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Elliptic curves with a given number of points
over finite fields

Chantal David and Ethan Smith

ABSTRACT

Given an elliptic curve E and a positive integer N, we consider the problem of counting
the number of primes p for which the reduction of E modulo p possesses exactly N
points over F,. On average (over a family of elliptic curves), we show bounds that are
significantly better than what is trivially obtained by the Hasse bound. Under some
additional hypotheses, including a conjecture concerning the short-interval distribution
of primes in arithmetic progressions, we obtain an asymptotic formula for the average.

1. Introduction

Let E be an elliptic curve defined over the rational field Q. For a prime p where F has good
reduction, we let £, denote the reduced curve modulo p and #E,(F,) the number of [F,-rational
points. Then the trace of the Frobenius morphism at p, a,(F), satisfies the well-known identity
#E,(F,) =p+ 1 — ap(E) and the Hasse bound |a,(E)| < 2,/p.

Let N be a positive integer. We are interested in the number of primes for which
#E,(F,) = N. In particular, we are interested in the behavior of the prime counting function

Mg(N) :=+#{p: #EP<IFP) =N}.

Note that if #E,(F,) = N, then the Hasse bound implies (,/p — 1)* < N < (y/p + 1)?, which in
turn implies that

N =(VN-12?<p<(VN+1?= N+

Hence, Mg(N) is a finite number, and we have the trivial bound

VN

Mg(N —_ 1
B(N) < log(N +1) (1)

In [Kow06], Kowalski shows that if E possesses complex multiplication (CM), then
Mg(N) <ge N°© (2)

for any € > 0. He asks if the same might be true for curves without CM. However, no bound
between (1) and (2) is known for curves without CM.

Given an integer IV, it is always possible through a Chinese remainder theorem argument to
find an elliptic curve E that achieves the upper bound (1), i.e., such that #E,(F,) = N for every
prime p in the interval (N~, NT). Yet, for a fixed curve, one expects Mg(N) to be quite small.
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C. DAvVID AND E. SMITH

Consider the following naive probabilistic model for Mg(N). If we suppose that the values of
#E(F,) are uniformly distributed, i.e., that
L if NT<p<NT,
Prob(#E(F,) = N) = { 4/p (3)

0 otherwise,
then we expect that

Mg(N)~) Prob(#E(F,)=N)= )

N—<p<N+

N
S

1 Nt 1
T UVN Jy- logt logN
Moreover, it is quite easy to show (see [Kow06] for example) that

X
log X’

> Mgp(N)==(X)+O0(VX)

N<X

(5)

where, as usual, 7m(X):=#{p < X :pis prime}. Therefore, the average order of Mpg(N) is
1/log N in accordance with the above model. Perhaps the correct way to interpret these
statements is to say that Mpg(/N) must be equal to zero on a density-one subset of the integers
for the mere reason that the primes are a subset of the integers of density zero. Finally, we note
that, while it is not difficult to see that lim inf Mg(NN) =0, numerical computations [Kow06]
are consistent with the possibility that lim sup Mg(IN) =oc. In fact, using the model (3) as
in [Kow06], it is possible to predict this.

2. Statement of results

In this paper, we study the average for Mg (N) over all elliptic curves over Q (and not over N as
in (5)). Given integers a and b, let E,; be the elliptic curve defined by the Weierstrass equation

Ea7b:y2:x3—|—am+b.
For A, B > 0, we define a set of Weierstrass equations by
C(A, B) = (B lal < A, bl < B, A(Eqy) £0}.
The following is our first main result.

THEOREM 1. If A, B>+/Nlog N and AB > N%?(log N)?, then

1 Z Mpg(N) <

log log N
#¢(4, B) Ec%(A,B)

log N

holds uniformly for N = 3.

Remark. We refer to the expression on the left-hand side of the above inequality as the average
order of Mp(N) taken over the family €' (A, B).

Under an additional hypothesis concerning the short-interval distribution of primes in
arithmetic progressions, we can prove an asymptotic formula for the average order of Mg(N)
over € (A, B). In particular, we note that all of the primes counted by Mg(N) are of size N
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lying in an interval of length 4v/N. Therefore, we require an appropriate short-interval version
of the Barban—Davenport—Halberstam theorem.

Given real parameters X, Y > 0 and integers g and a, we let (X, Y; ¢, a) denote the weighted
prime counting function

0(X,Y;q,a):= > logp,
X<p<X+Y
p=a (mod q)
and we let E(X,Y’;q, a) be the error in approximating (X, Y; ¢, a) by Y/p(q). That is,
Y

E(X,Y;q,0):=00X,Y;q,a) — ——.
( )= ) ©(q)

CONJECTURE 2 (Barban-Davenport—Halberstam for intervals of length X7). Let 0<n<1,
and let 8 > 0 be arbitrary. Suppose that X7 <Y < X, and that Y/(log X)? < Q <Y. Then

q
Y Y E(X.Yiq,a)? < YQlog X.

9<Q  a=1
(a,q)=1

Remark. If n=1, this is essentially the classical Barban-Davenport—Halberstam theorem. See
for example [Dav80, p. 196]. The best results known are due to Languasco et al. [LPZ10], who
show that, for any € > 0, Conjecture 2 holds unconditionally for n =7/12 + € and for n =1/2 + ¢
under the generalized Riemann hypothesis. For our application, we essentially need n=1/2 — e.

THEOREM 3. Let v > 0, and assume that Conjecture 2 holds with
1 log log N
=—— 2)————.
n=5-(+2) log N
Suppose further that A, B > /N (log N)'*7loglog N and that AB > N3/?(log N)**7 log log N.
Then, for any odd integer N, we have

1 N 1
#oa D), 2, M=K g O (o)
where
CTi(a . G e ! (=)
o= T1( = i) T (- ) T (- g 2)
2tve(N) 2|vg(N)

vy denotes the usual (-adic valuation, and Ny := N/EW(N) denotes the {-free part of N.

Remark. We note that K(N) is uniformly bounded as a function of N. We also note that
N/p(N) < loglog N (see [HWT79, Theorem 328| for example), which gives the upper bound of
Theorem 1. Working with V. Chandee and D. Koukoulopoulos, the authors have recently shown
that the upper bound implicit in Theorem 3 holds unconditionally. That is, Theorem 1 holds
with log log N replaced by N/p(N).

The average of Theorem 3 displays some interesting characteristics that are not present in
the average order (5). In particular, the main term of the average in Theorem 3 does not depend
solely on the size of the integer N but also on some arithmetic properties of IV as it involves the
factor K(N)N/@(N). The occurrence of the weight ¢(IN) appearing in the denominator seems
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to suggest that this is another example of the Cohen—Lenstra heuristics [CL84a, CL84b|, which
predict that random groups G occur with probability weighted by 1/#Aut(G). Notice that if
as an additive group E(F,) ~Z/NZ, then #Aut(E(F,)) =¢(N). Indeed, the Cohen-Lenstra
heuristics predict that, relative to other groups of same size, the cyclic groups are the most likely
to occur since they have the fewest number of automorphisms.

