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Abstract

We prove that any continuous mapping f : E — Y on a completely metrizable subspace E of a perfect
paracompact space X can be extended to a Lebesgue class one mapping g : X — Y (that is, for every
open set V in Y the preimage g~ (V) is an F,-set in X) with values in an arbitrary topological space Y.
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1. Introduction

A mapping f : X — Y from a topological space X to a topological space Y is called a
Lebesgue class a mapping (or a mapping of the ath Lebesgue class) if for every closed
set F in Y the set f~1(F) is of the multiplicative class « in X. The family of all such
mappings f : X — Y we denote by Hy (X, Y). Moreover, we write f € H|(X, Y) if
for every open set V in Y the preimage g~!(V) is an F,-set in X.

Obviously, if X or Y is a perfect space then any continuous mapping f : X — Y is
of the first Lebesgue class.

Classification of mappings naturally leads to the problem of the extension of
mappings from a subset of a topological space to the whole space with preservation of
the mapping class or its estimation. So, such classical results as the Tietze theorem
[4, p. 116] or the Dugundji theorem [3] give the possibility of the extension of a
continuous mapping to a continuous mapping.

Many mathematicians (F. Hausdorff [8], W. Sierpinski [13], G. Alexits [1],
H. Hahn [5], K. Kuratowski [11]) have considered the extension of real-valued
functions of some Lebesgue class.

Kuratowski [11] proved that every mapping f € H, (E, Y) on a subset E of a metric
space X with values in a complete metric separable space Y can be extended to a
mapping g : B — Y of class « such that the set B D E is of the multiplicative class
o + 1. Moreover, if E is of the multiplicative class & > 0 then f can be extended to
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a Lebesgue mapping of class « on the whole space X. Consequently, every mapping
of the Lebesgue class & > 0 on a set E C X can be extended to a mapping of the
Lebesgue class « + 1 on X. In particular, the following result holds.

THEOREM 1.1. Let X be a metric space, Y be a complete metric separable space and
E C X. Then every continuous mapping f : E — Y can be extended to a mapping
ge Hi(X,Y).

It follows from the above that the problem of the extension of a continuous
function (Lebesgue class one function) to a continuous function (Lebesgue class one
function) essentially differs from the problems of the extension of functions preserving
their class. For example, if X =R and £ = Q then not every continuous function
f : E — R can be extended to a continuous function defined on X; moreover, it is
easy to construct an everywhere discontinuous function f : E — R which is of the
first Lebesgue class and cannot be extended to a function of the first Lebesgue class on
X. On the other hand, Theorem 1.1 implies that every continuous function f : E — R
can be extended to a function g : X — R of the first Lebesgue class.

In connection with Theorem 1.1 the following question arises.

QUESTION 1.2. Is it possible to omit the assumption of separability on space Y in
Theorem 1.17

Hansell studied the problem of the extension of Lebesgue mappings with
nonseparable metrizable ranges using the notion of ¢ -discrete mappings as introduced
by Stone [14].

Recall that a family A of subsets of a topological space X is said to be discrete if
for every point x € X there exists a neighborhood U which intersects with at most one
set from A.

A family A is said to be o-discrete if it can be written as a countable union of
discrete families.

The family I3 of subsets of a topological space X is said to be a base for a mapping
f:X — Y if for every open set V in Y there exists a subfamily By C 3 such that
f -1 (V) =UBy. If, moreover, the system B is o-discrete then it is said to be a o-
discrete base for f and f is said to be a o-discrete mapping. The family of all o-
discrete mappings we denote by X (X, Y).

Obviously, every mapping with a second countable range space is o -discrete. Also
it is easy to see that every continuous mapping with metrizable domain or range is
o -discrete since a metrizable space has a o -discrete base [4].

The paper of Hansell [6] mentioned above contains the following result.

THEOREM 1.3 [6, Theorem 9]. Let X be a paracompact space, Y a complete metric
space, E C X and [ : E — Y a o-discrete Lebesgue mapping of class a. Then f can
be extended to a Lebesgue mapping g : B — Y of class o so that the set B 2 E is of
multiplicative class o + 1.

The following question naturally arises.
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QUESTION 1.4. Is it possible to replace the set B in Theorem 1.3 with the whole
space X?

The most recent (to the best of our knowledge) result on the extension of Lebesgue
functions is due to Kalenda and Spurny.

