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Introduction. In general topology, one knows several 
standard extension spaces defined for one class of spaces or 
another and it is a natural question concerning any two such 
extensions which are defined for the same space whether they 
can ever be equal to each other. In the following, this problem 
will be considered for the Stone-Ôech compactification /3E of a 
completely regular non-compact Hausdorff space E C4] and 
Katëtov1 s maximal Hausdorff extension KE of E[5] . It will be 
shown that 0E ^ KE always holds or , what amounts to the same, 
thatKE can never be compact. As an application of this it will 
be proved that any completely regular Hausdorff space is dense 
in some non-compact space in which the Stone-Weiers t rass 
approximation theorem holds. 

All topological concepts will be used in the sense of N. 
Bourbaki [ 3 ] . 

*• Qïï *ke Katetov extension. A filter ^ on a space E which 
has a basis consisting of open sets will be called an open fi l ter . 
By Zorn ' s lemma one readily sees that any open filter 5*is con
tained in some maximal open filter wit,. Such f i l ters Jthave, in 
virtue of their maximali ty, the following proper ty . If X Q E is 
open and X^M>, then there exists a Y€ Me such that X n Y = 0 , 
the void set . This implies that any maximal open filter contains 
all everywhere dense open sets of the space E . 

The extension KE of a Hausdorff space E which is to be 
studied here can be defined in t e r m s of the set 21 of all non-con
vergent maximal open fil ters on E as follows. With any A € 2L 
one associa tes a point x#. £ E such that the x ^ a re distinct 
for d i s t i nc t / t . Thesn, the set E w { x ^ |>lt 6 Z. } i s given a topology 
by assigning to each x € E the same neighbourhoods as in E and 
to each x ^ the neighbourhoods {x^} v/ M, M €yVl . E is then 
obviously a dense subspace of this new space KE. 
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PROPOSITION 1. The space HE can never be compact. 

Proof. We assume that K E i s compact and deduce a con
tradict ion. This will be done by construct ing, for any AL$ Zi > 
a wel l -ordered descending sequence of sets in>H which forms a 
bas is ÎOTAZ and by then showing that the existence of such a 
basis i s incompatible with the maximali ty of Svt. 

F i r s t , the assumed compactness of K E has the following 
two consequences which will be needed la te r . (1) For anyjppen 
X £>Vt there exists an open Y £ Ai such that Y C X, where Y 
denotes the closure of Y in E . This follows from the regular i ty 
of compact spaces and the fact that E i s a subspace of KE. 
(2) E is completely regular and £ E = KE, since subspace s of 
compact spaces a r e always completely regular and since for 
any completely regular E £ E is the continuous image of KE 
by a mapping which induces the identity mapping on E [53. 

Next, consider the neighbourhood {x^} ^ E of x ^ in KE. 
By the regular i ty of KE, there exis ts an open XQCA/L such that 
the closure of {xy^cl w X in KE is contained in {x̂ f } ^ E . This 
c losure , however, i s X 0 v̂  K^M! t ^ o ^ - ^ J a n c* ** follows from 
x o ~ lxAt' I x ° e - ^ - E ^ * x ^ ithat x-4tis t h e o n l y ^ ' s u c h 

that XQ (E /f£. This implies that for any X c XQ the c losure of 
X u { x ^ } in KE is just X w { x ^ } . 

Now, let M be the set of all open XÇ X in Ai and denote 
by X < Y the t ransi t ive relat ion X C Y on M.0+ F r o m a well-known 
maximum principle one can then infer that At0 contains a maximal 
descending wel l -ordered ( < )-chain W1. The intersect ion W = 
OX (X€7f) i s closed since H X = (\X ( X e W ) in vir tue of the 
meaning of the relat ion X < Y. Suppose f irst that W = 0. One 
then has { x ^ } = 0 £x>^} ^ X (X €*Vf ) and since the { x ^ } ^ X 
a r e closed neighbourhoods of x ^ in KE it follows from a proper ty 
of compact spaces [1 3 that they form a fundamental system of 
neighbourhoods of Xy^inKE. This means that W ' i s a bas i s of At. 
Next, assume W i 0. Then, it follows that JW w CW, where 
I W denotes the in ter ior and CW the complement of W in E , 
belongs to A4, because it i s an everywhere dense open set in E . 
3TW \J C W€ At implies that ei ther I W o r C W i s i n / I , where 
the former i s , of cour se , only possible if XW i 0. Now, if 
I W 6 / t one can take an open YGAA. such that Y < 3TW; but then, 
HT^/lYj would be a prolongation of the wel l -ordered descending 

(<)-chain W i n A/J^ and this contradicts the maximal i ty of W . 
Thus, it i s seen that <LW€/i and then the collection of sets 
X ^ C W , X 6 yf9 belonging to A/L has void intersect ion; it follows 
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that for any XjSyti with XXC CW one has ( 1 X n X 1 Cfi{X n ^ W ) = 
( A X)o C W = 0 (XeUD and as before, this implies that the sets 
X A X , form a basis of Al. 

