condi t ions for a function to 
belong to c l a s s e s (i), (ii), and (iii) above, in t e r m s of a s s o c i a t e d 
s e t s , can be found in Weil [6] and Z a h o r s k i [8] . 

COROLLARY 2. None of the c l a s s e s below, each defined 
on a c o m p a c t i n t e r v a l [a, b] can be c h a r a c t e r i z e d in t e r m s of 
a s s o c i a t e d s e t s . 

(i) the c l a s s of funct ions of bounded v a r i a t i o n ; 

(ii) the c l a s s of funct ions sat isfying L u s i n ! s condi t ion (N) ; 

(iii) the c l a s s of Lebesgue i n t e g r a l s of Lebesgue i n t e g r a b l e 
func t ions ; 

(iv) the c l a s s of R i e m a n n i n t e g r a l s of R i e m a n n i n t e g r a b l e 
func t ions ; 

(v) the c l a s s of Denjoy i n t e g r a l s of Denjoy i n t e g r a b l e 
func t ions ; 

(vi) the c l a s s of Denjoy-Khin tch ine i n t e g r a l s of Denjoy-
Khin tch ine i n t e g r a b l e func t ions . 

H e r e , the s t a t e m e n t tha t F i s an i n t e g r a l m e a n s t h e r e 

e x i s t s a funct ion f such that F(x) = / f(t)dt for a l l x € [a, b] . 
^a 

P roo f . ( i ) . Th i s fol lows f r o m the fac t tha t the funct ion f 
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2 I 1 i 

n v e n by f(x) = (x-a ) sin , f(a) = 0 , i s of bounded 
x- a ' v a r i a t i o n on [a, b] , but the funct ion g(x) = \] f(x) , i s no t . 

(ii) t h rough (vi) . A funct ion in any of t h e s e c l a s s e s 
s a t i s f i e s L u s i n ' s condi t ion (N) , and the ident i ty funct ion i s in 
each of t h e s e c l a s s e s . On the o the r hand, t h e r e i s a h o m e o m o r -
p h i s m h , which does not sa t i s fy L u s i n ! s condi t ion (N) on any 
i n t e r v a l . The c o m p o s i t i o n of h with the iden t i ty funct ion on 
[a, b] i s , t h e r e f o r e , not in any of the c l a s s e s , so none of t h e s e 
c l a s s e s can be c h a r a c t e r i z e d in t e r m s of a s s o c i a t e d s e t s . 

In conc lus ion , we m e n t i o n tha t the c o n v e r s e to the t h e o r e m 
is not v a l i d . To s ee t h i s , le t K be the c l a s s of D a r b o u x funct ions 
defined on the r e a l l ine R . It i s c l e a r tha t if h is any h o m e o -
m o r p h i s m and if f e K , then h ° f € K . Now, if f e K and a i s 

a r e a l n u m b e r , then each se t of the f o r m E = {x:f(x) < a } and 
E = {x:f(x) > a} i s b i l a t e r a l l y c - d e n s e - i n - i t s e l f . Th i s m e a n s 

a. 
tha t if x 6 E , for e x a m p l e , and 5 > 0 , then e a c h of the s e t s 

E p l ( x > x +ô) and E f l ( x - ô , x ) h a s the p o w e r of the c o n t i n u i u m . 
On the o t h e r hand, for e v e r y r e a l n u m b e r a and e v e r y s e t E 
which i s b i l a t e r a l l y c - d e n s e - i n - i t s e l f , t h e r e e x i s t s an f e K 

such tha t {x : f (x )< a} - E . (We need only def ine f to be any 
funct ion which t akes the va lue a. on the c o m p l e m e n t of E , and 
on each r e l a t i v e i n t e r v a l of E , f t akes on al l v a l u e s in the in
t e r v a l (-oo, a ) . ) The ana logous a s s e r t i o n for the se t E i s 

a. 
l i kewise v a l i d . 

It fol lows tha t if t h e r e i s a f ami ly of s e t s P which c h a r a c 
t e r i z e s K in t e r m s of a s s o c i a t e d s e t s , then P m u s t be the 
f ami ly e a c h of whose m e m b e r s i s b i l a t e r a l l y c - d e n s e - i n - i t s e l f . 
But t h e r e e x i s t funct ions which a r e not in K ye t e a c h of whose 
a s s o c i a t e d s e t s i s b i l a t e r a l l y c - d e n s e - i n - i t s e l f . F o r e x a m p l e , 
le t A and B be d i s jo in t s e t s such tha t R = AU B and A and 
B a r e each c - d e n s e in R ( L e m m a 4 . 1 of [ l ] ) . Then the funct ion 
f g iven by 

[ 0 if x € A 
f l X ) = | 1 if x e B 

is not in K , whi le e a c h a s s o c i a t e d s e t i s c - d e n s e - i n - i t s e l f . 
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