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Abstract  An element a in a ring R with identity is called strongly clean if it is the sum of an idempotent
and a unit that commute. And a € R is called strongly m-regular if both chains aR D a?R D --- and
Ra D Ra? D --- terminate. A ring R is called strongly clean (respectively, strongly 7-regular) if every
element of R is strongly clean (respectively, strongly m-regular). Strongly m-regular elements of a ring are
all strongly clean. Let o be an endomorphism of R. It is proved that for Yr;z¢ € Rlz,0],if rg or 1 —rg is
strongly m-regular in R, then Xr;x? is strongly clean in R[z,o]. In particular, if R is strongly 7-regular,
then R[z,o] is strongly clean. It is also proved that if R is a strongly m-regular ring, then R[z,o]/(z™)
is strongly clean for all n > 1 and that the group ring of a locally finite group over a strongly regular or
commutative strongly m-regular ring is strongly clean.
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1. Introduction

Rings are associative with identity. An element in a ring is called clean if it is the sum
of an idempotent and a unit [8]. An element a in a ring R is called strongly clean if
a = e+ u, where 2 = e € R and u is a unit of R such that eu = ue. In this case we
also say that a = e + u is a strongly clean expression of a in R. A ring R is called clean
(respectively, strongly clean) if every element of R is clean (respectively, strongly clean).
Note that clean and strongly clean rings are the ‘additive analogues’ of unit-regular and
strongly regular rings, respectively, because a ring R is unit-regular if and only if every
element of R is the product of an idempotent and a unit (in either order) and R is
strongly regular if and only if every element of R is the product of an idempotent and a
unit that commute. Local rings are obviously strongly clean. An element a € R is called
right m-regular if the chain aR D a?R D --- terminates. The left m-regular elements are
defined analogously. An element a € R is called strongly w-regular if it is both left and
right m-regular, and R is called a strongly m-regular ring if every element is strongly m-
regular. According to Dischinger [6], R is strongly m-regular if and only if every element
of R is right m-regular if and only if every element of R is left m-regular. According to
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Burgess and Menal [2], strongly 7-regular rings are strongly clean; in particular one-sided
perfect rings are strongly clean. Strongly clean rings were introduced by Nicholson [9],
where their connection with strongly m-regular rings and hence to Fitting’s lemma were
discussed. In particular, it was proved in [9] that every strongly w-regular element is
strongly clean.

According to Han and Nicholson [7], a ring R is clean if and only if the power series
ring R[z] is clean. But it is unknown when a power series ring is strongly clean. For a
local ring R, R[xz] is certainly strongly clean (being local). But for any ring R, R[z] is
never strongly m-regular because x is not strongly m-regular. Our main result says that,
for aring R, Xi>oriz’ € R[z, o] is a strongly clean element if either ro or 1 —ry is strongly
m-regular in R. In particular, Rz, o] is strongly clean for any strongly m-regular ring R.
This gives a new family of strongly clean rings, neither local nor strongly m-regular.

It was proved in [7] that if R is a Boolean ring and G is a locally finite group, then the
group ring RG is a clean ring. Here it is proved that the group ring RG of a locally finite
group G over a strongly regular or commutative strongly m-regular ring R is strongly
m-regular (and hence strongly clean). This gives an affirmative answer to the question
in [7] of whether the group ring RG of a locally finite group G over a commutative
(von Neumann) regular ring R is clean. It is also proved here that, for a strongly m-
regular ring R, R[z,o]/(2™) is strongly clean for all n > 1. We write Z for the ring of
integers, Z,, for the ring of integers modulo n, and Z,) for the localization of the ring Z
at the ideal generated by the prime number p. As usual, Q is the field of rationals, U(R)
stands for the group of units of R, and J(R) denotes the Jacobson radical of R. The
n X n upper triangular matrix ring over R is denoted T, (R).

