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The Weitzenbock machine

Uwe Semmelmann and Gregor Weingart

ABSTRACT

Weitzenbock formulas are an important tool in relating local differential geometry to
global topological properties by means of the so-called Bochner method. In this article
we give a unified treatment of the construction of all possible Weitzenbock formulas
for all irreducible, non-symmetric holonomy groups. We explicitly construct a basis
of the space of Weitzenbock formulas. This classification allows us to find customized
Weitzenbock formulas for applications such as eigenvalue estimates or Betti number
estimates.

1. Introduction

Weitzenbock formulas are an important tool for linking differential geometry and topology of
compact Riemannian manifolds. They feature prominently in the Bochner method, where they
are used to prove the vanishing of Betti numbers under suitable curvature assumptions or the non-
existence of metrics of positive scalar curvature on spin manifolds with non-vanishing A—genus.
Moreover, they are used to prove eigenvalue estimates for Laplace and Dirac type operators. In
these applications one tries to find a (positive) linear combination of hermitean squares D*D
of first-order differential operators D, which sums to an expression in the curvature only. In
this approach one needs only to consider special first-order differential operators D known as
generalized gradients or Stein—Weiss operators, which are defined as projections of a covariant
derivative V. Examples of generalized gradients include the exterior derivative d and its adjoint d*
and the Dirac and twistor operator in spin geometry.

In this article we present a classification of all possible linear combinations of hermitean
squares D*D of generalized gradients D, which sum to pure curvature expressions, if the
underlying connection is the Levi-Civita connection V of an irreducible non-symmetric
Riemannian manifold M. We describe a recursive procedure to calculate a generating set of
Weitzenbock formulas. Full details are given in the cases of reduced holonomy SO(n), G2 and
Spin(7). Our approach can also be used for the reduced holonomies U(n), SU(n), Sp(n)
and Sp(n) - Sp(1). These cases slightly differ from the first three cases, since either the holonomy
algebra is not simple or the complexified holonomy representation is not irreducible (or both).
However, after suitable modifications again a complete classification of Weitzenbock formulas
is possible.

In order to describe the setup of the article in more detail we recall that every representation
G — Aut V of the holonomy group G of a Riemannian manifold (M, g) on a complex vector
space V defines a complex vector bundle VM on M with a covariant derivative induced from
the Levi-Civita connection, in particular the complexified holonomy representation 1" of G
defines the complexified tangent bundle T'M. The generalized gradients on V M are the parallel
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first-order differential operators T defined as the projection of V:T'(VM) —T(TM @ VM)
to the parallel subbundles V.M C TM ® VM arising from a decomposition T'® V = @.V. into
irreducible sub-spaces. It will be convenient in this article to call every (finite) linear combination
Y. ¢ TXT. of hermitean squares of generalized gradients a Weitzenbick formula.

Our first important observation is that the space 20(V) of all Weitzenbock formulas on a
vector bundle VM can be identified with the vector space Endg (T ® V') and thus is an algebra,
which is commutative for irreducible representations V. Moreover, it is easy to see that the
algebra 20(V') has a canonical involution, the twist 7: 20(V) — 20(V), such that a Weitzenbock
formula reduces to a pure curvature expression if and only if it is an eigenvector of 7 of
eigenvalue —1. Of course, there are interesting Weitzenbock formulas, which are eigenvectors
of 7 for the eigenvalue +1; perhaps the most prominent example is the connection Laplacian
V*V. The classical examples of Weitzenbock formulas such as the original Weitzenbock formula,

A=dd*+d"d=V*V +q(R),
or the Lichnerowicz—Weitzenbock formula in spin geometry,
scal
I
reduce in this setting to the statements that A —V*V and D? — V*V respectively are
eigenvectors of T for the eigenvalue —1 and thus pure curvature expressions.

D*=V*V +

Starting with the connection Laplacian V*V, corresponding to 1 € Endg(T' ® V'), we will
describe a recursion procedure to construct a basis of the space 20(V)) of Weitzenbock formulas
on an irreducible vector bundle V)M on M such that the base vectors are eigenvectors of 7 with
alternating eigenvalues +1. Interestingly, this recursive procedure makes essential use of a second
fundamental Weitzenbock formula B € 20(V'), the so-called conformal weight operator, which was
considered for the first time in the work of Gauduchon on conformal geometry [Gau91].

Eventually we obtain a sequence of B-polynomials p;(B) such that py;(B) is in the
(+1)- and pg;—1(B) is in the (—1)-eigenspace of 7. If b. are the B-eigenvalues on V. C
T ®V, then the coefficient of T}T. in the Weitzenbock formula corresponding to p;(B) is
given by p;(b:). An interesting feature appears for holonomy Gy and Spin(7). Here we
have the decomposition Homg (AT, End V) 2 Hom, (g, End V') ® Homg(g+, End V) and because
of the holonomy reduction any Weitzenbock formula in the second summand has a zero
curvature term.

Finally, we would like to mention that the problem of finding all possible Weitzenbock
formulas is also considered in the work of Homma (e.g. in [HomO06]). He gives a solution in the
case of Riemannian, Kéhlerian and hyper-K&hlerian manifolds. Even if there are some similarities
in the results, it seems fair to say that our method is completely different. In particular, we
describe an recursive procedure for obtaining the coefficients of Weitzenbock formulas. The
main difference is of course that we give a unified approach including the case of exceptional
holonomies.

2. The holonomy representation

For the rest of this article we will essentially restrict ourselves to irreducible mnon-
symmetric holonomy algebras g, i.e. holonomy algebras of non-symmetric and irreducible
Riemannian manifolds. Moreover, g will always denote the complex Lie algebra obtained as
the complexification of the real holonomy algebra gr. Most of the statements easily generalize to
holonomy algebras g with no symmetric irreducible factor in their local de Rham decomposition,
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which could be called properly non-symmetric holonomy algebras. Some of the concepts
introduced are certainly interesting for symmetric holonomy algebras as well. Turning to
irreducible non-symmetric holonomy algebras g leaves us with seven different cases:

Algebra gr | Holonomy representation Tr T
General Riemannian 50, Defining representation R” T
Ké&hler u, =2 iR & su,, | Defining representation C™ E®F
Calabi—Yau suy, Defining representation C" E®FE (2.1)
Quaternionic Kéhler | sp(1) @ sp(n) | Representation H! @y H" H®FE
Hyper-Kéhler sp(n) Defining representation H* | C?® F
Exceptional Go 9o Standard representation R” [7]
Exceptional Spin(7) spin Spinor representation R® 8]

as follows from a theorem of Berger, where 1" denotes the complexified holonomy representation
T :=Tr ®r C endowed with the C-bilinear extension (-, -) of the scalar product. For simplicity,
we will work with the complexified holonomy representation 1" and the complexified holonomy
algebra g := gr ®r C throughout as well as with irreducible complex representations V) of g of
highest weight A. The notation such as E or H in (2.1) fixes the nomenclature for particularly
important representations in special holonomy: in the Kihler and Calabi-Yau cases E and E
refer to the spaces of (1, 0)- and (0, 1)-vectors in T respectively, while [7] and [8] are the standard
seven-dimensional representation of Go and eight-dimensional spinor representation of Spin(7)
respectively. In passing we note that the complexified holonomy representation 7" is not isotypical
in the Kahler and Calabi—Yau cases and this is precisely the reason why these two cases differ
significantly from the rest.

In order to understand Weitzenbock formulas or parallel second-order differential operators
it is a good idea to start with parallel first-order differential operators, usually called
generalized gradients or Stein—Weiss operators. Their representation theoretic background
is the decomposition of tensor products T'® V of the holonomy representation 7' with an
arbitrary complex representation V. The general case immediately reduces to studying irreducible
representations V =V, of highest weight A. In this section we will see that the isotypical
components of T'® V) are always irreducible for a properly non-symmetric holonomy algebra g
and isomorphic to irreducible representations V). of highest weight A\ 4+ ¢ for some weight ¢
of the holonomy representation 7". Thus the decomposition of T'® V) is completely described
by the subset of relevant weights ¢.

DEFINITION 2.1 (Relevant weights). A weight ¢ of the holonomy representation 7" is said to be
relevant for an irreducible representation V) of highest weight A if the irreducible representation
Viie of highest weight A 4+ ¢ occurs in the tensor product T'® V). We will write ¢ C A for a
relevant weight ¢ for a given irreducible representation V.

LEMMA 2.2 (Characterization of relevant weights). Consider the holonomy representation T' of
an irreducible non-symmetric holonomy algebra g and an irreducible representation V) of highest
weight \. The decomposition of the tensor product T'® V) is multiplicity free in the sense that
all irreducible subspaces are pairwise non-isomorphic. The complete decomposition of T'® V) is
thus the sum
T Vy= @D Vase
eCA
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over all relevant weights €. A weight € # 0 is relevant if and only if A + ¢ is dominant. The zero
weight € = 0 only occurs for the holonomy algebras so,, with n odd and gs. In the so-case it is rele-
vant if A\ — Ay, is still dominant, where Ay, is the highest weight of the spinor representation of so,,.
In the gy-case it is relevant if A\ — A\t is still relevant, where Ar is the standard representation of go.

Proof. The proof is essentially an exercise in Weyl’s character formula (cf. [Feg76]). a

A particular consequence of Lemma 2.2 is that for sufficiently complicated representations V)
all weights € of the holonomy representation 1" are relevant. Indeed, we will see below that this
is the case if the entries of the highest weight vector A are large enough (we give explicit lower
bounds). With this motivation we will call a highest weight \ generic if X\ + ¢ is dominant for
all weights € of the holonomy representation T'. A simple consideration shows that A is generic
if and only if A — p is dominant, where p is the half sum of positive roots or equivalently the
sum of fundamental weights, unless we consider odd-dimensional generic holonomy g = s09,1
or g = go. In the latter holonomies the generic weights A must have A —p— Az or A—p—Ap
dominant respectively. In any case, the number of relevant weights for the representation V),

N(G, \) :=t{e| ¢ is relevant for A\} <dim T,

is bounded above by dim T with equality if and only if A is generic. In particular, there are at
most dim 7" summands in the decomposition of T'® V), into irreducibles, with exactly one copy
of V4. for every relevant weight e.

On the other hand, the number N (G, A) of irreducible summands in the decomposition of ' ®
V) agrees with the dimension of the algebra Endg(T ® V)) of g-invariant endomorphisms of
T ® V), because all isotypical components are irreducible by Lemma 2.2. In the next section we
will study the identification Endg (7T ® V) = Homg (T ® T', End V)) extensively, which allows us
to break up Endg (7' ® V)) into interesting subspaces called Weitzenbéck classes, whose dimension
can be calculated in the following way.

LEMMA 2.3 (Dimension of Weitzenbock classes). Let us call the space W' := Hom¢ (R, W) Cc W
of elements of a G-representation W invariant under a fixed Cartan subalgebra t C g the zero
weight space of W. The dimension of the zero weight space provides an upper bound

dim Homg (W, End V) < dim W

for the dimension of the space Homg (W, End Vy) for an irreducible representation V). For
sufficiently dominant highest weights A (depending on the weights of W) this upper bound
is sharp.

The lemma follows again from the Weyl character formula, but it is also an elementary
consequence of Kostant’s Theorem 6.3 formulated below. We will mainly use Lemma 2.3 for
the subspaces W, occurring in the decomposition T'® T'= @ W, into irreducible summands.
In the case of the holonomy algebras so,, g5 and spin, we have the decomposition T'® T =
C @ Sym2T @ g @ g+ and the following dimensions of the zero weight spaces.

dim 7' | dim[C]* | dim[SymZT]* | dim[g]* | dim[g]*
1 n—1 n
50y, n 5 ) - (2.2)
e 7 1 3 2 1
sping | 8 1 3 3 1

Note, in particular, that the dimensions of the zero weight spaces sum up to dim 7.
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Although complete the decision criterion given in Lemma 2.2 is not particularly
straightforward in general. At the end of this section we want to give a graphic interpretation
of this decision criterion for all irreducible holonomy groups in order to simplify the task of
finding the relevant weights. For a fixed holonomy algebra g the information necessary in
this graphic algorithm is encoded in a single diagram featuring the weights of the holonomy
representation T and labeled boxes. A weight ¢ is relevant for an irreducible representation V)
if and only if the highest weight A = A\w1 + - - - + A\rw, of V), written as a linear combination
of fundamental weights wi, . . ., w,, satisfies all inequalities labeling the boxes containing . The
notation introduced for the weights of the holonomy representation 7' and the fundamental
weights will be used throughout this article.

