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Abstract

In some recent investigations involving certain differential operators for a general family of
Lagrange polynomials, Chan et al. encountered and proved a certain summation identity
for the Lagrange polynomials in several variables. In the present paper, we derive some
generalizations of this summation identity for the Chan-Chyan-Srivastava polynomials in
several variables. We also discuss a number of interesting corollaries and consequences of
our main results.
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1. Introduction

The familiar (rwo-variable) polynomials g«# (x, y) generated by

(I —x0)™ (1= yn? =) g™P(x, y)" (1D

n=0

(It] < min {|x|™", |y[™'})

are known as the Lagrange polynomials which occur in certain problems in statistics
(see, for example, Erdélyi et al. [3, Page 267]; see also Srivastava and Manocha
[7, Pages 441-442)). In fact, in terms of the classical Jacobi polynomials P{*# (x)
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defined by (see, for example, Szegd [8, Chapter 4])

a.8) _" n+a n+ﬂ)(x+1)"(x__1)n-k
Pn( (X)—Z< k )(n—-k 2 )

k=0
= (":“).ZF, (——n,a+ﬂ+n+ Lo+ 1; 2"), (1.2)
where , F) denotes the classical hypergeometric function, it is known that 7, Page 442,
Equation 8.5(17)]
a n —-a=-n,—p—n X + y
geP (x,y) = (y —x)" PP )(m> (1.3)

The relationship (1.3) can be used in order to deduce numerous properties and charac-
teristics of the (two-variable) Lagrange polynomials from those of the classical Jacobi

polynomials. :
Recently, a multivariable extension of the Lagrange polynomials in (1.1), generated
by _
r x
[TIa-x2™} =3 ez (el <min{lx|™, -, %)), (14
j=1 k=0

was introduced and investigated systematically by Chan et al. [1]. Here and subse-
quently we employ the abbreviations & and x for o, + - + ¢, and x; + - - - + x,,
respectively. Later we introduce also n forn; + --- + n,. '

See also several further developments relating to the Chan-Chyan-Srivastava poly-
nomials by (for example) Altin er al. [4] and Erkus et al. ([5] and [6]).

For the Chan-Chyan-Srivastava polynomials in (1.4), the following explicit repre-
sentation holds true [1, Page 140, Equation (6)]:

@ X oy
g = (e @ Ty T (15)
ki+-+k,=n
where
T'(A +k)
Ay 1= ——
(M T

denotes the Pochhammer symbol (or the shifted factorial). It is known also that [1,
Page 146, Equation (34)]

[o o]
Z kg (x)z*
k=0
= 1 = x.7)"% k! S(n, k) - (“)( 1 e, Xr k1.6
g{( *i2) ]g (n, k) - &, 1—x2 1—xz)° (1.6)
(12l <min{lx)™, -, 1%} n e Ng:= NU{0); N:={1,2,3,---}),
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which, for n = 0, corresponds obviously to the defining equation (1.4). Here, and in
what follows, S(n, k) denotes the Stirling numbers of the second kind, defined by

Len, s (5 o
S<""‘>=EZ;<—‘> (j.)J,
j=

so that
1 (n=20)
S(n,0) =6,0= (1.7)
0 (neN)
and n
Z(—l)"(X)kS(n, k) = (=x)", (1.8)

k=0

6m.n being the Kronecker symbol.

The main object of this sequel to the aforementioned investigations is to derive a
number of generalizations of the summation identities for a family of Jacobi and related
hypergeometric polynomials, which were proven recently by (for example) Chen and
Srivastava [2]. We also present several interesting corollaries and consequences of
our main results.

2. A set of main results

We begin by stating and proving a number of useful identities involving the Chan-
Chyan-Srivastava polynomials in (1.4).

LEMMA 2.1. The following generating function holds true for n € Ny:
Ytk +n)y g (x)2*
k=0

ot TT (0 = xgy-ei) . glomm (212 %2
_m!g{(l x;2)7) - g® (1 - 1), @1

—-xz T l=x

where
(kln =ktk—=1)---tk—m+1) (meN) and [k]p=1.