In some recent work, the authors explored this connection further by considering the average
of

Mp(G) :=#{p: E(F,) ~ G}

for those Abelian groups G' which may arise as the group of [Fj-rational points of an elliptic
curve. This is the subject of paper [DS12]. Given an elliptic curve E, it is well known that

E(F,) ~ Z/N1Z x Z/N1N,Z,

for some positive integers Nj, Ny satisfying the Hasse bound: |p+ 1 — NZNa| < 2,/p. Under
Conjecture 2, it is shown in [DS12] that, for every odd order group G =Z/N1Z x Z/N1NoZ,
we have that

#G

1
Fean , 2 MO~ KO G ey

provided that A, B, and the exponent of G (the size of the largest cyclic subgroup) are large
enough with respect to #G = NZNy. The function K(G) is explicitly computed and shown to
be non-zero and absolutely bounded as a function of G.
We can express the results of Theorem 3 as stating that, for a ‘random curve’ E/Q and a
‘random prime’ pe (N—, NT),
K(N)(N/p(N)log(N)) K(N)N 1
4v/N /log N ~ @(N) 4yN’

refining the naive model given by (3). Here, as in (3), we make the assumption that there are
about 4v/N /log N primes in the interval (N~, NT) though we cannot justify such an assumption
even under the Riemann hypothesis.

Prob(#E(F,) =N) ~

There are many open conjectures about the distributions of invariants associated with the
reductions of a fixed elliptic curve over the finite fields F, such as the famous conjectures of
Koblitz [Kob88] and of Lang and Trotter [LT76]. The Koblitz conjecture concerns the number
of primes p < X such that #E(F,) is prime. The fixed trace Lang-Trotter conjecture concerns
the number of primes p < X such that the trace of Frobenius a,(E) is equal to a fixed integer ¢.
Another conjecture of Lang and Trotter (also called the Lang—Trotter conjecture) concerns the
number of primes p < X such that the Frobenius field Q(y/a,(E)? — 4p) is a fixed imaginary
quadratic field K.

These conjectures are all completely open. To gain evidence, it is natural to consider the
averages for these conjectures over some family of elliptic curves. This has been done by various
authors originating with the work of Fouvry and Murty [FR96] for the number of supersingular
primes (i.e., the fixed trace Lang—Trotter conjecture for ¢t = 0). See [BBIJ05, CFJKP11, DP99,
DP04, Jam04, JS11] for other averages regarding the fixed trace Lang—Trotter conjecture. The
average order for the Koblitz conjecture was considered in [BCD11]. Very recently, the average
has been successfully carried out for the Lang—Trotter conjecture on Frobenius fields [CLJ]. The
average order that we consider in this paper displays a very different character than the above
averages. This is primarily because the size of primes considered varies with the parameter N.
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Moreover, they all must lie in a very short interval. This necessitates the use of a short-interval
version of the Barban—Davenport—Halberstam theorem (Conjecture 2 above). This is also the first
time that one observes a Cohen—Lenstra phenomenon governing the distribution of the average.

3. Reduction to an average of class numbers

Given a (not necessarily fundamental) discriminant D < 0, we follow Lenstra [Len87] in defining
the Kronecker class number of discriminant D by

2
H(D) := ; m, (6)
D/fQEJ(c),l‘D(mod 4)

where h(d) denotes the (ordinary) class number of the unique imaginary quadratic order of
discriminant d < 0 and w(d) denotes the cardinality of its unit group.

THEOREM 4 (Deuring). Let p >3 be a prime and t an integer such that t*> — 4p < 0. Then
1
2 Zaug) )
& #au(h)
ap(E)=t

where the sum is over the IFj-isomorphism classes of elliptic curves.

Proof. See [Len87, p. 654]. O

The first step in computing the average order of Mg(N) over (A, B) is to reduce to an
average of class numbers by using Deuring’s theorem. The following estimate will then be crucial
to obtain the upper bound of Theorem 1, and is also used in getting an optimal average length
in Theorem 3.

PROPOSITION 5. For primes p in the range N~ < p < NT, we define the quadratic polynomial
Dy(p)i=(p+1-N)*—dp=p> —2(N +1)p+ (N - 1)*. (7)
Then

N loglog N

Y. H(Dx(p) < Tog N

N—<p<N+

(8)

Before giving the proof of this result, we define some notation that we will use throughout
the remainder of the article. Given a negative discriminant d, we write x4 for the Kronecker
symbol (d/-). Since d is not a perfect square, the Dirichlet L-series defined by

o0

xa(n)

L(s, xa) == e

n=1

converges at s = 1. Finally, given a positive integer f, we let

dn 5 (p) = 2 f}iz(p),

where Dy (p) is defined by (7).
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Proof of Proposition 5. The definition of the Kronecker class number (6) and the class number

formula [IK04, p. 515]
e VALEYiR (10)

give us the identity

> HONe)= Y > DAL, X )
N—<p<N+

N=<p<N* f?|Dn(p)
Dn(p)/f?=0,1 (mod 4)

Since |Dy(p)| < 4N, this yields

> H(Dnp)<VN > > L, Xay,s @) (11)
N=<p<N+ N—<p<N+ 2Dy (p) /
Dy (p)/f*=0,1 (mod 4)
In order to obtain an optimal bound for this expression, we will use the fact that, for almost
all primitive Dirichlet characters ¥, L(1, ) is well approximated by a very short Euler product.
More precisely, fix any integer o > 1. Then, by [GS03, Proposition 2.2], we know that

-1
o= T (1-%7) o (12)

£<(log Q)

for all but at most Q2/@+5logloglog @/loglog @ f the primitive characters of conductor less than Q.
We remark that this gives a good upper bound for L(1, x) whenever x is a Dirichlet character
modulo ¢ < @ which is induced by a primitive character 1 satisfying (12). Indeed, let x be such a
Dirichlet character, and let ¢ be the primitive character that induces x. Then by (12), we have

L(1,y) = H(l - %) 11 <1 — %@)_1(1 +o(1))

q £<(log Q)
_ v(0) X0\
- I (") I (-4 avew
lq £<(log Q)
£>(log Q)*
< ] 143 11 ot -
l l
tlq £<(log Q)
£>(log Q)*
< H (l—i-;)loglogQ,
{q
£>(log Q)

where the last line follows by Mertens’ formula [IK04, p. 34] since « is fixed. For the remaining
product, we observe that

1 1 w(q) (log ¢)'~*
)« -+ < < —
g[ <1+ f) \exp{ gz': E} \eXp{(logQ)a} \exp{ Jog 2 5
q q
£>(log Q)™ £>(log Q)

where w(q) denotes the number of distinct prime factors of ¢. Therefore, since « > 1, we may
conclude that if x is a character of modulus ¢ < @ and (12) holds for the primitive character
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inducing y, then
L(1, x) < log log Q. (13)

We make use of this fact in (11) as follows. Let d};(p) be the discriminant of the imaginary
quadratic field Q(y/Dn(p)). Then dy(p) is a fundamental discriminant, and xgx () is the
primitive character inducing every character of the set {xay ;(p): f?| Dn(p)}. Furthermore,
|d (p)] is the conductor of each of these characters, and 3 < |d} (p)| < 4N. Now fix some a > 100,
and let &(Q) be the set of primitive characters of conductor less than or equal to @ for which (12)
does not hold. Then #&(4N) < N'/59. We now divide the outer sum over p on the right-hand
side of (11) according to whether or not the primitive character x4z (p) is in the exceptional set
&(4AN). For those p for which x4y () is not exceptional, we use (13), writing

Z Z L, X;Nf( ») < loglog N Z Z 1.