To begin with let us consider even-dimensional Riemannian geometry with generic holonomy
g =502,, 7 > 2. In this case the holonomy representation 7' is the defining representation, with

the weights +e1, +eo, ..., £&,, such that €1, ..., e, forms an orthonormal basis for a suitable
scalar product (-, -) on the dual t* of the maximal torus. The ordering of weights can be chosen
in such a way that the fundamental weights w1, .. ., w, are given by

w1 = &1 :|:61 =+ w1

wy =€1+¢&2 +ey = :I:(w2 — wl)

Wr—2 =€1+ - +¢&r—2 te, 9 = £(wr2 —wp_3)

wpo1 = 3(e1 4+ e +e) Ee1 = (w1 +wp — wpoo)

w, = %(&?1 + e —&y) te, = Et(wro1 — wr).

Every dominant integral weight of so0o, can be written as A = A\jwy + - - - + A\yw, with natural

numbers A1, ..., A, > 0 and the criterion of Lemma 2.2 is then as follows.
A >1
+e1 —€1 Ao >1
+&9 —E9
>\r72 >1
+ez | el
' —&r—2 Ar 21
+er—1 —&r—1 —E&p )\7"71 21
+er

A weight € of the holonomy representation T' of s04, is relevant for the irreducible representation
V) if and only if X satisfies all the conditions labeling the boxes containing €. Say the weights
—e1 and +eo are relevant for all irreducible representations V) with A\; > 1, whereas —e,_q1 is
relevant for V), if and only if A,_1 > 1 and A\, > 1.

Odd-dimensional Riemannian geometry g = s09,+1, > 1, with generic holonomy is of course
closely related to g = s09,. The weights of the holonomy representation T are +e1, £e9, ..., e,
and the zero weight. Again €1, ..., ¢, form an orthonormal basis for a suitable scalar product
(-,-) on the dual t* of the maximal torus. With a suitable choice of ordering of weights the
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fundamental weights wq, ..., w, and the weights of T relate via
(0%} = &1 :i:{:‘l =+ w1
Wy = €1+ &9 +ey = Zl:((.UQ — wl)
Wr_1 = €1+ + &1 +e,9 = H(wp—1 — wr_2)
Wr = %(51 +rF e+ 57“) te, = i(2w7" - w’"_l)'
Writing a dominant integral weight A = Ajw; + - - - + Ayw; as a linear combination of fundamental
weights with integers A1, ..., A > 0 the criterion of Lemma 2.2 is then as follows.
A >1
+e1 —€1 Ao >1
+ée2 —&2
)\er >1
+es | el
—&r—2 Are1 21
+E7‘—1 _ET‘—l )\fr‘ 2 1
+ep —&r A =2
0

Turning from the Riemannian case to the Kahler case g=u,, we have the weights
+e1,...,+e, of the defining standard representation T = F @ F and we observe that the
weights €1, ...,&, form an orthonormal basis for an invariant scalar product on the dual t*
of a maximal torus t C u,, but they become linearly dependent when projected to the dual of a
maximal torus of the ideal su,, C u,. In any case, the fundamental weights and the weights of T’
relate as

w1 = €1 :|:€1 ==+ w1
Wwo = €1 + €9 +ey = i(u)g — wl)

wp=€1+ - +¢ey, te, = £(wn —wn-1)
and the criterion of Lemma 2.2 is then as follows.

A >1
+e1 —£1 Ay >1
+e9 —E&2
>\n—2 >1
+es | e
—En_2 A—1 =1
+eEn—1 —&n—1
+e, —&n

The quaternionic Kéahler case is more complicated, because the condition of being relevant
has to be checked for both ideals sp(1) and sp(n) of g. For a single ideal, however, the condition
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becomes simple again. We denote by =£eq, ..., *e, the weights of E and fix a suitable scalar
product (-, -) on the dual t* of a maximal torus t C sp(r) for r =1 or r =n, such that €1, ..., ¢,
forms an orthonormal basis of t*. The weights ¢; relate to the fundamental weights w; by
the formulas

W], = &1 +e 1 = + w1

Wy = €1+ €9 +e9 = j:(wg — w1)

wp =61+ +¢, te, = £(wr —wr—1).

The graphical interpretation of Lemma 2.2 in the case g = sp(n) is given by the following diagram.

A >1
+e1 —£&1 Ao >1
+e9 —€9
)\r72 >1
+€3 R
e —&r—2 Arc1 21
+er—1 —&r—1 )\r 21
+er —&r

Finally, we consider the two exceptional cases g, and spin .. Recall that the group Gg is the
group of automorphisms of the octonions @ as an algebra over R. In this sense the holonomy
representation Tg is the defining representation Im O of g, with complexification 7' = [7]. There
are too many weights of the holonomy representation to be orthonormal for any scalar product
on the dual t* of a fixed maximal torus t C g5, but at least we can choose an ordering of weights
for t* so that the weights of 7' become totally ordered 41 > +e9 > +e3 >0 > —g3 > —e9 > —¢71.
In this notation we have

w1 = €1 :i:z’:‘l = iwl
Wo = €1 + &2 +ey = :i:((,UQ —wl)
+e3 = ¢(w2 — 2(4}1).

The scalar product of choice on t* is specified by (g1, 1) =1 = (g2, £2) and (e1, €2) = 1. Writing
a dominant integral weight as A = awj 4 bwo, a, b > 0, we read Lemma 2.2 as follows.

a>1
+£1 —£1 b>1
+&9 —&9
0 +e3

a>2 —E3

The holonomy representation of the holonomy algebra g=spin; is the eight-dimensional
spinor representation 7' = [8]. It is convenient to write the weights +eq,...,+e4 of T and
the fundamental weights wi, wy and ws in terms of the weights +n1, £n92, £13, 0 of the seven-
dimensional defining representation of spin ., which form an orthonormal basis for a suitable
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scalar product on the dual t* of the maximal torus. With this proviso the weights £e1, ..., +e4
of T" and the fundamental weights w1, ws and w3 can be written as

w1 =m ter = +5(m +m+1m3) = Lws

wo =11 + 12 tey = £3(m +m2 —n3) = £(ws — w3)

w3 =3(m+n+n3) Eeg=Fi(m —m+mn3) = £(ws — wo +wi)
ey = £3(m — 2 — m3) = £(w1 — w3),

and Lemma 2.2 for a dominant integral weight A = aw; + bws + cws translates into the following

diagram.
c>1
+e1 —£1 b>1
+e2 —&9
a>1 —&4 —€3 +e3
+eq

3. The space 28(V') of Weitzenbdck formulas

In this section we will introduce generalized gradients, Weitzenbock formulas and the space of
Weitzenbock formulas with its different realizations. Then we will define the conformal weight
operator, which in many cases generates all possible Weitzenbock formulas. Finally, we define
the classifying endomorphism and study the corresponding eigenspace decomposition.

3.1 Weitzenbock formulas

We consider parallel second-order differential operators P on sections of a vector bundle VM over
a Riemannian manifold M with holonomy group G C SO(n). By definition, these are differential
operators, which up to first-order differential operators can always be written as the composition

T(VM) Yo D(T* M T*M © VM) o T(TM © TM © VM) -2 T(V M)

where F' is a parallel section of the vector bundle Hom(TM ® TM ® VM,V M) corresponding
to a G-equivariant homomorphism F' € Homg (T @ T ® V, V). A particularly important example
is the connection Laplacian V*V which arises from the linear map a ® b ® ) — —(a, b)1p. Note
that we are only considering reduced holonomy groups G, which are connected by definition,
so that G-equivariance is equivalent to g-equivariance. Taking advantage of this fact we describe
other parallel differential operators by means of the following identifications of spaces of invariant
homomorphisms:

Homg(T®@T®V,V)=Homg(T ®T,End V) =Endg(T ® V).

Of course, the identification Homg(T' ® T'® V, V) = Homg(T' ® T, End V') is the usual tensor
shuffling F(a® b® v) = F,gpv for all a,b€ T and v € V. The second important identification
Homg(T® T ®@V,V)=Endg(T ® V) depends on the existence of a g-invariant scalar product
on T or the musical isomorphism T = T™ via a summation

Fhov)=) t,@Ft,@bov) Fla®bdv)=/(a, )2@id)F(b®v)
o
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over an orthonormal basis {t,}. Under this identification the identity of 7"® V' becomes the
homomorphism a ® b ® 1) — (a, b)1p corresponding to the connection Laplacian —V*V.
The composition of endomorphisms turns Endg (7" ® V') and thus Homg (T ® 7', End V') into an
algebra; for F, F € Homg (7T ® T, End V') the resulting algebra structure reads

(F o F)agy = Z Fagt, © Fi, b (3.3)
I

Last but not least we note that the invariance condition for F' € Homg(T' ® T, End V) is
equivalent to the identity [X, Fuep] = Fixagb + Fagxp for all X € g and a,be T.

Assuming that V' = V), is irreducible of highest weight A\ we know from Lemma 2.2 that the
isotypical components of T' ® V), are irreducible for non-symmetric holonomy groups. The algebra
Endg (T ® V) is thus commutative and spanned by the pairwise orthogonal idempotents pr,
projecting onto the irreducible subspaces Vi1, of T'® V). In order to describe the corresponding
second-order differential operators we introduce first-order differential operators 7. known as
Stein—Weiss operators or generalized gradients by

T.: T(V\M) — T (Vage M), o +— pr (Vo).

A typical example of a Stein—Weiss operator is the twistor operator of spin geometry, which
projects the covariant derivative of a spinor onto the kernel of the Clifford multiplication.
Straightforward calculations show that the second-order differential operator associated to the
idempotent pr, is the composition of T, with its formal adjoint operator T : T'(Vy; M) —
L(VAM), ie. pro(V?) = —T*T.; cf. [Sem06]. In consequence, we can write the second-order

differential operator F(V?) associated to F' € Homg (T ® T, V) as a linear combination of the
squares of Stein—Weiss operators:

F(V*) ==Y [TIT. (3.4)

In fact, with Endg (7" ® V) = Homg (T ® T, End V)) being spanned by the idempotents pr,, every
F € Endg(T ® V)) expands as ' =) _ f. pr, with coefficients f. determined by F|y, = f-id. A
particular instance of (3.4) is the identity V*V =" _T>T, associated to the expansion idrgy, =
> pr.. Motivated by this and other well-known identities of second-order differential operators
of the form (3.4), we will in general call all elements F' € Homg(T ® T ® V, V) =Endg(T ® V)
Weitzenbock formulas.

DEFINITION 3.1 (Space of Weitzenbock formulas on VM). The Weitzenbock formulas on a
vector bundle VM correspond bijectively to vectors in

W(V):=Homg(T®T ®V,V)=Homg(T ®T,End V) =Endg(T ® V).

Of course, we are mainly interested in Weitzenbtck formulas inducing differential operators
of zeroth order or equivalently ‘pure curvature terms’. Clearly a Weitzenbock formula given by
an invariant homomorphism F' € Homg (T @ T'® V, V) skew-symmetric in its two T-arguments
will induce a pure curvature term F(V?), because we can then reshuffle the summation in the
calculation:

1 1
F(V20) = 5 Y Flty@t, @ (Vi — Vi, )v)= 5 > Fiet Ry, p,v. (3.5)
g g

Here and in the following we will denote by {¢,} an orthonormal basis of 7' and also a local
orthonormal basis of the tangent bundle. Conversely the principal symbol of the differential
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operator F(V?) is easily computed to be opv2)(§)v = Fergevv for every cotangent vector § and
every v € V.M. Hence the principal symbol vanishes identically exactly for the skew-symmetric
Weitzenbock formulas. Weitzenbock formulas F leading to a pure curvature term F(V?) are thus
completely characterized by being eigenvectors of eigenvalue —1 for the involution

7: WV)—W(V), F+——71(F)

defined in the interpretation 20(V)=Homy(T ® T'® V, V) as precomposition with the twist
T: TRTRV —-TRTRV,a®b®v+——b® a® v, which reads in the description 20(V) =
Homg (T ® T, End V) as 7(F)qgb = Figq- In other words, a Weitzenbock formula F' will reduce
to a pure curvature term if and only if 7(F):=F or = —F.