THEOREM 1.5 [9, Theorem 29]. Let E be a Lindeldf subspace of a completely regular
space X, Y a complete metric separable space and

(1)  E be hereditarily Baire or
(i) E beGsin X.

Then every mapping f € Hi(E, Y) can be extended to a mapping g € Hi (X, Y).

At the same time it is interesting to study when we can extend mappings with values
in an arbitrary topological space.

In Section 2 we introduce and study the notion of Hj-retract which is tightly
connected with the problem of the extension of continuous mappings to Lebesgue class
one mappings with values in an arbitrary topological space (analogously, the notion of
a retract is connected with the extension of continuous mappings with preservation of
continuity).

Furthermore, in Section 3 we prove that every continuous mapping f : E — Y on
a completely metrizable subspace E of a perfect paracompact space X with values in
an arbitrary topological space Y can be extended to a Lebesgue class one mapping
g : X — Y. This result implies a positive answer to Question 1.2. In addition, we give
a negative answer to Question 1.4.

2. Hjp-retracts and their properties

Let X be a topological space and £ C X. Recall [2] that a set E is said to be a
retract of X if there exists a continuous mapping r : X — E such that r(x) = x for all
x € E. The mapping r is called a retraction of X onto E. It is easy to see that a set
E C X is a retract of X if and only if for any topological space Y every continuous
mapping f : E — Y can be extended to a continuous mapping g : X — Y.

We call a subset E of a topological space X an Hp-retract of X if there exists a
mapping r € H{ (X, E) such that r(x) = x for all x € E. We call the mapping » an
Hj-retraction of X onto E.

The following properties of Hj-retracts immediately follow from the definition.

PROPOSITION 2.1. Let X be a topological space. A set E C X is an Hy-retract of X
if and only if for an arbitrary space Y every continuous mapping f : E — Y can be
extended to a Lebesgue class one mapping g : X — Y.

PROPOSITION 2.2. Let E be an Hj-retract of a topological space X. Then E is a
perfect space.

A subset A of a topological space X is said to be an ambiguous set if A is
simultaneously F, and G in X.
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PROPOSITION 2.3. Let X be a metrizable space and E be an Hj-retract of X. Then
EisGgsgin X.

PROOF. Let r: X — E be an Hj-retraction of X onto E. It is easy to see that
E={xeX|rx)=x}.

Consider the diagonal A = {(x’, x”) € X x X | x’ = x"} of the space X? and the
mapping 2: X - X x X, h(x) = (r(x), x). Sincer € H{ (X, E) € H;(X, X) and the
mapping g : X — X, g(x) = x is continuous, according to [7, Theorem 1] the mapping
h:X — X x X is of the first Lebesgue class. Since A is closed in X x X, the set
E=h""(A)is Gsin X. m

Note that an Hj-retract may, in general, be even a nonmeasurable set. Moreover,
the following example shows that the assumption of metrizability of X in the previous
proposition is essential.

EXAMPLE 2.4. There exists a nonmeasurable Hj-retract E of a perfect separable
linear ordered compact space X.

PRrROOF. Let X =[0, 1] x {0, 1} be endowed with the lexicographic order, that is
(x,i)<@,j)ifx<yorx=yandi<j, i je{0,1}. Note that X satisfies
necessary conditions (see [4, p. 318]).

Consider aset E = {(x, 0) | x € [0, 1]}. Amappingr : X — E, r(x, i) =(x,0),1is
of the first Lebesgue class.

It remains to prove that E is nonmeasurable.

For a set AC X denote AT ={xe[0,1]|(x,1) € A} and A~ ={x [0, 1]|
(x, 0) € A}. It is not hard to prove that for any open or closed set A in X we have
|[ATAAT| <Ro. This implies that |[BTAB™| < R( for any measurable set B. But
Et =@ and E~ =0, 1]. Hence, E is a nonmeasurable set. O

PROPOSITION 2.5. Let X and Y be topological spaces, E be an ambiguous subset
of X and [ : E — Y be a Lebesgue class one mapping. Then there exists a Lebesgue
class one mapping g : X — Y such that g|g = f.

COROLLARY 2.6. Let X be a topological space and E be a perfect ambiguous subset
of X. Then E is an Hj-retract of X.