N~—<p<N+ 2D (p) f<2f N~ <p<Nt
Xax, (p) ¢ (AN) Dy (p)/f=0,1 (mod 4) f*IDn (p)

To bound the sum over p, we apply the Brun—Titchmarsh inequality [IK04, p. 167], which gives
that

VN

_ +.9»=a (mo ’
#HN" <p<N":p=a( df)}<<¢(f)log(4\/ﬁ/f)

For the sum over a, we use the bound

#{a € Z/fZ: Dy(a)=0 (mod f)} < /7,

which is Lemma 12 of § 7. Combining these two estimates, we have that

Z Z L(1, Xdy. ¢ (p) )<<\/>loglogNZ log f

log N 1/2
N~ <p<N* P2IDx (p) / 8 = [2e(f)
Xaz, (€6 (AN) - Dy (p)/f2=0,1 (mod 4)
log N

It remains to estimate the sum over primes p such that yg« < (p) € &(4N). In that case, we
simply need the standard bound

L(1, x) < logq,

which is valid for all Dirichlet characters of conductor ¢ (see [Dav80, p. 96] for example). We
note that

#{NT <p< N :xg (p) € E(AN)} <#E(AN)T(4N),

where 7(n) denotes the number of positive divisors of n. Therefore, we obtain the bound

3 3 W<<logN 3 3 f

N~<p<NT f?IDN (p) N=<p<N*T  f?|Dn(p)
Xd}‘v(p)eg(‘lN) Dn(p)/f?=0,1 (mod 4) xd}kv(p)eé’(llN)
<< N1/50+€ (15)
for any € > 0. Combining (11), (14), and (15) completes the proof of Proposition 5. O
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PROPOSITION 6. Let Dy(p) be as defined by (7). Then

Ly = Y ANED) ey,

#¢ (A, B) Ec%(A,B) N—<p<N+ p

where

' log log N 1 N3/21og N log log N

uniformly for A, B > 0.
Remark. The above holds without assuming that IV is odd.

Proof of Proposition 6. First, we write Mg(N) as a sum over primes and interchange sums to

obtain
1

1
A 2 MNM=gpag 2 > b

E€¢(A,B) N-<p<N+ E€%(A,B)
#Ep(Fp)=N

For each prime p, we group the E € € (A, B) according to which isomorphism class they reduce
modulo p, writing

> 1= Y #{E€¥(AB):E,~E}
E€%(A,B) B/F,
#Ep(Fp)=N #E(F,)=N
For N large enough (NN >8), the primes 2 and 3 will not enter into the sum over p. Thus,
we will assume that p > 3 throughout the remainder of the article. Therefore, given an elliptic
curve defined over [F),, we may associate a Weierstrass equation, say Fj; : y? =23 + sz + t with
s,t € Fp. Using a character sum argument as in [FR96, pp. 93-95], we have

4AB

AB
#{E€C(A B):E,=FEs;} = m + 0 (pQ + /p(log p)2>

.
O(AlongrBlogp) if st 0,
VP VP
Alogp ) .
+ O( + Blo if s =0,
/P gp

Blogp) .
O| Alogp + ift=0.
( 5 N/

Here Aut(E;;) denotes the size of the automorphism group of E;; over F,,. Substituting this
estimate and applying Theorem 4, we find that

LY = S HEYOD ey ),

#¢(4, B) Ec%(A,B) N-<p<N+ p

where

5(N;A,B)<<{12—|—10gN<1 1>+\/W} > H(Dn(p)

AB
N—<p<N+
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In estimating the error, we have used the facts that #% (A, B)=4AB+ O(A+ B), p=N +
O(V'N) for every prime p in the interval (N—, N*), and there are at most 10 isomorphism
classes F,; over ), with st = 0. The result now follows by applying Proposition 5 and the upper

bound {N~ <p< Nt} < +/N/log N. 0

Theorem 1 now follows immediately upon combining Propositions 5 and 6, and noting again
that p= N + O(V/N) for every prime p in the interval (N~, NT). Furthermore, we have reduced
the proof of Theorem 3 to computing the sum

Z H(DN(p)).

N—<p<N*t p

This computation requires several intermediate results. Therefore, we delay it until § 6.

4. A short average of special values of Dirichlet L-functions

Since Theorem 3 holds only for odd IV, we assume for the the remainder of the article that N
is an odd integer except during the proof of Lemma 12. Recall that Lemma 12 was used in the
proof of Proposition 5, which holds for all positive integers N.

In this section, we prove a short-average result for special values of Dirichlet L-functions that
is needed to compute our average over elliptic curves. As the average is very short, we need the
equivalent of the Barban—Davenport—Halberstam theorem to hold for intervals of that size.

THEOREM 7. Let~y > 0. Suppose that N~ < X < X +Y < Nt withY > /N /(log N)" for some
choice of v > 0. Assume that Conjecture 2 holds for intervals of length Y. Then, for odd

integers N,
1 Y
Z — Z L(laXdN,f(p)) logp:Ko(N)Y—l—O<(lo N)7>’
FOVXFY T X<p<X+Y s
(f,2)=1 I2|Dn (p)
where
f=1 n=1 a€Z/4AnZ
(f,2)=1 a=1 (mod 4)
and
Cy(a,n, f):={z € (Z/4nf?7)* : Dn(2) = af? (mod 4nf?)}. (17)

Proof. Let U be a real parameter to be determined. Using partial summation and Burgess’ bound
for character sums [Bur63, Theorem 2| to bound the tail of the L-series, we have

oS (4) 8- () o 0)

n>1 n<U

For N~ <p < NT, we have |dy, (p)| < 4N/ f?, and hence

1 d Y NT/32
S o1 Y ey ()T

FVXFY © X<pSX+Y n>U
(f2)=1 f?*1Dn (p)
183
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Now let V' be a real parameter to be determined. Using Lemma 12, we obtain

DI DD <dlv’£(m>1°gp

V<f<2vX+Y - nsU - X<p<X+Y
(f,2)=1 f?IDn (p)

<logUlogN Jlf > 1

V<f<2VXFY ° X<k<X+4VN

(f,2)=1 fIDn ()
< log U log N Z VN#{2€Z/fZ:Dy(z) =0 (mod f)}
2
V< f<2yXTY f
(fu )_
< VN logUlog N Z f3/2
>V
< VN log U log N’
vV

and, therefore,

DL SRR IRYMITTE DD SRR D C e I

FV/XFY © X<p<X+Y f<V n<U X<p<X+Y
o <YN7/32 N VN log U log N)
VU VvV '

With Cy(a, n, f) as defined by (17), we regroup terms on the right-hand side above, writing

d
Z f Z ( N’;;(p)>10gp
FSVins<U 77 X <p< Xty
(f,2)= fZ\DN(p

f<Vn<U f aEZ/4nZ
(f2)= a=1 (mod 4)

1
( = 5%
<V, an(/4n

(f)

) 00X, Y dnf2, b)

beCn(a,n,f)

a
(n) Z log p) .
Z X<p<X+Y

d 4) 2Dy (p)
Dy (p)=af?
pldnf?

If p satisfies the congruence Dy(p)=af? (mod 4nf?) and p divides 4nf?, then p divides
(4nf?, (N —1)2 — af?). It follows that such a p must divide n(N — 1). Hence, the error term

Z Z (a) Z logp < Ulog NlogV +UlogUlogV,
f<Vn<U a€Z/AnZ " X<p<X+Y
(f:2)= a=1 (mod 4) 72|Dn(p)
Dy (p)=af?
planf?
184
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and

> . > L1 Xy ) logp

FLVXFY T X<p<X+Y
(f,2)=1 fQIDN(p)

a i 2
Z f Z <n> Z 0(X,Y;4nf? b)
f<Vn<U a€Z/4nZ beCn (an,f)
(f,2)= a=1 (mod 4)

+O(YJ\77/32 N VN logUlog N
VU VvV

+ U log(UN) log V).

