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THE WIELANDT SUBGROUP OF METACYCLIC P-GROUPS

ELIZABETH A. ORMEROD

The Wielandt subgroup is the intersection of the normalisers of all the subnormal
subgroups of a group. For a finite group it is a non-trivial characteristic subgroup,
and this makes it possible to define an ascending normal series terminating at
the group. This series is called the Wielandt series and its length determines the
Wielandt length of the group. In this paper the Wielandt subgroup of a metacyclic
p-group is identified, and using this information it is shown that if a metacyclic
p-group has Wielandt length n, its nilpotency class is n or n + 1.

1. INTRODUCTION

The subgroup of a group that has become known as the Wielandt subgroup was
originally defined by Helmut Wielandt in a paper published in 1958 [5]). As he showed,
the Wielandt subgroup w(G) of a group G, defined by

w(G)= () No(H)

HaqdG

is a characteristic, non-trivial subgroup of G for any finite group G. It is possible to
define a normal series, the Wielandt series, for a group G, in a similar way to the upper
central series. We put

wo(G) = 1, wi(G) 9« G such that wi(G)/wi—1(G) = w(G/w;_1(G))

for i > 1. Since w(G) is non-trivial, for a finite group G there is an integer n such
that w,(G) = G. We call the smallest such n the Wielandt length of G.

When G is nilpotent, w(G) is the intersection of the normalisers of all subgroups
and coincides with the norm of a group (see [3]). The Wielandt subgroup will always
contain the centre of a group, and Schenkman [3] has shown that the norm is in the
second centre of a group. For a nilpotent group G, we have

G(G) € w(G) < G(6)-
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This implies that if a nilpotent group has Wielandt length n, then its class is between
n and 2n. Beyond this little is known about the relationship between the Wielandt
length of a nilpotent group and its class, although Camina [1] has looked briefly at the
influence of the Wielandt length on the structure of a p-group.

The aim of this paper is to identify the Wielandt subgroup of a metacyclic p-
group, and using this to establish a relationship between the Wielandt length and the
class. The identification of the Wielandt subgroup in this case relies fairly heavily on the
presentation of the metacyclic p-group. Such presentations have been classified by King
in 1973 [2]. More recently Newman and Xu have produced presentations which have
been helpful in this work. Their results for p odd are announced in [4], while further
details, including the case for p = 2, will appear later. Once the Wielandt subgroup
is identified it is possible to show that for a metacyclic p-group with Wielandt length
n, the class is either n or n + 1. Since there is evidence that this is true for other
small groups, it is tempting to suggest that this might be true for all nilpotent groups.
However, it is not the case as a group has been found that violates this relationship.

2. NOTATION AND PRELIMINARY RESULTS

In general, notation is standard. The prime under consideration will be denoted
by p. In particular,

G’ is the derived group of a group G;

1, (1(G), ..., ¢i(G), ... is the upper central series of a group G

p*||w means p* | w and p**! { w.

The following commutator identities are standard and will be used without explicit
reference:

[zy, zt] = [z, [y, ][z, z]w[y’ z]t

and hence

[z, 2l = [z 2], (e, 97 =y, 2] .

The following identities hold in any metabelian group and will also be used extensively.
For any positive integer k,

(2.1) v [v, w"] = H [v, rw](f)

1<igk

and

(2:2) (o) =o* | T fo, dw, jullsien) J ot
0<iti<k
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The presentations of metacyclic p-groups have been classified by King [3]. We
follow this classification as it has been further developed by Newman and Xu [4]. For
P # 2 any metacyclic p-group has a unique presentation of the form

(2.3) G=(ab: ot 2 1, B o a"+‘ a® = a't?')

where » > 1, u,s,t > 0 and u < r. G is a split extension if and only if u = 0 or
8=0o0r t =0. For p=2 the situation is more complex and we treat this later.

As a consequence of the relations of the group G, and the identity 2.1, the following
identities hold in G. From here, until otherwise stated, it will be assumed that p is an
odd prime.

