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An adjoint method to calculate the gradient of island width in stellarators is presented and
applied to a set of magnetic field configurations. The underlying method for calculation
of the island width is that of Cary & Hanson (Phys. Fluids B, vol. 3, issue 4, 1991,
pp. 1006-1014) (with a minor modification), and requires that the residue of the island
centre be small. Therefore, the gradient of the residue is calculated in addition. Both
the island width and the gradient calculations are verified using an analytical magnetic
field configuration introduced by Reiman & Greenside (Comput. Phys. Commun., vol. 43,
issue 1, 1986, pp. 157-167). The method is also applied to the calculation of the shape
gradient of the width of a magnetic island in a National Compact Stellarator Experiment
(NCSX) vacuum configuration with respect to positions on a coil. A gradient-based
optimization is applied to a magnetic field configuration studied by Hanson & Cary
(Phys. Fluids, vol. 27, issue 4, 1984, pp. 767-769) to minimize stochasticity by adding
perturbations to a pair of helical coils. Although only vacuum magnetic fields and an
analytical magnetic field model are considered in this work, the adjoint calculation of
the island width gradient could also be applied to a magnetohydrodynamic (MHD)
equilibrium if the derivative of the magnetic field, with respect to the equilibrium
parameters, is known. Using the island width gradient calculation presented here, more
general gradient-based optimization methods can be applied to design stellarators with
small magnetic islands. Moreover, the sensitivity of the island size may itself be optimized
to ensure that coil tolerances, with respect to island size, are kept as high as possible.
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1. Introduction

Stellarators (Spitzer 1958) are promising candidates for a nuclear fusion device whose
main advantage is to operate in an intrinsically steady state (Helander 2014). To avoid the
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need of a toroidal plasma current to produce a poloidal magnetic field, stellarators lack
the continuous toroidal symmetry of the magnetic field vector, which is a characteristic
of the tokamak. In contrast to tokamaks, however, stellarators have magnetic fields that
tend to be non-integrable and develop magnetic islands, which break the otherwise nested
toroidal magnetic surfaces (Rosenbluth et al. 1966; Cary & Hanson 1986). This decreases
the energy and particle confinement in the device. Thus, minimizing the number and size
of magnetic islands is one of the most basic properties of a good stellarator configuration
(Yamazaki et al. 1993).

Nowadays, stellarator configurations can be produced with an extraordinarily high
degree of accuracy (Pedersen et al. 2016). Unfortunately, owing to the inherent tendency
to possess islands, the configurations can be sensitive to the positions of the coils used to
produce the magnetic field. An instructive example of the importance of island width
sensitivity is the National Compact Stellarator Experiment (NCSX). In the NCSX, a
resonant flux surface was found to be particularly sensitive to the positioning of the coils,
which contributed to the tight tolerances on the coils. Construction of the device became
economically unsustainable for several reasons, which included coil tolerances, and lead to
the eventual cancellation of the experiment (Strykowsky et al. 2009; Neilson et al. 2010).
From this lesson, it is clear that a method for efficient evaluation of the sensitivity of island
size on coil positioning is of fundamental importance.

Magnetic islands tend to occur at rational flux surfaces, and especially at low-order
rational surfaces, owing to the fact that perturbations to the intended magnetic field
configuration, called error fields, can resonate with the rotational transform of the
magnetic field (Helander 2014). The effect of error fields on stellarator configurations has
been a subject of study since the measurement of magnetic islands in Wendelstein 7-AS
by Jaenicke et al. (1993) highlighted that the assumption of flux surfaces in a stellarator
experiment is incorrect. Error fields have been studied in the Columbia Non-neutral Torus
stellarator configuration (Hammond et al. 2016), and in the island divertor in Wendelstein
7-X (Lazerson et al. 2018). A recent paper by Zhu et al. (2019) addresses the issue of the
identification and removal of the error fields responsible for island size using a Hessian
matrix approach and making the simplifying assumptions that first derivatives are zero
and that variations in the magnetic coordinates can be ignored.

There are several methods to calculate the width of a magnetic island. The most basic
approach relies on making a detailed scatter plot (Poincaré plot) of the position at which
a magnetic field line intersects a given poloidal plane, and then measuring the island size
from the plot. This, however, is extremely time consuming and noisy, and is therefore
especially inadequate if one wants to calculate the island width of a very large number
of configurations in a short time, let alone if one wants to obtain gradient information.
Variations of this method employ automated algorithms to detect islands and calculate
the island width from integration of several magnetic field lines in an island (Pedersen
et al. 2006), but this is still not a viable approach to obtain accurate gradient information.
Another approach to calculate island size was developed by Lee, Harris & Lee (1990) and
exploits a Fourier decomposition of the magnetic field vector. In this work, we consider a
measure of island width derived by Cary & Hanson (1991) that allows for an efficient
computation of the width of a magnetic island and also the direct calculation of its
gradient. This approach exploits the small island approximation to calculate a measure
of width that depends only on the magnetic field line corresponding to the island centre
and on the equations for linearized displacements from the island centre.

Adjoint methods have recently been applied in stellarators to obtain derivatives
of neoclassical fluxes (Paul et al. 2019), departure from quasisymmetry and several
other quantities (Antonsen, Paul & Landreman 2019; Paul et al. 2020). This work has
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highlighted the potential of adjoint methods in enabling efficient derivative computations
with respect to a large number of parameters describing the coils or the outermost
magnetic surface. In this work, we present an adjoint method to calculate the gradient
of the Cary—Hanson measure of island width with respect to any parameter describing the
magnetic field. The calculations of residues, island widths and gradients of these quantities
are applied to three example magnetic field configurations:

(1) an analytical configuration (not curl-free) studied in Reiman & Greenside (1986),
which we refer to as the Reiman model;
(i1) the magnetic field in NCSX, specified by the position of a set of discrete points on a
set of filamentary coils and by the current through each coil;
(iii) a magnetic field produced by a pair of helical coils that was optimized in Hanson &
Cary (1984) and Cary & Hanson (1986).

A potential application of the gradient calculations is the fast calculation of coil
tolerances with respect to island size. Another important application of the gradient
calculations developed here is the optimization of stellarator surfaces. To minimize
stochasticity and island size in stellarator vacuum magnetic fields, methods employed
so far often minimize the magnitude of a quantity known as the residue (Greene 1968)
of periodic field lines (Hanson & Cary 1984; Cary & Hanson 1986). This quantity is
calculated by linearizing the equations for the magnetic field line about the island centre
and calculating a matrix known as the full-orbit tangent map. This is a linear map
relating the displacement of a magnetic field line from a nearby periodic field line, after
a full magnetic field line period, to the initial displacement. In general, this map is a
two-dimensional matrix with unit determinant, and therefore has three degrees of freedom.
The residue is related to the trace of this map and provides a criterion for determining
whether the closed field line is an O point (island centre) or an X point. Furthermore, if
the residue is small and positive, the size of the island chain is small compared with the
length scale of the magnetic configuration. Therefore, the residue constitutes an extremely
useful degree of freedom of the map. Minimizing the absolute value of the residue of a
periodic field line amounts to reducing the stochasticity in the magnetic field configuration
and eventually also reducing the volume occupied by the corresponding island chain in
the magnetic field configuration. The gradient of the residue is used to find an optimal
magnetic field configuration with small islands for a helical coil configuration previously
optimized in Cary & Hanson (1986).

An aspect of the problem that is not considered in this work is the application
to magnetohydrodynamic (MHD) equilibrium configurations (Hudson, Monticello &
Reiman 2001; Hegna 2012). The problem of calculating the gradient of island width (or
residue) with respect to magnetic field parameters amounts to calculating the gradient of
the magnetic field with respect to the parameters of the equilibrium. This is not addressed
here and is left to future work.

This paper is structured as follows. In §2, we review the derivation of a method
developed by Cary & Hanson (1991) to compute the small island width by integration
along the island centre. Then, in § 3, we derive equations for the variation of island
width and residue as a function of the variation of the magnetic field configuration, using
an adjoint method. In §4, we present some numerical results obtained by considering
three different magnetic field configurations. We also present results of a gradient-based
optimization of residues in the helical coil configuration. Finally, in § 5, the main results
of this paper are summarized and discussed.
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2. Calculation of island size from periodic magnetic field trajectory

In this section, we review the calculation method of island widths introduced in Cary
& Hanson (1991). In § 2.1, we assume the existence of toroidal flux surfaces and, upon
considering an island-producing perturbation, we derive the equations for magnetic field
lines in an island chain in the magnetic coordinates of the unperturbed system. The
linearized motion near the island centre (O point) is analysed in § 2.2 and the equation
for the displacement from the island centre is expressed in a frame rotating with the island
centre poloidally around the magnetic axis. The equations describing magnetic field line
trajectories in cylindrical coordinates are obtained in § 2.3. Using the results of §§ 2.2 and
2.3, 1n § 2.4, an expression for the island width is obtained.

2.1. Magnetic coordinates

It is often convenient to use magnetic coordinates (Helander 2014) when describing the
position along a magnetic field in systems with nested flux surfaces, such as the ideal
magnetic configuration in fusion devices. Flux surfaces are closed toroidal surfaces where
the enclosed toroidal magnetic flux 2wy through a surface of constant toroidal angle ¢
and the enclosed poloidal magnetic flux 27y through a surface of constant poloidal angle
@ are constant. The choice of magnetic coordinates is not unique: here we choose ¢ to be
the geometric toroidal angle, which also constrains the poloidal angle 6 (not generally a
geometric angle). The magnetic field is given by

B=Vy xVO+VoxVx,o,yp). (2.1)

With nested flux surfaces, the poloidal flux y is always a function of the toroidal flux
only, because both these quantities are constant on each flux surface. Then, Vx and Vy
are parallel to one another and the magnetic field line trajectory never crosses the flux
surfaces because B- Vxy = B-Vy = 0.

To study the small departure from the ideal configuration with nested flux surfaces, we
use the magnetic coordinates ¥, 6 and ¢, which correspond to the toroidal flux, poloidal
angle and geometric toroidal angle of the unperturbed system. Equation (2.1) still describes
the magnetic field in such a system, but the function x comprises a large piece, which is
equal to the poloidal flux of the unperturbed nested flux surfaces, xo(¥), and a small
perturbation that breaks the flux surfaces, x; (i, 9, ¢),

X, 0,9) = xo(¥) + x:1 (¥, 0, ¢). 2.2)

As shown in Appendix A, the magnetic field line trajectory is a Hamiltonian system
where the canonical coordinate g is 8, the canonical momentum p is 1, the Hamiltonian
H is x and the time 7 is ¢ (Cary & Littlejohn 1983). Hamilton’s equations are therefore
given by dyy/dp = —dx /060 and dO/de = dx /0. Because x; is small, the magnetic
field line trajectory approximately lies in the unperturbed flux surface

dy
3 =0 (2.3)

o

— = xo(¥) = wo(¥). (2.4)

de

Here, we have defined the rotational transform ¢(1/), which corresponds to the average
number of poloidal turns of a magnetic field line around the magnetic axis divided by the
average number of toroidal turns. The magnetic field trajectory in magnetic coordinates is
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therefore approximately given by ¥ >~ v, (Where ¥ is a constant) and 6 =~ (y,(V¥o)¢ + 6;,
where 6; is a constant.