PROOF. We introduce the closed contours

%. and €' (0 <e <min{lx|™, ..., x|}
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in the complex ¢-plane. These are circles of radius ¢ (centred at { = zand ¢ = 0
respectively), described in the positive (counterclockwise) direction. By Cauchy’s
integral formula for the derivatives D, := d/dz, we have

Dy [Z" [Tta -x,-z>‘“’}]
j=1

m!

L T = ey
B Zm'_éﬁ (& — z)m+! g{(l x;¢) }d§

5 (it::*mo—x,-«+z»-~f1dz
j=1

2ni Jeg

,
ot Al )

j=1

=mt- zH{u-xz)-“l}gw' ( S ,_1)

1 —xz l—x2 2z

r

=m! 7" ]_I{(l—xz)""}g(“'")(—ﬁz—,-'-, *r2 ,__1), (2.2)

i I —xz2 1 —xz

The definition (1.4) can be used to observe further that

fipof e
j=1 k=0

oo

=" Tk + )y g 02, (2.3)

k=0
which, in association with (2.2), yields the generating function (2.1) asserted by
Lemma 2.1. a

REMARK 1. By setting n = m and n = 0O in the assertion (2.1) of Lemma 2.1, we
obtain the following simpler generating functions:

e d]

Z(k+1)m a)(x)z _m|l—[ l—x Z)—a/} (a—m)( X112 L XrZ ,_1>

pars i=i 1 —x1z 1 —x2
and

o0
Y kA D g0 (02" m']’[ {(1=x;2)™) ;7)( P )
k=0

1—x,z’ 1-1x2z

respectively.
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LEMMA 2.2. The following summation identity holds true:

Z[k +nln g7 (X8 (x)

= Spntetn, | LX) =D @+ o — )+ (@) (24)

j=1

(m,p.n,ny, - ,n,eNgyn;2m—1 (=1,---,r) pEn+--+n,).

m,{6-2]] omra

k<j<r(j#s)

Here and subsequently

Vile) = ) [an,.m-l(as)m x!

s=k

PROOF. First of all, by applying the generating functions (1.4) and (2.1), we have

Z 0,7 = (Z[k +nla g “’(X)z") (Z gz‘“‘“’(x)z*)

p=0
n @, —n X1z *rZ
—m'l_[{(l—xz)’}g( )( l ,--',l_m,—l>,

- X1

where, for convenience,

14

Q,(%) =) _[k+nln g™ (%) - g5 " ().

k=0

Thus, in view of the Cauchy integral formula again, we have

— Y ) g < I
2,0 =25 2 f o+t 4 H{(l *i2) }g (l—xlz "1—-x7’ l)dz.
2.5)

By a change of variable given by
1 and d : a¢
i=— n === )
4 g2

(2.5) readily yields

ki k, —1)*
Q0 =mt Y (@n e @l %%
ky 4tk +s=m
. __1_ ¢‘ Lp=m=n l‘[;=| {(g- — xj)’lj—kj+1}
2mi ¢ [T {©€ =%}

de,
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where the closed contour %7, in the complex ¢-plane is a circle (centred at & = 0) of
radius 1/&, which is described in the positive (counterclockwise) direction.
Since, by hypothesis,

p=2m+---+n and n;>2m-1 (j=1,...,r),
it is easy to see that

{P-nn—-'-—n,]—[ {(C - xj)"j-ij}
j=1

is a polynomial in £, and hence it is analytic under these constraints on the nonnegative
integers p, m,r,n,--- ,n, and ky, - - - , k.. Thus, for convenience, if we put

f@ =g [T{e = ey,

j=1

it follows (by the Cauchy residue theorem) that

ky ky -
Q,,(X) = 8P,n1+-'-+nym! Z (a,)kl e (a,)k’(—n)s . x_l e i (-1

k! k! 5!
ki+-tk,+s=m ! r

gl_rj(l) (& =0 f()} + ¥(e)