2. Strongly clean power series

When is R[] strongly clean? Here we present a new family of strongly clean rings through
power series rings. If R is a ring and 0 : R — R is a ring homomorphism (with o(1) = 1),
let R[x, o] denote the ring of skew formal power series over R; that is, all formal power
series in « with coefficients from R with multiplication defined by zr = o(r)x for all
r € R. Note that, by [1] or [9], an element a € R is strongly m-regular if and only if there
exists n > 1 such that a™ = eu = ue, where ¢ = ¢ € R and v € U(R) and a, e and u all
commute. The main result of this section is the following theorem.

Theorem 2.1. Let R be a ring and r = Xr;a’ € R[z,o]. If either ro or 1 — rq is a
strongly m-regular element of R, then r is a strongly clean element of R[x,o].

Proof. Because r is strongly clean in R[z, o] if and only if 1 —r is also strongly clean
in R[x, o], we need only to prove the claim for the case where ry is a strongly m-regular
element of R. So write rJ* = fowo = wo fo, where f& = fo € R and wy € U(R) and 7o,
fo and wq all commute. Let n = 2m. Then 7§ = fow? = w3 fo. Next we show that there
exist e = Ye;zt,u = Yu;zt € Rz, o] such that

r=e+4u, eu=ue, e =eanducU(R[z,o]).
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Choose ey = 1— fy and ug = 79— (1 — fo). Then ug € U(R) by the proof of [9, Theorem 1]
and hence rg = eg + ug is a strongly clean expression of rg in R. Now let w = w%. Then

rg" = (1 —eo)wo = wo(1l — eo), (2.1)

ry = (1 —ep)w =w(l —ep).

Thus, rg, €9, w and ug all commute and

ey = eoryt =0, eyt =ri"teg = 1" triteg = 0. (2.3)
Note that €2 = e is equivalent to
em = emo™(eg) + em_10™ " Her) + -+ ero(em_1) + €oem (Em)
form=0,1,2,..., and eu = ue is equivalent to

emo™ (o) + em_10™ N uy) + - 4 e10(Upm_1) + €otm

= U™ (e0) + Um_10" " (e1) + - Furo(em_1) + Ugem (Fin)
form=20,1,2,..., and r = e + u is the same as
Tm = €m + Up (Gm)

for m =0,1,2,.... Clearly, eg, ug satisfy (Ep), (Fp) and (Gp). Since ug € U(R), u is a
unit of R[z, o] no matter how we choose u; for ¢ > 1. Thus, it suffices to show that there
exist e;, u; (i = 1,2,...) such that (Ey,), (F,) and (G,,) are satisfied for all m > 1.
Assume that e, ..., e, ug, ..., ur have been obtained so that (Fy,), (F,) and (G,,) are
satisfied for all m = 0,1,..., k. We next find ep41 and ugy; that satisfy (Fry1), (Fre1)
and (Ggy1). Let
S = l() =My = 0,
sp = ero(ug) + ea0(up_1) + - + exo® (uy),
I, = uyo(eg) + ugo?(ep_1) + - - + upo®(er),
mg = ero(er) + 620’2(6k_1) 4+ ekak(el),
tk = €0Tk+1 — T‘k+10k+1(€0) + Sk — lk
Then sg, I, my and t; are well-defined elements of R.
Claim 1. myo**t1(eg) = egmy,.
Proof of Claim 1. Noting that (E,,) holds for m =1,2,...,k, we have
mpo™ 1 (eg) — eomy
= [e10(ex) + €20 (ex_1) + - - - + exo®(e1)]o" (eo)
—eglero(er) + exo?(ep_1) + - + exa®(ey)]
ol

= eolerc®(eo)] + exo?[ex_10% L (eg)] 4 - - + exc*[ero(eo)]

—epero(er) — epeao?(ef_1) — - — eoero’(e1)

https://doi.org/10.1017/50013091505000404 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000404

76 J. Chen and Y. Zhou

=ejoler — eper —e10(€p_1) — -+ — ek_lak_l(el)]
+ 620’2[€k_1 —epep—1 — e10(eg_g) — -+ — ek_20k72(€1)]
+ e