To calculate the effect of the perturbation to the function x on the magnetic field line
trajectory, we re-express x; as a sum of its Fourier components,

KW 0,0) = KualW) exp (imf — ing), 2.5)

m,n

where we have used that x; is periodic in 6 and ¢. Here, n is the toroidal mode number
and m is the poloidal mode number of the perturbation. As shown in Appendix B, for
any unperturbed flux surface y,(y), the effect of x; is dominated by the pair of Fourier
modes that resonate with the rotational transform of the unperturbed flux surface, n/m =
to(¥) (Cary & Littlejohn 1983; Helander 2014). Thus, the effect of the perturbation is
largest at rational flux surfaces, where the rotational transform is a rational number. In the
following, we assume that resonances at different rational flux surfaces do not overlap and
interact with each other, and that higher-order harmonics of the resonances have a smaller
amplitude and can be neglected. Consider the rational flux surface where

N
L(Yo) = M (2.6)

Here, N is the toroidal mode number and M is the poloidal mode number of the
island-producing perturbation, which is readily re-expressed as

x1(¥, 0, 9) = e(y) cos (M () + MO — No) . 2.7

An amplitude, € () > 0, and a phase factor, ¢ (1), of the resonant perturbation have been
introduced to replace the pair of complex amplitudes x, n and x_,_y, which correspond
to the terms in x; that resonate with ¢y(y). The subscripts M and N on € and ¢ have been
omitted for brevity. Introducing a new variable ®,

, N
©=0—-2 (2.8)
M

X1 1s re-expressed as

xi(f, ©) = e(y) cos (ME(Y) + MO). (2.9)
With this change of variable, the dependence on ¢ of the phase of yx; has dropped.

However, the function yx is no longer a Hamiltonian in the variables (¥, ®). As shown
in Appendix A.1, the Hamiltonian in the new variables is

KW, 0) = x4, @) = 1o(Y0) ¥, (2.10)

and Hamilton’s equations are d®/dgp = 0K/dy¥ and dy¥/dg = —0K/9®. The
Hamiltonian K is independent of ¢ and is therefore conserved following the perturbed
magnetic field lines.
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In the following, K(y, ®) is expanded close to the rational flux surface. The
perturbation in i near the rational flux surface is

Vi =9 — . (2.11)
The function x is expanded to
XW1, ) = xo(¥o) + xo(Yo) ¥ + 5 X W) ¥ri + € (o) cos (ML (o) + MO)
+ € (Yo)¥r1 cos (Mg (o) + MO) — Me ()¢ (Wo) i sin (ME (o) + MO)
+ O], YD), (2.12)

where the normalized 1 perturbation is 1&1 = ¥11,(Yo) (equivalent to the ¢ perturbation
divided by a measure of typical variations of i and x across the toroidal configuration).
Using (2.12), (2.10) and ¢y = x (o), the Hamiltonian K becomes

KW, ©) = xo(¥o) — to(Yo) o + %té(llfo)wlz + e(Yrp) cos (M¢ (o) + M®O)
+ €' (Yo) 1 cos (ME (Yo) +MO) — Me (o) (Yo) Yy sin (ME () + MO)
+ 0P, yird). (2.13)

Hamilton’s equations for the magnetic field line sufficiently close to the rational flux
surface are thus

o 0K , " Mo
@ = 3—% = 1,(Yo) Y1 + € (Yo) cos (M (o) + )
— e(Yo)MZ' (o) sin (ME (W) + MO) + OExry, Y r), (2.14)
and
% = _8—K = e(WYo)M sin (M¢(Yry) + MO) + O(exﬂl), (2.15)
do 00

where € = ()€ (Vo).

The fixed points of the magnetic field line flow in the (i, ®) coordinates, which
represent closed magnetic field lines, occur at d® /dg = dyr;/dg = 0. This corresponds
to (Y, ®) = (Y, ®), such that sin(Mg‘(l/fo)_—i—M@) =0 and ¥, = €' (Vo) /15(Yo) =
O(¢), where we have used cos(M¢ () +M®) = F1. Introducing magnetic coordinates
relative to a closed magnetic field line, §¢¥ = ¢ — ¥y — ¥, and 60 = @ — O, (2.14) and
(2.15) linearized near the closed magnetic field give

d <8¢> _ 0(é) Fe(Yo)M? + O(eVr) <6w> 016
dp \6© 1o (o) + Oty (0)€) 0(e) 50 ) :

As will be shown explicitly by expanding the Hamiltonian near the closed field line, the
error terms in (2.16), which arise from the diagonal elements of the matrix, are negligible
because the only self-consistent ordering relating the characteristic sizes of §y and §©®
is epléy ~ M VEso. Trajectories neighbouring the island centre (O point) are described
when the signs of the off-diagonal elements in the matrix in (2.16) are opposite, because
in this case, the eigenvalues are purely imaginary and the trajectories are periodic. The
other sign choice corresponds to the trajectories passing close to the crossing point of the
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island separatrices (X point). Thus, we can replace & everywhere with £sgn(¢ (1)), with
the top and bottom signs understood to correspond to O and X points, respectively. The
motion sufficiently close to the centre is thus always described by

d (W) B ( 0(&) —sgn (tp(Y0)) € (o) M (1 + 0(6))) (51#

4 _ A A ) 2.17)
dp \66 t(Yo)(1+ O(€)) 0(€) LIC)

where we have set cos(M¢ () + MO) = —sgn(¢, (1)) at an O point. Solving this linear

system gives
(W(w)) _ T(W(O)) ’ 2.18)
36 () 80(0)

where the tangent map T is given by

N cos(wg) — (@/1y(Y0)) sin(we) 219
(W0 /o) sin(wp) cos(wy) ’ '
and the frequency at which neighbouring points rotate around the O point is
o = My/]to(Yo)l€ (o). (2.20)

Note that, from (2.17), each element of the tangent map in (2.19) has an error of O(€) and

the frequency w in (2.20) has an error of O(€,/|¢,(¥o)|€ (o)) (Cary & Hanson 1991).
To relate the linearized motion along a field line neighbouring the island centre,

described by (2.18)—(2.20), to the island width, the motion along the island separatrix
is studied. The Hamiltonian on the separatrix is constant and equal to its value at the X
point,

K@, ©) = xo(¥) — ()0 + sgn (14(0)) €(Wo) + O(ée), (2.21)

where we inserted ¥ = —€' (Vo) /1ty (Yo) | (X point), sin(M¢ (Yry) + M@®) = 0 (fixed point)
and cos(M¢ (Y) + MO) = sgn(t, (o)) (X point) in (2.13). From (2.13) and € () > 0,
the value of ¥ is largest when cos(M¢ (Vo) + MO) = —sgn(t, (o)) on the separatrix,
and so by evaluating K(y, ®) at this point and equating it to (2.21), we obtain

(o) [yrE = 2€(Wo) + O(eify, ée). (2.22)

Hence, the values of ¥, at the separatrix at the point where the island is largest are ¥, =

£2./€(Wo)/Ity(Po)| + O(e) ~ «/E/L{)(x//o) and the full island width, denoted 7", is

€()

T =4 .
|to(¥o) |

(2.23)

Note that 7" is approximately equal to the full island width in the magnetic coordinate v
with an absolute error of O(e), equivalent to a relative error of O(¢'/?). Note also that
Y| < 7 and so the island centre is equidistant from the two branches of the separatrix to
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the lowest order in €. From (2.20) and (2.23), the matrix T in (2.19) can be rewritten with
7 in place of ¢ to obtain

N cos(wp) —sgn (¢ (%)) (MY/4) sin(wp) (224
sgn (4, (Yo)) (4/MT) sin(wg) cos(wg) ’ '

When linearizing the equations for the magnetic field line near the island centre, the
associated Hamiltonian is (2.10) expanded near the island centre up to quadratic terms in
8y and §©. Retaining only the lowest-order terms in € gives

K = const + %Lg(wo)&/fz + %sgn (LE)(I/IO)) M?*e86?
+ O(E8Y 21y (Yy), MPESY 8O, M*ée8O, M*éesO?), (2.25)

where we have deduced that the only self-consistent ordering is ¢, (1/o)dy ~ MNESo.
Note that (2.25) can be made to be exactly quadratic: the linear term in the error in (2.25)
could be cancelled by calculating the first-order correction in € of the value of ® at the
island centre and redefining 6® relative to this more accurate coordinate. The neglected
O(M?*é8sv8®) cross-term in (2.25) gives rise to the diagonal terms in the matrix in (2.16),

which have a negligible contribution once the ordering ¢,(1)éy ~ M V€86 is taken into
account. The magnitude of the quadratic perturbation to the Hamiltonian,

Heo(Wo)l + Oty (o)) O(M?é) (W)
O(M?¢é) IM*e + OM?¢e)) \80 )"
(2.26)

I6K| =du- K -du= (8¢, 380) (

is a scalar invariant, as it is conserved following the field lines neighbouring the O point.
To the lowest order in €, K is diagonal and thus the trajectories infinitesimally close to the
island centre in magnetic coordinates are ellipses that are approximately aligned with the
magnetic coordinate directions and elongated in the @ direction. The angle between the
characteristic directions of the ellipses and the magnetic coordinate axes is small, O(€).
Note that if we diagonalized the matrix K exactly, we would obtain additional error terms
of the same order in the diagonal terms.

2.2. Relating magnetic coordinates to lengths at the island centre

The relationship between the displacement from the island centre, measured as a length in
the poloidal cross-section at a given ¢, and the same displacement, measured in magnetic
coordinates, must be linear if the displacement is infinitesimal (as the relationship between
the two sets of coordinates must be locally described by a Taylor expansion). Thus,
we define the local linear change of variables Su = (§v, 6®) — 6§ = (6&,, §%), where
8¢, (p) and 8 () are displacements from the island centre in two orthogonal directions
(yet unspecified) in the poloidal plane with toroidal angle ¢. The two sets of coordinates
are related by du(p) = Q(¢) - §&(¢p) for any ¢, where

A Ay
ooy — a%‘L(w) 2%, (v) .
T e, @] |

oe, ) g Y

For each value of ¢, the scalar invariant can be cast in the new coordinates, |§K| =
3E(p) - QT (p) - K- Q(p) - 6&(p), where QT denotes the transpose of @ and the local
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laboratory invariant matrix QT (¢) - K + Q(¢) is symmetric because K is symmetric. Thus,
the eigenvectors of the local laboratory invariant matrix are orthogonal and the points
of intersection of a trajectory, infinitesimally close to the island centre, with any given
poloidal plane ¢ lie on an ellipse.

The dependence of the scalar invariant on ¢ expresses the fact that, when viewing
the motion continuously in different ¢-planes, the poloidal displacement of a field line
infinitesimally close to the island centre lies on a continuously varying ellipse. This is
a consequence of the fact that in a stellarator, the poloidal cross-section of flux surfaces
taken at different toroidal angles is generally different, and thus the shape of the island
continuously changes and rotates poloidally as the island centre is followed around.
Nonetheless, a set of equivalent flux surface sections always exists for values of ¢ that
differ by an integer multiple of a field period, 27 /ny, where ny > 1. The flux surface
sections are, in general, only equivalent to the lowest order in the island-producing
perturbation, €, because an island chain may break the field periodicity (np =1 is a
special case where the field periodicity is never broken). The closed field line intersects
the set of approximately equivalent poloidal planes a finite number of times, L, before
returning to the original position. Therefore, when snapshots of the position along a
field line neighbouring the island centre are taken at ¢ = ¢ + 27 QL/n, for any positive
integer Q and initial toroidal angle ¢, the motion appears to be around the same ellipse.
In this work, we choose one set of an infinite number of possible sets of symmetry
planes by specifying the toroidal plane corresponding to ¢ = 0 and considering the set
of symmetry planes given by ¢, = 2mk/ng, where k is a positive integer. For stellarators
with stellarator symmetry, the magnetic configuration in the plane ¢ = 0 is chosen to be
up—down symmetric. Henceforth, any quantity that is a function of ¢, will be denoted with
a subscript k, e.g2. Qr = Q(¢x).