Considering the space of Weitzenbock formulas 20(V') as the algebra Endg (7' ® V') we can
introduce additional structures on it: the unit 1 :=idpgy € 20(V), the scalar product

(F, F):= trrey (FF) F,Fe(V)

1
dim V'
satisfying (FG, F) = (F, GF) and the trace tr F := (F, 1). Clearly the trace of the unit is given
by tr 1 =dim 7. The definition of the trace can be rewritten in the form

1
dim vV tI‘V (U — Z Ft#®tuv>

m

tr F'=

so that the trace is invariant under the twist 7. A slightly more complicated argument using (3.3)
shows that the scalar product is invariant under the twist, too. In particular, the eigenspaces
for 7 for the eigenvalues +1 are orthogonal and all eigenvectors in the (—1)-eigenspace of 7
have vanishing trace. From the definition of the trace we obtain that the trace of an element
F =5 f.pr. of 20(V)) in the irreducible case is given by

dim V;
wF=Y oA (3.6)

A different way to interpret the trace is to note that for every Weitzenbock formula F' € 20(V)
considered as an equivariant homomorphism F': T ® T'— EndV the trace endomorphism
> u Fruot, € EndgV s invariant under the action of g. For an irreducible representation V) it is
thus by Schur’s lemma a multiple of the identity idy, and the definition above can be rewritten
as Z# Ftu®tu = (tl” F) idVA-

3.2 The conformal weight operator

In order to study the fine structure of the algebra 20(V) = Endg (T ® V') of Weitzenbock formulas
it is convenient to introduce the conformal weight operator B € 20(V') of the holonomy algebra g
and its variations B? € 20(V) associated to the non-trivial ideals b C g of g. All these conformal
weight operators commute and the commutative subalgebra of 20(V') generated by them in the
irreducible case V =V, is actually all of 20(V') for generic highest weight A. In this subsection
we work out some direct consequences of the description of Weitzenbock formulas as polynomials
in the conformal weight operators.
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Recall that the scalar product (-,-) on T induces a scalar product on all exterior powers
AFT of T via Gram’s determinant. Using this scalar product on A2T we can identify the adjoint
representation so 7' of SO(n) with A?T through (X, a Ab) = (Xa,b) and hence think of the
holonomy algebra g C so T as a subspace of the euclidean vector space A%T.

DEFINITION 3.2 (Conformal weight operator). Consider an ideal hy C gg in the real holonomy
algebra. Its complexification b :=hg ®g C is an ideal in g and a regular subspace h C g C AT
in A?T with associated orthogonal projection pry : A%2T — B. The conformal weight operator
BY € 23(V) is defined by

By
in the interpretation of Weitzenbock formulas as linear maps T ® T — End V. Under the
identification Homg (T ® T, End V) = Endg(T ® V) the conformal weight operator BY becomes
the following sum over an orthonormal basis {t,} of T

BY(b®@wv) = t,®pry(ty Abv.
7

pV = Dry(a Ab)v

The notation B := B? will be used for the conformal weight operator of the algebra g.

Most of the irreducible non-symmetric holonomy algebras g are simple and hence there is
only one ideal h =g and only one weight operator B = B® (cf. Table (2.1)). The exceptions
are the Kahler geometry grp =:iR & su,, with a one-dimensional center in dimension 2n and
two commuting weight operators B® and B®, and the quaternionic Kihler geometry ggp =
sp(1) @ sp(n) in dimension 4n, n > 2 with two commuting weight operators B and BF.

LEMMA 3.3 (Fegan’s lemma [Feg76]). The conformal weight operator BY € 20(V) of an ideal
h C g C A’T can be written as

BY=-)"X,® X, €Endg(T®V)

where {X,} is an orthonormal basis of b for the scalar product on A*T induced from T.

Proof. Let {t,} and {X,} be orthonormal bases of T and bh respectively. Using the
characterization (X, a A b) = (Xa, b) of the identification so T' = A>T we find that

BY(b@w) = Zt# ® pry (tu A b)v
o
=3 1, ® (Xa, ty AD)Xqv ==Y Xob® Xqv. O
po «
A particularly nice consequence of Fegan’s lemma is that the conformal weight operators BY
and BY associated to two ideals b, h C g always commute. In fact, two disjoint ideals h N = {0}

of g commute by definition and the general case follows easily. Hence the algebra structure on
20(V') allows us to use the evaluation homomorphism

®: C[{B" | b irreducible ideal of g}] — 25(V) (3.7)

from the polynomial algebra on abstract symbols {B"} to the algebra Endg (T ® V) for studying
the fine structure of the space 20(V') of Weitzenbock formulas.

In order to turn Fegan’s lemma into an effective formula for the eigenvalues of the conformal
weight operator BY of an ideal h Cg we need to calculate the Casimir operator in the
normalization given by the scalar product on A?T". Recall that the Casimir operator is an element
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in the center of the universal enveloping algebra Uh of h (for more details cf. §6). It is defined as
the sum Cas:= Y, X2 € Uh over an orthonormal basis {X,} of h and is thus determined only
up to a constant, depending on the chosen scalar product. Usually it is much more convenient
to calculate the Ca81m1r Cas with respect to a scalar product of choice and later normalize it to
the Casimir Cas®” defined with vectors X, orthonormal for the invariant scalar product induced
from A?T.

For a given irreducible ideal h C g in an irreducible holonomy algebra g the Casimir operator
Cas for b is real, symmetric and g-invariant. Although the holonomy representation T' of g may
not be irreducible itself, it is the complexification of the irreducible real representation Tr so that
we can still conclude that Cas acts as the scalar multiple ¢ idr of the identity on T". The Casimir
eigenvalue cV of the Casimir operator Cas™ acting on a general irreducible representation V)
of g of highest weight A can then be calculated from the Casimir eigenvalues cy, and cr of any
other Casimir Cas using the normalization formula

a2 _ o dimb cyy
CVA = —

dim T cr ' (38)

Here the ambiguity in the choice of the normalization cancels out in the quotient (cy, /cr). In
fact, the normalization (3.8) is readily checked for the holonomy representation V =T,

trp Cas® =dim T - c%2 = Z trp Xg = —2dim b,
since the scalar product induced from T' on AT satisfies (X,Y) = 1 trp XY (cf. [Sem06]). O

COROLLARY 3.4 (Explicit formula for conformal weights). Consider the tensor product T ®
i\ = @EC \» Va4e of the holonomy representation T' with the irreducible representation Vy of
highest weight \. For an ideal i C g let epax be the highest weight of T and p be the half sum
of positive weights of i in the dual t* of a maximal torus t. With respect to the basis {pr.} of
idempotents the conformal weight operator BY of the ideal h can be expanded BY = Y oeca bY pr.
with conformal weights

ph —9 dim b (A + p, €) = {p, Emax) + %(l5|2 — lemax|?)
c dim T (Emax + 2P, €max)

where (-, -) is an arbitrary scalar product on t* invariant under the Weyl group of b.

Proof. According to Lemma 3.3 the conformal weight operator can be written as a
difference BY = —f(Cas — Cas™ ®id — id ®Cas? ) of properly normalized Casimir operators.
In particular, its restriction to the irreducible summand Viie CT ® V) acts by multiplication
with the B-eigenvalue Y = (cﬁjﬁ — C%Q — cV ) The B-eigenvalues or conformal weights bY
can thus be calculated using Freudenthal’s formula cy, = (A + 2p, A) for the Casimir eigenvalues

of irreducible representations V) and the normalization (3.8). O

It is clear from the definition that the conformal weight operator BY € 23(V) of an ideal
h C g of the holonomy algebra g is in the (—1)-eigenspace of the involution 7 and thus induces a
pure curvature term BY(V?) on every vector bundle V M associated to the holonomy reduction
of M. Explicitly we can describe this curvature term using an orthonormal basis {X,} of the
ideal b for the scalar product induced on h C A?T. Namely the curvature operator

R:AN*TM — gM C A*°TM,a Ab+— Ry,
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associated to the Riemannian curvature tensor R of M allows us to write down a well-defined
global section

¢"(R):=> XoR(X,) e T(US’gM) (3.9)

of the universal enveloping algebra bundle associated to the holonomy reduction. Fixing a
representation G — Aut(V) of the holonomy group the section ¢”(R) in turn induces an
endomorphism on the vector bundle V M associated to V and the holonomy reduction.

A particularly important and well-known example of a Weitzenbock formula is the classical
formula of Weitzenbock for the Laplace operator A = d*d + dd* acting on differential forms, i.e.

A =V*V +¢(R). (3.10)

The curvature term in this formula is precisely the curvature endomorphism for the full holonomy
algebra g, in particular ¢(R) = Ric on the bundle of 1-forms on M. We recall that the curvature
term in the Weitzenbock formula (3.10) is known to be the Casimir operator of the holonomy
algebra g on a symmetric space M = G /G; more precisely, for every ideal h C g the curvature
term ¢ (R) acts as the Casimir operator of the ideal b on every homogeneous vector bundle V M
over a symmetric space M (cf. [SW02]).

It is now easy to check that the curvature endomorphism ¢(R)? is indeed the curvature term
defined by the conformal weight operator BY.
LeEMMA 3.5. BY(V?) =¢"(R).

Proof. Expanding the second covariant derivative V2 =" t, ®t, ® V%H’tyzﬁ of the section
with an orthonormal basis {t,,} of T" and using the same resummation as in the derivation of (3.5),
we find for an orthonormal basis {X,} of the ideal b,

1
BY (V%) = B Z pry (t, A tu)Rz‘sﬁ,tﬂ/’
n

1
=5 D (tu Ay, Xa) XaRE (0 =" (R). =

apy

On the other hand, Corollary 3.4 tells us how to write the conformal weight operator BY in
terms of the basis {pr.} of projections onto the irreducible summands V). C T'® V). Using the
identification of BY(V?) with the universal curvature terms ¢"(R) proved above we obtain
the first general examples of Weitzenbock formulas.

PROPOSITION 3.6 (Universal Weitzenbock formula). Consider a Riemannian manifold M of
dimension n with holonomy group G C SO(n) and the vector bundle V\M over M associated to
the holonomy reduction of M and the irreducible representation Vy of G of highest weight \. In
terms of the Stein—Weiss operators

T. : T(ViM) — T(Vaie M)

arising from the decomposition T'® V) = @, Va4« the action of the curvature endomorphisms
qh(R) can be written as

qh (R) = _Zb?T:Tev
eCA

where the b2 are the eigenvalues of the conformal weight operator BY € Endg(T ® Vj).
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As a direct consequence of Proposition 3.6 and the classical Weitzenbock formula (3.10) for
the Laplace operator A = dd* + d*d on the bundle of differential forms we obtain

A= (1-b)T/T,.
eCA

In the case of the Riemannian holonomy group G = SO(n) the universal Weitzenbock formula
stated in Proposition 3.6 was considered in [Gau91] for the first time. The definition of the
conformal weight operator and its expression in terms of the Casimir is taken from the same
article. The conformal weight operator B has been used for other purposes as well, see for
example [CGHOO0]. Similar results can be found in [HomO04].

Considering B as an element of the algebra 20(V), all powers of B are g-invariant
endomorphisms. In the interpretation 20(V') = Homy (T ® T, End V') these powers read

k
Ba®b = Z Prg (a N t#l )prg (tul N tm) © 0 PIg (t.uk—Q A tukﬂ)prg (tﬂk—l N b)' (3-11)
M1y —1

Recall now that in the irreducible case the trace endomorphism ) F} ¢, = (tr F)) idy, of an
element F € 25(Vy) is a multiple of the identity of V. Evidently the traces of the powers B¥
of B correspond to the action of the elements

Casl"l := Z Prg(tug Aty )Prg(buy Atpg) -+ Prg (o Aty )Prg by Atyg)  (3.12)
KOs sk —1
of the universal enveloping algebra /g on V. The elements Casl k> 2, all belong to the center ogf
the universal enveloping algebra /g and are called higher Casimirs since Casl? = —2Cas?
(cf. [CGHO0]). A straightforward calculation shows that
dim V,
k ky « k A+ .
Casl*l = tr(B*) idy, = <; bgdimvj> idy,, (3.13)

for an irreducible representation V = V), where we use equation (3.6) for computing the trace
of B¥ =3 bk pr.. Note that using the Weyl dimension formula (3.13) enables us to explicitly
calculate the action of the higher Casimirs. For the algebras g, and spin, all eigenvalues of the
higher Casimirs Cas!® are given in Appendix A.