= 81).n1+"'+n,m!(—1)m l—[ {(—x.i)"j] g'(:v—’l)(l’ Tt 11 1) + ]//l(a)' (26)

j=1

It is easily seen from the definition (1.4) that

ot a, -1 ot a,),
g9, x) = (a,—%— tartn )xﬂzux", Q.7
n n!
which, upon setting x = 1, immediately yields
o« a|++ar+n—l (a +"'+ar)n
g:)(lv"'11)=< n )=IT (28)

By appropriately combining (2.6) and (2.8), we obtain the summation identity (2.4)
asserted by Lemma 2.2. d

Clearly, Lemma 2.2 is equivalent to the following result:

14
Y [k +nln g "X, (x)

k=0 ,

= 8pmtetn | | {2} (=D (=oty =+~ &, = p = n)p + Y1 (~a = )
j=1 2.9

(m,p,nyny, - n, €Ny nj=m—1(G=1,,r); p=n+-+n,).
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Next, since (by definition) we have

(=X)e = (=D*[xL (ke Ny x €Q),

it readily follows from (1.8) that (see also [9, Page 15])

=S, -k

j=1
Furthermore, it is easily seen by setting m = 0 in (2.9) that

» r
Z g ™" (X)gfaa_)k(x) = 8pmttn, I—[ {(_xj)'”]
k=0

j=1

(p,ny,---,n €Ny, p2ny+---+n,).

249

(2.10)

(2.1

1)

By making use of (1.7), (1.8) and (2.9)-(2.11), our main summation formula
involving the multivariable Lagrange polynomials g (x) is given by Theorem 2.3

below.

THEOREM 2.3. For every polynomial 2, (x) of degree m in x,

Z P18 " X820 = Spmysctn, | | {(=2)V) Prlen + -+, + p)

k=0 j=1

+ & ”m@‘”(w @)

(2.12)

(m,p,n.,---,n,eNo; nj2m—1(=1,---,r); pzn|+~-+n,).

PROOF. Upon setting i
Plk) =Y cekt,

we have
4
Y Pale " (08,2 (%)
k=0

k=

r

4 m [2
=3 [Co + Zce (Z S(e, ,-)[k],)] T (X)g, % (%)

= Cobpnys- +n,ﬂ{( xq)"a}+ZZcCS(e DE Z (k)80 (X) gy (%)

=1 j=0

= 8yt ]_[ {(=x))"} Pty + -+, + p) +
j=1
which precisely is the assertion (2.12) of Theorem 2.3.
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REMARK 2. Theorem 2.3 can be proven alternatively by applying the generating
functions (1.4) and (1.6) appropriately. Furthermore, if we set

nj=m_1 (j:l,...’r)
in Theorem 2.3, we deduce Corollary 2.4 below.

COROLLARY 2.4. For every polynomial 2, (x) of degree m in x,
p
Y Pallrg T )87, (00
k=0

= 8p,r(m—1) l—[ {(_xj)m_l} Py + -+, + D)

j=1

(_ l)m - r , xj m—1
+ =200 > | @ ma! .]"[. -
s=1 1<j=sr(j#s)
(mEN; p € Ny; pzr(m—l)).
REMARK 3. In view of the relationship (1.3), the assertion (2.12) of Theorem 2.3
(with r = 2) yields the following summation formula for the classical Jacobi polyno-

mials defined by (1.2).

COROLLARY 2.5. For every polynomial 2,,(x) of degree m in x,
Z‘@ (k) P(d""ll ’tﬂ+ﬂ2-k)( )P( a—p+k,—-p- p+k)( )

k=0
_ 8,,‘"1_“'2 (x -;— 1) (X ; 1) gz (@ +ﬂ + p) 4+ (- ) ‘@(m)(O)

1 p=n l__ p—m
[an,.m_l (a)m(—l)”(x:) + Spyme (ﬂ)m<—2—’5) ] 2.13)

(M,P,nl,nz €Ng; n,me>m~1; p>n +ﬂ2)-

PROOF. Applying the relationship (1.3) in the form

p(-a—k—p- X+Yy -
k(ak ﬂk)( y) (_Y )kg(aﬁ)( 'y),
we find that

https://doi.org/10.1017/51446181100012815 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100012815