We call a subset E of a topological space X a Cozs-set if there exists a sequence
of continuous functions f,, : X — [0, 1] such that £ = ﬂ;’lozl fn_l((O, 1]). We call the
complement to a Cozs-set a Zer,-set. We call a set which is simultaneously Cozs
and Zer, a functionally ambiguous set.

PROPOSITION 2.7. Let E, ..., E, be disjoint H\-retracts of topological space X
and let E; be Cozs in X foreveryi € {1, ..., n}. Then the union E = U:’zl E;isan
Hj-retract of X.
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PROOF. First we obtain that for every finite family of disjoint Cozs-sets E, ..., E,
there exist disjoint functionally ambiguous sets Bi, ..., B, such that E; € B; for
everyi €{l,...,n}and X =J/_, Bi.

Letn =2 and Ej, E; be disjoint Cozs-sets. Then the complements Ef = X \ E;,
i=1,2,are Zery and E{ U E5 = X. From [10, Lemma 3.2] it follows that there exist
functionally ambiguous sets By and Bj such that Bf C E{, BS C Ef, BfUB; =X
andBfﬂBE:Q). Then E1 C By, E C By, BiNBy=@Wand B; U B, = X.

Let n > 2 and the assumption holds when we have n — 1 sets. There exist
disjoint functiollally ambiguous sets lz], e En_l such that E; C B} ifl<i<n-2,
E, 1UE,CB,_| and X = U?:_f B;. Moreover, there exist disjoint functionally
ambiguous sets C and D such that £, € C, E, € D and CU D = X. Set B; = E,-

fori=1,...,n—2,B,_1=B,_1NCand B, =B,_1ND.
Letr; : X — E; be Hj-retractions, 1 <i < n. For every x € X define r(x) = r; (x)
if x € B; forsomei € {1, ...,n}. Clearly,r € Hi(X, E)andr(x) =xifxe E. 0O

3. Extension of continuous mappings to the first class mappings from
completely metrizable subspaces

In this section we prove the main results of this paper. All topological spaces will
be considered to be Hausdorff.

We say that a family A = (A; :i € I) of sets A; refines a family B= (B : j € J)
of sets B; if for every i € I there exists j € J such that A; C B;. We write this as
A=<B.

LEMMA 3.1. Let X be a perfect paracompact space and G be a locally finite cover
of X by ambiguous sets. Then there exists a disjoint locally finite cover of X by
ambiguous sets which refines G.

PROOF. Without loss of generality we may assume that G = {G, | 0 < @ < B}, where
B is some ordinal.

Denote Ag = Ggp. For every 0 <a < f8 let Ay =Gy \ Ug<a Gg. According to
Michael’s theorem [4, p. 430], the set US ~o G¢ is ambiguous as a locally finite
union of ambiguous sets. Then the set A, is also ambiguous. Clearly, the family
A= (Ay:0 <a < B) is to be found. O

The next theorem is the main result of our paper.

THEOREM 3.2. Let X be a perfect paracompact space and E C X be a completely
metrizable subspace of X. Then E is an Hi-retract of X.

PROOF. Let d be a metric on E such that (E, d) is a complete metric space and d
induces the topology in E.

For every n € N consider a cover V), of the set E by open balls with radius 1/(2"*2).
For every ball V € Ufli] V, choose an open set Uy in X sothat V. = E N Uy.

https://doi.org/10.1017/5S0004972708000907 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000907

502 O. Karlova [6]

For every n>1 let G,=Uy,N---NUy,:VieV,...,V,€V,) and
G,= UGeg,, G.

Since X is perfect, the set G, is an F,-set in X. It follows from [4, p. 457] that
G, is paracompact space. Then there exists a locally finite in G, cover U, of G, by
open sets in G, which refines G,. According to Lemma 3.1, there exists a disjoint
locally finite in G, cover of G,, by ambiguous sets in G,, which refines {/,,. Remove
from this cover those sets that do not intersect with £ and denote this new system by
W,. Let P, = UW,. Note that P, C G,,. Fix an arbitrary set W,, from W, and denote
Wo=W,U(X\ Py).

Index the elements of the system {W,?} UW, \ {(W,}) and obtain the family
X =Xy,iti €ly).

Constructed in such a way, the sequence (X,);2, of families A, satisfies the
following properties:

) X=Ujer Xnis

(i) Xn,i an,j =0,i #Js

(i) X,;NE#Pforalli € I,.