As an example we consider the equation Casl® = —%CfCaSAQ, which follows from the
recursion formula of Corollary 4.2 or by direct calculation. Indeed, B? — %CQQB is an eigenvector
of the involution 7 for the eigenvalue +1. Thus it is orthogonal to the eigenvector B for the
eigenvalue —1 and so

0= (B*— ich, B) =tr(B%) — ic/j tr(B?) = tr(B?) + %ngCaSAQ.
From a slightly more general point of view the evaluation at the conformal weight operator
defines an algebra homomorphism @ : C[B] — End4(7 ® V'), whose kernel is generated by
the minimal polynomial of B as an endomorphism on T'® V. With B being diagonalizable
its minimal polynomial is the product min(B) = [],cg, (B —b) over all different conformal
weights. In consequence, the injective algebra homomorphism

¢ : C[B]/(min(B)) — Endg(T ® V)

is an isomorphism as soon as all conformal weights are pairwise different. Indeed, the dimension
of Endg (T ® V) is the number N(G, A) of relevant weights or the number of conformal weights
counted with multiplicity, while the number of different conformal weights determines the degree
of min(B) and so the dimension of C[B]/(min(B)).
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In §4.2 we compute the B-eigenvalues in the cases g = s0,,, g, and spin,. It follows that they
are pairwise different unless the highest weight A belongs to one of the following two exceptional
families. The first for g = s09, and a representation of highest weight A = Ajw;1 + - - - + \yw,, with
Ar = Ar—1, which is equivalent to b., =b_.,.. The second for g=spin, and a representation
with highest weight A = aw; + bwa + cws with ¢ =2a + 1, which is equivalent to b_., =b,,. In
these cases the degree of the minimal polynomial is reduced by one and hence the image of ®
has codimension one. Thus, we have proved the following.

PROPOSITION 3.7 (Structure of the algebra of Weitzenbock formulas). Let G be one of the
holonomy groups SO,,, Go or Spin(7) of non-symmetric manifolds. If V) is irreducible, then ®
is an isomorphism

®: C[B]/(min(B)) — End4(T @ V),
with the only exception being the cases G = SQOs,. and a highest weight X with A\._1 = A,

or G =Spin(7) and a highest weight A = aw; + bwa + cws with ¢=2a + 1. In both cases the
homomorphism ® is not surjective and its image has codimension one.

3.3 The classifying endomorphism

The decomposition of the space 20(V) = Homg (T ® T, End V') of Weitzenbdck formulas into the
(£1)-eigenspaces of the involution 7 can be written as

Homg(T ® T, End V) = Homg (A?T, End V) @ Homg (Sym?T, End V).

However, in general we have a further splitting of T'® T leading to a further decomposition of the
T-eigenspaces. The aim of the present subsection is to introduce an endomorphism K on 25(V')
whose eigenspaces correspond to this finer decomposition.

DEFINITION 3.8 (The classifying endomorphism). The classifying endomorphism K" of an ideal
br C gg of the real holonomy algebra gg is the endomorphism KY :95(V) — 23(V) on the
space of Weitzenbock formulas defined in the interpretation 20(V) = Homg (7T ® T, End V) by
the formula
Kh(F)O@bv = — Z FXaa®XabU
(03

where {X,} is an orthonormal basis for the scalar product induced on the ideal h C A?T. As
before we denote the classifying endomorphism of the ideal g simply by K := K9.

Note that for every g-equivariant map F: T® T — End V the map K"(F):T®T —
End V is again g-equivariant, because we sum over an orthonormal basis { X, } of the ideal h C g
for a g-invariant scalar product. In the interpretation 23(V) = Endg (T ® V) the definition of K
reads

EYF)(b@v) == 1, ® Fx,,0X.00 = ) Xaty ® Fi,ex,v
po po
or more succinctly
KY%F) =) (Xo ®id)F(Xq ®id). (3.14)

«

In consequence, the classifying endomorphisms K% and K9 for two ideals b, 6 C g commute
on the space (V) of Weitzenbock formulas similar to the conformal weight operators. The
classifying endomorphisms can also be used to find an explicit form of the matrix corresponding
to the twist 7: 20(V) — 20(V) in the basis of (V') given by the orthogonal idempotents pr,.
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In all cases considered below, i.e. for the holonomies so,, g5 and spin,, we have only one ideal
and thus only one classifying endomorphism K = K¥9.

LEMMA 3.9 (Eigenvalues of the classifying endomorphism). Consider the decomposition of the
tensor product T ® T' = @, W, into irreducible summands. The classifying endomorphisms K b
are diagonalizable on Homg(T ® T, End V') with eigenspaces Homg(W,, End V') C Homg(T ®
T,End V) and with eigenvalues

_ 1.2 A?
K'/Wa = §CWD¢ — CT .

In particular, the classifying endomorphisms K9 act as KY(F)=3"_ kw, F|w, on the space of
Weitzenbock formulas 20(V') = Homg (T ® T, End V).

Proof. For a given ideal h it follows immediately from the definition of K that it acts by
precomposition with the map —» " X, ® X, in the interpretation 20(V') = Homy (T ® T, End V')
of the space of Weitzenbock formulas. The argument used in the proof of Corollary 3.4 shows that
KPY is actually a difference of Casimir operators leading to the stated formula for its eigenspaces
and eigenvalues. O

In the case of the holonomies s0,, g and spin; we have T® T = C & Sym3T & g @ g- and
using Lemma 3.9 we find the following K-eigenvalues.

KC Kgym2T | Fg | gt

so, |—(n—1) 1 -1] — \ 15
g —4 2 0 | —2 (3.15)
2 3

wine| <% | 3 |-| 4

Note that all these K-eigenvalues are different and consequently the twist 7 is a polynomial in
the classifying endomorphism K, for example for g = so(n) we find

K9(F) = r(F) — tr(F)1.

Moreover, a given invariant homomorphism F' € Homg (7' ® T, End V') is an eigenvector of K if
and only if F' is different from zero on precisely one summand W, CT ® T, i.e. 1 and B are
clearly K-eigenvectors.

LEMMA 3.10 (Properties of the classifying endomorphism). The classifying endomorphism K :
W(V) — W(V) is a symmetric endomorphism commuting with the twist map 7 on the space
(V) of Weitzenbéck formulas equipped with the scalar product (F, F) := (1/dim V) trpgy FF.
The special endomorphisms 1 and B for the same ideal ) C g are K-eigenvectors:

2 2 2
K(1)=cp 1 K(B)=(c} — 3cpy )B.
Proof. The symmetry of K is a trivial consequence of (3.14) in the form

1

<K(F)’F>:dimv

> trrgy (X, ®@1d)F(X, ®id)F)

and the cyclic invariance of the trace, moreover K commutes with 7 by definition. Coming to the
explicit determination of K (1) and K (B) we observe that the unit of Endg(7T" ® V') becomes
the equivariant map 1(a ® b) = (a, b) idy in Homg(T' ® T', End V') and so

(K1) (a®b)=—> (X,a, X,b)idy = (a, X2b) idy =} 1(a @ b).

v v
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The conformal weight operator B considered as an element of Homg (7T ® T, End V') lives by
definition in the eigenspace Homg(g, End V') for the eigenvalue —%632 + C%Q of K, where cf is
the Casimir eigenvalue of the adjoint representation. O

On a manifold with holonomy algebra g C s0,, = A?T, the Riemannian curvature tensor, takes
values in g, i.e. it can be considered as an element of Sym?g. This fact has the following important
consequence.

PROPOSITION 3.11 (Bochner identities). Suppose F € 23(V) is an invariant homomorphism
T ® T — End V, which factors through the projection onto the orthogonal complement g C
A2T Cc T ®T of the holonomy algebra g C A®T. Then the curvature expression F(V?) vanishes
for any curvature tensor R.

Note that by Schur’s lemma an invariant homomorphism F': T'® T' — End V' which factors
through g+ C A2T is different from zero only on the summand g+ of T ® T and thus automatically
satisfies 7F = —F, i.e. defines a pure curvature Weitzenbock formula. We will call such a
Weitzenbock formula a Bochner identity.

Writing the corresponding invariant homomorphism F' in terms of the basis {pr.} as a linear
combination F' =" f. pr, we get the following explicit form of the Bochner identity:

> fTIT. =o0.
€

The Bochner identities of Gg- and Spin(7)-holonomies correspond to eigenvectors of the
classifying endomorphism K for the eigenvalues —2 and —% respectively. Since the zero weight
space of g* is in both cases one-dimensional, it follows from Lemma 2.3 that

dim Homg(g*, End V3) < 1, (3.16)

i.e. there is at most one Bochner identity. Moreover, the K-eigenvector 1 € Endg (7T ® V)) spans
the K-eigenspace Homgy(C, End V) = C. Finally, we note that because the zero weight space of g
itself is the fixed Cartan subalgebra t C g, an application of Lemma 2.3 results in the estimates

dim Homg, (g5, End V) <2,  dim Homgpin . (spin 7, End Vy) < 3.

4. The recursion procedure for SO(n), G2 and Spin(7)

The definitions of the conformal weight operator B and the classifying endomorphism K given
in the previous section are very similar. With this similarity it should not come as a surprise
that the actions of B and K on the space 20(V') of Weitzenbock formulas obey a simple relation,
which is the corner stone of the treatment of Weitzenbock formulas proposed in this article. In
the present section we first prove this relation and then use it to construct recursively a basis of
K-eigenvectors of 20(V)) for the holonomy groups SO(n), G2 and Spin(7).

4.1 The basic recursion procedure

Recall that the twist 7 is defined in the interpretation 20(V)=Homg(T ® T @ V,V) of
the space of Weitzenbock formulas as linear maps T'® T ® V. — V' by precomposition with the
endomorphism 7: a ®b®v+——b®a®v. Generalizing this precomposition we observe that
20(V) is a right module over the algebra Endg (7' ® T'® V') containing 7. Interestingly, both the
classifying endomorphism K and the (right) multiplication by the conformal weight operator B
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are induced by precomposition with elements in Endg (7' ® T'® V'), too: K is the precomposition
with the g-invariant endomorphism

K: TTQV—TTV, a®b®v|—>—ZXl,a®Xl,b®v

v

while (right) multiplication by B is precomposition with the g-invariant endomorphism

B: T@ToV—TeTeYV, a®b®v»—>—2a®Xyb®va

v

by Fegan’s Lemma 3.3. From this description of the action of the classifying endomorphism K
and right multiplication of B on 20(V') we immediately conclude on 7'® T' ® V) that

K+ B+ 7Bt = —%(CasA2 - 20%2 - c{}j)

However, since Cas? acts as multiplication with C%Q on the T-factors and as multiplication with

c{}j on the V)-factor, we obtain the following basic recursion formula.

THEOREM 4.1 (Recursion formula). Let V) be an irreducible representation of the holonomy
algebra g. Then the action of K, B and 7 on 20(V)) = Homy (T ® T ® V), V) by precomposition
satisfies

dim b

dim T~

K+B+71Br=c) =-2

We will now explain how this theorem yields a recursion formula for K-eigenvectors. In
fact, given an eigenvector F' € 23(V) for the twist 7 and the classifying endomorphism K with
eigenvalues t and k, i.e. TF =tF and KF = kF, the recursion formula allows us to produce a
new T-eigenvector Fye with eigenvalue —t. This simple prescription suffices to obtain a complete
eigenbasis for 20(V') of 7- and actually K-eigenvectors in the generic case g = s0,, and, with some
modifications, also for the exceptional holonomies g = gy and g = spin ;. The quaternionic Ké&hler
case can be dealt with similarly, whereas for Kéhler manifolds an easier and more direct approach
is possible.