(2.4) For any positive integer 1,
() [a, ib] ="
(ii) [a*, b] ‘= (a, B)*; L,
(iii) [a, 8')P = [a, B)*P .
From King we state the following results:

(2.5) [2,2.1a]. Let k be an integer, ¥ > 0. Then p* | w implies that p*+" ||
(1+p7)”
(2.6) [2,4.1]. For integers a, B, A, k, with k> 1,

k -
(a°88)" = ap"bﬁr'[aa’ bﬂ]«\P" !
where p| A ifand only if p > 3

(2.7) [2,4.10(ii)). The centre of G is given by

s4u

G(6) = (@™, ¥,
From these results we derive several other identities which are quite crucial.
(2.8)
G) la "] = [, B = @™
@) (ba)? T =t

(iii) (ba)Pr+l+u — bpr+n+uaPr+l+u — b’r+l+u .

3. IDENTIFICATION OF THE WIELANDT SUBGROUP

We have seen that for a nilpotent group the Wielandt subgroup can be described
as the intersection of the normalisers of all subgroups. To make computation easier
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we aim to reduce the number of intersections that need to be found. We get a small
reduction by noting that it is sufficient to find the intersection of the normalisers of all
cyclic groups. However, this is still unwieldy, and we are able to make the following
reduction.

THEOREM 3.1. Let G be a metacyclic p-group, with presentation given in (2.3).
Then

w(G) = Ng({b))N Ng ((b’" a-l)) .
PRroOOF: The proof in one direction is trivial. For the non-trivial direction we

assume that w is a fixed element of G, w € Ng((b)) N Ng ((b"a‘l)) . Some direct

consequences are:

(1) Since w normalises (b), then [w, b € }) NG = (a’r+'). Hence b¥ =
bam? " = pr+mr T £ some integer m.

(2) We note that using (2.6) the element z = b*'a~! has order p™+* and
any element of (z) can be written b*?'a’ where 1 < k < p™**. The
value of i is not unrestricted, but it is not important here. In particular,
{z) N{a) =1, and hence ()N G' = 1. Thus, since w normalises (z}, we
have [w, z] € (z) NG' =1, and so (V‘a_l)w =b'at,

(3) The group {a) is normal in G, but we can now be quite specific about the
action of w on a. Since a = (b"‘a‘l)'lb" , we have a® = g+mP Tt
We now show that w € Ng((g)) for any g € G. This is a sufficient condition for

w to belong to w(G). For any g € G, g can be written g = b/a’ where i and j are

non-negative integers. Then

g* = (¥a')"
= (B (avy

r+s4t s+t

— (bl+mp )j(al+mp

)i
. m r+as4t
since b™P ,

by (2.8) (ii)

ri+s4t o r4s4t r4as4t
a'™?

=bVa'¥™? a?

€¢(G)
= bai(Fa)™

- (bja,')l-}-mp
This gives the desired result. 0

We are now able to prove the main theorem of this section.

r4s4t

THEOREM 3.2. Let G be a metacyclic p-group, with presentation given in (2.3).
Then

(i) for0<ux<t,
s4u

w(G) = (e, ¥ )
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(ii) foru>t>0,

u—148

w(G) = (a®

t+4a 8

a"FP).

PROOF: We let w = ba’ be a member of G and, using 3.1, determine precise

,b?

conditions on i and j for w to belong to w(G).

For w to normalise (b) we must have [w, b} € (a?"*'). Using the usual commutator
identities we have

[w, b] = [ d', b] = [d%, b] = a'?"

r+s
)

and a*?" € (a? if and only if i = ep” for some integer e.

Then w must centralise 57 ™1 , and assuming w normalises (b) and using standard
commutator identities we have
[w, ¥'a"!] = [pa?’, 0*'a7Y)
= ¥, a7 Y@, ¥
= [a, b][a, """ using (2.4) (ii) and (iii)

- L XY) r4s4t
= g~ 1g(0+#") a? .

We consider two cases.

() 0<u<t.

In this case a°®? =1, and [w, b”‘a'l] =1 if and only if a=1+0+Y _ By
(2.5) this is true if and only if p*** | j. So we must have w = pep* ™
e are integers. Since 6?7 " € ¢1(@), w € w(G) if and only if

)

r4s4t

s
a°? where d and

s +u

w € (a? , b

which is the required result.
(i) u>t>0.
In this case [w, b"‘a—l] = 1 if and only if a=1*(+7")Y = g¢ =1,0orl #

o~ HU+Y — g-er™H 1 the former case, a~17(+#")Y =1 if and only if j = dp***
r4s4t

pr+n+¢

=1 if and only if e = fp*~* for some integer e. So
R £ S integers d and f. Hence, since 't e G4(G),

w satisfies this condition if and only if

for some integer j, and a°?P

we must have w = b9

u—t44s

Y

w € (a?