As the matrix K is (approximately) diagonal, the diagonalization of the invariant matrix
Q] - K - Q; is achieved (approximately) by choosing the coordinates 3£ ; and 8§, ; such
that 91 /9, x = 0©/d&, x = O for all k and thus

_ 9y
Sy = a&_,k(%l’k’ (2.28)
86O, = ES 2.29
e = 261 &l.k- (2.29)

With this choice, the coordinates &, ; and &, quantify the displacement (as a length)
from the island centre in the poloidal plane ¢ = 2mk/ny, measured in the directions
associated with §¢ (across the flux surface) and §@ (along the flux surface), respectively.
In the new coordinates, the displacement from the fixed point satisfies the equation

88, ,(9) = Sk - 8&;, (2.30)
where the tangent map in the rotating frame, S , = Q,;:q * Titq + Qi is given by
BSL,,{M al//' 21'ca)q BSL,,{M 0 MY . ZTECL)q
o 0E . o\ n T oy 05, 4 \Ta
St = H ’ o . @an
aSH,k+q alﬁ 4 . 27176!)6] 8$||,k+q RIC) 27ta)q
sin cos
e affl,k MY no 00 85“’]( no
Note that
ad
Py = T O (2.32)
. oy
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is approximately equal to the island width measured at ¢ = 21k/ng, with an absolute error
of O(Y?9%€, ,/0y?), which gives rise to a relative error of O(é'/?). This relative error is
to be added to the equally large error in approximating the island width in the coordinate
¥ as 7 in (2.23). Using (2.32), the off-diagonal elements of S,q{k explicitly include the
island width. Upon imposing &, » = 0 as an initial condition, we obtain the equation

8 ktq _ 08 keqg 4 sin 2nwq (2.33)
8, 00 My, n )’ '

where only the bottom-left element of (2.31) appears.
Because the derivative in 9§ 4,/0® is taken at fixed ¢, the definition of ® in (2.8)
implies that

aSII,kJrq agH,kJrq

= . 2.34
00 20 239
Integrating in 6 at fixed ¢ = ¢y, gives the circumference C around the unperturbed flux
surface,
- 9
C= / Bikrg gg (2.35)
. 00

Because each plane under consideration, given by ¢ = 2m(k + ¢q)/ng, has the same
unperturbed flux surface independent of the value of k+ g, the circumference is
independent of the index and thus C = Ck+q Consider the definition of ® in (2.8).
Following the island centre, O, = O = 60 — Ny /M is conserved and therefore the
poloidal angle changes according to the equation 6y, — 6, = 21Ng/(noM). Because we
are only considering the set of equivalent planes separated by intervals of 21 /ng in ¢, the
poloidal angles 6., correspond to the same flux surface poloidal cross-section. The field
line first returns to the same poloidal location in an equivalent plane when NL/(nyM) = n,
where L and 7 are the smallest possible integers that satisfy this relation. Thus, the number
of distinct islands crossed by a unique island centre magnetic field line in an equivalent
poloidal plane is

L= —M 2.36
N (2.36)
The interval in poloidal angle 6, when defined from —t to 7, between the fixed points in
a given plane is 2 /L, as there are L equally-spaced fixed points. Thus, if L is sufficiently
large, L >> 1, the integral in (2.35) can be replaced by a sum, and the circumference can
be approximated by

qo+L—1 qo+L—1

Z T(8&) krq/0ELIMW L &
2Lsin 2nwg/ng)

27 BS”,kJrq -~
L 0

9=4q0 9=4

C~

(2.37)

The error made in approximating the integral over the periodic function 6 as a sum with
equally-spaced integration points is exponentially small in 1/L, O(exp(—L)).

The integer g, can be chosen arbitrarily, although a convenient choice is made as
follows. If sin(2mw (k + q) /ng) = 0, the denominator in the summand with index ¢ is zero.
However, no matter how precise, a numerical calculation of §&; ., will not give exactly
zero, owing to the fact that the elliptical motion described using the tangent map (2.24)
has small errors both in the aspect ratio and in the axes directions (the higher-order terms
in € that were neglected). To avoid the resulting divergence of the error, the first index
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of the summand is chosen such that the the sum is centred around sin(2nwgq/ng) = 1,
2w (qo + L/2)/ny = m/2, which gives

L
do = int (—5 + @) , (2.38)

where int denotes a function that rounds to the nearest integer. This amounts to following
the linearized trajectory for a large number, gy/L, of closed magnetic field line periods.
With this choice, the linearized trajectory is followed until it has rotated by as close as
possible to 1/2 in magnetic coordinates for values of ¢ in the middle of the summation
interval. Moreover, we assume that the frequency of rotation, w in (2.20), is sufficiently
small that the change in the quantity 27w (k + q)/no in the summation interval gy < g <
qo + L is also small, 2wl /ny < 1, which gives sin(2nwg/ng) = 1 for all values of g in

the sum and thus

qo+L—1

Mz ™ 88| kg -
— W

2L SEL 4

9=490

C~ (2.39)

In Cary & Hanson (1991), this assumption is not made and the sine function in (2.37) is
kept. Using (2.20) and the pessimistic ordering in which L/n, is largest, L ~ noM, this
assumption requires the modestly stricter ordering 2tM?,/1je ~ 2MAVE « 1.

2.3. Cylindrical coordinates

Because stellarators are toroidal devices, we choose the right-handed cylindrical
coordinates (R, ¢, Z) as a convenient fixed coordinate system. Here, ¢ is the toroidal
coordinate, R is the smallest distance of a point from the axis through the centre of the
torus and Z is the displacement of a point from the mid-plane of the device.

In the following, we study the equations describing the magnetic field line poloidal
position, X = (R, Z), as a function of toroidal angle ¢. Considering the magnetic field
line as a streamline of the flow field B, the streamline trajectory satisfies

Rdp dR dZ

_ 2% (2.40)
B, Bz By
and thus
dx RB,(X.
L ovx. o= RB, X, ¢) (2.41)
de B,(X, ¢)

where we have denoted the component of the magnetic field vector in the poloidal plane
as B, = (Bg, Bz). To obtain the position of a magnetic field line at ¢ = ¢y, we integrate
(2.41) in ¢ from an initial poloidal position X, = X (¢y),

Ph+q

Xy =F (X)) =X, + / V(X (9), p)de. (2.42)
Pi

A closed magnetic field line X, such as the island centre, satisfies

X = F{ (X)) = X, (2.43)

ICary & Hanson (1991) point out that — according to Greene (1979) — the rotation angle of points near the stable
fixed point of a standard map (that resembles the full-orbit map M considered here) has a threshold of approximately
60° above which chaos ensues. Therefore, if 2twL/ng is not small, it is likely that the concept of island width has broken
down. The footnote in page 299 of Rosenbluth ez al. (1966) argues that € must decrease with M more rapidly than M3
to have non-overlapping islands, further justifying the stricter ordering.
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For an initial condition that is infinitesimally close to the island centre, X (¢;) = X+
38X (i), the displacement from the closed field line as a function of toroidal angle satisfies
the linearized equation

dsXx
de

where the Jacobian of the field-line-following equation is

=[VxV (X,9)] -5X, (2.44)

&B,(X,¢) RVyB,(X,¢) R(VxB,X,0)B,X,¢)
B,(X, ¢) B,(X, ¢) B,(X, ¢)*

X =

(2.45)

We have denoted [Vx V|7 - 8X = SRIV /IR + 8Z3dV /dZ, and éx = VxR. It is useful to
introduce a 2 x 2 matrix S;(¢) that solves a similar equation to (2.44),

ds;

9 — V(X 0)]" - Si(e). (2.46)

with initial condition S;(¢;) = /. Then, any solution to (2.44) can be found from § X (¢) =
Si(9)5X (¢r), as can be verified by substituting this expression into (2.44). Denoting
Si(¢rtq) = Si gives the equation

5Xipq = SI8X,, (2.47)

so we can identify Sj with Sj, in (2.30)—(2.31). The tangent map Sj is obtained from the
integral

Pr+q _
Sl=1+ / [VxV (X, 9)]" - Sc(p) do. (2.48)
Pk

To carry out this integration, the function X (¢) must be calculated separately from (2.41).
As the tangent map is linear in 6.X, it satisfies the property

St =St 1Sg-2 - Sis1Sk- (2.49)
The full-orbit tangent map is denoted as
M, = Sr. (2.50)

An important property of the full-orbit tangent map is that it has exactly unit determinant,
det(M;) =1 for all £ (Cary & Hanson 1986). This follows from the underlying
Hamiltonian nature of the magnetic field line trajectory (Meiss 1992). Thus, the
characteristic equation for the eigenvalues of M is 4> — ATr(M;) + 1 = 0, which gives

A= 1Te(mp) £/ (ATr(Mp)” - 1. (2.51)

Hence, for |Tr(M;)| < 2, the eigenvalues are complex numbers on the unit circle, Ay =
exp(tio), with

a = arccos (3 Tr(My)) . (2.52)

The angle « is the average angle of rotation around the island centre of a neighbouring
trajectory after the island centre returns to its original poloidal position. For this reason, it
takes the same value irrespective of the fixed point k used to calculate it. From (2.19), the
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average angle of rotation after following around the island centre is 2wl /ny. Hence, we
obtain an expression for the average frequency of rotation of linearized trajectories about
the island centre,

n 1
w = ZJT_OL arccos <5Tr(Mk)) . (2.53)

It is useful to recall that a closed magnetic field line is not necessarily an island centre.
Because the relation det(M;) = 1 always holds, the closed field line can be elliptic or
hyperbolic: it can be an O point or an X point, respectively. When the closed field line
is not an O point, the concept of a rotation frequency breaks down. A quantity that can
be used to determine whether the closed field line is a centre or an X point is the residue
(Greene 1968) of the full-orbit tangent map,

R =1— ITr(My). (2.54)

1
2
For 0 < R < 1, a rotation frequency can be calculated from (2.53) and thus the closed
field line is a centre. If R < 0 or R > 1, the closed field line is an X point, as the
magnitude of the trace is greater than unity and (2.53) does not have a real solution for w.
In the island width calculation of this section, it is not only assumed that 0 < R < 1, but
also that R < 1 such that 2nwlL/ny < 1.
Two-dimensional matrices with unit determinant, such as M;, satisfy the equation

MioM, = MioM;, = o, (2.55)

with

o= (_01 (1)) (2.56)

From (2.55), we get MZ(G Mi)M, = o M,. Therefore, the matrix o M, is an invariant of the
full-orbit tangent map. The symmetrized matrix

Wi =1 (oM + M{oT) (2.57)
satisfies the same property that the unsymmetrized counterpart o M, satisfies,
My - Wy - My = W;. (2.58)