COROLLARY 4.2 (Basic recursion procedure). Let F €20(V) be an eigenvector for the
involution 7 and the classifying endomorphism K of an ideal h Cg, i.e. K(F)=kF and
7(F) ==+F. Then the new Weitzenbick formula

CAQ—F&
FneW::<B— T2 >oF

is again a T-eigenvector in (V') with 7(Fphew) = FFnew- In particular, we find that

Liew=B and Byew=B?— 1B,

Proof. We observe that the recursion formula in Theorem 4.1 in the form 7Bt = cé\f —-K-B
implies under the assumptions K (F') = xF and 7(F') = £ F that

+7(BF) = (¢}’ — k)F — BF

and consequently

CAQ—FJ CA2—I<J
ir(BF— T2 F>:—<BF— T2 F>

The formulas for 1,cw and Bpew are immediate consequences of Lemma 3.10. O
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Recall that a K-eigenvector is automatically a 7-eigenvector. In general, however, the
Weitzenbock formula Few € 20(V) does not need to be an eigenvector for K again and it is then
not possible to iterate the recursion. Nevertheless, we may avoid the termination of the recursion
procedure for most of the irreducible non-symmetric holonomy algebras by using appropriate
projections.

We note that any +1-eigenvector of 7 orthogonal to 1 is already a K-eigenvector in the
space Homg(Sym%T, End V). This is due to the fact that 1 spans the second summand
of the +1-eigenspace of 7. In particular, the orthogonal projection of Bpe, onto the
orthogonal complement of 1, i.e. the polynomial B? — icggB + (2/n)c‘A,j, is a K-eigenvector
in Homg (Sym3T, End V). More generally, we have the following corollary.

COROLLARY 4.3 (Orthogonal recursion procedure). Let po(B),...,pr(B) be a sequence of
polynomials obtained by applying the Gram—Schmidt orthonormalization procedure to the
powers 1, B, B2 ..., B* of the conformal weight operator B. If all these polynomials are
T-eigenvectors and py(B) is moreover a K-eigenvector, then the orthogonal projection pyy1(B)
of B! onto the orthogonal complement of the span of 1, B, . . ., B is a again a T-eigenvector.

Proof. By assumption span(1, . .., B¥) = span(po(B), . .., px(B)) is T-invariant. Moreover, since
pr(B) is a K-eigenvector the basic recursion procedure shows the existence of a polynomial
in B of degree k + 1, which is a 7-eigenvector, so that span(l, B, ..., B¥*1) is 7-invariant as
well. Clearly the orthogonal projection pgy1(B) of B¥*! onto the orthogonal complement of
span{l, B, ..., B*} is a polynomial in B of degree k + 1 with

span{l, B, B%, ..., Bk} @® Cppy1(B) =span{l, B, B, ..., Bk, Bk‘H}.

Now the involution 7 is symmetric with respect to the scalar product on Endg(T' ® V) and so
the orthogonal complement of a 7-invariant space is again 7-invariant. O

4.2 Computation of B-eigenvalues for SO(n), G2 and Spin(7)

In this subsection we will compute the B-eigenvalues for the holonomies SO(n), G2 and Spin(7)
by applying the explicit formula of Corollary 3.4. In particular, we will see that with only two
exceptions all B-eigenvalues of a given irreducible representation are pairwise different. This
information was relevant in the proof of Proposition 3.7.

The SO(n) case. Recall that in § 2 we fixed the notation for the fundamental weights wy, . . ., wy
and the weights +e1,...,+e, of the defining representation R™ of SO(n) with r:=|n/2].
Moreover, the scalar product (-, -) on the dual of a maximal torus was chosen so that the weights
€1,...,&r are an orthonormal basis. A highest weight can be written A = A\jw1 + -+ - + \w, =
piel + - - - + pre, with integral coefficients Ay, ..., A\, > 0 and coefficients u, . .., pr, which are
either all integral or all half-integral and decreasing. Independent of the parity of n the conformal
weights are

bye, =pr—k+1, b =—pp—n+k+1, bp=-r
according to Corollary 3.4, where the zero weight only appears for n odd. With only a few
exceptions the conformal weights are totally ordered and thus pairwise different. In the case n
odd the coefficients p1, . . ., pu, are decreasing in the sense p1 > po > - - - > pr > 0 so that we find
strict inequalities

boe, <b_gy <+ <b_g, <by<bye <---<bye

unless p, =0 or equivalently A\, =0. In the latter case b_., < by happens to be an equality.
However, Lemma 2.2 tells us that the zero weight is irrelevant for highest weights A with A\, = 0.
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Without loss of generality, we may thus assume all conformal weights to be different for n odd.
Similar considerations in the case of even n based on the inequalities 1 > po > -+ - = pr—1 = |1y |
satisfied by the coefficients u1, ..., u, of A lead to

boey <bogy <o  <bg ) <{bg, bpe, } <bpe,; <o <byey <biey

where nothing specific can be said about the relation between b_., and b4, dueto by, —b_.. =
2p,. This should not be too surprising as the outer automorphism of SO(n) with n even acts
on t* as a reflection along the hyperplane u, = 0.

The Go case. We write the highest weight as A = aw; 4+ bws with integers a,b >0 and use

the scalar product defined in §2 by setting (e1,e1) =1 = (g2, e2) and (g1, €2) = %, equivalently
(w1, wi) =1, (wa, ws) =3 and (w1, wy) = % According to Corollary 3.4 the B eigenvalue for the
zero weight is given by by = —2, and similarly

b:|:61 :_(g:F%)i(%a—i_b)v bi62:_(g:’:§)i(la+b)7 biagz_(ng%)i%a‘
Again all conformal weights or B-eigenvalues are pairwise different and totally ordered:

bog <b_gy <b_cy <byp <biey <bye, <bye.

The Spin(7) case. Using the fundamental weights wi,ws, ws and the scalar product (-, -)
introduced in §2 in terms of the weights +n, £12, =13 of the representation R we write the
highest weight A = aw; + bwy + cws with integers a, b, ¢ > 0 and compute

biey=—(§FDEGa+b+30), bre,=—(7F ] £ (Ga+b+ o)
biey=—(§F D+ (Ga+10), beey=—(§F 1) * (30— fo).

In this case we obtain the inequalities
bogy <b_gy <b_gy <{b_gy,bye,} <biey <bie, <bic,.

However, the difference by., —b_., =a — %c + % does not allow us to draw conclusions about
the relation between b_., and b4.,. In particular, for a highest weight A\ with ¢ =2a + 1 the two
conformal weights b_., = b4, agree.

4.3 Basic Weitzenbo6ck formulas for SO(n), G2 and Spin(7)

In this section we make the recursion procedure of Corollary 4.2 explicit for the holonomy groups
SO(n), G2 and Spin(7). Let us start with the generic Riemannian holonomy algebra g = so,,
with only a single non-trivial ideal f = g. According to (3.15) its classifying endomorphism K
has eigenvalues (1 —n),1 and —1 with eigenspaces C1, the orthogonal complement of 1 in
the T-eigenspace for the eigenvalue 1 and the 7-eigenspace for the eigenvalue —1 respectively.
The orthogonal projection of every 7-eigenvector to the orthogonal complement of 1 is thus a
K-eigenvector. Consequently, we can modify the recursion procedure such that it associates to
an eigenvector F' for 7 of eigenvalue —1 the K-eigenvector

n—2

1
Foew = (B + >F — Z(BF,1)1
n

for the eigenvalue 1, while a T-eigenvector F' for the eigenvalue +1 orthogonal to 1 is mapped to

the K-eigenvector
Frow = (B + Z) F
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for the eigenvalue —1. For an irreducible so,-representation V) we thus get a sequence of
polynomials po(B), p1(B), ... of K-eigenvectors in 20(V)). They are defined recursively by

po(B):=1,p1(B):=B and ppi1(B):= (p(B))new for k>1.

Evidently, the different pi(B) are polynomials of degree k in B and so the eigenvectors
po(B),...,pi—1(B) € W(Vy) with d:=degmin B are necessarily linearly independent.
According to Proposition 3.7 we always get a complete basis of T-eigenvectors with the exception
of the case g=s09,. and a representation V) with A._; = A.. Here we still have to add a
K-eigenvector Fgpi, spanning the orthogonal complement of the image of C[B] in 20(V}).

Note that the polynomials pori1(B),k=0,1,..., are in the —1l-eigenspace of 7. Hence
the corresponding Weitzenbock formulas give a pure curvature term. Let N be the number
of irreducible components of T' ® V); then there are | N/2] linearly independent equations of this
type. This result, which is clear from our construction, was proved for the first time in [BH02].
The first eigenvectors in this sequence are po(B) =1 and pi(B) = B as well as

—2 2
p(B) =82+ B+ gcl‘g, (4.17)

2 nn—2
p3(B) =B+ (n—1)B? + <nc{>j + (4>>B +f (4.18)

Essentially the same procedure can be used in the case g = g, to compute a complete K-eigenbasis
for the space 20(V)) for an irreducible gy-representation V). Again there is only one non-trivial
ideal h = g5 and hence only a single classifying endomorphism K. However, the T-eigenspace in
23(Vy) for the eigenvalue —1 decomposes into two K-eigenspaces. The recursion procedure gives
the K-eigenvectors

po(B)=1, pi(B)=B, p(B)=B>+2B+ 2. (4.19)

Using the recursion procedure again gives a polynomial of degree three in B. Projecting it onto
the orthogonal complement of B we obtain

p3(B)=B® + BB% 1 (I +4)B + 2. (4.20)

We will see in Theorem 6.6 that ps(B) is in fact a K-eigenvector for the eigenvalue —2, in other
words p3(B) € Homg, (g3, V) is a Bochner identity. Due to the estimate (3.16) any T-eigenvector
orthogonal to 1 and p3(B) is a K-eigenvector and so we may obtain a complete eigenbasis
po(B), ..., ps(B) in the Go case by applying the Gram—Schmidt orthogonalization to the powers
of B and using Corollary 4.3.

In order to make the generalized Bochner identity corresponding to the polynomial ps(B)
explicit we recall that its coefficients as a linear combination of the basis projections pr, are
the values of the polynomial ps at the corresponding B-eigenvalues b.. Substituting the explicit
formulas for b. and for c{}j (cf. Remark A.5) we obtain

Fiochner := 27p3(B) = +a(a + 3b + 3)(2a + 3b + 4)pr, .,
— (a+2)(a+3b+5)(2a + 3b+ 6)pr_,
— (a+2)(a+3b+3)(2a + 3b+ 4)pr, .,
+ a(a+3b+5)(2a +3b+6)pr_,,
—a(a+3b+5)(2a +3b+4)pr, .,
+ (a+2)(a +3b+ 3)(2a + 3b + 6)pr__,
+ 6(a? + 3b? + 3ab + 5a + 9b + 6)pry. (4.21)
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Eventually let us discuss the example of g = spin . Here the modified recursion procedure gives
the three K-eigenvectors

2
po(B)=1, pi(B)=B, p2(B)=DB*+35B+ icf, (4.22)
and a T-eigenvector for the eigenvalue —1, which is of third order as a polynomial in B. After
projecting it onto the orthogonal complement of B we obtain
11

1 ) 55 A2 3 A2
pg(B) = B3 + ?BQ + 20A2 <C£/>]\ + 2C‘I>/\>B =+ ZC‘/&A, (423)
Va

[4]

where Cy, 18 the eigenvalue of the higher Casimir Cas! on the irreducible representation V). Its
explicit value is given in Appendix A in Remark A.6.

However, different to the g, case this is no K-eigenvector. Indeed, in §6 we will see that the
space of polynomials in B of degree at most three is not invariant under K. Hence there cannot
be a further K-eigenvector expressible as a polynomial of order three in B. In general, the other
K-eigenvectors are polynomials of degree seven in B. They are too complicated to be written
down, but surprisingly the K-eigenvector for the eigenvalue —%, i.e. the Bochner identity, for a
representation of highest weight A = aw; + bws + cws has the following simple explicit expression:

Frochner = +¢(2b+ ¢+ 2)(2a + 2b + ¢+ 4)pr,
—(c+2)(2b+c+4)(2a+2b+c+6)pr_,
—(c+2)2b+c+2)(2a+2b+c+4)pr .,
+c(2b+c+4)(2a+2b+c+6)pr__,
—c(2b+c+4)(2a+2b+c+4)pr,.,

+ (¢+2)(2b+ ¢+ 2)(2a +2b+ ¢+ 6)pr_,

+ (¢+2)(2b+c+4)(2a +2b+c+4)pr,

—c(2b+c+2)(2a+2b+c+6)pr_.,. (4.24)
This formula is proved in Theorem 6.7. Note that the coefficients of pr, ., and pr__, are different.

Hence in the critical case with ¢=2a + 1, i.e. where b4, =b_.,, this K-eigenvector Fpochner
spans the space orthogonal to C[B] in Endg (T ® V)).