The alternative condition is that a=1+(1+P"Y — g=er"*** Using (2.5) again, we

see that o= 1+(+2"Y ¢ (a’r““) if and only if p*** | j. So we assume j = kp*** for

some integer k. But then a~1HHETY gkttt g

r4s4t
a’?

[w’ bpt a_ll — akp r+c+l.
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Hence [w, b*'a~1] is trivial if and only if k = —e mod p*~*. So we must have k =

—e + np*~*t for some integer n, which gives w = b—e?"* qP’ 57" | We note that

b g’ = (3**a-P")e mod (o).
Combining this with the previous condition, we conclude that for u > ¢ > 0,
w € w(@G) if and only if

u—t+4s u+ts

» +

u—t+s

la_pl> — (ap t+s .

w € (af , a ?).

, O

This completes the proof of the theorem. ad

We conclude this section by pointing out that w(G) = (1(G) only for the case
u = 0. For none of these groups is it the case that w(G) = (;(G).

4. THE WIELANDT LENGTH OF A METACYCLIC p-GROUP

Having identified that Wielandt subgroup of a metacyclic p-group, we turn our at-
tention to the question of the relationship between the nilpotency class of the netacyclic
group G and the Wielandt length of G.

We begin by quoting a result from King.

LEMMA 4.1. [2, 4.10(i)] A metacyclic group G, with presentation given in 2.3
has nilpotency class k if and only if

kr>r+s+u>(k—1)r.
We also note, that given a metacyclic group
H={(ab:a* =1, ¥ = a?’, a® = a'*?")

with y <e,v<B,e+7 2 a, e+ 8 2 a then (b) is normal in H, and we can write
H as a splitting extension with generators b and a; = b g1 (see [2, 4.3]).

We can now derive our first result.

LEMMA 4.2. If the metacyclic group G, with presentation given in (2.3), is a

split extension, of nilpotency class k + 1, then G/w(G) has class k and is also a split
extension.

PROOF: As noted earlier, G splits if and only f u =0 or s =0 or £ = 0. We
consider these cases separately.

(i) u=0.
In this case w(G) = (a?’, ¥*") and hence

G/w(G) = (a,b:a? =1, =1,a* =al??).
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G has class k£ + 1 implies that
(k+1)r2r+8>kr

which is equivalent to
kr>2s>(k~-1)r
and this implies that G/w(G) has class k.
(ii) t=0.
Here w(G) = (a""“, %*a~?") and hence

+3 ] —n? r
=1, =a"?,ab =alt?F),

Glw(G) = (a, b: a?"

and again since G has class k+ 1, G/w(G) has class k. It is easily seen that G/w(G)
splits if written with generators a and ba™*.

(iii) s = 0.
In this case, for v > 0, G has class 2, G # w(G). Hence G/w(G) is abelian and
is also a split extension. 0

The following corollary is immediate.

COROLLARY 4.3. If the metacyclic p-group G is a split extension, then the
Wielandt length of G is the same as its nilpotency class.

The next result is a little more complex.

LEMMA 4.4. Let G be a metacyclic p-group with presentation as given in 2.3
and 0 <u <t. If G has class k + 1, then

(1) G/w(G) has class k if s > (k — 1)r;
(i) G/w(G) hasclass k—1if s < (k—1)r.
In either case G/w(G) is a splitting extension.

PRoOF: From (3.2)(i), w(G) = (a'p', bp‘+") and hence
G/w(G)=(a, b: a® =1, br“"" ab = a1+P'),

If G has class k+1, then (k+1)r 2 r+s+u > kr. Hence kr > s+u > (k—1)r,and
since u < 7, kr > s > (k—2)r. G/w(G) has class k if s > (k—1)r and class (k- 1)
if 8 € (k—1)r. In either case, it is clear that G /w(G) splits. 0
We combine this result with Corollary 4.3 to get the next corollary.
COROLLARY 4.5. Let G be as given in Lemma 4.4, with class k+1. Then G
has Wielandt length k+ 1 if s > (k — 1)r, and Wielandt length k if s < (k—1)r.
The final case we need to consider is even more complex. We have

ris4u r4- 8.4t r4s r
G={e,b:af =1,b° =aP  ,a’=a!*?)
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where r, 8, u,t > 0, u < r with the added condition u >t > 0.
Let i, be the smallest integer such that u — i;¢ < ¢; let i, be the smallest integer
such that s < iyr. Put I = min{s,, i3}.