Consider the scalar invariant discussed after (2.27) calculated at ¢ = ¢, |6K| =
SE] - Q] - K+ Q- 8&,. This quantity is constant on a trajectory that crosses the planes
¢ =27n(k+ LQ)/ng, where Q is an integer, as it directly follows from the quadratic
perturbation to the Hamiltonian (in the magnetic coordinate analysis) about the island
centre, |8K|=duT -+ K - 8u. Similarly, the quantity X - W, -8X is constant on a
trajectory that crosses the plane ¢ = 27(k+ LQ)/ng, because §X] « M] « Wy« My -
85X = 8X] - Wi - 8X;. The vectors 8X; and 8&, are equivalent displacement vectors
expressed in two different coordinate systems that are rotated with respect to one another.
Because the scalar invariant remains unchanged after a rotation, the two invariants can only
be related by an overall constant, X + W, - §X; = 14|8K| (Cary & Hanson 1991). Hence,
the symmetric invariant matrix W, has the same unit eigenvectors as the (approximately
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1, v \2 of € o M?e
i (55) +o(%) (&)
(Mze) 1, <a§>2 <M2€e>
0 —_ —M-e| — +0 =
C? 2 e C?

where, in the error terms, we have assumed that |9€/9@| ~ C and |9& /0| ~ C‘L’O(wo).
Moreover, the eigenvalues of W, are equal to the eigenvalues of Q] - K - Q; multiplied by
a factor of y;. From (2.59), the smallest eigenvalue of Q] « K - Qy is approximately equal to
the bottom-right element associated with the eigenvector (8§, §&)) >~ (O(€), 1 + O(¢€)),
and the largest eigenvalue is approximately equal to the top-left element associated
with the eigenvector (8%, 8&)) = (1 + O(€), O(€)). Therefore, the eigenvector of W,
corresponding to the smallest eigenvalue is approximately tangent to the flux surface,
and is denoted as ¢, and the eigenvector corresponding to the largest eigenvalue is
approximately normal to the flux surface, and is denoted as €. Because ey and e,
are simply defined as eigenvectors of W, their sign is yet unspecified. We impose the
constraint & ; + My - e, , > 0 for all & to fix the relative sign of the eigenvectors.

diagonal) matrix

Qr-K-Q =

(2.59)

2.4. Island width

An expression for the island width at ¢ = ¢, = 27k/ny can be obtained by rearranging
(2.39),

-1

2LC ("L 88 1rg
o= Dlkra ) 2.60
Wie= (;j ., (2.60)

Recall that 65, =0 and g, is chosen for convenience according to (2.38), such that
881 j+q = 0 for all g in the sum. An accurate calculation of the island width thus rests
upon an accurate calculation of C and 88 kq/ 88 L k-

To calculate 6&) 1,/3& 1 i, we follow the linearized magnetic field with initial condition
85X - &) = 0, which corresponds to 8§, >~ 0 and &, ; =~ 86X - &, . Using (2.46), or
repeated application of partial tangent maps as in (2.49), we obtain §X;,, = Si - 8X;.
The final displacement from the fixed point in the direction parallel to the flux surface is
5&\\,k+q = éH,kJrq : 5Xk+q’ which gives

881 kg A

~ .88 . 2.61
5, L €l ktq* Sprelx (2.61)

Equation (2.61) is defined to be positive for all k and ¢, which provides a second constraint
to fix the sign of the vectors &, , and e ;. With this additional constraint, the signs of
the eigenvectors &, x, &), €1 x+, and € ., for all k and ¢ are specified with respect to
one another. Note that the two constraints can only both be self-consistently applied if the
small island width approximation is valid; if attempting to apply both constraints leads to
a contradiction, the islands are too wide. We then have

qo+L—1 qo+L—1

8§ . .
Z % ~ Ek = Z e||,k+q . SZ AW (262)

9=40 9=40

where we have defined the positive quantity X.

https://doi.org/10.1017/50022377821000428 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377821000428

Adjoint method for sensitivity of magnetic island size 15

The circumference C can be approximated, for a sufficiently large number of fixed
points, from the sum of the chords in the poloidal plane. However, to obtain the appropriate
chords, the fixed points must first be reordered to proceed monotonically around the flux
surface. To do so, we consider a reordering function p (k) such that p = p(k) is the index
labelling the reordered fixed points. We define p(0) = 0 such that p = 0 for k = 0, i.e. the
set of reordered fixed points have the same point indexed as zero as the set of fixed points
ordered by following the field line. Moreover, we reorder the fixed points to monotonically
circulate the magnetic axis in the same direction that they appear to circulate when ordered
following the magnetic field. The inverse of the reordering function is denoted as p~! and
is defined such that p~!(p(k)) = k, i.e. the field-line-following index k is returned for a
given reordered index p. It can be shown that

,O(k) = (nturnsk) mod L (263)

and
(p mOd nturns) L + p
m

o N(p) = od L, (2.64)

nturns

where 7y, 18 the total number of poloidal turns around the magnetic axis when following
the field-line-ordered fixed points X; (i.e. the number of times that the magnetic axis
appears to have been circulated poloidally). Here, k mod ¢ indicates the remainder of k/q,
equal to an integer between 0 and g — 1. The circumference C is approximated by the sum
of the chords obtained by joining the reordered fixed points,

C~C= el (2.65)

where
=X — X, (2.66)

and X;_ is the fixed point preceding X in the reordered set, such that
ke=p~'(p(k) = 1). (2.67)

The relative error in the chord approximation, i.e. C ~ C, is O(1/L).
Using (2.60), (2.62) and (2.65), the analytical small island width w, ; can be
approximated by w, ; >~ w, 4, where

2LC
MTCE]( '

(2.68)

Wik =

The value of M is obtained by counting how many of the L fixed points X, are also fixed
points in the plane ¢ = 0, i.e. X(2ntL/ny) = X (0) = X is satisfied. The relative error in
the island width w, ; compared with the true island width is O(€é'/2, L="). The O(¢'/?) part
comes from the error in approximating the width in the coordinate ¢ using 7" in (2.23)
and the additional error in relating changes in ¥ to lengths in (2.32). The O(L™!) part
comes from the chord approximation. Considering instead the relative error between w
in (2.68) and w, ; in (2.32), this is O(¢, L™'). Here, the O(€) part comes from the error
in (2.61), which in turn comes from the O(€) error in the bottom-left matrix element of
(2.31) owing to the matrix K in (2.26) only being approximately diagonal.
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3. Island size and residue variation using adjoint equations

Here we consider the variation of the different quantities — including the width — related
to magnetic islands following the infinitesimal variation of the magnetic field configuration
from B(R) to B(R) + AB(R). From (2.68), the variation of the island width is

AWJ_J( ~ AC AEk
W1k o C Ek ’

3.1

where AC is the variation of the circumference, approximated by the sum of chords in
(2.65), and A X, is the variation of the sum in (2.62). Most of this section is devoted to
deriving expressions for AC and A X, in terms of AB(R), using an adjoint method. In the
final subsection, an expression for AR is derived. Note that the variation of the on-axis
rotational transform is directly related to AR if one considers the magnetic axis as the
periodic field line instead of an island chain O or X point.

3.1. Circumference variation

A result of the change in magnetic configuration from B(R) to B(R) + AB(R) is that
the periodic field line position changes from X (¢) to X (¢) + AX (¢). For the purpose
of the island width calculation, the variation of the periodic field line position affects the
circumference. This changes from C in (2.65) to C + AC, where AC is given by

L
ACX (9); AX () = ) (AX = AX, ) - &, (3.2)

k=1

where ¢; = ¢;/|ci|. Equation (3.2) can be re-expressed as

~ ~ 2xL/ng ~ L1
ACX(p); AX(9)) = / dpAX(g) - [Z (89 — ) — 8(p — wk))} - (33)
0 k=0

Notice that the second sum in (3.3) can be re-cast as

L—-1

L—-1
D oaslp—g) =) &g — ), (3.4)
k'=0 k=0

where
ke=p~"(p(k) + 1), (3.5)

because the order in which the sum is taken is not important. Re-expressing (3.3) using
(3.4) gives the more convenient expression

_ _ 2nL/ny _ L—1
AC(X(p): AX(p)) = / dpAX (p) - [Z (& — &) 8(p — w)} N EX0)
0

k=0

We impose the constraint that X (¢) + AX (¢) remain a point along a closed magnetic
field by introducing a Lagrangian

Lo=C+ </l, _ VX, (p)>, (3.7)
de
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where we have defined an inner product such that

27L/ng
<m&w/ dgA, - As. (3.8)
0

Extremization of £, with respect to A, leads to the constraint that X (¢) is the position along
a magnetic field line, i.e. that X (¢) satisfies (2.41). We have already found the periodic
field line X' (p) that satisfies (2.41) with periodic boundary conditions. Now consider
extrema of £ with respect to changes in X (¢),

dAX
ALc = ACH+ (4, o [VxV]T - AX) =0, (3.9
'

which can be re-expressed as

da
AC — <AX, 1o +VxV. /l> + A2nL/ny) - AX(2nL/ng) — A0) - AX(0) =0. (3.10)
@
By definition, the island centre maintains its periodicity after the perturbation, so we
impose AX (2nL/ny) = AX(0). Additionally, imposing the periodic boundary condition
A(0) = A(2wL/ny), one obtains the equation

L—1 d/l
<AX, [Z (& — &) 8(p — (pk)j| “a \ /1> =0, (3.11)

k=0

which leads to the differential equation

~

da .
" FVV A= (& —&,) 80 — g0, (3.12)
k

Il
S

Equation (3.12) is the adjoint equation that is useful for finding derivatives of the
circumference.

If X () is a periodic solution of (2.41) and /l(ga) is a periodic solution of (3.12), then
L is stationary with respect to changes in X (¢) and A(¢), which arise from changes in
the magnetic field B(R). Therefore, L¢ is only affected by terms containing changes in
the magnetic field explicitly, AL = (A(p), —AV(X ¢)). Furthermore, because X (¢) is
a magnetic field line trajectory, the equation dX /dg = V(X (¢), ¢) is always satisfied and
AC = AL (from (3.7)), which gives

2TfL/n() _ _
AC = —/ dpd- AV(X, ¢), (3.13)
0

where

AVE. ) = RAB,,_(X, 20 RB,(X, 9)AB,(X, (p) 3.14)
’ B,(X. ) B,(X. ¢)? '
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3.2. Variation of Xy

Upon varying the magnetic field from B(R) to B(R) + AB(R), the quantity X in (2.62)
varies owing to the variation of the eigenvectors e, and €y, and of the tangent map s,

qo+L—1

. ~ g A ~ g A ~ g A
AZ‘k = Z (e”‘k_i,_q . ASk c €k + Ae”,kﬂelkﬂ . Sk €k + Aej_’keu_k_irq . Sk . e”,k) .
9=40

(3.15)

In (3.15), we have used the fact that the variation of a unit vector is perpendicular to
the unit vector itself to re-express the variation of the normalized eigenvectors of W
as Ae, ;= Ae, e, and Aej, = Aej e, . The slow rotation of nearby points around
the O point gives sin(2na)k/n0) ~ 1 and cos(2mwk/ng) >~ 0. Thus, the matrix elements
€1 kg Si+eLrand e iy« Sf - €« equal to the diagonal matrix elements in Sj , ((2.31)),
are both small in 2wl /ng. This gives

qo+L—1 qo+L—1
A q A _ A q'
AZ]( ~ E €| k+q ° ASk el = E €| k+q * Ask, (316)
4=40 q4=4q0

here, we have introduced the variable s;(¢) = §X (¢)/|6X (27tk/ny)|, which satisfies the
differential equation (2.44),

— =5+ VxV, (3.17)

with boundary condition s, (27k/ng) = sg = e, 1, and defined the variation As;(¢). We
re-express (3.16) as

Qo1 p2m(k+LQ+L) /no
Az~ Y / ASK(@) + 214400 — 9110) A, (3.18)
0=0 2n(k+LQ)/no

where the integer Qy = | go/L] + 2, with the brackets | and | denoting the floor function,
is chosen such that all values of ¢ in the sum in (3.16) are counted. Introducing the notation

2 (k+LO+L) /g
(A - A2y =/ A4, - 4> do, (3.19)
2 (k+LQ) /o
we define the Lagrangian of X,
Qo—1 ds,
,—2k+2 </le, —V(X,(P)> +<ll«k,d——sk°VXV(X,(/’)> .
.0 2 k0
(3.20)

In (3.20), we have introduced two constraints using the adjoint variables A; o(¢) and
. (¢). With these constraints, the quantities Ly, and X are only equal to each other if
X (p) is a field line trajectory, which satisfies (2.41), and s satisfies the linearized equation
(3.17) for small displacements about the field line.?