+ ekak(el —eper)
—egero(er) — egeac?(ep_1) — - -+ — egera®(er)
= [e1 — e10(eq) — eper]a(er) + [—ero(er) + ex — ea0?(eg) — eoealo®(en—_1)
4ot [—ero(en_1) — - —er_10" Heo) + ex — exot(eo) — eger]at (e1)
=00 (ex) + 002 (ep_1) 4 -+ + 00" (e1) = 0.
Claim 2. egty + tpo" T (eg) = tp + mro™ i (rg) — romy.
Proof of Claim 2. Because of (E,,) and (F,,) for m =1,2,... k, we have
spo* L (eq) + eosi
= [ero(ur) + ea0*(up_1) + - - - + ero™(u1)]o" (o)
+ eolero(ur) + eao®(up_1) + - - - + ero’ (ug)]
= e10(ug)o™ (eg) 4 o (up—_1)o" (o) + - - - 4 epo™(ur)o" T (eg)
+ [e1 — ero(eg)]o(uk)

+ [ea — ez0?(eg) — e1o(e1)]o? (up—1)

+ [

+ [ex — ero”(e0) — ex_10" " L(er) — - - — ero(en_1)]o" (u1)
=ejofu, + ukak(eo) —equ, —e10(Uug—1) — -+ — ek,lak_l(ul)]

+ €202 [up—1 + up—10"""(eo) — €oup—1 — -+ — €x—20" > (u1)]

4.
+ ep_10" Hug + ug0?(e) — equa — e1o(uy)]
+ €k0k[ul +uy0(eo) — eou]

=ero(ug) + 620'2(7.Lk_1) 4+ ekak(ul)
+ ela[ukok(eo) —equy, — e10(Ug—1) — - — ek,lak_l(ul)}
4.
+ ek_lak_l[u202(eo) — egug — e1o(uy)]
+ exofuro(eg) — eous]

=5 —erofup_10" er) + - +Furo(en_1) + uoer — exo”(ug)]

— 620’2 [Uk_gdkiz(el) + 4 ula(ek_g) + upg€r—1 — Bk_lo'kil(lto)]

— ek,lak_l[ula(el) + uges — ea0? (ug)]

— ekak[uoel —e10(up)]
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= s — ero|uper — ekak(uo)] — 6202[U06k_1 — ek_lak_l(uo)] —
- ekak[uoel —e10(up)]
— [ela(uk_l) + 620’2(Uk_2) —+ 4 ek_lcfk*l(ul)]ak(el)

— [ero(up—2) + e20*(up—3) + -+ + ex—20" " *(u1)]o" " (e2)

— lero(u1)]o?(ex—1)

= Sk — Il - 123
where

I = sp_10%(e1) + sp_20™ Hea) + -+ + s10%(ep_1),

7

I = ejofuger — ero® (ug)] + ea0?[uger—1 — ep_10" " (ug)] + - - - + exo*uoer — ero(ug)).

Similarly, it can be verified that
eoly + 1o eg) =l — J1 — Ja,
where
J1=e10(lp-1) + €20 (le—2) + -+ ex10" 7 (1)

and

Jo = exo™(up) — uoer)o® (e1) + [ex—10" 7 (uo) — uper—1]o" " (ea) + - -

+ [er0(ug) — ugper]o(ek).

Moreover, we have
Ji = e10(lg—1) + eao?(lp—2) + - + ex_10"1(ly)
= e10[up—10" " (e1) + up—20""*(e2) + -+ + uro(er—1))
+ 6202[uk,20k_2(61) + uk,gak_:s(eg) + -t uro(er—2)]
4.
+ep_10" Huro(er))
= [ero(up—1) + €202 (up—2) + - - - + ep_10" " (uy)]o* (e1)
+ [e10(up—2) + e20” (up—3) + - - + ex—20""2(u1)]o" " (e2)
+ ...
+ [ero(ur)]o® (e—1)
= sp_10%(e1) + sp_20" " ea) + - -+ s10%(ep_1) = 11,
and
—I, + Jy = —ejofuger — ero® (ug)] — ea0?[uger—1 — 10" H(ug)] — - - -
— ekak[uoel —e10(up)]
+ [exo™ (uo) — upex]o® (1) + [en—10% 7 (ug) — uoer—_1]o" " (ea) + - - -

+ [er0(ug) — ugper]o(ex)
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= [e10(ex) + ea0*(ex—1) 4 - - - + exo®(e1)]o" (ug)
—ero(ug)o(ey) — ea0?(ug)o(er_1) — - — ero™(ug)o*(e1)
—uglexo®(er) + ex_105 " (eg) 4+ -+ + ero(ep)]
+ ero”(ug)ot(e1) 4+ ep_10" H(ug)o"Hea) + - - + ero(ug)o(er)

k+1(

= myo up) — UgMy,.