(4.6) For 0 < j < I define

r+s4t—jr

r4o4+u—yt—jr r4s—3r r
=1, = af , @’ =a*?"),

Gj=(a,b:a?
The conditions on I ensure that for 0 < j< I,
r+stu—jl—jr>o>r4+st+t—gro>r+s—jr>r

and hence w(G;) can be found by applying Theorem 3.2 (ii). Note that Gy = G,
G; =2 Gj_1/w(Gj-1) = G/w;i(G) for 0 <5< I.
We can now state our final result.

LEMMA 4.7. With G described as above, if G has nilpotency class k + 1, then
the Wielandt length of G is k or k+ 1.

PRrROOF: Since G has class k+1, we have (k+ 1)r > r+ s +u > kr. We consider
first the case r + 8 > kr. Then, using the above notation, for 0 € j < #; we have
u—jt >t and so

(k+1)r>r+s+u—jt>r+s+t>r+s>kr
This implies
(4.8) (k=j+1)r>r+stu—jt+r)>(k-j)r

which in turn implies that G; has class k—j+1 for 0 < j < I. Further,if I =i, < 1,,
then (4.8) also implies that G1 has class k— I+ 1. Also, since r+s—i;r <r, Grisa
split extension. Therefore, by Lemma 4.2, the Wielandt length of Gy is k—I+1, and
hence the Wielandt length of G is k£ + 1.

If I =i, then sifte r+s+u—~(iy — 1)t > r+s+t wehave, r+s+u—iyt > r43 > kr
and hence as above Gy has class k — I + 1. If further 1; = 12, G splits and so has
Wielandt length & — I + 1, which implies G has Wielandt length k+ 1. If {; <1i,, Gy
has class k — I +1 and by Corollary 4.5 G; has Wielandt length k —I +1, and G has
Wielandt length k + 1.

We now consider the case r + s < kr. Since G has class k+1 we have (k+ 1)r >
r+s+u > kr. Let j, be the smallest integer such that r +s+u—jot < kr. If jo > I,
then G; has class k—j + 1, 0 < j < I. If under these circumstances I = i;, then Gy
splits and the Wielandt length of Gy is k— I + 1, and hence of G is k + 1.
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If jo > I and I < iz, then Gy has class k — I + 1, but by Corollary 4.5 G has
Wielandt length k — I, and hence G has Wielandt length k.

If jo < I,then Gj hasclass k—j+1, 0 < j < 7o and class k—j, jo < j < I. Thus
G has class k — I and either splits, having Wielandt length k& — I, or by Corollary 4.5
G has Wielandt length & — I. In either case G has Wielandt length k, and the proof
of the theorem is complete. 1]

5. METACYCLIC 2-GROUPS

As mentioned previously the classification of metacyclic 2-groups is more complex
than for odd primes. As well as the “ordinary groups” like those already considered
for p-odd, we have what King calls the “exceptional metacyclic 2-groups”. It has not
been easy to find a single form of presentation that is convenient to use, but with some
modifications to King [2] and using the work of Newman and Xu (unpublished) it can be
deduced that any metacyclic 2-group has a unique presentation in one of the following

ways.
(5.1) G=(ab: a? it = 1, b = a2'+‘, ab = a1+2')
where

() r22,u,s,t>0and u<r,or

(b) r=1,v=0,1,s=0and t>1.
(5.2) G=(a,b: @ = 1, B = a’”hl, a® = a'”'z')
where

(d) r22,s21,t21,0r

(b) r>2,8=0,t=1.
(5.3) G=(ab: =1, 21,4 = a7

where r 2 2,5,t20,5+t>0.
The family of groups presented in (5.1) are the ordinary metacyclic 2-groups, while
those in (5.2) and (5.3) are the exceptional metacyclic 2-groups.