Note that the calculation could be carried out without replacing Sy by sy if the vector adjoint variable u; were
replaced by a matrix.
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Extremization with respect to variations in X (¢) gives

Qo—1

AE);k = — Z <AX, d(/:(ka + VxV . /lk,Q + 85 - VXVXV . M’k>
0=0
Qo—1
+ Y [AX@n(k+ QL+ L) /ng) « A o(27(k + QL + L) /no)
0=0
— AX2n(k + QL) /no) » A oQn(k + QL) /ng)] = 0, (3.21)

where the Hessian of the field-line-following equation (2.41) is

2erVxB,(X,¢) 2er(VxB,(X,¢))B,(X,¢) RVxVxB,(X,¢)

ViVxV(X,¢) =
xVxV(X, ¢) B,(X. ) B,(X. ) B,(X, ¢)
_ 2R(VxB,(X.¢))(VxB,(X.¢)) _R(VxVxB,(X,. p)B,(X. ¢)
B(p(X, (p)Z B(p(X, (ﬂ)2
| 2R(OVxB,X, w))(VwagX P)B,X. ¢) (3.22)
B, (X, ¢)

We consider X (¢) to be a periodic field line X (¢) (an island centre) after the variation
of the magnetic field configuration, such that AX (2w (k + QL) /ng) = AX(2n(k+ QL +
L)/ng). Therefore, all the boundary terms in (3.21) vanish if A o(2n(k + QL)/ng) =
Ak o(2r(k + QL 4 L) /ny). The adjoint equations for A o(¢) are thus

dA,. o
de

+VXV'/lk'Q+Sk'VXVXV'[Lk:0, (323)

to be solved for periodic solutions /_lk,Q(gp) in the interval 2nQL/ny < ¢ — 2mk/ny <
2n(QL + L) /ng for all k and Q.
Extremizing Ly, , with respect to variations in s (¢), gives an equation for g,

Qo—1 qo+L—1 d
ALn =) <Ask’ D g9 — prig) — d_<pk - VxV. Mk>
0

0=0 9=q0
+ p 2re(k + LQOo)/no) » Asp(21(k + LQo)/no)
— w(2tk/ng) « As(2mk/ng) = 0, (3.24)

where all boundary terms at ¢ = 2m(k + LQ)/ny for Q # 0 and Q # Q, have vanished
because p, is a continuous variable in the interval 27k/ng < ¢ < 2mn(k + QpL)/no. When
considering variations in sy, the initial condition s, (27tk/ng) = sg = e can be assumed to
be unchanged and therefore As,(2mk/ny) = 0. Hence, the boundary terms in (3.24) vanish
by imposing u, (21t (k + LQy)/no) = 0, which results in the differential equation

d,,l, qo+L—1
d_gok = Z €li+gd (@ — Prag) — Vx V- . (3.25)
4=40

Note that u, (27tk/ng) can be obtained from p, (27 (k + LQy)/ny) = 0 using (3.25). This
can be solved by repeated applications of appropriate partial tangent maps and jump
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conditions at the angles ¢ ,; as shown in Appendix C, the linear mapping from u, to
that follows from the homogeneous term on the right-hand side of (3.25) is the adjoint of
the partial tangent map S,'(, such that u, 2n(k + q)/L) = (S,qu)T cm,Crk+qg+ 1)/L).
The adjoint variables A, o(¢) can be obtained from (3.23) once the the adjoint variables
I (@) are obtained from (3.25). _

The magnetic field configuration is varied while considering X (¢) to be the magnetic
field line trajectory at the island centre, which satisfies (2.41) with a periodic boundary
condition, and while constraining s;(¢) to satisfy (3.17) for linearized trajectories about
the island centre. We thus conclude that X, = Ly, and thus AX, = ALy, . Therefore, the
variation of X is given by

Qo—1  A2n(k+QL)/ny _ _ _
AZ ==Y / do(p - AVX. 9) + 5 - VxAV(X.0) - ). (3.26)
0=0 27tk /ng

where Ao is a periodic solution of (3.23) and m, is the solution of (3.25), which
satisfies the boundary condition g, (21 (k + LQy)/ny) = 0. The function VyA VX, ®)
can be written explicitly in terms of variations of the magnetic field and its gradients by
differentiating (3.14),

&rAB, (X, ¢) _ &B,(X, 9)ABy(X, ¢) N RVxAB,(X. ¢)
B,(X.¢) B,(X.¢) B,(X.¢)
_ R(VxB,(X,9))AB,(X.¢) RVxB,(X,¢)AB,(X. ¢)
B,(X, ¢)? B,(X, )
_ RVx(AB,(X, ¢))B,(X, ¢) . 2R(VxB,)B,AB,
B,(X, ¢)? B; ’

VAV (X, ¢) =

(3.27)

3.3. Residue variation

The residue ‘R varies owing to the variation of the full-orbit tangent map M,.. We re-express
the trace of the full-orbit tangent map as

TI'(MQ) =1: M(), (328)

where the operation denoted by the colon : corresponds to multiplying each matrix element
of one matrix with the corresponding matrix element of the other matrix and adding the
results together. Note that £ = 0 was chosen in (3.28), as the residue is independent of k.
From (2.54) and (3.28), we obtain

AR = —11: AMy. (3.29)

Recall that My = Sp(21tL/ny) and that the tangent map S, satisfies the differential equation
(2.46) with boundary condition Sy(0) = /. We define the Lagrangian of R,

27L/ng dx ds
Lr = R+/ dg [AR - (— - VX, w)) + g : (—0 — (VxV(X, )T - So>:| :
0 de de 50,

In (3.30), we have introduced two constraints using the adjoint variables Az (¢) (a vector)
and ur (@) (a matrix). With these constraints, the quantities Lz and R are equal to each
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other if X (¢) is a field line trajectory, which satisfies (2.41), and S, satisfies (2.46) for the
tangent map.
Extremization with respect to variations in X (¢) gives

da
AE’R = —<AX, d—; + VxV . /lR + (vaxV . M‘R) . S()>
+ AX@2nL/ng) « A 2nL/nyg) — AX(0) - 12 (0) =0, (3.31)

Again, all the boundary terms in (3.31) vanish if Az (27wL/ny) = Az (0). The adjoint
equation for Az (¢) is thus

da
d—; F VeV A+ (VxVxV - pg) : S =0, (3.32)

to be solved in the interval 0 < ¢ < 2wL/n, for periodic solutions, denoted Az (p).
Extremizing L with respect to variations in Sy(¢) gives an equation for pr,

AS

de

1 d
ALr = —ZI : AMy + <;LR, —(Vx)T. ASO> =0. (3.33)

Note that we have used the following definition for the inner product of two matrix
quantities,

2nL/ng
(A1, Ay) = / dpA : As. (3.34)
0

We re-express (3.33) as

| d
—1: AM, — <ASO, dL; LV ,LR> + (2L ng) : ASo(2L/no)

—mz(0) : ASH(0) = 0. (3.35)

Noting that ASy(0) =0 and ASy(2wL/ny) = AM, both hold true by definition, the
boundary terms are zero provided pr(2mL/ng) = 1/4 is chosen. Thus, the adjoint
equation for ux is

dpr

de
with pr (27L/ny) = 1/4 as a boundary condition. From Appendix C, an equivalent form
of this boundary condition is  (0) = (M])/4.
As before, the variation of the residue is given by

= ViV g, (3.36)

2nl/ng _ _
AR = —f (Ar - AV(X, ) + (VxAV(X, 0) - pr) : So) d, (3.37)
0

where Az and py are the solutions of the adjoint equations (3.23) and (3.25) with the
appropriate boundary conditions.

To conclude this section, we briefly discuss a subsidiary result of the preceding analysis.
The trace of the full-orbit tangent map calculated at the magnetic axis is related the rotation
angle of nearby trajectories about the magnetic axis. By definition, this is proportional to
the on-axis rotational transform. Equating (2.52) (with £ = 0) to the product of the interval
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in toroidal angle, 21 /ny, and the on-axis rotational transform, ¢, and re-arranging for t,
gives

~]

no 1
= —arccos | =Tr (Myp) ) . (3.38)
27 2
Note that this equation is correct provided ¢ < ny/2, a condition which is satisfied in most
stellarators. Remembering the definition (2.54) of the residue, the variation of the on-axis
rotational transform is given by

no

Al=———AR. 3.39
‘ T sin (21t /ng) ( )

4. Numerical results

In this section, we present the numerical results obtained for the gradients of the island
width and of other properties of the periodic field line. In §4.1, we briefly explain the
numerical scheme used to obtain our results. We then present, in § 4.2, numerical results
for the island width, its gradient and the gradient of other island-related quantities in an
analytical magnetic configuration studied by Reiman & Greenside (1986). In §4.3, we
present results for the shape gradient of the width of a magnetic island in NCSX with
respect to the positions on a type-A modular coil. Finally, in § 4.4, we apply the gradient
of the residue of a periodic field line to optimize a helical magnetic configuration of the
kind studied by Cary & Hanson (1986) and Hanson & Cary (1984).

4.1. Numerical scheme

A Runge—Kutta fourth-order explicit scheme is used to integrate equations (2.41), (2.46),
(3.12), (3.23) and (3.25) in toroidal angle ¢. The number of grid points in ¢ per field period
is denoted N, such that the number of grid points per toroidal turn is noN,,.

A Newton method is used to search for periodic solutions of the magnetic field
line such as the magnetic axis and a magnetic island centre. The search proceeds
as follows. The position of the periodic field line is initially guessed as X"(0) and
equation (2.41) is integrated in ¢ from ¢ =0 to ¢ = 2wl /ny, where L is an integer
(=1 for the magnetic axis). The tangent map is also integrated following the magnetic
field line. The final position X (2wL/ny) and tangent map S(2mL/ng) are used to
evaluate a next guess for the magnetic axis as follows. The step X.p(0) in position
necessary to move closer to the periodic solution at the next iteration, X #10) = X'(0) +
X éwp(O), is calculated by imposing X*(0) + X ilep(O) =X'2nL/ny) + X gtep(ZnL/no) on

the linearized equations. This leads to X'(0) + X' _ (0) = X' (2nL/ny) + S'(2nL/ny) -

. step
Xep(0) and, upon rearranging, to

X', (0) = (I = S'@nL/ng) ™"+ (X' 2nL/ne) — X'(0)). (@.1)
The error is calculated from

_ | X'(2nL/ng) — X'(0)|

: 4.2
X0 (4.2)

i

where the magnitude of the poloidal vector X = (R, Z) is defined as |X| = +/R? + Z2.
A periodic field line solution is found if &; falls below a threshold value Epresn = 10713; we
then consider X (¢) = X' (¢).
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FIGURE 1. Poincaré plots showing magnetic field lines near the island separatrix in the Reiman
magnetic field configuration with (55 = 0.15, ¢, = 0.38 and &; = 0 for i # 6, for g5 = 0.001 (@)
and g¢ = 0.01 (b).