5. Examples of Weitzenbock formulas

In this section we will present a few examples of how to obtain for a given representation V) all
possible Weitzenbock formulas on sections of the associated bundle VM. The general procedure
is as follows: we first determine the relevant weights ¢ using the diagrams of § 2. This gives the
decomposition of T'® V) into irreducible summands and defines the generalized gradients 7.
Next we compute the B-eigenvalues be, for example using the general formula of Corollary 3.4,
and obtain the universal Weitzenbock formulas of Proposition 3.6. Other Weitzenbock formulas
correspond to the B-polynomials constructed in the preceding section. If F'= F(B) is such a
polynomial then the coefficient of TXT, is given as —F(b;).

As a first example we consider the bundle of p-forms on a Riemannian manifold (M™", g). For
simplicity, we assume n =2r + 1 and p<r — 1, i.e. g = 609,11 and A = w,. The relevant weights
according to the tables of §4.2 are €1, —¢;, and €,41 with the decomposition

T (024 V)\ = V)\+51 D V)\fep D V)\+Ep+1 = V)\+81 D Ap_l o) Ap+1

and generalized gradients T¢,, T, and T; . To compare these operators with differential and

codifferential d, d* we have to embed AP~! respectively AP™! into the tensor product T ® AP.
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This leads to the following formula:

1
T*_ T

1
T, =———dd*, T;. T = ——d"d.
PP o n—p+1

+ept1~T +ept1 P + 1
Next we take the relevant B-eigenvalues from §4.2; they are
b+61 =1, b—Ep =-n+p, b€p+1 = —D-

Since we have only three summands in the decomposition of T'® V) we obtain only one
Weitzenbock formula with a pure curvature term, which is the formula given in Proposition 3.6:

q(R) = —T5 Tyey + (n—p) T2, T, +pT%

€p+1T+€p+1

=-T;.T dd d*d.
+e1 +51+n_p+1 +p+1
If we add the Weitzenbock formula (3.4) for V*V to this expression for g(R) we obtain the
classical Weitzenbock formula for the Laplacian on p-forms:

A=V'V+qR)=n—-p+ I T . +(p+ 1T}

+ep+1

T

+ep+1

=dd" + d*d.

Let (M?", g) be a Riemannian spin manifold with spinor bundle S = S, @& S_. We consider the
two bundles V), defined by the Cartan summand in S4+ ® T with highest weights A} = wi + w1
and A_ = wy + w;. Using the tables of § 2 we find the relevant weights +¢1, —¢1 and +¢&9 for both
A+ and in addition —e, or +&, for Ay or A_ respectively. The corresponding tensor product
decomposition is

TOViy=Vaste: @ Vas—er & Vaster ® Vaire,-
Note that A1 —¢e; is the defining representation for the bundles S+ and that Ay Fe, = Az,
Projecting the covariant derivative of a section of T'® V), onto one of these summands defines
four generalized gradients. The fourth operator Tk, : I'(Vy,) — I'(V)\, ) is usually called the
Rarita—Schwinger operator. A solution of the Rarita—Schwinger equation is by definition a section
of ¢ € I'(Vy,.) with both T4, ¢ =0 and T, ¢ = 0.
The B-eigenvalues for so,-representations were computed in §4.2 and in particular

3 1 1 1
b-i—sl =9 b—El :_2T+§7 b+€2:_§7 b:tEr:_r+§'

Since the decomposition of T' ® V), has four summands we will obtain two Weitzenbock formulas
with a pure curvature term. The first one is again the universal Weitzenbock formula of
Proposition 3.6 corresponding to B, whereas the second corresponds to ps(B), the degree three
polynomial of the recursion procedure defined in (4.18). Its coefficients are the values ps(b.) for
the relevant weights . The Casimir operator of an irreducible so,-representation V) with highest
weight A is computed as cy, = —(A+ 2p, A), where (-, -) is the standard scalar product on R".
In particular, we have cy, = —ir(27’ + 7). Eventually we obtain the following two Weitzenbock
formulas on sections of V) :

Q(R) = —3T1 Tyey + (2r = )T T + 5T5, Ty + (r = )T T,
p3(B)(VA) == +r)(r— )T Toe, + 2r = 1) = 1T T
+ (= )+ DT Ty + T
Note that similar Weitzenbock formulas were obtained in [BH02]. More precisely their curvature
terms Z; and Zy are related to B and p3(B) by the following equations:
(2r+3)(r—1) 3 (2r—1)(r+1) 1

r(2r+1) 7T(2r+1)p3(3)’ 2= ) B+r(27‘—|—1)p3(3)’

AR
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whereas the operators are related by
T+€1 = GZ7 T—El = GZa T+€2 = GY7 T:FET = GT-

In the last part of this section we want to describe for Go- and Spin(7)-holonomies all pure
curvature Weitzenbock formulas on parallel subbundles of the form bundle. In particular, we
will present the form Laplacian A =d*d + dd* = V*V + ¢(R) as a linear combination of the
operators T}7T, and discuss the existence of harmonic forms.

We start with the case of Ga-holonomy. Let 'y, be the irreducible Ga-representation with
highest weight awi + bws, a, b >0, for example I'gg = C is the trivial representation, I' g =T
and T'g; = A2, 2 g,. Recall that up to dimension 77 irreducible Go-representations are uniquely
determined by their dimension. However, there are two different irreducible representations in
dimension 77: one of them is [77]” :=1'3, the other is I'g 2, the space of Ga-curvature tensors.
Moreover,

dim F270 = 27, dim P171 = 64.

The spaces of 2- and 3-forms have the following decompositions:
NT=NT=THAY, NTEANT=CoT oA, (5.25)

where the subscripts denote the dimension of the representation. Next we give the relevant
weights for the representations I'1 g, I'o,1 and I's 9. We start with A = w», i.e. the representation
W=To1= A2;; here the relevant weights are ¢ = —e9, €3, &1 With A\ + & = wy, 2wy, w1 + ws and
the corresponding decomposition reads

T®To1=T10®To0® 11 =T" @& A5, T" & [64].

In this case the universal Weitzenbock formula of Proposition 3.6 is the only pure curvature
Weitzenbock formula. With the explicit B-eigenvalues given in §4.2 we find on sections of
A2, T*M,

Q(R) =417 T _, + %T-T—€3T+63 - T181T+61’

—go* —g9

A=5T* T ., +:T%..T,.,.
Hence a form ¢ in A2, C AT is harmonic if and only if T, =0=T,.,% (the manifold is
assumed to be compact), i.e. if and only if Vi =T, ¥ or equivalently if and only if Vi) is a
section of I'1; = [64]. This statement corresponds to the fact that on a compact manifold a form
is harmonic if and only if it is closed and coclosed.

For A =w1, i.e. the representation V) =119 =T, the relevant weights are determined as
e=—e1,0,+e9, +e1 with A + € =0, wy, we, 2wy leading to the decomposition

T@T10=T00®T10®T01 ®T20=CaT*®A},T* ® A3, T*

Here we have two pure curvature Weitzenbock formulas. In fact, both curvature terms are
zero, since ¢(R) =Ric=0 on I'yp=T. In addition to the universal Weitzenbock formula of
Proposition 3.6 we have the equation corresponding to the polynomial 27p3(B) given in (4.21)
with a=1,b=0. After substituting the B-eigenvalues we obtain the following Weitzenbdck
formulas on 1-forms:

0=4T*_ T . +2T3T, — 3T, T\,

—E&17 —€1
_ _ 164 8 8 % 8 %
0=-3T"T ¢ +3T0T0 — 53T4e, They + 9106, Ty

—e1t—€1

A= BT* T + BTJTO + TI€2T+€2 + %TislTJr& .

—e1t—€1
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It follows that A > %V*V, i.e. there are no non-parallel harmonic 1-forms, which is of course
Bochner’s theorem in the case of Ggo-manifolds.

Next we consider the case \=2wi, i.e. the representation V) =T30=A3.. Here the
relevant weights are €= —e1,0, —e3,69,61 with A+ e =wq, 2w1, wo, w1 + ws, 3w; and with
the decomposition

TRy =T10®T20Pl01 D11 P30
=T @ AT © A2, 3 [64] © [77].

Hence we have two pure curvature Weitzenbock formulas on sections of A3,. The first
one is the formula for ¢(R) corresponding to B, while the second corresponds to —% p3(B):
q(R) =T T . +2T3T, + 5T, T ., — 375, T, — 5T50,Te, s

—€17 —¢€1 37 —&37 —¢3

_%T* T + %TSTO + %T* T - %T1€2T+52 + %TI-QT-I—EN

—€17 —¢€1 —€37 —€3

A=3T* T _ +3T5T, + 5T°.,T

—e17 —e1 —e3™ —e3°

It follows that a form ) in A%7 C A3T is harmonic if and only if V4 is a section of I'i1@T3p.
Note that the expression for A was obtained by adding the Bochner identity, i.e. the second
Weitzenbock formula, to the equation for V*V + ¢(R).

Finally, we turn to the case of Spin(7)-holonomy. Irreducible Spin(7)-representations
are parametrized as I'yp .= awy + bws + cwz. Again I'ggo=C is the trivial representation
and I'gp1 =7 denotes the eight-dimensional holonomy representation. We want to describe
the generalized gradients for the parallel subbundles of the form bundle. For this we need the
following representations, which are also uniquely determined by their dimension:

dim F17070 = 7, dim F07170 = 21, dim F17071 = 48, dim FLLO = 105,
dimTI'900 =27, dimTgp2 =35 dimI'907 =168, dimI'p2=189.
In dimension 112 there are two different irreducible representations denoted by [112]* :=T'y ;1
and [112]” :=T10,0,3. As in the case of Gg-holonomy, we decompose the spaces of differential
forms as
AT = A2T* @ A3, T+ = A°T™,
AST* 2 T* @ AJT* = AST™, (5.26)
AT* 2 C o MT* © A3, T* ® AT
into irreducible subspaces, where again the subscripts refer to the dimension.
We start with the representation Vy =1I'109 :Ag of highest weight A =w;. The relevant

weights are +¢1 and —e4 with B-eigenvalues by, = % and b_., = —3 leading to the decomposition
T®T100=T101®0T001=Alg®T.

Because the bundle defined by I'1 9o can be considered as the subbundle of the spinor bundle
orthogonal to the parallel spinor, the curvature endomorphism ¢(R) is a multiple of the scalar
curvature and hence vanishes. Thus we obtain on sections of A2 the only Weitzenbdck formula:

0= _%T-T—QT-&-& +3T2, T,
It follows that A > % V*V, i.e. there are no non-parallel harmonic forms in A%.

For the second component of the space of 2-forms A3; =g 1, we have the following relevant

weights: +e1, —e9, e3 with B-eigenvalues 1, —5, —% in the decomposition

T®To10=T011®T001 ®T101=[112"DT ® Alg.
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On sections of A3; we have the Weitzenbéck formula

q(R)=-T}., Ty, +5T" T ., +3T;..T,...

—eot —g9
Hence a form ¢ in A3, is harmonic if and only if V1 is a section of g ;.

The last parallel subbundle of the form bundle with only one pure curvature Weitzenbock
formula is Vy =T'20,0 = A‘217. The relevant weights are +&1, —e4 with B-eigenvalues 1, —% and
the decomposition

T @Tg00="T201 @101 = [168] & A,
with [168] :=I's1. On sections of A3, we have the Weitzenbock formula

Q(R) = _TialT-i-El + ZT* T

27 —ex7 —e2°
Hence a form 1 in A3‘7 is harmonic if and only if V1) is a section of I'y g ;.

For the remaining subbundles we have at least two pure curvature Weitzenbock formulas, one
of which is a Bochner identity, i.e. with a zero curvature term. We first consider the representation
T =T'g,0,1 describing 1- and 6-forms on M. The relevant weights are +¢1, —¢1, +¢€2, +€4 conformal

3 21 _1

weights or B-eigenvalues %, —5, —3 and —% respectively. The corresponding decomposition of

the representation T'® T reads
T ®To0,1=T002®TL000®To10®[100=A3T"®Ce AT & AT

In this case we have the universal Weitzenbock formula and the Bochner identity (4.24)
for (a,b,c)=(0,0,1). Since ¢(R) = Ric on the tangent bundle we obtain two zero curvature
Weitzenbock formulas on sections of 7*:
_ _3m* 21 1 9 vk
0= =310 The, + T2 T o + 4T, T, + 315, Theys

€17 —¢€1

0=+15T%, T\, — 1057, T . —45T%, T, +75T% . T,.,.