We approximate 0(X,Y;4nf2 b) by Y/@(4nf?), incurring an error of

Z > (Z) Y E(X,Y:4nf%b). (18)

f<Vn<U a€Z/AnZ beCn(a,n.f)
(f,2)= a=1 (mod 4)

For any given value of b € (Z/4nf27Z)*, there is at most one value of a € Z/4nZ satisfying the
congruence Dy (b) = af? (mod 4nf?). Hence, interchanging the two inner sums shows that

Y <Z> S BX Y i< Y B(X, Y dnf?b)l.

a€Z/AnZ beCn(a,n,f) be(Z/Anf2Z)*
a=1 (mod 4)

By Cauchy—Schwarz, the error term (18) is

<<Z Z Y |B(X,Yi4nf? )|

f<V n<U " be(z)in f2Z)

<Y = [ZW} [Z Y B(X, Y dnf?,b)? "

f<V n<U n<U be(Z/4Anf27)*

q 1/2

< V\/logU[ Z Z |E(X,Y;q, a)|2] .
q<4UV?2 ( a:)l 1
a,q)=

Assuming Conjecture 2 for an appropriate value of 7, we obtain the bound

a 12 yv./log Ulog N
VilogU| > Y IBE(X,Y;q,0)] < 20+37+5
(log NV)2v+3
q<4UV2 (aa51: .

whenever

Y
2
UvV=< (log N )3 +63+10°

(19)
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Thus, we have

> - > L(L Xay () log p

F<VXFY © X<p<X+Y
(f2)=1 f?|Dn ()

3 w2, ()poen

FLVn<U a€Z/AnZ
(f2)=1 a=1 (mod 4)

Y N7/32 N1 log N
Fo(YNTR Al s
VU vV
0 YVy/logUlog N
+ (log N)2v+3v+5 )

LEMMA 8. For any U, V, e >0, we have

K(N)= % W S (g)#CN(a,n,f)+O(%+logl‘(;gN)

f<VngU a€Z/AnZ
(f,2)=1 a=1 (mod 4)

+ U log(UN) log V>

We delay the proof of Lemma 8 until §7. Applying the lemma and choosing

Y 20+2y+4
V= (log N )v+107+18" V = (log N)™77,

we have

Z l Z L(l,Xde(p))1ng:K0(N)Y+O<(1()g}/;Wy>

F<VXFY © X<p<X+Y
(f,2)=1 /2D (p)

provided that Y > v/N/(log N)V. Note that our choice of U, V satisfies the condition (19). O

5. Computing the ‘almost constant’

Recall that Cy(a, n, f) was defined by
Cnla,m, f) = {2 € (Z/4nf?Z)" : Dy (2) = af? (mod 4nf?)},
where Dy(z) = 22 — 2(N + 1)z + (N — 1)2. The following is the main result of this section.

PrOPOSITION 9. With K(N) as defined in Theorem 3 and Ky(N) as defined in Theorem 7, we

have
N

p(NV)
Proof. By the Chinese remainder theorem and the definition of Cn(a, n, f),
#Cy(a,n, )= [ #CY (@ n, f),

Ll4nf2

K(N) = Ko(N).

where
c(a,n, f) = {z € (Z/0*“)Z)* : Dy(2) = af? (mod £7¢(4nf*))y. (20)

We require the following lemma, whose proof we delay until § 7.
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LEMMA 10. Suppose that N and f are odd and that a =1 (mod 4). Let ¢ be any odd prime
dividing nf, and let e = vy(4nf?) = vy(nf?). If ¢4 4N + af?, then

AN +af?\ .
#C](\f)(a,n,f): 1+<€ ) 1102)((]\7—1)2fan7
1 if 0] (N —1)% —af?

If £ | 4N + af?, then, with s = vy(4N + af?), we have

N +1)\? 4N 2)/¢s
2(2) 512 if1<s<e, 2|s, and <(+Zf)/> =1,

if s> e,

4
#C](V)(ayn7f): <N+1>2£L6/2J
0 otherwise.

In particular, if £ | f, then

1+ <N<N‘”> ifOEN,

l
(1,1, )= 202 if 1 < ve(N) < 2v(f), 2| ve(N), and (]\f) =1,
pre(f) if 2up(f) < ve(N),
0 otherwise,

where Ny = N/**N) is the (-free part of N. Furthermore,
2 if va(dnf?) =2+ 1a(n) =2,
#C](\?)(a, n,f)=44 ifvo(dnf?)=2+1y(n) =3 anda=5 (mod8),

0 otherwise.

By Lemma 10, we may write
#CR (a.n, ) = 282(n, ),

where
1 if 2¢n,
Sa(n,a):=42 if2|nand a=5 (mod 8), (21)

0 otherwise.

Note that if £ is a prime dividing f and not dividing n, then af? =0 (mod 5”5(4"f2)) as
ve(4nf?) = vp(f?). Hence, in this case, #C](f)(a, n, f) does not depend on the value of a, and
SO we write #C](f)(a, n, f)= #C](\f)(l, 1, f)if £| f and €4 n. Therefore, letting n’ denote the odd
part of n and

en,f(n) = Z (Z)Sg(n, a) H #C](f)(a, n, f),

a€(Z/4nZ)* Ln!
a=1 (mod 4)
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we may write

S 1 a
o= 3 53 3 (3)#ovenn

f=1 n=1 a€Z/AnZ
(f,2)=1 a=1 (mod 4)
v LSS 20 ) [ © }
le f280(f)nz::1 (n, f)ne(4n) E#CN (1,1, f) | enp(n)
(f2)=1 tn
B iy He|f #C](\?)(l, 1, f) & 20((n 1
N ng f2o(f) nz (n, f)ncp 4n Ll;[ #C ﬂ cen,f(n), (22)

where the prime on the outer sum indicates that the sum is to be restricted to those f which
are odd and are not divisible by any prime for which #C](\f)(l, 1, f)=0.

In order to proceed further, we must show how to compute the function cy f(n). We
summarize the computation in the following lemma, whose proof we also delay until §7.

LEMMA 11. Suppose that N and f are odd. The function cy (n) is multiplicative in n. Let «
be a positive integer and ¢ an odd prime. Then

en,f(29)

S = (-2,

If¢| f and £t N, then

e, (6)

S = w1 {g oh e

0 if 24 a.

If¢| N and (1 f, then

If ¢4 Nf, then

N N2 —1\?2 N+1\?

—2— (2 = .- if 2
en (%) ‘ (f ( 4 >+< ¢ ) if2]e,
- 2 2 . 2
() (R

( N N-1\* .
- £—1—<£ —<£> if2| e,
= 2
—1—<N€_> if 2t .
If 0| (f, N) and 2v,(f) < ve(N), then
e, f (£%)

éafl :#C%)(lal,f)(ffl)-
It e ‘ (f7 N) and V@(N) < 21/@(.]0)7 then

en,r(6%)

(-1 if2
= =#C§§’<171,f>{0 e

if 2¢ .
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If 0| (f, N) and v¢(N) = 2vy(f), then

Ny —Ny :
. o= ()4 (F1) izl
B [ O

()

where Ny = N /E”@(N ) denotes the (-free part of N. Furthermore, for any n, we have the bound
n He|(f,n) #Cn (1,1, f)

Kon(n)

CNJ(TZ) <K

where, for any integer m, k,,(n) is the multiplicative function defined on prime powers by

if 2
o (0) 1= {E if 2t :and Lfm, (23)
1 otherwise.