Once a periodic field line is found, the values of the magnetic field and its first and
second derivatives on the toroidal grid points and in the intermediate Runge—Kutta steps
are stored to accelerate subsequent parts of the code such as the solutions of the adjoint
equations and the calculations of the gradients.

4.2. Island width and gradient calculation: Reiman model

We study the magnetic configurations of a form similar to the model field used in § 5 of
Reiman & Greenside (1986), given by (2.1) with

v =17, 4.3)
Kmax

X =t + 407 = Y 829) cos (k0 — ) , 4.4)
k=1

where k.« is the largest value of k for which &, # 0. Here, r and 6 are chosen to be the
poloidal minor radius and the geometric poloidal angle, such that

r=+y®R-1)*+22, (4.5)

Z
tand = ——. (4.6)
R—1

The explicit expressions for the magnetic field and its derivatives are derived from (2.1)
and (4.3)—(4.6), and are given in Appendix D. The unperturbed configuration (¢, = 0 for
all k) is symmetric in the geometric poloidal and toroidal angles (it is not curl-free and
is therefore not a vacuum magnetic configuration). For the scope of this paper, we focus
on the set of parameters t,x = 0.15, ¢}, = 0.38 and &, = 0 for k # 6. In figure 1, we show
a Poincaré plot of the island chain in the plane ¢ = 0, which results from the parameters

g6 = 0.01 and g¢ = 0.001.
Although the Reiman magnetic field configuration is an experimentally unrealistic
one, it is extremely useful and convenient to test the island width calculation presented
in §2. Taking &, =0 for £k # 6 in (4.4) results in (2.2) with xo = (V¥ +L;X1p2 and

and
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X1 = €6(2¥%)° cos(k® — ¢ + ). The (unperturbed) minor radius of the island chain is
obtained by calculating r = r at the resonance, (s = 1/6 = 1 +LQX?2, which gives

7= /(lres — tax) /U,y and Vg = (tres — tax)/(2t,,). Therefore, the circumference of the

unperturbed resonant flux surface section in the Reiman model is

= lres — lax
C=2n = 4.7
bax

The width of the island chain expressed in the magnetic coordinate i, obtained by
inserting €(Wo) = £6((trs — tax)/1)° and (W) = 2, into (2.23), is

& lres — L 312
rT=4 —6( ) : (4.8)
Lax

From (2.32) and the equality d&, /9y = dr/dyr = 1/r, the expression for the island width
in terms of the parameters of the Reiman model is

— €6 lres — lax
Ul

Note that the subscript k in w, ; is unnecessary here, because the poloidal symmetry of
the Reiman model implies that the width of all islands in the chain is identical.

In figure 2, we plot the island width calculated using (2.68) and compare it with that
calculated using (4.9). The discrepancy between the two equations is almost entirely a
result of the chord approximation for the circumference in (2.65).* This can be seen by
comparing the island width calculated using the two methods with the quantity Cw, /C, a
corrected island width where the sum of chords in (2.65) is replaced with the more accurate
measure of the circumference in (4.7). The corrected island width has a near-perfect
overlap with the width calculated from (4.9). The error between the two quantities
decreases with g4 — consistent with the discussion in the final paragraph of § 2 (recall that
(4.9) comes from (2.32)) — and is thus limited by the accuracy of the small island analysis.
Conversely, the uncorrected island width w is a less accurate approximation, as seen by
the saturation of the error with decreasing &¢. This arises from the chord approximation
of the circumference limiting the accuracy of the island width evaluation, as the O(L™")
error is dominant at sufficiently small g4 o €.

The gradient of the island width with respect to the parameters « € {tu, (), €6} 1S
calculated using the method derived in this paper. When one such parameter is varied
infinitesimally, the infinitesimal magnetic field variation can be expressed as AB =
AxdB/dk, where 0B/d« is the gradient of the magnetic field with respect to «. The
infinitesimal variation of the magnetic field gradient can be expressed as AVyB =
Akd(VyB)/ok. Both dB/dk and 0(VxB)/dk are straightforwardly obtained from the
equations in Appendix D. The variation of the circumference and of the tangent map can
also be expressed as AC = AkdC/dk and AX; = Ax0dX,/0k. Thus, the gradient of the
circumference, with respect to «, is

27L/ng
% =— d ﬂ - A, (4.10)
oK 0 ¢ oK

3Note that the other approximation (2.37) is exact in the Reiman model owing to the unperturbed configuration being
poloidally symmetric.
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FIGURE 2. Width of magnetic islands at the resonant flux surface with rotational transform
tres = 1/6 calculated for the Reiman model magnetic field with ¢,x = 0.15, ¢, = 0.38 andg; =0
for i # 6, shown as a function of &¢. (a) Uncorrected w (x) and corrected w | C /C (+) computed
values of width are compared with the analytical value w, in (4.9) (solid line). Here, w is
calculated from (2.68), C from (2.65) and C from (4.7). (b) Normalized error |1 —w_y/w| (X)
and |1 —w, C/(wLC)| (+). For &g > 1077, the error in the corrected width decreases linearly
with g¢, as expected from the discussion at the end of § 2. For smaller values of &g, this error
changes sign and increases with &4 2, most likely owing to round-off error propagation. One in
five markers are shown in both plots. The toroidal angle resolution is N, = 80.

and the gradient of X is

Q=1 p2m(k+LO+L)/ng
D)) oV oVxV
—=-3 / (—-AQHL,{-( ad )p,> (4.11)

8/( 00 27 (k+LQ) /ny aK 8/(

where

9V R OB, RB,0B,

B, kB ok (12
OV _ o0 &b, 0B, RV 0B, R(VxB) 0B, R(xB) 0B
ok B, dk B} ok B, 0k B 0k B, 0k
()2 2088, an
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Hence, and by using (3.1), the gradient of the island width is given by

0 Inwy _ dlnC B alnEk’ (4.14)
oK oK oK

with dC/dk and 90X, /dx given by (4.10) and (4.11), respectively. The gradient of the
residue of a periodic field line follows from (3.37),

R 2nL/no oV OVxV
—:—/ A+ — + [ ——-u) : Sy ) do. (4.15)
oK 0 oK oKk

Considering the residue at the magnetic axis, the gradient of the on-axis rotational
transform follows from (3.39),

atr IR
AR —-a (4.16)
dk  Tsin (2mi/ng) dk

where ¢ is obtained from (3.38) and is found to be equal to ¢,y, as expected.

The results of (4.10), (4.11), (4.14) and (4.15) can be compared with a numerical
derivative of the quantities C, X}, w, ;, and ‘R calculated using finite differences. To this
end, we calculate centred difference (CD) derivatives of the form

CD - -
: a—lnf 8 = 2 [f G+ 8] -In[f -] (4.17)
p 25

The error with respect to the adjoint calculation of the derivative in (4.17) is

E/(8) =

CD
0 inf _olnf (4.18)

(. 9) oK

In (4.17)-(4.18), f € {R, C, X}, w1 «}. We expect the centred difference derivative of the
numerically calculated island width to approach the numerically calculated derivative as
8 is decreased. Having ignored the parts of the derivative of X that are small in € in
(3.15), one might expect that E(8) ~ &2 for § larger than a threshold value and E(§) ~ é
for smaller §. However, comparing the Reiman model to the derivation of the island width,
the quantity (1) is independent of ¥ in the Reiman model. Thus, the diagonal elements
of the tangent map in (2.17), and correspondingly the off-diagonal elements of the scalar
invariant matrix in (2.26), are exactly zero. Hence, the eigenvectors e, and e are exactly
aligned with Vxr and Vx0, respectively, for any value of the parameters t,, (,, and &.
Thus, the small terms in € that were neglected in the derivation of the gradient of the island
width are exactly zero in the Reiman model, and E(§) ~ 82 should hold for all values of §.
In figure 3, the quantity E;(6) for f € {R, C, X', w, } is shown for derivatives with respect
0k € (Lax, Loy, €6) for i, = 0.15, ¢/, = 0.38 and & = 0.01. The proportionality E¢(8) o §*
for all « is strong evidence that the gradient calculation is accurate for all quantities. In
addition, the gradient of the on-axis rotational transform ¢ calculated from (4.16) is, as
expected, unity for k = t, and zero for k € {¢,, €¢}.

4.3. Shape gradient calculation: explicit coils

In this section, it will be useful to denote the position along a magnetic field line, expressed
in a set of right-handed Cartesian coordinates, as R = (X, Y, Z). The coordinate Z is the
same as in the two-dimensional vector X = (R, Z), while X = Rcos¢ and Y = Rsin ¢.
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FIGURE 3. Errors, relative to a centred difference approximation, in the gradients of residue
R, circumference C, X~ and island width w calculated with respect to the on-axis rotational
transform tuy, its first derivative ¢}, and the amplitude of the resonant perturbation ¢ in the
Reiman model. The errors E(§), defined in (4.18), are shown as a function of a normalized
finite-difference step size R~ (9R/dk)8. The configuration parameters are o, = 0.15, by =
0.38, &6 = 0.01 and ¢; = 0 for i # 6. The resonant flux surface has the rotational transform
tres = 1/6. The dashed line is E(6) = 52, The toroidal angle resolution is N, = 80.

The magnetic field produced by explicit coils is calculated using the Biot—Savart law.
The number of inputs required for an explicit coil calculation is simply the number of
field periods and a set of (sufficiently resolved) positions along the coils. Because the
coils producing the magnetic field are continuous (even though they are numerically
approximated as discrete), the magnetic field is a functional of the continuous periodic
function r.(l.) = (x., y., Z.) specifying the coil shape. Lowercase letters and a ¢ subscript
distinguish coil positions from positions along a magnetic field line. Here, /. is the arc
length along the coil measured from some reference point, /. € [0, L.), where L. is the
total coil length. The magnetic field is specified by the Biot—Savart law

MOI drc
B., = —_—. 4.19
: / ‘IR—r. |* dl. @19

The poloidal gradient of the magnetic field is

/'LOI (X - xc) (R - r(‘) drc
VxB.; = —1,+3 , 4.20
X Deoil ;:1 / |: p+ R —r.2 j| X dl. ( )
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where we introduce the poloidal identity matrix /, = égeg + ez€,, with e, = VxZ, and
the position vector of the coil projected in the poloidal plane, x, = r, - (eger + ez€z). The
second derivative of the magnetic field is

N
pol. 1 X — x) (X —x0)
VxVxB.i = dl. 311, —5 R—r,
XV X Beall Z4n/ |R—rc|5[ (” R —r. )( re)

c=1

A o A . dr,
+3X —x),+3@rX —x)er+2;(X —x)e)] x 5 42D
The variation AB of a coil-produced magnetic field is conveniently expressed in terms
of the shape gradient G, B of the magnetic field with respect to coils (Landreman & Paul
2018). The shape gradient G,, is a vector operator which, like V x, is meaningful only when
acting on a (scalar or tensor) quantity to its right. It is defined via

N
Af =) / dl. (Arc X %) -G, f. (4.22)
c=1 ¢

The shape gradient of the magnetic field can be extracted from the Biot—Savart law and
(4.22) as shown in Appendix E, which gives

/LOIC |:_I+3(R_rc)(R_rc):|’

r.Bc0i=—
Gr.Beai 4R — r.|? IR —r.|?