—€17 —¢€1

Evidently the first equation tells us that A > %V*V so that every harmonic 1-form is necessarily
parallel. Of course, this is Bochner’s theorem reproved in the case of Spin(7)-manifolds. Another
direct consequence is the well-known fact that any Killing vector field on a compact Spin(7)-
manifold has to be parallel. Indeed, Killing vector fields are vector fields X € I'(T'M ), for which
VX! eT(T*M @ T*M) is skew and thus a 2-form. On Spin(7)-manifolds this implies that
T, X =0=T_. X and so all generalized gradients vanish on X.

Next we consider the representation A§5T *=TY,0,2 with relevant weights e1, —€1, €2, €4,
conformal weights or B-eigenvalues %, —6, 0, —% and decomposition

T® F0’072 = F0’0’3 b FO,O,l D FO,LI D Fl,O,l = [112]b eT P [112]11 ) AiST*

Thus there are two pure curvature Weitzenbéck formulas on sections of A3;. For the second we
take &Fgochner and obtain

Q(R) = _%T'T‘alT"'El + 6Ti£1T—61 + gTj-E4T+€4’
_ 1% * * 3 %
0= §T+€1T+61 - 2T—61T—€1 B T+€2T+€2 + §T+€4T+E4’
A=5T*_T +5T154T+54-

—€17 —¢€1

Note that in order to obtain the optimal expression for the operator A it was not sufficient to
take its definition A = V*V + ¢(R), we still had to add a multiple of the Bochner identity.

Finally, we consider the representation AigT* =1I'1,0,1. According to the table at the end of
§ 2 the relevant weights are 4+¢1, —€1, +&2, —€3, €4, —€4 with conformal weights or B-eigenvalues
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% T and —% respectively leading to

|

T®I01=T102®1,00®1,1,00 01,0 D200 ®Lop,2
= [189] ® A2T™ & [105] ® A3, T & A3, T™ & Ad;T™.

On sections of the associated bundle A28T*M C A3T*M one has three curvature Weitzenbock
formulas, the formula corresponding to B and the Bochner identity iFBOChner:

q(R)=—-53T:T., + 3T T . —i{T5T., + T T  + 1T T, + 47T, T

— T itatear -1t —¢€1 eate2 —e3 —¢3 eateq —e4t —eq

0=312T., — 32T T ST, + 2T, T ., + 21T, — 2T, T

e1trer —e1t—e1 4rexten —e3" —€3 4" €y —€47 —€4)

A=38T* T +2T* T . +4T: T, + 2T T

—€17 —¢€1 —E€37 —€3 €464 —E&47 —E&4°

Consequently, a 3-form ¢ € T'(A3T* M) is harmonic if and only if its covariant derivative Vi
takes values in ([189] @ [105])M C T*M ® A3, T*M everywhere. Recall that we denote by VM
the vector bundle associated to the representation V' of the holonomy group G.

6. Bochner identities in G2- and Spin(7)-holonomies

The aim of this section is to provide a proof of the Bochner identities for the holonomies g, and
spin, and thus to complete the description of the space of Weitzenbock formulas in these cases.
Interestingly, it seems necessary to introduce a fairly more abstract point of view of Weitzenbock
formulas in order to get to this point.

6.1 Universal Weitzenbock classes and the Kostant theorem

The essential additional twist we will employ in this section is that we will base the study of
Weitzenbock formulas on the study of the action of central elements of the universal enveloping
algebra. As a byproduct we get a explicit formula for a central element of order four in the
universal enveloping algebra of spin, and a central element of order four in the universal
enveloping algebra Ug,.

The universal enveloping algebra Ug of a Lie algebra g is the associative algebra with 1
generated freely by the vector space g subject only to the commutator relation XY — Y X =
[X,Y]. Thus Ug is spanned by monomials of the form X ... X, in elements Xi,..., X, of g
and the filtration ¢/S®g by the degree r of these monomials makes Ug a filtered algebra. Even
more important for our purposes is the Hopf algebra structure of g with the cocommutative
comultiplication

A:Ug—UgeUy, Qr— > ALQ®ARQ (6.27)

defined as the unique algebra homomorphism sending X €g to A X :=X®1+1® X in
Ug ® Ug. Defining A in this way clearly implies that, for all d, r > 0,

AUSTTg) cU g Ug +Ug RUSg. (6.28)

An integral part of the structure of the universal enveloping algebra Ug is the algebra
homomorphism g — End V' associated to a representation V' of g. For finite-dimensional
representations V' the images of these algebra homomorphisms are easily characterized.

LEMMA 6.1 (Bicommutant theorem). Consider a finite-dimensional representation V of a
semisimple Lie algebra g over C and the induced representation Ug — End V' of Ug. The image
of this algebra homomorphism is precisely the commutant of the algebra EndgV of g-invariant
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endomorphisms
imUg — End V) ={AcEndV |[A4, F]=0 for all F € EndgV}.

In particular, the map Zent Ug — Zent EndgV' is surjective for V finite dimensional.

The Bicommutant theorem is actually a special motivating example of von Neumann’s
bicommutant theorem. Observe that every x-subalgebra of End V is necessarily von Neumann
for a finite-dimensional vector space V. The image of g in End V is the subalgebra generated
by the *-closed subspace g of End V' and thus von Neumann with commutant EndgV'.

Coming back to Weitzenbock formulas, we conclude by Schur’s lemma that for irreducible
representations V) the algebra homomorphism /g — End V), is surjective and hence the same
is true for the algebra homomorphism

®: Homy (T ®T,Ug) — Homg (T ® T, End V) = 20(V))

where Homg (T ® T, End V) is one of the interpretation of the space 20(V)) of Weitzenbock
formulas on VAM. Motivated by this surjection we will call Homg(T ® T',Ug) the space of
universal Weitzenbock formulas. With the universal enveloping algebra Ug being a module over
its center the space Homg (7T ® T, Ug) of universal Weitzenbick formulas is naturally a module
for Zent Ug, too, and the filtration Homg (7T ® T',US®g) turns it into a filtered module for the
filtration Zent S*Ug := Zent Ug NUS®g of the center.

DEFINITION 6.2 (Universal Weitzenbock classes). The space of universal Weitzenbock formulas
WS* ;= Homgy (T ® T,US*g) is a filtered module over the center Zent <*Ug of the universal
enveloping algebra Ug. It splits into the direct sum of filtered Zent U/g-submodules called
universal Weitzenbock classes:

QS® = @ mlﬁfl = @ Homg (Wa, US®g).

It is clear from the definition that with F € 205F also F lw, € ?mﬁ,li . Moreover, the powers B*
of the conformal weight operator B are in the image of 205 under the surjection ®. Indeed,

B* is the image of the invariant map py : T ® T — USFg defined by

pr(a®b) = Z prg(a Aty )prtuy, Atu,) - prg(tu,_, AD),
M1y —1

where pry : T®T — g C AT is the same orthogonal projection used before in the definition
of B. Under the vector space identification Ug = Sym g we may consider py(a ® b) as the
polynomial pg(a ® b)[X] = (X%a,b) on g. It is important for our considerations below that
the space of universal Weitzenbock formulas is a free module over Zent Ug.

THEOREM 6.3 (Kostant’s theorem). For every finite-dimensional representation V' the space
Homg (V,Ug) is a free Zent Ug-module, whose rank over Zent Ug agrees with the multiplicity of
the zero weight in V':

Hom§* (V, Ug) = Zent Ug © Hom}(V, C).

In particular, the module

Homé'(g, Ug) = Zent Ug ® Prim®* g

is generated freely as a filtered Zent Ug-module by the primitive elements of Zent Ug with degrees
shifted by —1.
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As an example we consider holonomy g, and the spaces which are mapped under ¢ onto the
K-eigenspaces. We refer to Appendix A for the other holonomies. Then

Homyg, (C, Ugy) = Zent Ugs,
Homg, (Sym3T, Ug,) = Zent Ugy (Fa, Fy, Fp),
Homyg, (g2, Ugy) = Zent Ugy (F1, Fr),
Homg, (g5, Ugs) = Zent Ugy (Gs),

where Fi, Iy, Gs, Fy, F5 and Fg are free generators of degree 1,2,...,6. The numbers of
generators, i.e. the dimension of the corresponding zero weight space, can be read off from
the table in (2.2). The degree of the generators, also called generalized exponents, can be
obtained by decomposing SymFg, into irreducible components (e.g. using the program LiE)
and by determining the multiplicity of W, in this decomposition for sufficiently many k. As
mentioned in the theorem, the degrees of the generators Fp, F5 are the degrees of the generators
Cy, Cg of Zent Ug, shifted by one.

It follows from Kostant’s theorem that a basis in the eigenspace Wy, (V) of the classifying
endomorphism K may be obtained as the image under the surjective representation map
Wy, — Wiy, (V) of certain free generators for the universal Weitzenbock classes 20y, . Indeed,
the module multiplication with Q € Zent Ug in 2 turns in W(V)) into multiplication with the
value of the central character for A on O, because

Qlv, = xa(Q)idy,, xA(Q) = try, Q.

1
dim V),
In general, the value of the central character on Q € Zent Ug is a polynomial in the highest
weight A\ invariant under the Weyl group of g. At least in principle we know the central

characters of the higher Casimirs Casl®l € Zent <*2/g defined in (3.12) as traces of the powers of
the conformal weight operator, since (3.13) implies that

d
A(Caslt) Z b ;rflmv‘kg I8 Yodte (6.29)

In order to proceed we use the diagonal A of the Hopf algebra i/g together with the representation
of Ug on the euclidean vector space T to define an algebra homomorphism

A ZentUg 2 (Ug ® Ug)® — Homy (T @ T, Ug) = W
by

(AQ)azp =Y _(a, (ALQ)D)ARQ for all Q € Zent Ug.

A particularly nice property of A is that the image of AQ € 20 under the representation map
®: 0 — W(V)) can be written in the following way:

AQ=3 xare(Qpr. € W(Va). (6.30)

eCA

In fact, working our way through the identification Homg(T'® T, End V) = Endg (T ® V) we
find the usual tensor product action of @ € Zent g on T' ® Vy:

PAQBDV) = t,®(AQ),epv =Y tu® (tu, (ALQ)B)ARQv
j ju

= (ALQb® (ARQu=AQ(b @ v) = Qb ).
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The last A is the restriction of the comultiplication to Zent Ug C Ug, which is precisely the action
of @ € ZentUg on T ® V. Hence we have the commutative diagram

Zent Ug Homg (T ® T, Ug) = @, Homg (W,, Ug)
: | i
Endg (T ® Vy) —> Homg (T © T, End Vy) =~ @,, Homg(W,, End V)

where the right vertical arrow is the restriction of the representation map ® onto Wy, . Recall
that the left square consists of algebra and the right square of Zent U/ g-module homomorphisms,
and that moreover all vertical arrows are surjective maps.

Ezample 6.4 (Conformal weight operator). A special case of this construction is the relation
between the conformal weight operator B and the Casimir. The image of the Casimir Cas? €
Zent Ug becomes

A(CasA2) =—-2B+ (Cas%2 + Casez)

because A(X2) = X?®1+2X ® X +1® X2 for every X € g and Fegan’s Lemma 3.3. Moreover,
since A is an algebra homomorphism we conclude that

p(B) = Ap(—1Cas™ + L(Cas)” + Casf))

for every polynomial p(B) in the conformal weight operator B. In particular, the space of
polynomials in B is in the image under A of the subalgebra generated by Cas™”.

The crucial additional information we get from introducing the universal Weitzenbock classes
is the filtration degree of the generators of the Zent U/g-modules 2y, . In order to prove the
Bochner identities for holonomy spin -, we still need the following lemma.

LeEMMA 6.5 (Filtration property of A). Consider the Weitzenbéck class 2y, associated to an
irreducible subspace W, C T @ T'. If there is no non-trivial, g-equivariant map from W, to U<%g
for some d > 1, i.e. if ?Iﬂﬁfi = {0}, then the composition of A with the restriction resy, to 2,
is filtered

resyy, o A: Zent S4TUYg — Qﬁﬁ/'a, Q+— AQ|w,

of degree —d. In particular, the restriction AQ|yw., = 0 vanishes for all Q € Zent <>¥Ug.