(iv) family (X, ; NG, :i € I,) is locally finite in G,;
V) Wil Xni\Gn#0} =1;

(vi) diam(X,; N E) <1/@2""!) foreveryi € I,.

Since all the elements of the system V), are ambiguous sets in the open subset G,
of a perfect space X, all the elements of system V), are ambiguous sets in X. In
addition, since W, is locally finite in G,, Michael’s theorem [4, p. 430] implies that
P, is also an ambiguous set in X. This implies that

(vii) X, ; is ambiguous in X for alli € I,.

For every n € N let
En’,’ = Xn,i NE

andforalliy eIy, ..., i, €1, let

Bi i,=E1;NEy;, N---NEy;,,
Ciin=X1,5N X5, NN Xy i

Then:
() E=Uien...iver, Biriy a0d X =U; ep, i, e, Cir.i, foreveryn e N;
(2) Bj..i,NBj. j,=Yand C;y i, NCj,.j, =0if (1, ..., 1) # (1, - -5 Ju)s

3) ifm>nand Gy, NCj..j, #Dtheniy = ji, ..., in = ju;

4) Cil---in NE =B i, foreveryn e Nandij € I1,io € I, ..., iy € Iy;

(5) Bi,..i, is an ambiguous set in £ and C;, ;, is an ambiguous set in X for all n
andijelj,ire b, ..., i, €l,.

Moreover,

(6) forevery n e Nand anyset I' C Iy x -+ x I, the set A=
is ambiguous in X.

..... inel Ci1~~~in
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According to (iv), for every k € N the family (Xx; N Gy :i € Iy) is locally finite
in Gg, and (v) implies that the family (Xx; N (X \ G¢) :i € Iy) is locally finite in
X\ G. Therefore, taking into consideration the fact that the sequence (G,);2,;
decreases, we obtain that for an arbitrary set

DG{X\leGl\GZ’GZ\G’J’,,anl\Gnan}={DOs,Dn}

and for every k € {1, 2, ..., n} the family (Xx; N D :i € Ii) is locally finite in D.
Then we have that the family (C;, .. ;, :i1 €11, ...,i, €1,) is also locally finite
in D. Hence, the family (Cj,,.;, N D: (i1, ..., i,) €I') is locally finite in D.
Furthermore, since all the sets Dy, ..., D, are ambiguous in X and (5) holds, all
the sets Ay = U(i] ..... iner Ciy....i, N Dy are ambiguous in X and A = Ui—o Ak is an
ambiguous set in X.

For every n and i € I,, choose an arbitrary point y,, € E,,. For every x € E let
Yn(x) = yn,i, if x € By, ..;,. Note that, according to (1) and (2), mappings ¥, : E — E
are correctly defined. We now show that the sequence (¥,),2 | uniformly converges
to the identical mapping ¢ : E — E, ¥ (x) = x.

Fix x € E and n € N. Then there exist iy € Iy, ..., i, € I, such that x € B;, ;.
Then v, (x) = yn,;,. Since Bj, i, € En,, X € E,;, and y,; € E,; . According
to (vi), we have that diamkE,; <1/ (2"*+1). Then

,,,,,

1
d((x), Yu(x)) =d(x, yni,) = STESE

Note that
1 1 1
d(WYm(x), wn(X))sﬁ—i_F:Z_n forallm>nand x € E. ()
For every n and multi-index (iy .. .i,) C I} X - - - X I, denote

Gy .. ip)=max{l <k <n| B, i, #0).

Forallnme N and x € X let r,(x) = YOGy eein) ity i) if x € C;,.,. Properties (1)
and (2) imply that all the mappings r, : X — E are correctly defined.

We now prove that the sequence (r,,) 7 ; satisfies inequality (x) for all x € X.

Let xo € X and m > n. Then there existiy € Iy, ...,iy €I, and j1 €Iy, ..., ju
€ I, such that xo € G, _;, N Cj, ., Property (3) implies thatiy = ji, ..., iy = ju.