[9] Some new results for the Lagrange polynomials in several variables 251

P
Z P (k)P(ﬂ+n1—k.ﬂ+nz—k) x + )’) poa=pth=p=p+h) xX+y
k=0 " ¢ x—y) "t x—Y

=(y—x)" ng kg P (x, y)g R (x, y).

k=0
By means of (2.12), the right-hand side equals

(y—x)7* lap.n,+nz(—x)"'(—y)"’«%.(a + 8+ p)

( 1') : )( ) [ e l( ) g (1 y)nz I a"z'm—l(ﬁ)myp (1 ) ]
’ X y |

Finally, the assertion (2.13) of Corollary 2.5 follows immediately upon setting
y=x(x—~1)/(x + 1) in (2.14).
Alternatively, since [7, Page 441, Equation 8.5(16)]

P(a—n,ﬂ—n)(x) = g(—a,—ﬂ) (_x +1 X — 1) ’

it is easily seen that

7 7 (2.15)

14
Z gm(k)Pk(a+n|—k,ﬂ+nz—k)( )P(—a p+k, —ﬂ-—p+k)(x)

— (—a—ny,—f-ny) X + 1 X — 1 @,p) X + l _X - 1
Zg‘zn('()a (——2—,—'——2'—‘ i \ T T )

which, in light of (2.12), readily yields the assertion (2.13) of Corollary 2.5. 0

REMARK 4. It is not difficult to verify that the relationships (1.3) and (2.15) are
equivalent. It is known also that [7, Page 452, Problem 25]

I —
g@P(x, y) = y pEtb-l=b-n (M) (2.16)
y
which, upon setting y = 2x/(x + 1), yields
+1\* 2x
platB-l—p-m) .y _ X @p [ x ) 2.17
n (X) < 2y > 8 (x x+1) ( )

Thus, by making use of the relationship (2.17), we obtain

Zy (k)Pk—a-ﬂ—m-—nz lﬁ+n;—k)( )P(a+ﬂ 1,-8- p+k)(x)

k=0
x+1 2x 2x
— k —a=ny,—f~n3) (. 8) , .
() oo e )it (e 2y
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Consequently, by applying (2.12), we arrive at the following summation formula
analogous to (2.13):

14
Z ym (k)Pk(-a‘ﬁ-"l-'h—l-ﬂ'*"lz—k)(x) Pp(‘i:ﬂ_l'_ﬁ_p+k)(X)

k=0

)

= ‘Sp,m+nz(_1)p <x ;— 1) ,@ (a + ﬂ + p) + g(m)(o)

1 -1 1 — m
~[an.,m-1(a)m ("; ) (z +1> + 8nymt B)m (T") ] (2.18)

(myp,nh"z €No; ni,ng=zm—1; p>n +n2).

REMARK 5. By setting

o —a—B—r, Br— B —n+r+1,

n—r-—1 and my+—n-—-r—1,

and considering the special case when p > n, 4+ n, + 1, (2.18) would yield the
following known result for the classical Jacobi polynomials P*# (x) [2, Page 3301,
Theprem 3]

!
Y Py PES T (x) PP

(=
PO L-x\"
= = '( ) [an.m+r(—ﬂ)m ( x)
m! 2

-1 n—r—1 + 1 I—j+m—n+1
+3r.m(a + .B + l)m <x_2_‘) (x 2 )

(jjlmnreNgl—j+1=n=m+r;r=m).