Proof. By the filtration property (6.28) of the comultiplication we can write the diagonal AQ
of an element Q € Zent S%"Ug in a not necessarily unique way as a sum of two terms
AQ =AQ<? + AQS" satisfying AQ<? € (U<?g @ Ug)® and AQS" € (Ug @ US"g)? respectively.
Both these summands give rise to g-equivariant, linear maps T'® T' — Ug through the pairing
of T'® T with the left Ug-factor, explicitly

(AQ ) asp =Y (0, AQFH)AQR!

with essentially the same formula for AQS". By construction the map T'® T — Ug associated
to AQS” maps into US"g, while the map associated to AQ<? vanishes upon restriction to
Wo CT ® T, because by assumption there is no non-trivial, g-invariant, pairing of W, with the
left image of AQ<? defined by

span{AQF? | AQ =" AQ7! ® AQF} cuU~g.

For the second statement we note that AQ|y, € W = {0} for all Q € Zent <24~ 11g. O
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6.2 Proof of the Bochner identities in holonomies g, and spin,

Let us now discuss the details of the proof of the additional Bochner identity in Ga-holonomy.
Applying the Gram-Schmidt orthogonalization process of Corollary 4.3 to the powers 1, B, B?
and B3 of the conformal weight operator, we obtained in (4.19) and (4.20) a sequence
po(B), p1(B), p2(B), p3(B) of T-eigenvectors. In order to proceed with the recursion procedure
it remains to be shown that p3(B) is a K-eigenvector.

We know that ps(B) is a —1 eigenvector of 7, orthogonal to B and expressible as a polynomial
in B of degree three. Thus p3(B) is an element in the image of 2052 in 2W(V3) and can be written
as a sum p3(B) = p3(B)g, + p3(B) gt of two vectors p3(B)g, and p3(B) g+ in the image of ?ZHQ‘

and 2053 ol in 20(V),) respectively. However, the image of QH<3 in 20(V)) is spanned by B, because

the ﬁltered Zent Ugs-module Wy, is generated by two elements in degrees one and five and the
representation Wy, — W, (V)) turns module multiplication into multiplication by the central
character x,. Consequently, the vector p3(B) is orthogonal to the image of QUES in 20(V,) and
lies in the eigenspace fmg% (V) of the classifying endomorphism K.

THEOREM 6.6 (Bochner identity in Ga-holonomy). The following cubic polynomial in the
conformal weight operator B defines an eigenvector for the classifying endomorphisms K of
eigenvalue —2:

2 2
p3(B) = B*+ B B? + (3cf), +4)B + 2cf), .

Inserting the eigenvalues or conformal weights b. of B we arrive at (4.21).

In the last part of this section we will prove the Bochner identity for holonomy spin..
As in the gy case we apply the Gram—Schmidt orthogonalization process of Corollary 4.3
to the powers 1, B, B2 and B3 and obtain in (4.22) and (4.23) a sequence po(B), p1(B),
p2(B), p3(B) of T-eigenvectors. Again p3(B) is a (—1)-eigenvector of 7, orthogonal to B and
expressible as a polynomial in B of degree three so that the summands in the decomposition
p3(B) = p3(B)spin . +p3(B)5pm¢ are in the image of 2052 and QH<3 ol in 20(V)) respectively.
Of course, we want to extract the Bochner identity ps(B) opint from p3(B). At this point the

spin -

argument in the Spin(7) case becomes more complicated, because the Zent Uspin,-module
Wepin , has generators in degree one, three and five so that the image of QU;pm in Wepin . (V) has
dimension two. Even with p3(B) orthogonal to B we may thus not conclude that the component
ps3(B) spin , = 0 vanishes. The idea to cope with this complication is to construct an element
Qx € Zent Uspin ; depending polynomially on the highest weight A such that AQ») € Wepin . (V)
is orthogonal to B. The Bochner identity is then the projection of p3(B) onto the orthogonal

complement of AQ».

In the four-dimensional space Zent S*Uspin,; we look for an element Q) as a linear
combination of the base vectors 1, Cas, Cas? and Cas!¥ with unknown coefficients. We know
ACas and ACas? from Example 6.4 and ACas¥ from (6.29) and (6.30) so that the conditions

(AQA71>:O> <AQ>\73>:O7 <AQ)\732>:0

turn into three linear independent equations for the four unknown coefficients. Using a computer
algebra system to do the necessary calculations, we find the convenient solution

Q)= QC/‘XC&SM - 1600{}2(CaSA2)2 (320((3{} )2 1184CV - 40[4] )CasA2
+ (—160(ci) + 2ci eyl + 1712(cf)? — 9408, — 21cy))
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in Zent S4Uspin,. We denote the eigenvalue of the central element Casl! € Uspin, on the

irreducible representation V) by C%A] in analogy with the eigenvalues of Cas?’.

By construction AQ) is orthogonal to 1, B and B? and we conclude that AQ) is indeed an
eigenvector for the classifying endomorphism K. In fact, the component AQ, | spint = 0 vanishes
according to Lemma 6.5, because Q) has degree four and there is no non-trivial equivariant map

spint — U<3spin ;. Similarly the components AQ)|gym2r =0 and AQ,|¢ = 0 are trivial, since

. <2
the image of fmsymgT

spanned by po(B). With AQ) = AQ\|spin , being an eigenvector of K orthogonal to p1(B) = B
the problematic component p3(B)spin , of p3(B) must be a multiple of AQ,. In consequence, the
complementary component ps(B) apint of p3(B) is the projection of p3(B) onto the orthogonal
complement of AQ ) and may serve as the spin ,-Bochner identity. Using again a computer algebra
system for the necessary calculations we find that this projection of p3(B) to the orthogonal
complement of AQ) agrees with the endomorphism Fpochner € 20(V)) specified in (4.24).

in 20(V),) has dimension one and is spanned by po(B), while ¢ (V)) is

THEOREM 6.7 (Bochner identity in Spin(7)-holonomy). The endomorphism Fgochner € (V)
defined in (4.24) with components

Fiochner = +¢(2b+ ¢+ 2)(2a + 2b + ¢+ 4)pr,
c+2)(2b+c+4)(2a+2b+c+6)pr_,
c+2)(2b+c+2)(2a+2b+c+4)pr,,
+c(2b+c+4)(2a+2b+c+6)pr_,,
—c(2b+c+4)(2a+2b+c+4)pr,.,
+ (c+2)(2b+c+2)(2a+2b+c+6)pr_,
+(c+2)2b+c+4)(2a+2b+c+4)pr .,
—c(2b+c+2)(2a+2b+c+6)pr__,

—(
—(

is an eigenvector of the classifying endomorphism K for the eigenvalue —%

Appendix A. Module generators and higher Casimirs

Remark A.1 (Module generators for ZentUsos,11). The center of the universal enveloping
algebra of s09,,1,7>1, is a free polynomial algebra Zent Usoy,, = C[PRl, PH . . PRI in
r generators of degree 2,4, ..., 2r. Moreover,
HOIHEOZH_I (C, L{502T+1) = Zent Z/{502T+1,

Homgo,, ., (SymdT, Usoz,+1) =2 Zent Usoo,1(Fa, Fu, . . ., Fa),

Hom502r+1 (502r+17 U502r+1) = Zent Usoor41 <F1, Fs, ..., FQT_]_>.
Remark A.2 (Module generators for Zent Usos, ). The center of the universal enveloping algebra
Usog, of s09,.,7 > 2, is a free polynomial algebra Zent Usoo, = C[PRI, P . pR—2 gl in
r — 1 generators of degree 2, 4, ..., 2r — 2 respectively and one additional generator in degree 7.
Moreover,

Homsgo,, (C, Usoy,) = Zent Usoo,,
Homge, (Sym3T, Usos,) = Zent Usos, (Fy, Fy, . .., Far_s),
H0m502r (5027«, USOQT) = Zent Z/{5027«<F1, Fg, ey F2r_3, GT_1>.
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Remark A.3 (Module generators for Zent Ugs). The center of the universal enveloping algebra
Ugs of g, is a free polynomial algebra Zent Ug, = (C[Casm, Cas[6]] in two generators of degree
two and six. Moreover,
Homyg, (C, Ugy) = Zent Ugs,
Homg, (Sym3T, Ug,) = Zent Ugy (Fa, Fy, Fp),
Homyg, (g Ugy) = Zent Ugy(F1, F5),
Homyg, (93, Ugs) = Zent Ugy (G'3).
Remark A.4 (Module generators for Zent Uspin,). The center of the universal enveloping
algebra Uspin, of spin, is a free polynomial algebra Zent Uspin, = C[Casp], Cas[‘q, Cas[ﬁ]] in
three generators of degree two, four and six. Moreover,
Homgpin . (C, Uspin ;) = Zent Uspin ,,
Homepin . (Symg T, Uspin ;) = Zent Uspin ;(Fy, Fy, Fy),
Homﬁpin 7(5pin 7, Uspin 7) = Zent Llspin7<F1, Fs, F5>,
Homgpin (spint, Uspin ;) = Zent Uspin ,(G'3).
Remark A.5 (Higher Casimirs for Gg). The eigenvalues of the generators Cas!? and Casl® of

Zent Ug, of degrees two and six respectively on the irreducible representation V) of highest
weight A = aw; + bws are given by

3¢l = 4% + 3ab + 367 + ba + 9,
2310 = 445 4 36a°b + 117a"0? + 162a°0° + 81a%b" + 60a° + 414a’b + 954a°h?
+ 810a%b® + 162ab* — 408a* — 2808a3b — 88294°b? — 12 636ab® — 6804b*
— 6580a° — 33 174ab — 61 362ab® — 40 824b% — 6396a% — 32 508ab
— 27 756b% + 56 520a + 100 440b.
Remark A.6 (Higher Casimirs for Spin(7)). The eigenvalues of the generators Cas?l, Casl*!

and Casl® of Zent Uspin, of degrees two, four and six respectively on the irreducible
representation V) of highest weight A = aw; 4+ bws + cws are

2ci) = 4a? + 86° + 3¢ + 8ab + 4ac + 8be + 20a + 32b + 18c,

327

- = 160" + 128b" + 21¢* + 1920%b” + 72a°¢® + 2406°* + 32a°c + 64a”b + 256b°¢
+ 256b%a + 56¢3a + 112¢3b + 192a2be + 384b%ac + 240c¢%ab + 160a® 4 10243
+ 252¢ 4 768a%b + 432a%c + 1536b%a + 1632b%c + 1056¢2b + 552¢%a
+ 1632abc + 800a? + 1152¢2 + 3040b% + 3040ab 4 1760ac + 3424bc

+ 2000a + 3968b + 2376¢,
512cy) = 64aS + 20486° + 183¢" + 384a°b + 192a°c + 61440°¢ + 6144b%a + 732c%a
+ 1464¢°b 4 1920ab? + 720ac? + 7680b%a? + 9600b*? + 1260c*a? + 4920 b
+ 1920a*be + 15 360b*ac + 4920¢*ab + 5120436 + 1120ac® + 8960633
+ 7680ab?c + 4800a3c2b + 15 360b%a’c + 19 200b%c?a 4 6720¢%a?b + 13 440c3b%a
+ 14 400a%b%¢% + 960a° + 24 576b° + 3294¢° + 7680ab + 4320ac + 61 440ba
+ 65 280b*c + 11 100c*a + 22 080c*b + 30 720a3b? + 11 040a>c?® + 61 44063
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+ 84480032 + 15 120c%a® 4 60 000¢3b? + 32 640a3be + 130 56063 ac + 60 000> ab
+ 97 920a%b%¢ + 63 360ac?b + 126 720b%c?a + 9600a* + 167 424b* + 32592¢*

+ 67 200a°b + 38 400a3c + 334 848b3a + 365 568b¢ + 88 032c¢%a + 175 584c%h

+ 234 624a%b? + 92 832a%¢% + 364 128b%¢% + 257 664a’be + 548 352b%ac

+ 364 128¢%ab + 56 000a® + 684 0326% + 193 464¢3 + 413 952a2b + 251 808a’c

+ 993 024b%a + 1158 912b%¢ + 397 968c¢%a + 790 656¢2b + 1125 888abe + 160 000a?
+ 1321 856b% + 562 848¢? + 1189 760ab + 759 040ac + 1607 552bc + 200 000a

+ 863 744b + 606 240c.
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