(4.23)

where | = éxéx + éyéy + ézéz.
The shape gradient of the island width with respect to the coils producing the magnetic

field is
G, Inw,=G, nC—-G, InX,. (4.24)
Here G, C is given by
27L/ng
Gg,C=— / deG, V-4, (4.25)
0
with
RG.B, R(G,B,B
G.V= 9B, _ (g(z“’) L, (4.26)
B, B;
and G, X is given by
Q=1 2nL(Q+1)/no
G.5i=-Y / a0 (G V) Ao +s0s- (VGoV) - k).  (427)
0= J27LO/m
with
erG, B eRB RVxG.B R(VxB)G.B R(VxB,)G. B
ngn,VzeRg‘ _eR_zgr[Bw+ Xg[ . (Vx 2)9[ 9y (Vx z)gL
B, B B, B; B;
R(VxG.B,) B 2R(VxB,)BG.B
_ R(YxG,.B,) (VxB,)BG,.B, W)
B B}
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The spatial derivative (in the poloidal plane) of the shape gradient of the magnetic field is

:u'()lc (R_rc)(R_rc)
ViG, B=—1%  13x—x)(1-5
xGr. 4n|R—rc|5|: ( x)( R—r.

+ 3@}3 (R — rc) éR + 3éRéR (R - I‘C) + 3éz (R - rc) éz + 3@222 (R — I’C):| .
(4.29)

Using these equations, a numerical approximation to the shape gradient of the width
of an island in an NCSX vacuum configuration, shown in figure 4, was calculated for a
type-A modular coil. The magnetic field from the toroidal field coils and from most of
the poloidal field coils is included. The resonant rotational transform of the island chain is
les = 1/4. The shape gradient calculation is compared in figure 5 with a finite-difference
approximation calculated by perturbing the discrete coil positions at certain locations.
In figures 4 and 5, all plotted quantities are in SI units. For simplicity, in figure 5, we
have plotted an alternative definition of the shape gradient G .f = (dr./dl,) x G.,.f, which
satisfies

N
Af =Y / di.Ar. - G, f. (4.30)
c=1

and thus has a more intuitive geometric interpretation. In the adjoint calculation, the shape
gradient is calculated by evaluating G, f using the adjoint expressions outlined in this
section and a numerical approximation of dr./dl,,

rc(lc + Slc) - rc(lc - 81()
261,

G, f= x G, f, (4.31)
where §1. is the separation between equally-spaced positions on the coil. Using a centred

difference approximation instead, the components of the shape gradient, Q_EL_Df for k. €
{Xes Yes 2c}, are calculated from

SCDy f(Kc + 8Kc) _f(K - 8Kc)
G f = 28k,81, ’

(4.32)

For the coil considered in this study, the centred difference shape gradient, taken with
Sk, = 107*, has a good overlap with the shape gradient calculated using the adjoint
method, as shown in figure 5. The direct adjoint calculation is, however, over a hundred
times faster. This is because the adjoint approach requires solving a few equations along
the same periodic magnetic field line, so that the magnetic field and its gradients do
not need to be re-evaluated when computing the shape gradient with respect to all
coil positions. Conversely, the finite-difference calculation requires searching for a new
periodic field line after each finite-difference step, which is expensive because it requires
re-computing the magnetic field at new locations for each coil perturbation.

4.4. Optimization of helical coils via gradient of residue

We proceed to consider a model magnetic field studied by Hanson & Cary (1984), which
consists of two pieces: a toroidal magnetic field generated by a long current-carrying wire
passing through the centre of the torus, and a magnetic field generated by a pair of helical
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FIGURE 4. Poincaré plot for the configuration produced by NCSX coils. The island for which
the shape gradient of the width is calculated in figure 5 is shown enlarged in the inset; its width
using (2.68) is w; = 0.0106 (R = 0.0149).

coils with opposite current (£/,.;;). The helical coil positions are specified by the poloidal
angle n4 as a function of the toroidal angle ¢,

k,
‘max k k
ni=”;_‘/) +y [Ai,k cos ( ';0‘0) + By sin ( ';"‘”)} . (4.33)
0 k=0

0 0

The position of the coils . = (x4, y+, z+) is then obtained using the equations

X+ = (Ry + ropcosny) cos g, (4.34)
y+= (Ro + rocos n+) sing, (4.35)
Ze=—rpsinn.. (4.36)

Here we have introduced the major and minor radius of the toroidal surface in which the
helical coils lie, Ry and ry respectively. The magnetic field configuration is obtained by
adding the toroidal magnetic field e,R,B, /R to the magnetic field obtained by applying the
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FIGURE 5. Shape gradient of the width of one of the magnetic islands in the NCSX
configuration (figure 4) with respect to the positions along a type-A modular coil (length L, =
7.29), calculated using N, = 30 with: the adjoint method (solid lines); the centred difference
scheme with 8x. = 10~* (dashed lines). For each component, the mean residual between the
two calculations is approximately 2 % of the mean absolute value. The adjoint calculation is over
a hundred times faster.

Biot-Savart law to the helical coils,

RoB; Eolheti 1 dry
L S
+

Upon fixing Ry, 1o, Ihe; and B;, as done in Hanson & Cary (1984), the continuous
parameters that can be used to perturb the magnetic field configuration are A, for
0 < k < knax and By for 1 < k < kpac. Perturbing any one parameter of any one coil
(carrying a current *+l/;), denoted as k4, such that the variation in the coil position
is r1(p) = ri(@) + AkL0ri(¢)/dky, causes the magnetic field to change such that
B(R) — B(R) 4+ Ak10B(R)/0k.. From the expressions (4.22) and (4.23), we get

ﬁ:iuolhen/d 1 |:_I+3(R—ri)(R—ri)j| _ (3& drs

- ) 438
s e YIR=r.p? R —r.]2 o d(p) (4.38)
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FIGURE 6. Poincaré plots of unoptimized (a) and optimized (b) helical coil configurations.
The squares indicate fixed points with residue R, while the crosses are those with residue R,.

The gradient of the magnetic field changes according to VxB(R) — VxB(R) +
Ak+dVyB(R)/0ky; from (4.22) and (4.29), we deduce

0VyB Lheri 1 5(R — R — R —
xB _ | 1ol /d 3R — ry)l — ( ri)( re)( ri)
s e R — 1|5 R — rs|?
A N N . ory dry
+I(R—ro)+eg(R—ro)ég+é;(R—ry)éz] - WXJ . (4.39)

A gradient-based optimization scheme to demonstrate an application of the adjoint
gradient formulation was performed on the system with Ry = 1, ry = 0.3, polpe; /47 =
0.0307 and B; = 1. This was previously optimized by Cary & Hanson (1986) using a
derivative-free algorithm. The fixed parameters are A, o = /2, A_y=A_, =B;; =0,
and A,y =By, =0 for k > 2. The vector p = (A}, B_,) is composed of the only
parameters that are varied during the optimization. Two fixed points are initially located
and their residues are used in the optimization. A priori, an infinite choice of appropriate
objective functions exist: the sensible properties are that they be functions of the residues
of all the periodic field lines and that they be zero when all the residues are zero. The
island width can only be used in the objective function if it is known that the periodic field
line is an O point instead of an X point. However, periodic field lines may switch from O
to X points during the optimization as p is varied. Moreover, the measure of island width
used in this work is only accurate if the island size is small. For these reasons, using the
residues in the optimization is preferable. We choose a linear combination P of the pairs
of residues,

P = % (Ri +R,), (4.40)

and we seek configurations where P is as close as possible to zero. One could, in
principle, take the difference of the two residues or the mean square of the residues as
the objective function: the former converges to a non-optimal solution with R, = R,
where the objective function is zero yet the residues have not been sufficiently reduced; the
latter has a much slower convergence. The function |P| is minimized by using the gradient

https://doi.org/10.1017/50022377821000428 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377821000428

Adjoint method for sensitivity of magnetic island size 33

Coil surface
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FIGURE 7. Helical coils corresponding to the initial unoptimized configuration (dotted line)
and to the optimized configuration (solid line). Coil 1 (red) carries the negative current (—/yej;).

direction to perform a line search for solutions of P = 0, with more details discussed in
Appendix F.

The initial configuration with p, = (0.0, 0.0) has residues R; = —0.143 and R, =
79.9. Applying the optimization scheme, described above, results in p = (0.3414, 0.3066),
with R, = 0.0160 and R, = 0.0128. The values of the parameters are similar to those
obtained by Cary & Hanson (1986), but give a slightly more optimized configuration:
the small difference may be caused by different numerical resolutions in the Biot—Savart
integral around the helical coils. The optimized and unoptimized configurations are shown
in figure 6, and the helical coils that produce them are shown in figure 7. The quadratic
convergence of the errors of the gradients of the residue for an intermediate step during
the iteration is shown in figure 8.

5. Conclusion

In this paper, we have derived the equations for the gradients of several quantities
related to magnetic islands, which include the island width and the residue of the
periodic field line, using an adjoint method. The residue is a quantity that, when small
and positive, is strongly correlated with island size but that can be calculated for any
periodic field line, even X points in stochastic regions. Thus, although it does not
quantify the physical width of an island, it is more versatile and can be used to minimize
stochasticity in magnetic configurations. The gradient of the island width was obtained by
differentiating the measure of island width introduced by Cary & Hanson (1991). Although
the island width calculation is only accurate for small islands, optimized configurations
usually have small islands. Our adjoint approach thus provides an efficient and reliable
method to compute the sensitivity of the island size in optimized or near-optimized
stellarators.

We have performed and verified numerical gradient calculations on different magnetic
field configurations. The analytical configuration of Reiman & Greenside (1986), shown
in figure 1, provides the ideal system for efficiently and accurately verifying the island
width calculation and the gradient calculations. Figure 2 shows a comparison of different
measures of island width for this system. Figure 3 demonstrates the correct quadratic
convergence of centred difference gradient approximations to the adjoint gradient
calculations as the centred difference step is decreased. In figure 5, we show shape
gradients of the island width with respect to a discrete set of positions along a type-A
modular coil in an NCSX configuration, which highlights the overlap between the adjoint
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FIGURE 8. Error convergence of the centred difference approximation of the gradient of
the two residues to the adjoint calculation when B_ ; = 0.18079 and A4 ; = 0.25268. The
finite-difference step size on the horizontal axis is normalized to R™'(dR/dk)8 for k €
{A+.1, B— 1}. The legend labels with respect to which parameter the gradient was taken for the
different symbols, and in brackets is the value of N,. The higher resolution, N, = 80, has an
increased accuracy, although the optimization is carried out at N, = 30 to make it faster. The
decrease of the converged error for larger N, indicates a discretization error in the adjoint-based
approach.

and the centred difference calculation. For NCSX, where the magnetic field evaluation is
computationally expensive, a factor of over one hundred in computation time is gained by
calculating the shape gradient using the adjoint method. The gradient calculation using
adjoints has been successfully implemented also to a system composed of a toroidal field
coil and a pair of helical coils, which were previously optimized without derivatives in
Hanson & Cary (1984) and Cary & Hanson (1986). For one such configuration, the helical
coils were optimized using the adjoint calculation of the gradient of the residue, with a
result consistent with that of Cary and Hanson. The result of the optimization is shown in
figure 6.