REMARK 6. In its special case when n, = n, = m, we find from the assertion
(2.13) of Corollary 2.5 that

14
Z(@ (k)Pk(a+m—k’ﬂ+m—k)( )P(—a Pk~ p+k)(x)

2 _ 1 m
= 5p.2m (x 2 ) '@m(a + B+ p) (m € Ny; p= 2m), (2.19)
which, upon setting m = 0, yields the following interesting sum:
14
Y PEI) P =0 (peN). (2.20)
k=0
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3. Further results and consequences

For a nonnegative integer n, the Laguerre polynomials L (x) of index o and
degree n in x are defined by

n AN 4
o0 =3 (I G = (") e oo

k=0

The Laguerre polynomials L (x) and the Jacobi polynomials P*#)(x) are indeed
related by means of the following familiar limit relationship [7, Page 131, Equa-

tion 2.5(1)]:
2x
(o) — (a,8) _
L) (x)= mI‘lm {P,l (1 8 )l @GB.1)

Making use of (3.1), we find from (2.19) with

2
xr—>l—--ﬂl and |B| — o0
that
(- x)’"

292 WLETEOELEET 0 (=x) = pon——= PP (O)  (m € N3 p 2 2m),

k=0

which, upon setting m = 0, yields the following companion of (2.20):
ZL(""‘)( LS (-x) =0 (peN).

REMARK 7. By setting
X ==X, =X

and using (2.7), (2.12) would yield the following result:

Zp:gzm(k)(_al - = —h _"'_nr)k(al+"'+ar)p—kxp
prs ki(p — K)!

= Spntotn, (=X T Py + -+ &, + p) (3.2)
(m,p,nl,--- yn€Ngynjzm—1(=1,---,r); PZ"1+"-+n,).

Thus, by equating the coefficients of x?, we find from (3.2) that

292 (k )( ‘Z n)k:;?p-k=0 (m,p,ne Ny p>n>m) (3.3)

and
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Zgw 0 °1‘( ”)*i‘?”"* = (-1)’Pnla+p) (m peNy p=m). (34)

Furthermore, if we set « = 1 in (3.3) and (3.4), we get

p
Z(—l)"(ﬂ : 1)5",,,(k) =0 (m, p,neNy p>n> m)
k=0

and

? 1
Z(—l)"(p;L )%.(k) =(=1)’@.(p+1) (m, peNy p=>m).
k=0

Next, in order to find a summation formula involving two Lagrange polynomials
with different indices, one of which is independent of the degree n and the other of
which is dependent on the degree n, we first derive the following relationship.

LEMMA 3.1. For the two-variable Lagrange polynomials g% (x, y),

g Mk, y) = g T P =y, —y). 3.5

PROOE. We have
_ a] _ -8
yg (I =x2)™(1 = y¢) dt

Z g’ (x, y)" = Lo

_ a] B _
ZZ (1 =x3)y (1 —y&)~ < z(1 )’€)> dt
2m ¢ g Z

-
_ Coerya(] B __ 2
= f (1 =x5)™ (1 = &)~ 1+w (é‘ 1+yz> dg

() )
B 1+ yz 1+ yz 1+ yz

=[1 = (x = Y]l + yz)**#~!

2m

]

= Zgn TP~y =02

=()
where the closed contour ¥ (0 < ¢ < min{|x|~", |y|™"}) in the complex ¢-plane
1s a circle of radius ¢ (centred at & = 0), which is described in the positive (counter-
clockwise) direction and we have tacitly assumed that
el < min {|x|", I, |_; }
I —y¢
on the contour €. By equating the coefficients of z" in the preceding generating-
function relationship, we immediately obtain the assertion (3.5) of Lemma 3.1. O

https://doi.org/10.1017/51446181100012815 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100012815

(13] Some new results for the Lagrange polynomials in several variables 255

REMARK 8. Since

PO (—x) = (—=1)" P89 (x) (3.6)
and
8P (x, y) = 820y, 1), 3.7

by suitably combining (1.3), (2.16), (3.6) and (3.7), we can also obtain (3.5).

We now apply the relationship (3.5) to derive some further consequences of The-
orem 2.3. Indeed, in light of (3.5), the assertion (2.12) of Theorem 2.3 assumes the
following form in the two-variable case.

COROLLARY 3.2. For every polynomial &, (x) of degree m in x,

Zgz (k) (—a—nj,a+B+n+n3+1— k)(x y)ga—a B+1- p+k)(x _)’)
k=0

= csP.n|+nz(y X)"I nzg (d + ﬁ + p) 4 ( ) .@(M)(O)

 [Barmor(@)mx™ (x — y)P7™ + (—1)”5n2.m-|(ﬂ)mx yP] (3.8)
(m, p,ni,ny € No; nj,na=m—1; p >ny+ny).