Thus, we obtain

eo(sp — lp) + (sx — L) (eo) = [sro™ 1 (eo) + eosk] — [lko™ T (eo) + eol]
=(sk— I —Ia) — (lx = J1 — J2)
=sp,—lg—Ia+J>

k+1(

=5, — i, +mpo Ug) — UMk

= S — lk —+ ka'kJrl(T‘O — 60) — (7’0 — eo)mk

= sp — I, + mpo®(rg) —romy  (by Claim 1). (2.4)
Hence,
k+1(

€o) = eoleori+1 — rk+1ak+1(eo) + s — Ui
k+1(

eoty + tro

k+1(60)

= €e0Tk+1 — Tk+10k+1(60) + eO(Sk — lk) + (Sk — lk)O'kJrl(eo)

+ [BOTk—H — T'k410 60) + Sk — lk}(f

= egrps1 — rkﬂak“(eo) + 55—l + mkakﬂ(m) —romy  (by (2.4))

k+1(

=t +mpo" " (o) — romy,

proving Claim 2.
Claim 3. egtro*t1(eg) = egmpa®1(rg) — roegmy.
Proof of Claim 3. Multiplying the equality in Claim 2 by ey from the left, we obtain
+1(

k41 2
eoty + eotro" T (eg) = eoty + eompo r0) — ToCMk-

Thus, Claim 3 follows.

For each integer ¢ > 0, let

ci = eord, by =" (¢;) = " (eord). (2.5)
Claim 4. Choose
m—1 m—1
Cpt1 = — Z ci(trb + mi)b' + Z a*(aty, — my)b; + my,
i=0 i=0
where
a=wtrd b=oc"a) =" (wtrgh). (2.6)
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Epi1 = ekHakH(eo) + ekok(el) + -t eo(er) + eoept1-

1
ekt1 = exr10° T (eo) + €oert1 + M.

Proof of Claim 4. Notice that the following hold:

co=eo, bo=0"(eg) (by (2.5)),

em =eorg =0 (by (2.3)),

b = " (eori) =0,

coa = eqw gt = egrdTtwTt =0 (by (2.3)),

bby = "1 (a)o" 1 (cy) = k'H( o) = " (cpa) = 0,
bobi = bibo = by,

CoC; = C;Cpo = Cj.

Therefore, we have

and

€k4+10

k+1(

79

eg) = €k+1b0
= - ch (trb + my )by + Z (aty, — my)bibo + mybo
m—1
= —Co(tkb + myg)bo + Z atk — myg)b; + mybo (by (2.11))
=0
m—1 .
= Z a'(aty, — mg)b; — cotpbby — comibo + mybo
i=0
m—1 .
= Z a'(aty — mg)b; — eomkok+1(eo) + mkak+1(eo) (by (2.11))
i=0
m—1 )
= a'(aty, — mg)b; (by Claim 1)
i=0
m—1 m—1
€0eri1 = Z coci(tib + my) b + Z coa (aty — my)b; + comy
i=0 i=0
m—1 ‘
= - ci(tkb + mi)b" + co(aty, — my )b + comy
i=0
m—1 .
=— ci(teb + my)b" — comiby + eomy,  (by (2.10))
i=0
m—1 .
=— ci(tkb + mg)b*  (by Claim 1).
i=0
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Hence,
m— m—1
eoert1 + ekHak'H( )+ my = Z (teb + my) b’ + Z a'(aty, — my)b; + my,
i=0 i=0
= €k+1-

Claim 5. Choose ug11 = rg41 — €xt1. Then we have

err10 T (ug) + eno(uy) + - - - + ero(ur) + eoUps1

k+1(60)

= Up410 + upo®(er) 4+ - +uro(er) + uoepr1.