If Bi1---in * # then r,(xg) = Yn,ip - Let k=4€(j1...jm). Then ry,(xg) = Yk, ji -
Clearly, k > n. Choose any point x € Bj,__j.. Since Bj,._j, = Bi iy jus1...jx S Bij..in»
Y (x) = yn,i, and Y (x) = yg, j,. Inequality (+) implies that

1
d(rn(x0), rm(x0)) = d(Yni,» Yk, ji) = d(Wn(x), Yr(x)) < Tk

If By, i, =% then £(i ...i) =£(j1 ... jm). Now we have that r,,(x0) = 1 (x0)
and d(r, (x0), rm(x0)) = 0. Hence, sequence (r,,)j’loz1 satisfies (x) for all x € X.
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Since X is a completely metrizable space, there exists a mapping r : X — E such
that the sequence (r,,);;2 | uniformly converges to » on X. Moreover, since 7, |g = ¥y,
and ¥ (x) = lim,— » ¥y, (x) for all x € E, we have that r|g = ¢, that is r(x) = x for
every x € E.

Since a uniform limit of the Lebesgue class one mappings is a Lebesgue class one
mapping [12, p. 395], it remains to prove that r,, € H{(X, E) for all n € N.

Since for any n €N and iy, ...,i, € I} x --- x I, such that C;,
mapping r,|c; is constant, we have that for an arbitrary set B C E

n'®= ) Gy

.....

1s-nin

(i1y.nyin)€l
where I' ={(i1,...,ip) e} x---x I, | 7,(Ciy,....i,) € B}. Therefore, according
to (6), r,; '(B) is an ambiguous set in X. In particular, all the mappings r, are of
the first Lebesgue class. O

COROLLARY 3.3. Let X be a completely metrizable space and E C X. The set E is
an Hy-retract of X if and only if E is Gs in X.

PROOF. Sufficiency. This immediately follows from 2.3.

Necessity. According to the Aleksandrov—Hausdorff theorem [4, p. 407], the space
E is completely metrizable. Hence, Theorem 3.2 implies that E is an Hj-retract of
X. O

The following corollary gives a positive answer to Question 1.2.

COROLLARY 3.4. Let X be a metrizable space, Y be a completely metrizable space,
AC X and f: A — Y be a continuous mapping. Then there exists a Lebesgue class
one mapping g : X — Y such that g|la = f.

PROOF. Denote by X the completion of X. According to [4, p. 405], there exists a Gs-
subset A of X and a continuous mapping / : A— Y such that A A and hia=f.
According to Corollary 3.3, A is an Hj-retract of X. Then there exists a mapping
he Hl(X Y) such thathlg: h.

Letg = hl x- Then g : X — Y is the desired extension of f. O

Since every completely metrizable separable space is hereditarily Baire and
Lindelof, the result of Kalenda and Spurny implies the following fact.

THEOREM 3.5. Let E be a completely metrizable separable subspace of a completely
regular space X. Then E is an H\-retract of X.

At first sight this theorem gives a solution to the problem of the extension of a
continuous mapping to a mapping of the first Lebesgue class with values in an arbitrary
(not necessary separable) topological space, analogously to as in Theorem 3.2.
However, since a continuous image of a separable space E is also separable, in fact
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separability of Y is present here imperceptibly and we cannot obtain Corollary 3.4
from Theorem 3.5.

The following example shows that the assumption that X is perfect in Theorem 3.2
and the assumption that E is separable in Theorem 3.5 cannot be omitted. Moreover,
this example gives a negative answer to Question 1.4.

EXAMPLE 3.6. There exist a completely metrizable subspace E of a compact space
X and a continuous function f : E — [0, 1] which cannot be extended to a Lebesgue
class one function on X.

PROOF. Let E be an uncountable discrete space and X = o F = E U {co} be the
Aleksandrov compactification of E.

Choose two uncountable disjoint subsets £ and E; of E so that E = E1 U E; and
consider the function
if x € Eq,
if x € E>.

f(X)={(])

The function f : E — [0, 1] is continuous and hence a o-discrete function of the first
Lebesgue class.

Note that for every continuous function (and for every Baire one function that is a
pointwise limit of continuous functions) g : X — [0, 1] there exists at most countable
set Xo € X such that g(x) = g(oo) for all x € X \ Xg. It follows that a function f
cannot be extended to a Baire one function g : X — [0, 1], provided E; and E; are
uncountable sets.

According to [15, Theorem 3.7], the class H{ (X, [0, 1]) coincides with the class of
all Baire one functions g : X — [0, 1]. Therefore, the function f cannot be extended
to a Lebesgue class one function on X. O
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