Recalling the restrictions on f in (22) and applying Lemma 11, the sum over n in (22) may
be factored as

00 —1

Z 2¢((n, f)) [H #C (1, 1,f)] cen,p(n)

ot (n, finp(4n) A

_ {Z m} H{O;) Zi;f(;‘((ﬁz))} H{l n Z (£, f))en, g (€%) f)}

1 (o, PHtap(tn)#e (1,1,

a0 uf o f
0#2
2
= [IaOI[AGO ] RE D,
ar af of
LN 20
0£2

where, for any odd prime ¢, we make the definitions

<1+ T > if vp(N) < 2u(f),

Bl f) = (1 + ) if vp(N) > 2u,(f),
=Ne ) _ (Ne) _

<1 * 6((528_)1) ( Z ) 1) if vo(N) = 2v,(f).

Substituting this back into (22), we have

-3 = Loy #0811 ) 1 Falb. ) 77 Palle )

(2 (f2)=1 (N UN
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The sum over f may be factored as

i, [Ty #CV (1,1, f) [ P2 ) Pl )

2
~ o(N)f b B0 RO
(f,2)=1 {N UN
#C\0 (1,1, 02V Fy(t, £) #C 01,1, 02)Fy(4, ¢)
= 1 1 .
[I{re S e e T e s F e T
LN a>1 UN a>1
042

When £12N, the factor simplifies as

#C0 (1,1, 02) By (0, £2)
Y eERn T ROE-D

(1+ (M) @+ e+1)
(2 —1)(3 —1)Fy(¢)

14 (N(N 1)2 )
(2 =1)(¢ - 1)F1(6)

a>1

=1+

When v¢(N) is odd, the factor simplifies as

#C\0 (1,1, 02V Fy(t, 1) ¢ #C\0 (1,1, 12V Fy(t, 1)
1) o @mEae T RO = (a

a>1 a1

e P earay
Fo(0)(6=1) (3

a=1
(04 1)(1 — £r—ve(N))
Fo(0)(¢ —1)(¢2 = 1)
1 — pl=ve(N)
Fo()(¢ —1)?
e (N) g
Fo(0)ve@N) (£ —1)2°

=14+

=1+

=1+

When v(N) positive, even, and (%) = —1, the factor simplifies as

#C\0 (1,1, 02V Fy(t, 1)
1+ Z ga)£2aF0(£)

a>1

EPFRNE I #OW (1,1, £4) Fy (¢, )
Fo(O)((— 1) 2 (a
gVZ(N) _ EQ E#C Z)(l 1 EV[(N)/Q) ( EVZ( )/2)
ROt ™ (g—1)2 Fo(0)(l — )2

=1+
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gre(N) _ g2 2 —t—(F)
RO ™(E—12 " Ryt (- 172
e — ¢ — ()
Fo(0) M) (0 —1)2
e N) — g 4 (‘TM>
Fo(0)ee™) (£ —1)2"

=1+

— 14+

When vy(N) positive, even, and (%) =1, the factor simplifies as

#C0 (1,1, 02V Fy(t, £) ¢ #C0 (1,1, 02V Fy(t, 0)
=1
L+ ;1 ()2 Fy (0) T ROE—D O; (a
, e(N) _ K#C%)(l, 1, (ve(N)/2Y By (g, gre(N)/2)
T R -1y Fo(0)(C — 1)) /2
¢ = #0011, ) Fy(e, 02
RO 2 @
a=vy(N)/2+1
iy eeN) — g2 +£(£2—1) (F) €+ (F) —2
T Ey(0)ere(N) (0 —1)2 Fo(0)(€ —1)(£2 — 1)¢ve(N)
N 4 i 207 (N)/2(1 4 1/0(¢ + 1))
_ 3a
BOE-1) _ o, ;
retN) — g2 -1+ (F)
=1+ +
Fo(0)tre ™) (0= 1)2 " Fy(£)(¢ — 1)20»(N)
preN) gy (=D
)

Fo(0)(£ — 1)2gre(N)
Substituting this back into (24), we find that

14 (N@-1)
Ko(N) = ; 11 <F1(5) + (52_(1)(2_12)

H2N

(M(N) — )
H <F0(€) + —EW(N)(E BEYP
YN
2ty (N)

N — g 4 (*T{Vf) )
)

X H (Fo(f)"F £V£(N)(£_1 2

ON
2|ve(N)
_1\2
rqp(e CEV LR G pp (e
(L—1)(2-1) fve(N) (¢ —1)2
42N (N

2tve(N)

pre(N)+1 _ gre(N) _ g 4 (—TNZ>
(1 + )

N (= 1)2
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N ()2 r 41 1
‘w(N)H(l (€—1)( - )) 11 (1_6"@(“(«4—1))

UN oN
2vp(N)
()
% H ( ~ ) o
e N+ (g — 1)
2|ve(N)

6. Proof of Theorem 3
We are now ready to give the proof of our main result.

Proof of Theorem 3. By Proposition 6, we see that Theorem 3 follows if we show that
H(Dn(p)) N ( 1 >
E ———=K(N) 57— +O| 72 |-
+
N—pe i+ P ©(N)log N (log N)H+v

We begin by dividing the interval (N~, NT) into intervals of length Y := v/N /| (log N)?*2]. For
each integer k in I :=[-2V/N/Y, 2\/N/Y) NZ, we write X = X, := N + 1+ kY. Thus,

H(Dn(p))
B DD B (25)

N—<p<N+ kel Xp<p<Xp+Y

Recalling the definition of the Kronecker class number, the definition of dy, ¢(p), and the class
number formula (see (6), (9), and (10)), we have the identity

HONp) =5 S \fldws®IL0 xay ) (26)

21D (p)
dN,f(p)EO,l (mod 4)

We assume that N is large enough so that there are only odd primes p satisfying the condition
N~ < p< NT. Therefore, since we assumed that N is odd,

Dy(p)=(p+1—N)*—4p=1 (mod 4),

and it follows that there are only odd f in the above sum and that dy f(p) =1 (mod 4) for each
such f. Hence, summing (26) over all primes p in the range X <p < X + Y and switching the
order of summation, we have

D Rt PPV I MR TS

X<p<X+Y X<p<x+y P DN (p
_ i Z l Z V |DN(p)
p

fV/XFY T X<p<X+4Y
(f,2)=1 f2Dn(p)

L(]‘?XdN’f(p))' (27)

We now change ‘weights’, approximating +/|Dn(p)|/p by /|Dn(X)|log p/(N log N). If p is
a prime in the interval (X, X + Y], then p = X + O(Y), and hence

Dn(p) = Dn(X) + O(Y VN).
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Let X* be the value minimizing the function \/|Dy(t)| on the interval [X, X + Y. Since it is
also true that p= N 4+ O(v/N), we have that

V |DN(P)| _ VIDNn(X)|log p

NlogN
\/lDN R
N3/2 N3/4 it N*e[X, X +7Y],
<
|Dn (X)) Y :
otherwise.
N3/2 N1/2 ]DN(X*)|

Hence, by Theorem 7 and Proposition 9, the right-hand side of (27) is equal to

O(Y\/WT Y\/\DTlogN Y3/2 log N>
N(log N)7+1 N3/2 N3/4
K(N)Y /Dy (X)] . if N* € [X, X—I-Y] (28)
2mp(N) log N O( Dy (X + Y/|Dn(X)|log N N Y2log N )
N (log N)"Y“ N3/2 N1/2,/|Dn(X*)]
otherwise.

\

Since Dy (X},) = 0 for k on the endpoints of the interval [-2v/N/Y, 2v/N /Y] D I, by the Euler—
Maclaurin summation formula, we have

2V/N/Y 5 2V/N/Y |th|
V|Dn(X3) _/ VAN — (tY dt+0</ dt>
; D) 2VN/Y ) —2yN/y /AN — (tY)?
2N
= =~ +O0(VN),

and, furthermore,
2V/N/Y

0
kzel‘/|DN X3 /Q\F/Y V4 (tY)? Y/Q\F \/4N—u2 Y

Whence, summing (28) over k € I, we have

H(Dn(p) _ N 1 Y log N
DN -5 i O T ) -

7. Proofs of lemmas

In this section, we give the proofs of the technical lemmas needed in the rest of the paper.