In a l l , it is now established that M. possesses a basis fl 
consisting of open sets which is at least a descending wel l -ordered 
chain with respect to set inclusion. This Ô will contain cofinal 
subchains which a re even descending well-ordered (< )-chains 
since for any X£ © there exists a Y € Ô such that Y < X, in 
virtue of the property (1) of At mentioned above and by the fact 
thatyit has S as a bas i s . Let , then, £ c $ be such a ( < )-chain 
and assume that £ contains no sub chain of smal ler ordinal type 
which is a basis of AL, i . e. , which i s cofinal with 43 . Let , 
fur ther , C^c, <* < ^ > D e a n indexing of & by all ordinals c<.<^ such 
that Co( < CA if and only if ct>/3. The ordinal T£ must be the 
supremum of the limit numbers 3.<n : otherwise , there would 
be no limit number A < ^ , i . e . , ?£ = u>, or one would have a la rges t 
l imit number /\Q< £ in which case the chain C^o > C^ + \ > . . . 
would be cofinal with ô , i . e . , again in=OJ by the choice of "6; 
the equation rç = o> , however, would mean that x ^ is a G£ in 
HE = /* E , and this i s excluded according to Cech [ 4 ] . 

To a r r ive at the desired contradiction, put D^ = C^ -
^ o ^ + l anc* ^ = ^ ^ ^ ' ^ ^ e ^T n^ t numbers less than 7) . The open 
set L obviously mee t s every set ofyVt; however, it does not belong 
to /A* > for if V is the first l imit number A ^ oC (s< < '*\) and X = 
C-v-fi " C y + 2 t ^ i e n c<* ^ L w o v l l c i imply X = C ^ n X C L n X : 0 
whereas X ^ 0. Thus, the existence of L contradicts the maxim -
ality of AA* , and with this the proof is completed. 

The space KE is absolutely closed [ 5 ] and would therefore 
be compact if it were regular [ l ] . Thus follows the 

COROLLARY. The space KE can never be regular . 

^* ®R t n e Stone-Weier s t ras s approximation theorem. This 
theorem is said to hold in a space E if the ring C(E) of all bounded 
continuous rea l functions on E separates the points of E ( i . e . , 
if x ^ y, then fx ^ fy for some f £ C(E) ) and if any subring of 

C(E) which contains the constant functions and separates the points 
of E is dense in C(E) with respect to the topology of uniform con
vergence on E . This i s always the case when the space E is compact, 
but, as proved in f 2 ] , there also exist non-compact spaces with 
this proper ty . It will now be shown by means of the resul t in sec
tion 1 that there exist in fact a great number of such non-compact 
spaces . 
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PROPOSITION 2. Any completely regular Hausdorff 
space is dense in some non-compact space in which the Stone-

Weie r s t r a s s approximation theorem holds. 

Proof. Let E be the space and Ç>:VE-^3E the continuous 
mapping onto p E which induces the identity mapping on E. Now, 
for any u <E fi E - E let one point u* Ç (p"1 u be chosen and call 
the subspace E u | u * | u <£ /3 E - E}of ?<E E*. E is then dense 
in E*. Fu r the r , E* is not compact, If it were it would be closed 
in KE; but since E Q. E* and E is dense in K E , this would give E*= 
X E , whereas KE cannot be compact. 

It r emains to be shown that the Weier s t r a s s-Stone 
theorem holds in E*. F i r s t , C(E*) separa tes the points of E5^, 
for C( fi E) separa tes the points of /IK and (f> induces a one-to-one 
continuous mapping of E* onto /3E. Next, take any bounded con
tinuous rea l function f on E# and let g be i ts res t r ic t ion to E. This 
g has a unique continuous extension g to /3E and since the func
tion g(p on E* coincides with f on E , a dense subspace, one has 
the decomposition f = g"cp . Now, if a subring R ^ C(E*) contains 
the constant functions and separa tes the points of E*, then by the 
correspondence f ->g", R determines a s imi lar subring S of C(/3E), 
for if f separa tes u* and" u^ in E* then i ts g separa tes y ^ = <pY$ 
and y 2 = Cpy^ because of f = g cp , and by definition of E*, any 
y £ (IK is the image of a Y* € E* under <p. Since fbK i s compact 
this shows that S is dense in C(/5E) in the s e n s e of uniform con
vergence on /3E. But then, again, because of the decomposition 
^ = gV> R i s also dense in C(E#) with respec t to uniform conver
gence on E*. 

REFERENCES 

1. P . Alexandroff et P . Urysohn, Mémoire sur les espaces top
ologiques compact, Verh. Kon. Akad. Wet. Ams te rdam. 

2. B . Banaschewski , On the Stone-Weiers t rass approximation 
theorem, Fund. Math. XLIV(1957), 249-252. 

3. N. Bourbaki, Topologie généra le , ( P a r i s , 1948). 

4 . E. Cech, On bicompact spaces , Ann. Math. 38 (1937), 823-844. 

5. M. Katëtov, Ùber H-abgeschlossene und bikompakte Râume, 
Ôasopis Mat. F y s . 69 (1939), 36-49. 

Hamilton College, 
McMaster University. 

4 

https://doi.org/10.4153/CMB-1959-001-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1959-001-8