6. THE WIELANDT SUBGROUP OF A METACYCLIC 2-GROUP

We need to consider each of the above cases separately. The groups with presenta-
tion given by (5.1) are similar to the metacyclic groups for p odd, and all identities and
calculations are exactly the same except when p = 2, u = r and t = 0. In this case
the identity (2.8)(ii) is no longer true and Theorem 3.1 needs to be stated as follows:
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THEOREM 6.1. Let G be a metacyclic 2-group, with presentation as in (5.1),
with u=1r and t =0. Then

w(G) = Ng((8)) N Ne((bag "))

r—1
where ag = alt? .

PROOF: We note that for w € Ng({b)) N NG((bao'l)) ,

(i) = ba™2""* for some integer m,
(i) (beg?)” = bag?!
(iii) a¥ = apa™?"""

As G = (b, ay), any g € G can be written g = bj(ao)i and then

gv = 91+m2'+‘ unless 2 |j and 214

r4s(1427H!
and g¥ = g'tm? ( )if2)fior2|j.

This is sufficient to prove Theorem 6.1. 0
The main result of Section 3 remains true.

THEOREM 6.2. Let G be a metacyclic 2-group, with presentation as in (5.1).
Then

(i) for0<uxt
2n+u

w(G) = (a®", 8"7")

(ii) foru>t>0

w(G) = (@™, B a2,

The proof is exactly the same as for Theorem 3.2 except when u = r and t = 0,
when a little more care needs to be taken.

We now turn to the exceptional metacyclic 2-groups, that is, groups that can be
written with presentation as in (5.2) or (5.3). In all these groups, the following results

are true.

(6.3) For any positive integer 1,
(i) G'=(a?)
(i) [a,d] =a~2+?"
(iii) [a*, b)=]a, b}
(iv) [a, ib] = al-2+2")
(v) (a.b)zt =570 Ghere 2 + A
(vi) ¢(G) =(a®""""", b°), v = max{1, s}.
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For the groups with presentations as in (5.2) and (5.3), the calculations are similar to
those in Section 3, but rely on the relationships in (6.3). The results of such calculations
are summarised below.

(6.4) Let G be a metacyclic 2-group that can be written with presentation as in (5.2).
Then

(i) fort>r

w(G) = Ne((8)) N Ne (6" a1))

r+as-2 s
= (az 3 b? );
(ii) fort<r

w(G) = Ng((b)) N No((ad))
(a2r+a-2’ bza—l) s>1
=0 @71 s=0,1,r+s5>2
G s=0,t=1,r=2.

In the case (6.4) (ii) above, the Wielandt subgroup is in fact the second centre of
the group, and so is as large as it can posssibly be. With s =0, t =1, r = 2 above,
G is the quaternion group and the Wielandt subgroup is the whole of G. This is the
only case that we consider where the Wielandt subgroup is not abelian.

The groups with presentation given in (5.3) can all be written as splitting exten-
sions. It is easily shown in this case that w(G) = Ng({b)) N Ng({ab)) and if t > 0,
then w € Ng((b)) if and only if w centralises b, and w € Ng({ab)) if and only if
w centralises ab. Since G = (b, ab), this implies that w(G) = {(G). For t = 0 the
calculations are a little more complex, but we have the following results.

(6.5) Let G be a metacyclic 2-group that can be written with presentation as in (5.3).
Then
2r+t—1 28
a , b s#£0
(i) fort>0, w(G)=¢(G) = ( _— ) o #
(a® , %) s=0

(i) for t=0, w(G)=(a¥" "', ¥ ).

7. THE WIELANDT LENGTH OF A METACYCLIC 2-GROUP

If an ordinary metacyclic 2-group has nilpotency class k +4 1, then its Wielandt
length is k or k 4 1. This result is proved in exactly the same way as for the corre-
sponding groups when p is an odd prime. Thus we need only consider the exceptional
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metacyclic 2-groups. We consider firstly the groups which can be written as splitting
extensions, that is, the groups which can be written with presentation as in (5.3).

We note that these groups have nilpotency class r + s, and in all cases the class of
G/w(G) is r + 3 — 1. The factor group is either abelian, or if not can again be written
with a presentation as in (5.3). Thus for these groups we can conclude that the class is
the same as the Wielandt length.

Looking at those groups that can be written with presentations as in (5.2), we see
that such a group is nilpotent of class r + s. In this case G/w(G) has class r + 5 — 2
and is either trivial, or abelian, or if neither of these the factor group can be written
with presentation as in (5.3). Thus the Wielandt length of such a groupis r+ s -1,
one less than the class of the group.
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