LEMMA 12. For every positive integer f,

#{a€Z/fZ:Dn(a)=0 (mod f)} < +/f.

Remark. Recall that since this lemma was used in the proof of Proposition 5, we do not assume
that NV is odd here.

Proof of Lemma 12. First, we use the Chinese remainder theorem to write

#{a€Z/fZ:Dn(a)=0 (mod f)} = H #{a e Z/t""DZ: Dy(a) =0 (mod 7))},
of
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We will show that

max{¢le/2] 20(e=1/2} if p> 2,

29
max{fle2) 4Dy ifp—2. (29)

#{a €Z/I°Z : Dn(a) =0 (mod ¢°)} < {

From this, we readily deduce that
#{a € Z/fZ: Dy(a)=0 (mod f)} <8/,

which is a more precise result than that stated in the lemma.

We now give the proof of (29). Since
Dy(a)=a? - 2(N +1)a+ (N —1)>=(a— N — 1) — 4N,
it suffices to consider the number of solutions to the congruence
Z?=4N (mod f°). (30)

Suppose z is an integer solution to (30) and write 4N = £° Ny with (¢, Ng) = 1. If s > e, it follows
that =0 (mod £/¢/?1), and hence there are at most £l/? solutions to (30). Thus, we may
assume that s < e and write

22 =L°(No + £°°k)

for some integer k. Since (¢, Ny) =1, it follows that s must be even. Writing s = 2s, we see that
z =%z, where x is an integer solution to the congruence

X2=Ny (mod £¢7%). (31)

So, in particular, z = ¢*x (mod ¢¢~%). Since (¢, No) =1, it is a classical exercise as in [HW79,
p. 98] to show that

2 if0>2,

X €7/t 57 X? = N, d )} <
X 2/ 0 (mod £75); {4 if0=2.

Therefore, there are at most 20¢~(¢=50) = 2¢5/2 < 2¢(¢=1)/2 solutions to (30) when £ is odd, and
there are at most 4¢¢—(€=s0) — 4¢5/2 < 4¢(e=1)/2 golutions when £ = 2. O
Proof of Lemma 8. By Lemma 11, cy,r(n) <n ]y #C](f)(L 1, f)/kan(n), where, for any

positive integer m, K, (n) is the multiplicative function defined on the prime powers by (23).
Therefore,

1 1 a
o= 3 Y 3 (5 poan )

<V n<U a€Z/4n7Z
(f,2)=1 a=1 (mod 4)

Ty #CN (1,1, f) 20((n, f))en,s(n)

<X T a2 @
j<v wsu (s fine(dn) [gm 5 #ON (1, 1, f)

Ly g #6001 ) 26((n, e ()

f2o(f) n, fine(4n C(E) 1,1
>v n>1 ( 7f) 90( )HZ\(n,f)# N( ’ 7f)
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< Z H@\f#c ( 7f)z 1

2 oD 2 ran (e
(f2)=1
* fZ;, A e o

(f,2)=
where the primes on the sums on f are meant to indicate that the sums are to be restricted to
odd f such that #C’](\f)(l, 1, f) # 0 for all primes ¢ dividing f.
In [DP99, Lemma 3.4], we find that

1 Co
2 ri(n)p(n) VU

n>U

for some positive constant c¢g. In particular, this implies that the full sum converges. From this
we obtain a crude bound for the tail of the sum over n

1 1 1 1
Z@N(n)@(n): 2 ri(m)p(m)p(k) 2 o(k) 2

22 ma(mp(m)

Y (”]”fglﬁ)U:l £|ki>>£|12N (m,2N)=1
Ok=E[2N

<X g \F < 0 )

k>1 (N ( 1)(\/Z_1)
E\k:>£|2N

%M(Hm)@z)

<Al )

oN
We have already noted that N/p(NN) < loglog N. It is a straightforward exercise as in [MV07,

p. 63] to show that
1 Vlog N
14+ — — | 7.
H( i x/?> - eXp{O(log log N>}

oN
Thus, we conclude that

1 N¢
> o) ST (33)

P

for any € > 0. For the full sum over n, we need a sharper bound in the N-aspect, which we obtain

by writing
1 ; .
> e - () 2

= ran(n)e(n)

02N
(n,2N)=1
2N 1 1
4 )
(2N ZHN( 0-1) 2 mimet
< log log N. (34)
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For any odd prime ¢ dividing f, we obtain the bounds

() ove(N)/2 if ve(f) > ve(N)/2 and 2| vp(N),
#CN (17 17 f) < {éyé(f)

otherwise

from Lemma 10. However, if vy(f) > v4(N)/2 and 2 | vy(N), it follows that ve(f) > 1+ vp(N)/2,
and hence
2t (N)/2  pltve(N)/2 < pre(f)

since £ > 2. Therefore, for every odd integer f, we have that

[T#cY a1 n<r

of
and hence
[y #CN' (1L 1) 11
> TR SR ST )
>V ® >V ®
(f2)=1
Substituting the bounds (33)—(35) into (32), the lemma follows. O

Proof of Lemma 10. Upon completing the square, we have that
22 —2(N+1)z4+ (N -1 —af’=(z— N —1)? — (4N + af?).
Since N is odd, the number of invertible solutions to the congruence
(z— N —1)>=4N +af* (mod 2%)

is the same as the number of invertible solutions to the congruence Z2? = 4N + af? (mod 2%).
Since 4N + af? =4 + a (mod 8), the computation of C'](\?) (a,n, f) is thus reduced to a standard
exercise. See [HW79, p. 98] for example.

If /44N + af?, then there are exactly 1 + (M) solutions to the congruence

(z— N —1)2=4N +af? (mod ¢%). (36)

However, if ¢ divides the constant term, (N — 1)? — af2, then we have exactly one invertible
solution and exactly one noninvertible solution.

It remains to treat the case when £ |4N + af?. We write 4N + af? = (*m with (m, £) = 1.
First, we observe that any solution z to (36) must satisfy z=N +1 (mod ¢). Therefore,
if £| N + 1, then there are no invertible solutions; if £4 N + 1, then every solution is invertible.
Hence, we assume that 1 N + 1. Now, the number of invertible solutions to (36) is equal to the
number of (noninvertible) solutions to

Z?=/0*m (mod ¢°). (37)

If s > e, then Z is a solution if and only if Z =0 (mod ¢/¢/21). There are exactly ¢¢=¢/2] = ple/2]
such values for Z modulo ¢¢. Now, suppose that 0 < s <e. Then Z is a solution to (37) if and
only if

Z? = 0¥m + 0k = 05 (m 4 £°7%)
for some integer k. Since £{m and s < e, we see that there can be no such Z if s is odd or if
(%) = —1. Thus, we assume that s = 2sy, (%) =1, and we write 72 =m + ¢£°7°. Under this
assumption, there are exactly two (distinct modulo ¢¢7*%) solutions, say 7 and 72, to the
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congruence 72 =m (mod ¢¢~250). Therefore, if Z is a solution to (37), then either Z = ¢%0(ry +
k10¢~#) for some integer k1 or Z = £°°(ry + kol®~ %) for some integer ko. In other words, Z = ¢50r;
(mod £¢7%9) or Z ={%0ry (mod ¢°7%°). It is not hard to check that if Z satisfies either of these
two conditions, then Z is a solution to (37). There are exactly 20~ (¢=%0) = 2¢% such values for
Z modulo ¢°. |

Proof of Lemma 11. It is easily checked that cy ¢(1) = 1. If n is odd, we observe that
_ a 0
eng(n) =) (n> [T#c¥ (@n. ).
a€(Z/nZ)* Ln

Now, suppose that (m,n)=1. It follows that at least one of m and n must be odd. Without
loss of generality, we assume that n is odd. Choose integers mg and ng so that 4mmg + nng = 1.
Then

CN,f(n)cNJ(m) = Z <C;L1> H #C](é) (a,l, n, f)

a1€(Z/nZ)* ln

<Y <jn2)32(m,a2)ﬂ#c§§’(az,m,f)

a2€(Z/4AmZ)* Lim!
a2=1 (mod 4)

ardmmg + asnn,
— Z < ! 0+ a2 O)SQ(nm, ardmmg + agnng)
nm
a1€(Z/nZ)*,
a2€(Z/AmZ)*
a2=1 (mod 4)
X H #C’](\f)(alélmmo + agnng, nm, f)

Lnm/

= cn,f(nm).