That is

k+1

ek+10k+1(u0) + egupt1 + Sk = k41077 (eo) + upert1 + k. (2.14)

Proof of Claim 5. Equation (2.14) is equivalent to
k10" (ro — €0) + €0(Trt1 — €rs1) + sk = (Thy1 — exg1)0" T (€0) + (ro — €o)err1 + I

That is
k1 _ k+1 _
roek+1 — €k+10 (o) = €oTkt1 — Thr10° " (€0) + Sk — Uiy = ti.

So it suffices to show that

roeri1 — €rp10 T (o) =t (2.15)

Because

TOC; = To€QT) = eorf)H = Ciy1, (2.16)

(2.17)~(2.21) hold:

bio" 1 (rg) = o™ egrd) o™ (ro) = " T (eorith) = biga, (2.17)
roa =row trg Tt =wTlrl =1 —¢ (by (2.2)), (2.18)
bo* 1 (rg) = " (arg) = oF (roa) = 1 — o™ (ep), (2.19)
roa’ = (1 —eg)a=a —epa = a — coa = a (by (2.10)), (2.20)
V2" (rg) = o™ (a*rg) = o1 (a) = b. (2.21)
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Thus,
T0€k+1 — 6k+10k+1(7"0)
m—1 m—1
S Z roc; (tpb + my)b* + Z roa’(aty — my)b; + romy
i=0 i=0

m—1 m—1
+ Z ci(teb + mk)bz k'H (ro) Z a'(aty, — mg)b; k+1(7"0) - mkUkH(TO)
=0

3
a

civ1(tgb + mk)bi + rolaty — mg)bo + (1 — eg)(aty — my)by

™

s
Il
o

3
L

+

ai_l(atk — mg)b; + romy

[\~]

+ co(tpb + mk)ak+1(r0) + c1(tgb+ mg)(1 — O'k+1(€0))

3

=+ ci(tib+ mk)bi_l

i\

3
L

- a'(aty, — my)bis1 —mpo®(rg)  (by (2.16)-(2.21))

.
(=)

= —c1(teb + my) — e (teb + mp)b™ 1 — (aty — mp)by — a™ Y (aty — my)bm
+ rolaty — mg)bo + (1 — eg)(aty — mz)by + co(teb + my)o™ 1 (rg)
+ ¢ (teb +mp) (1 — L (eg)) + romy — mpo™ (o)

—c1 (trb 4+ my) " (eg) — eglaty — my )by + rolaty — my)bo
+ co(teh + mp)o" T (o) + romy — mea® (o) (by (2.8), (2.9))

B+ B+ (1) B+ (¢0)

60) — egatpby + roatibg + cotrpbo
k+1(’l“0)

—citipbo — im0

+ eomgbr — romybo + comio + romy, — mio 1 (rg)
(1 —eg)trbo + coti[l — O'k+1(60)] — roeomk0k+l(eo) + eomkakﬂ(eo)ak“(ro)
— Tomk0k+1(60) + eomkak+1(ro)

+romy — mpot T (rg)  (by (2.10), (2.11), (2.18), (2.19))
k+1( k:+1( k+1(

€0) — ro€oMy + egMmio 70)

— roegmy, + eomkakﬂ(ro) 4+ romp — mkak+1(r0) (by Claim 1)
=t — 2eotpo™ T (eg) — 2roeomp + 2eqmuo (o) (by Claim 2)
=ty (by Claim 3),

=1i0 (:’()) + egtr — 2eptio

verifying Claim 5.
Thus, by Claims 4 and 5, 41 and w41 satisfy (Ex41), (Fr+1) and (Gg41). The proof
is complete by the induction principle. O
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Corollary 2.2. If R is a strongly m-regular ring and o is an endomorphism of R, then
R[z; 0] is a strongly clean ring.

The proof of Theorem 2.1 works for the next theorem.