REMARK 9. By setting n, = n, = m in (3.8), we deduce the following summation
identity for every polynomial 42,,(x) of degree m in x:

29 (k)g( a—m,a+B+2m+1— k)(x y)g(a ;a—ﬁ+l—p+k)(x y)
p y
=8,m(Y* —xy)"Pula+B+p) (m, peNy p=>2m).

By successively applying the relationships (3.5), (1.3) and (3.6), we find that

—-n o —a— n —a—na+f-n— x—2y
g (x, y) = g P (x — y, —y) = (=x)" PiTemerhD (T)

— xn P(a+ﬂ—n—|,—u—n) <2y — x)
" X

which, upon setting y = x(x + 1)/2, would yield

3.9

P(a+ﬂ—n—|.—a—n)(x) _ x—ng(aﬂ —n) ( x(x + 1)) )

2
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REMARK 10. In light of the relationship (3.9), the assertion (3.8) of Corollary 3.2
can be used to derive the following consequence for every polynomial £, (x) of
degree m in x:

zp:y (k)Pk(ﬂ-!-'lz—k.d'f-'ll—k)( )P( B~p+k, "°“P+")(x)

8!’ n1+n12 Px =DM (x + 1)"2.@ (c+ B8+ p) + —— (= ) gz(m)(o)

1- p—m 1 -n
* [‘Sm.m—l(a)m <_2'—x) + (_l)panz.m—l(ﬁ)m ( _*z_x) ]

(m,peNg; n,na=2m—1; p=n +ny),

which, upon setting n, = n, = m, leads us at once to (2.19).
If we define

P (x) 1 = lim [g,f“’ (— X3, - x)}
lory | >0 o
then it is easily observed from (1.4), (1.5) and (1.6) that

ky ky
@l (x) = Z (@), - (Olr)kx——'"'i:!v
kit otk =k
Zw‘” w2 = e [[{a-x2™) (I < min{bel™, -, 1xI™'})
j=2

and

o0

Z k" (plivlz ar)(x)zk

k=0

— o1z - _ —a; ', (a2, .ar) X2 Xr k
e H{(l X;2) }Zk S(n, k) - ¢, (xl, s ’l—x,z)z

j=2 k=0

(Iz] < min {|x2) ™", -+, |x 7'} n € No).

We thus arrive at the following immediate consequence of Theorem 2.3.

THEOREM 3.3. For every polynomial 2,,(x) of degree m in x,

Zﬁ? (K)o T (g, KOS (X)

= a( W’(O) X, ﬂ{ EV gm0t

(m,p,ny, -+ ,n, €Nos ny >m—1 (j=2,--~,r); p2n2+-~+n,+m).
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Finally, if we define

. X X
O (x) = lim g | xi, A 1
min{laz|, - Ja,[}—>00 [0 23 o,

then (1.4), (1.5) and (1.6) would readily yield the following properties:

xkl xk,
IOEDY O R

Ky tk, =k
o
Z‘D{.a')(X)Zk = (1 _xlz)—ane(xz+---+.r,)z (lzl < lel-l)
k=0

and

[eo}
Z knq)zm)(x)zk

k=0

n
o, X
= (1 = x2) et Nkt S0, KO | ——— X2, x, ) 2
k=0 : 1 - Xz

(Izl < Ix]7'5 n e Ny).

Thus, by making use of the assertion (2.12) of Theorem 2.3 once again, we can
immediately deduce Theorem 3.4 below.

THEOREM 3.4. For every polynomial 2, (x) of degree m in x,

p
Y Puk) T (xy, iz, —x) O (X)
k=0

Spmin S PUVOVXXT + 8y m SEPIO) @) x] (r =2)

m!

8.t S P (0) (@) X! (r =3)

m!

(m,p,neNo;an—l; p2m+n;reN\{l}).

Numerous further corollaries and consequences of the results presented in this
paper can be derived similarly.
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