Hence ¢y, ¢(n) is multiplicative in n.
By (21), we find that

en (2= ) *<2i)32(2a,a):2 3 (g)a:(_l)a2a

ac(Z/2°%27) a€(Z/241T27)*
a=1 (mod 4) a=5 (mod 8)

for a > 1.
We now consider the case when £% is an odd prime power. In view of Lemma 10, it is natural
to split ey, f(¢*) into two parts, writing

Q= 3 (5) #eier

a€(Z/4*17)
UAN+af?

0 167 a ¢ f 167

e = > (§) #elae )
a€(Z)0T)*
Ll4AN+af?

so that
en g (67) = i) () + 0 (07 (38)
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We concentrate on cg\l,)f (%) first. Applying Lemma 10, we have

)= Y (Z) #CW (@, e+ Y (Z) 40O (a, ¢, )

a€(Z)e~17)* a€(Z/e~7)
UAN+af? UAN+af?
H(N—1)2—af? I (N-1)2—af?
a\“ AN + af? a\®
= - 1 - 7 —
> @) ) 2 ()
a€(Z/L7)* a€(Z)E7)*
UAN+af? UAN +af?
H(N-1)?—af? f(N-1)2—af?
o1 a\“ 4N + af? a\“
¢ { > <f) [1+< ; + Y )0 (39)
ac(Z/07)* ac(Z/07)*
Y4AN+af? MAN+af?
H(N—-1)2—af? L|(N—-1)2—af?

In order to finish evaluating this sum, we split into cases. First, assume that ¢ | f. Then the sum
defining cg\l,)f(ﬂa) is empty unless /1 N. In this case, £ | (N —1)? — af? if and only if /| N — 1.
Therefore, if ¢ | f and £1 N, then

N a\“
1 — — if 04N —1
we (@) 2 () e
N.f _ a€(Z/eL)*
a—1 «
¢ 3 (Z) ite|N—1
L ac(z/02)*
( N
(6—1)[1+<€>] if 2| aand £{ N —1,
“ Y1 if 2| and £| N — 1,
if 21
N[N -1\ .
0 if 24«

((—1) if2]a,

0 if 21« (40)

as #C'](\f)(l, 1, f)= <1 + (%) (%)2) in this case.

Now, suppose that £1 f. Under this assumption, we note that (%) = (alﬁ) Picking up with
(39) and dividing through by /2!, we have

SO s () x4

a€(Z/lL) a€(Z/LZ)
HAN+-a f? UAN+af?
HY(N-1)%2—af? L(N—1)2—af?
a\® AN +a a\”
= — 1 —
> @) 2 6
a€(Z/e7)* a€c(Z/ez)*
Y4AN +a #4AN+a
H(N-1)2—-a L(N-1)2-a
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- O T (O™

a€ZJIL A€V
aZ—4N (mod ¢) aZ(N—1)2 (mod ¢)
l « « 2
b b—4AN —N NZ -1
= 1 Z (=) -
2@ - (F) -5 @
b=1
upon completing the sums and making the change of variables b = 4N + a. One easily computes
that
, -1 if /| N,
b b—4N\“ N )
;<1+<€>>< 7 > = €—1—(£> if 04N and 2|,
-1 if {tN and 21 a.

For example, the third case is [MV07, Exercise 1(b), p. 301]. Therefore,

(-2 if | N and £1 f,
2 2
C%,f(ﬁa) (—2— <N> — <N 1) if (Y Nf and 2|,
W: /¢ /
_ 2 _ 2
—1—< é]V)_(NE 1) if (4 Nf and 2¢a.

It remains to compute cgs)f(ﬁo‘). We first consider the case when £t f. Note that the sum

defining Cs\?)f (%) is empty unless 4 N as well. Thus, under this assumption, we have that

2\ @
W= 3 () sl

a€(Z/tT)*
L|AN+af?
a (0%
= Z <€> #C](\f)(aagaal)
a€(Z/0>7)*
£l4N+a
—4N\“
:(E) S #0 (e, 2,1).
a€(Z/0°7)*
L|[4AN+a

In order to evaluate this last sum, for each a € (Z/¢“7Z)*, we choose an integer representative in
the range —4N < a < ¢* — 4N. This ensures that 0 < 14(4N + a) < a. There is exactly one such
choice of a so that v¢(4N + a) = a, namely a = ¢* — 4N. For 1 <t < o — 1, the number of such a

with vy(4N + a) =t is (£ — 1)¢27t=1 but for only half of those values is (w
the easiest way to see this is to consider the base-¢ expansion of 4N + a for each a in this range.

) = 1. Perhaps,
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Therefore, applying Lemma 10 again, we have

L(a=1)/2]

o 2
>y #C%Ma,ga,n:(]\r:l) S EED DD R e/ I R

t=1 0<4N+a<t® t=1 0<4N+a<t®

ve(4N+a)=t ve(4N+a)=2t
[(a—1)/2] —ot— 2
C(N+1N? (0 —1)0o—2=1 (N 41\?
=(——) 7 + g 5 2 7 14

t=1

2 2
flos2) <N21> @=1(1 — ¢-lla-D/2))

(elo/2l o go=1(1 — g~ La=1)/2ly)

Therefore, if £4 fN, then
o (~N\Y(N+1\* _

We now compute cgg)f(fo‘) in the case that ¢| f. Note that, in this case, the sum defining

CES?f(EO‘) is empty unless ¢ | N. Note that vy(4N + af?) > min{vy(N), 2v,(f)} with equality
holding if vy(N) # 2v(f).

First, suppose that 2v,(f) < vo(N). Noting that e = vy(46%f2) > 2v4(f), by Lemma 10 we
have that

40O a, 02, f) = 2070 — 24001, 1, )

if and only if (%) = (w) = 1. Hence,

= 3 (7) #laes

a€(Z/t7)*

Ll4AN+af?

ol a\”

=240y (LLS) ) <£>
ac(Z)t7)*
(a/t)=1

= #Oy (L1, et (L= 1)
if 1< 2I/g(f) < I/g(N).
Now, suppose that vy(N) < 2uv(f). Since e = vy (409 f?) > vy(N), by Lemma 10, we have that

N,
207 (N)/2 i 2| yy(N) and [ =L ) =1
#C’%)(a, €a7 f) — { 1 ‘ Vf( ) an ; s

0 otherwise

=40V (1,1, )
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for every a € (Z/¢“Z)*. Hence,

=Y (‘g) #C (a0, f)

a€(Z/tT)*
0l AN+af?

a «
—#cfain ¥ (%)
a€(Z/L>Z)*
L —1) if2]a,
— #CV (1,1,
#OCL L) {0 if 21 a
if1< Vg(N) < 21/g<f).