Theorem 2.3. Let ¢ be an endomorphism of R, n > 1 and r = Z?:_Olnxl €

Rlz,o]/(x™). If 79 or 1 — rg is strongly m-regular in R, then r is strongly clean in

R[z,o0]/(z™).

Corollary 2.4. If R is a strongly m-regular ring and o is an endomorphism of R, then
Rlz,0]/(x™) is strongly clean for all n > 1.

Remark 2.5.

(i) A ring R is said to satisfy the condition (x) if for each a € R, either a or 1 — a
is strongly m-regular. Both local rings and strongly m-regular rings satisfy (x). If
R, is a local ring that is not strongly w-regular and R, is a strongly m-regular
ring that is not local, then R = R; X Ry is neither local nor strongly w-regular,
but R satisfies (x). Thus, the assumption in Theorem 2.1 unifies local and strongly
m-regular rings.

(ii) The condition () is sufficient for R[x, o] to be strongly clean, but it is not necessary.

Let R = Ty(Z(y)) and let
-1 0
(3 Y

It can be verified easily that neither A nor I — A is strongly m-regular. But
Rl[z] = Ta(Z2))[x] = T2(Z ) [2])

is strongly clean by [9, Example 2], because Z)[x] is a commutative local ring.

3. Other extensions

If G is a group, we denote the group ring of G over R by RG. In this section, C,, stands
for the cyclic group of order n and C,, denotes the infinite cyclic group. It was proved
in [7, Proposition 4] that if R is a Boolean ring and G is a locally finite group, then RG
is clean. This is a consequence of the next result, the proof of which uses an idea in [4].
Recall that a ring R is strongly regular if, for any a € R, a € a®R.

Theorem 3.1. If R is a strongly regular or commutative strongly m-regular ring and
G is a locally finite group, then RG is strongly m-regular.

Proof. By [4, Corollary 3.2], it suffices to show that (R/P)G is strongly m-regular
for any prime ideal P of R. If R is commutative strongly m-regular, then R/P is a
commutative strongly m-regular domain; so R/P is a field. If R is strongly regular, then
R/P is a prime, regular ring whose idempotents are central; so R/P is a division ring.
Either way, for any finite subgroup G; of G, (R/P)G; is Artinian (by [5, Theorem 1])
and hence strongly m-regular. Hence, (R/P)G is strongly w-regular. O
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Theorem 3.1 gives an affirmative answer to the question in [7] of whether the group
ring RG of a locally finite group G over a commutative regular ring R is clean. Because
Z7)Cs3 is not clean [7], ‘strongly 7-regular’ in Theorem 3.1 cannot be replaced by ‘strongly
clean’. But if RG is commutative clean, then G must be locally finite.

Proposition 3.2. Let R be a commutative ring and G be an abelian group. If RG is
clean, then G is locally finite.

Proof. Suppose G is not locally finite. Then G is not torsion, so G/T(G) is non-trivial
and torsion free, where T'(GQ) is the torsion subgroup of G. Then R(G/T(G)) is clean,
being an image of RG. So we can assume that G is torsion free. If G has rank greater
than 1, then G has a torsion-free quotient G’ of rank 1. Since RG’ is clean again, we
can assume that G is of rank 1. So G is isomorphic to a subgroup of (Q,+). Since R is
commutative, it has a quotient R’ which is a field. Because R'G is clean (being an image
of RG), we can assume that R is a field. Take g € G such that g=* # g. Since g + g~ !
is clean in RG, there exists a finitely generated subgroup G of G such that g € G; and
g+ g~ is clean in RG;. Because every finitely generated subgroup of (Q,+) is cyclic,
G is cyclic. Write G; = (h). Then g = h*, g~ = h™* for some positive integer k. There
is a natural isomorphism R(h) = R[z,z~ '] with h¥ + h=% +— 2% + 2=F. Thus, 2% + 2=
is clean in R[z,z~1]. But this is impossible because all the idempotents of R[z,z~!] are
in R and all the units of R[z,2~!] are in {az’ : 0 # a € R, i € Z}. The contradiction
shows that G is locally finite. |

It is proved in [3] that a ring R is semiperfect if and only if R is a clean ring containing
no infinite set of orthogonal idempotents. This result can be used to give many examples
of clean and non-clean rings. For example, for a finite group G and a prime p, Z,)G is
Noetherian; so Z )G is clean if and only if it is semiperfect. It is known [7] that if R is
semiperfect, then RC5 is clean. Below we will see that Cs is the only non-trivial cyclic
group having this property. The proof of the next example follows by Proposition 3.2.

