
THE CONVOLUTION x~'*x?

by B. FISHER

(Received 6 January, 1975)

1. Introduction. In a recent paper [1], Jones extended the definition of the convolution
of distributions so that further convolutions could be defined. The convolution w1*w2 of
two distributions wt and w2 was defined as the limit ofithe sequence {wln*w2n}, provided the
limit w exists in the sense that

lim <j>(x)wln*w2ndx = (f>(x)w(x)dx
n — ao J - o o J - o o

for all fine functions (/> in the terminology of Jones [2], where

wln(x) = wl(*)T(*/")> W2n(x) = VV2(x)t(x/n)

and T is an infinitely differentiable function satisfying the following conditions:

(i) T(X) = T(-JC),

( i i )0^T(x)<l ,
(iii)t(x) = l for | J C | < 1 / 2 ,

(iv) T(X) = 0 for | x | ^ 1.

2. The convolution x~r*x*. We prove that in the sense of Jones' definition of convolu-
tion for distributions that

x-'*xs = 0 (1)

for s = 0,1,2, . . . , r - l and r = 1,2, . . . .
We write

Formally we have

_ f" . (x-{

J-» T A n .
but since t~r is not a summable function we must interpret the integral in the distributional
sense. Putting

x-t
n

we note that (f>s(t) is a fine function so that we can write
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We must now distinguish between odd and even r. First of all we have

= f
Jo

since #//) = 0 for 11 | > n.
Now for arbitrary fixed c> 0 choose N such that 4c < N. Then if

0 < t ^ n/4, | x | < c, JV < n (2)

it follows that
x±t

From Taylor's Theorem we have

where 0 ^ { < 1 and - £/ < t0 ^ ^?. But since

and
T(//M) = 1 for 111 ^ n/2,

it follows that if f, x and « are subject to the above inequalities (2), then

#2r+1)0o) = 0.
Thus

n/4

where / = nit. Obviously

lim

Since

im n"2' f u-2'-1 f) g ^ ^«-"(0)d« = 0.
- o o Ji > = 1 Kzl~1)-

/ x \ / x
-(f>s(-nu) = T ( H ) ( X - n u ) s T ( - - « ) - T ( U ) ( X + MU)STI - + M
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it is obvious that, if 5 < 2r,

and if s = 2r

lira n~2r I M-2r-1{<As(nM)-^i(-n«)}rfM = 0

lim «- 2 r iT2|-1{02r(««)-02X-««)}«*«

f1 f (X \ (X \\
= lim U~XT{U){T\—u)-t[-+u)}du

»-<J* I V" / V" / i
= 0

since
(x \ (x

lim x\ —w 1 = lim x\ - + u ) = T(M).
n-oo \ n ) n-.oo \ "

We have thus proved that

for each x, the convergence obviously being uniform on every finite interval.
Thus for arbitrary fine function <j> we have

lim
n-»oo J - c

since a fine function vanishes identically outside a finite interval. This completes the proof of
equation (1) for odd T.

Next we have

= f
Jo

= f
Jo

i=o(

r

From Taylor's Theorem we have
r - l , 2

where 0 ^ ^ < 1 and - f f ^ f0 ^ (J/. It follows that if r, x and « again satisfy inequalities (2),
then
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Thus

= f
Jn
f {
n/4 (.

and it follows, as in the previous case, that if 5 ^2r—

for each x, the convergence being uniform on every finite interval.
Again, for arbitrary fine function <p, we have

limf" <t>(x)(x-2\*(xs)ndx = 0,
n-*coj — oo

which completes the proof of equation (1).
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