Finally, consider the case when 2vy(f) =vy(N). Let r=vp(f) and s=1p(N), and write
f=10fyand N =¢*N, with (¢, fyfNy) = 1. Then

(6 2 (03
) = Y <‘;) #CQ (@ )= Y (“f) #CN (a, 0,0 fy)

aj(]Zv/éa?%* a€(Z/0T)*
4N+a

a (6]
- ¥ <£) #COW (a, 2, 07).
a€(Z/L7)*

To evaluate this last sum, for each a € (Z/¢*7Z)*, we choose an integer representative in the
range —4N; < a < £* — 4N,. This ensures that 0 < vy(4Ny + a) < «, and hence that 2r < vp(4N +
al?") < 2r + a. Similarly to before, there is exactly one choice of a such that vy(4N; + a) = o,
namely a =¢® —4N,. For 1 <t < a — 1, there are (¢ — 1)¢“~! choices with vy(4Ny + a) =t,
but for only half of those values is <w> = 1. Note that if £ | 4Ny + a, then (%) = <_TNZ)
Therefore, if 1 < vy(N) = 2vy(f), then

[e% . a “ E e T

D=y S (§) #ele
t=0 0<4N;+a<t™
ve(4Ng+a)=t

(a—1)/2]

_ —Ny [(2r+a)/2] Ng (f - 1)504—21?—1 r+t
= (z ) ol + Z 5 20
a ”
+ > <€> 20

0<4N,+a<t®

()
_ (2NN pretar) o (2N ot (1 gl
¢ 14
| grta-l Z (Z) <1+(4Ng£+a)>
a€Z/lZL

:( év‘5>gr[gta/2J+ga g - g-la-n/2ly)
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b b— 4N\
r+a—1 7 l
e 3 () ()
beZ /0T,
(_M)+£—1—<M> if 2] o,
:Er—‘roc—l ¢ ¢
<_£Nf>1 if 2t o

—Ny Ne\ .

= #CV (1,1, fee!

—N,
<£‘> —1 if 21 .
The lemma now follows by combining our computations for cg\?) 7(£%) and cg) 1(£9). O

ACKNOWLEDGEMENTS

The authors would like to thank K. Soundararajan for pointing out how to improve the average
upper bound of Theorem 1 by using short Euler products holding for almost all characters. They
also thank Henri Cohen, Andrew Granville and Dimitris Koukoulopoulos for useful discussions
related to this work and Andrea Smith for a careful reading of the manuscript.

REFERENCES

BCD11 A. Balog, A.-C. Cojocaru and C. David, Average twin prime conjecture for elliptic curves,
Amer. J. Math. 133 (2011), 1179-1229.

BBI1JO05 J. Battista, J. Bayless, D. Ivanov and K. James, Average Frobenius distributions for elliptic
curves with nontrivial rational torsion, Acta Arith. 119 (2005), 81-91.

Bur63 D. A. Burgess, On character sums and L-series. II, Proc. Lond. Math. Soc. (3) 13 (1963),
524-536.

CFJKP11 N. Calkin, B. Faulkner, K. James, M. King and D. Penniston, Average Frobenius distributions
for elliptic curves over abelian extensions, Acta Arith. 149 (2011), 215-244.

CL84a H. Cohen and H. W. Lenstra Jr., Heuristics on class groups, in Number theory (New York,
1982), Lecture Notes in Mathematics, vol. 1052 (Springer, Berlin, 1984), 26-36.

CL84b H. Cohen and H. W. Lenstra Jr., Heuristics on class groups of number fields, in Number
theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), Lecture Notes in Mathematics, vol.
1068 (Springer, Berlin, 1984), 33-62.

C1J A. C. Cojocaru, H. Iwaniec and N. Jones, The Lang—Trotter conjecture on Frobenius fields,
Preprint.

Dav80 H. Davenport, Multiplicative number theory, Graduate Texts in Mathematics, vol. 74, second
edition (Springer, New York, 1980).

DP99 C. David and F. Pappalardi, Average Frobenius distributions of elliptic curves, Int. Math.
Res. Not. IMRN 1999 (1999), 165-183.

DP04 C. David and F. Pappalardi, Average Frobenius distribution for inerts in Q(i), J. Ramanujan
Math. Soc. 19 (2004), 181-201.

DS12 C. David and E. Smith, A Cohen—Lenstra phenomenon for elliptic curves, Preprint (2012),
arXiv:1206.1585.

FR96 E. Fouvry and M. Ram Murty, On the distribution of supersingular primes, Canad. J. Math.

48 (1996), 81-104.

202

https://doi.org/10.1112/50010437X12000541 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000541

GS03

HWT79

1K04

Jam04

JS11

Kob88

Kow06

LT76

LPZ10

Len87

MVO7

ELLIPTIC CURVES WITH A GIVEN NUMBER OF POINTS OVER FINITE FIELDS

A. Granville and K. Soundararajan, The distribution of values of L(1, x4), Geom. Funct.
Anal. 13 (2003), 992-1028.

G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, fifth edition (The
Clarendon Press, Oxford University Press, New York, NY, 1979).

H. Iwaniec and E. Kowalski, Analytic number theory, American Mathematical Society
Colloquium Publications, vol. 53 (American Mathematical Society, Providence, RI, 2004).

K. James, Average Frobenius distributions for elliptic curves with 3-torsion, J. Number Theory

109 (2004), 278-298.

K. James and E. Smith, Average Frobenius distribution for elliptic curves defined over finite
Galois extensions of the rationals, Math. Proc. Cambridge Philos. Soc. 150 (2011), 439-458.

N. Koblitz, Primality of the number of points on an elliptic curve over a finite field, Pacific
J. Math. 131 (1988), 157-165.

E. Kowalski, Analytic problems for elliptic curves, J. Ramanujan Math. Soc. 21 (2006),
19-114.

S. Lang and H. Trotter, Distribution of Frobenius automorphisms in GLgy-extensions of the
rational numbers, in Frobenius distributions in GLg-extensions, Lecture Notes in Mathematics,
vol. 504 (Springer, Berlin, 1976).

A. Languasco, A. Perelli and A. Zaccagnini, On the Montgomery—Hooley theorem in short
intervals, Mathematika 56 (2010), 231-243.

H. W. Lenstra Jr., Factoring integers with elliptic curves, Ann. of Math. (2) 126 (1987),
649-673.

H. L. Montgomery and R. C. Vaughan, Multiplicative number theory. I. Classical theory,
Cambridge Studies in Advanced Mathematics, vol. 97 (Cambridge University Press,
Cambridge, 2007).

Chantal David cdavid@mathstat.concordia.ca
Department of Mathematics and Statistics, Concordia University,
1455 de Maisonneuve West, Montréal, Québec H3G 1MS8, Canada

Ethan Smith ethans@mtu.edu
Centre de recherches mathématiques, Université de Montréal, P.O. Box 6128,
Centre-ville Station, Montréal, Québec H3C 3J7, Canada

and

Department of Mathematical Sciences, Michigan Technological University,
1400 Townsend Drive, Houghton, MI, 49931-1295, USA

203

https://doi.org/10.1112/50010437X12000541 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000541

	1 Introduction
	2 Statement of results
	3 Reduction to an average of class numbers
	4 A short average of special values of Dirichlet L-functions
	5 Computing the `almost constant'
	6 Proof of Theorem 3
	7 Proofs of lemmas
	Acknowledgements
	References