Example 3.3. If R is a commutative ring, then RC,, is not clean.

Example 3.4. If k > 2, then Z5)Cyx is not clean.

Proof. In Z5[X], X* -1 = (X — 1)(X — 4)(X — 2)(X — 3). But in Z5)[X], X4—1=
(X —1)(X +1)(X? + 1) with X? 4 1 irreducible. So Z)C} is not semiperfect by [10,

Theorem 5.8]. Hence, Z)Cy is not clean. For k > 2, Z5)Cy is an image of Z)Cor, so
Z5)Cax is not clean. O

Example 3.5. If p # 2 is a prime, then there exists a prime ¢ such that Z,)C), is not
clean.

Proof. Because Z7)C3 is not clean [7], we can assume that p > 5. By Euler’s theorem,
p divides 2P — 1 and p divides 4P — 1.

Claim. Fither p is not the only prime divisor of 2P — 1, or 42 — 1 has a prime divisor
which is neither p nor 3.
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If the claim does not hold, then
2 —1=p" and 4P —1=3%p",

where n > 1, s > 1and t > 1. Thus, 3°p' = (2P)? — 1= (2P +1)(2? — 1) = (2P + 1)p™. It
must be that n = t. This gives 3° = 2P + 1 because p # 3, and so s > 4.

If s = 2k is even, then k > 2 and 2P = (3¥)2 — 1 = (3* + 1)(3¥ —1). S0 3¥ 41 = 2! and
3k _1= 2”*1, where [ > 3 and p— 1 > 3. Thus, 2- 3k =92l 4 2r=! and hence 2 divides
3*: a contradiction.

If s is odd, then

e e
OO

This shows that 2 divides s, a contradiction. Therefore, the claim is proved. Let @,(X) =
XP=l 4 XP=2 4 ...+ X +1. It is well-known that @,(X) is irreducible in Q[X] (applying
Eisenstein’s criterion to @,(X + 1)). By the claim, there exist two cases.

Case 1. 27 — 1 has a prime divisor ¢ with ¢ # p. Thus, ¢ > 2 and ¢ divides 2P~ ! 4
272 4 ...+ 24 1. So 2 is a root of &,(X) in Zg. Because @,(X) is irreducible in Z,),
Z(q)Cyp is not semiperfect by [10, Theorem 5.8]. Hence, Z4)C) is not clean.

Case 2. 4P — 1 has a prime divisor ¢ with ¢ # p and ¢ # 3. Thus, ¢ > 4 and ¢ divides
4P=1 4 4P=2 ... 4 4+ 1. So 4 is a root of B, (X) in Zg. As above, Z,)C, is not clean.

O
Example 3.6. If n > 2, then there exists a prime ¢ such that Z,)C,, is not clean.

Proof. If n has an odd prime divisor p, then C), is a quotient of C,,. By Example 3.5,
there exists a prime ¢ such that Z4)C), is not clean. Because Z,)C), is an image of Z4)Cl,
Zq)Cn is not clean. If n = 2% then k > 2. By Example 3.4, Z5)Ch is not clean. O

Proposition 3.7. Let n > 2. The following are equivalent:
(i) RC,, is clean for every semiperfect ring R;
(ii) RC,, is clean for every local ring R;
(i) n = 2.
Proof. By Example 3.6 and [7, Proposition 3]. O

If RH is clean for every finitely generated subgroup H of a group G, then RG is clean.
The converse does not hold: let R =Z7) and let G = S3 be the symmetric group of
order 6. Then RG is semiperfect (and so is clean) by [10, Lemma 6.1}, but RCj3 is not
clean.
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