The tool we have developed in this work can be applied in several areas of stellarator
design. First, shape-gradient calculations using the adjoint approach can be used to
efficiently calculate coil tolerances with respect to island size in stellarator configurations.
However, they can also be used in optimization, as demonstrated in § 4.4. Gradient-based
minimization of stochasticity and island size, as well as optimization of island width
sensitivity, are possible applications of this work.
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Appendix A. Magnetic field line trajectory as a Hamiltonian system

A fundamental property of the magnetic field, namely that it is divergenceless, is
imposed by defining B as the curl of a vector potential,

B=V x A. (A1)

Note that A4 is not uniquely defined: adding the gradient of a scalar function, Vg, called
a gauge transformation, leaves B unchanged. The form of B we have adopted in (2.1)
corresponds to the vector potential

A=yVO - x(,0,9)Vo, (A2)

where we have chosen a particular gauge.
Considering R(¢) as the position vector following a field line, (A 1) can be derived by
extremizing the action

P2
S= / L (R(p), ¢) dg (A 3)
@1

with respect to R(¢), where the end-points along the path, R(¢;) and R(¢,), are fixed, and
the Lagrangian L is

dR
L‘:A(R)-@. (A 4)

The choice (A 4) can be verified using the Euler—Lagrange equation resulting from the

extremization of the action,
d /dC dcL
— =)= (A'5)
de \ 4R oR
which leads to the equation B x dR/d¢ = 0, and implies that dR/dg is always parallel to
B. Upon inserting (A 2) into (A 4), the action S in (A 3) becomes

©2 d@
S= / (wd— —xW, 0, w)) de. (A 6)
$1 w

The action expressed in the form (A 6) can be directly compared with the standard form
for the action of a Hamiltonian system,

15 d
S — / <pd—‘t1 —H(g,p, t)> ar. (A7)

Hence, it follows that the trajectory of a magnetic field line as a function of toroidal angle
constitutes a Hamiltonian system where the canonical coordinate ¢ is €, the canonical
momentum p is 1, the Hamiltonian H is x and the time ¢ is .
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A.l. Hamiltonian after replacing 0 with ©@

We proceed to obtain the Hamiltonian after the change of variables (0, ¥) — (©, ),
where & = 6 — (y(Y)gp is the poloidal angle relative to the unperturbed magnetic field
line at the flux surface 1 = ¥ crossing ¢ = 6 = 0. To this end, we re-express df/dg by
applying the chain rule to the equation 6 = & + (o (V¥o) @,

W _ (99 do  (a6\ _do A
— = — — ] =—+ .
dp ~\90 ), dp "\ogp), " dp T

Here, a subscript to the right of the parentheses indicates what variable is being kept
constant in the partial differentiation within the parentheses. By using (A 8), the action in
(A 6) becomes

e de
S = / (1/,_ + Yio(o) — x (4, @)> do. (A9)
@1 ng

Therefore, the Hamiltonian K in the new variables is given by (2.10). This is effectively the
result of a canonical transformation involving the independent variable (Goldstein, Poole
& Safko 2002).

Appendix B. Dominance of resonant perturbation
The equations of the magnetic field line trajectory including the perturbation are

% — L) + Z X () exp (i) — ing) . B 1)
and
dy . . .
@ = - Z Xmn(W)imexp (imb — ing) . (B2)

m,n

The solutions of (B 1) and (B 2) are assumed to be approximately given by the functions
obtained from (2.3)—(2.4),

Vv >~ Yo+ Yi(e), (B 3)
and

0 ~ 0, + 1Yol + 01 (), B4

where v, and 6, are additional functions — assumed small — that depend on the
perturbation, and 6; is the value of 6 at ¢ = 0. Because | x;| < xo, we assume that ¢ >~ v
so that v, and 6, are small corrections, and calculate 6, by neglecting it in the phase of the

perturbation,
do, > Xopn o) exp (imb; + i ing) (B5)
— exp (imb; + imiyp — ing) .
dp ~ L Xm.n Vo) €XP 0¥ 4
This gives
0, ~ Z an—(dfo) exp (imb; + imuyp — ing) , (B 6)

imiy — in

m,n

which is divergent when n/m = 1y. Hence, we deduce that the effect of the perturbation is
dominated by the Fourier modes that coincide (resonate) with the rotational transform of
the unperturbed flux surface, n/m = .
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Appendix C. Variation of periodic field line position

The periodic field line position changes owing to the variation of the magnetic field
configuration, which affects the circumference and in turn the island width, as discussed
in § 2. However, the gradient of the poloidal position vector X is itself useful to search
faster and more reliably for the new position of the periodic field line after a small change
in parameters, e.g. during the optimization considered in § 4.4. We thus proceed to derive
the variation AX .

We introduce the vector Lagrangian

27 (k+L)/ng dx
(— - V) g, do. 1

Li=X
X k+/ dg

27tk /ng

In (3.30), we have introduced a constraint using the adjoint variable pg, (a matrix).
Extremization with respect to variations in X (¢) gives

_ 27 (k+L)/ng d[.LX
A£X=AXk+/ AX-(—d k—VXV-nxk>d<p
@

27tk/ng
+ AX 2n(k+ L)/no) - pg, 2m(k + L)/no)
— AX 2nk/no) - px, (21k/no)) . (C2)

Considering AX 2w (k + L)/ng) = AX(2nk/ng) = AX,, the adjoint equation is

d -
S = VeV, (C3)
%

and must be solved with the boundary condition ug (21(k + L)/ng) = pg, (2mk/ng) — I.
The boundary condition can be simplified as follows. The transpose of (2.46) is

1 k X .

Premultiplying and postmultiplying by the adjoint of S, Sz = (S])~!, and noting that
S - dS] /dp = —(dS}/dg) - ST (from the chain rule and S} - S] = /), results in

ds;
de
Comparing (C 3) and (C 5), and using S, (2wt (k + L) /ny) = M, with S;(2wk/ng) = 1, gives

=—VyV.S. (C5)

Ry, Qn(k+L)/ng) = My + py (27k/no) . (C6)

Hence, the appropriate boundary condition for (C 3) is

pz, Qk/ng) = [1— M) €7

The variation of X, is then given by

~ 2r(k+L) /ng
AX, = —/ AV - pz, do. (C8)
2

ntk/ng

https://doi.org/10.1017/50022377821000428 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377821000428

38 A. Geraldini, M. Landreman and E. Paul

Appendix D. Formulae for the Reiman magnetic field configuration

The analytical magnetic field configuration is adapted from a model magnetic field
used in Reiman & Greenside (1986). The magnetic field components are, from (2.1) and

(4.3)~(4.6),
By=Z2p,+ 8= Pop D1)
R — R 0 R 1y
B, = KRy Zp (D 2)
zZ — R 0 R 1s
B, = —1, (D 3)
where
](HIBX
Dy = tax + U 1” — Y keyr* cos (kb — @), (D 4)
k=1
=Y ke sin (k6 — @) . (D 5)

k=1

From (D 1)—-(D 3), the gradients of the magnetic field components with respect to the
poloidal coordinates R and Z are

Z Ry — Ry
OrBr = —ﬁDo + = aRDO + D1 + orDy, (D 6)
1 Ry
0zBr = —D, —8 D dzDq, D7
2br = 5 o + R 0+ Iz (D7)
R, R—R, Z
0rBz = —ﬁDo R gDy — I?Dl + = 3RD1, (D 8)
R RO 1
0Bz = 02D + D1 + = 8ZD1, (D9)
aRBg, = 9,8, =0, (D 10)

where

Kmax
0rDo = 20, (R — Ro) — Y _ kewr* ™ ((k — 2) (R — Ry) cos (kO — @) + kZsin (kO — ) ,
k=1

(D 11)

kmax
D, = stkrk_4 ((k —2) (R — Ry) sin (kO — @) — kZ cos (k6 — ¢)) , (D 12)
k=1
kmux
3Dy =20, 7 — Z ke '™ ((k — 2) Z cos (k6 — @) — k (R — Ry) sin (k6 — ¢)), (D 13)
k=1
kmax
9,D, = Z ke ((k — 2) Z sin (k6 — @) + k (R — Ry) cos (k6 — ¢)) . (D 14)

k=1
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From (D 6)—(D 10), the second derivatives of the magnetic field components with respect
to R and Z are

27 2Ry, 2Z 2R, z — Ry
OrrBr = —Do — —=D; aRDO + —5 0rD1 + — 9rrDo + drrD1, (D 15)
R3 R3 R
1 l Z — Ry
OrzBr = —EDO R aZDO + = 3RD0 + 3ZD1 + RaRZDO + orzD1, (D 16)
2 R —
0zzBr = EazDo + EazzDo + R 8ZZD17 (D 17)
2R, 27 2R, 27 R—R, Z
OrrBz = —Do + FDI - FaRDO - ﬁaRDl - OrrDo + EaRRD]» (D 18)
1 I R—R, z
OrzBz = _ﬁD — ﬁazDo —zale + Eale — OrzDo + I—eaRle, (D 19)
2 R — R, Z
07787 = ESZD‘ - 0z7D0 + I_QBZZDI’ (D 20)
BRRBq, - aRsz - 8228(/, - O, (D 21)

where dg; = 97 and

Kmax

OrrDo = 20, — ¥ ke O [((k —2) (r + (k — 4)(R — Ro)*) — kK°Z7) cos (kO — ¢)
k=1

+ kZ(R — Ry)(2k — 6) sin (k6 — )], (D 22)
Kmax
rzDo = Z ke [k (P — (k — 2)(R — Ro)* + (k — 4)Z°) sin (k0 — @)
+ kZ(R — Ry)(2k> — 6k + 8) cos (k6 — ¢)], (D 23)

dzzDo = 20, — kz ke ™0 [((k —2) (@ + (k — 4)Z%) — K*(R — Ry)*) cos (k6 — )
. — kZ(R — Ry)(2k — 6) sin (k0 — )1, (D 24)
drrDy = Z ke [((k = 2) (P + (k — 4)(R — Ro)*) — k*Z7) sin (k6 — ¢)
— kZ(R — Ry) (2k — 6) cos (k6 — @)1, (D 25)
OrzDy = k“ikekrk6 [k (= + (k= 2)(R — Ry)* — (k — 4)Z*) cos (k& — ¢)
) + kZ(R — Ro)(2k* — 6k + 8) sin (k6 — ¢)], (D 26)
372D\ = Z ke =0 [((k = 2) (* + (k — 4)Z%) — K*(R — Ry)?) sin (k6 — ¢)

+ kZ(R — Ry)(2k — 6) cos (k6 — ¢)] . (D 27)
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All the equations in this appendix are linear in the parameters k € (14, (,,, €). Hence,
the gradients of the magnetic field and its first poloidal derivatives can be straightforwardly
extracted.

Appendix E. Shape gradient of coil-produced magnetic field

The magnetic field produced by a set of N coils, indexed c, is given by the Biot—Savart
law (4.19). Perturbing the coils, such that r.(l.) — r.(l.) + Ar.(l.), changes the magnetic
field, such that B(R) — B(R) + AB(R), where the change in magnetic field is given by

N
ol R—r. dr. R—r. dAr.
AB.jj = — di.{Ar. -V, | ——— — .
! ; 4n ?g ( " “<|R—rc|3>xdlc+<|R—rC|3 ST
(ETD

R—r, 1 3R—r)(R—r)
v, = —1 . E2
r<|R_rc|3> |R_rc|3 ( - |R—i‘c|3 > ( )

An important property of (E 2) is that

v, (X=% 2o E3
[ (=] - "

The second term in (E 1) can be re-expressed using integration by parts as

R—r. dAr, dr. R—r.
f dl. X = —f d,— -V, | ———— | x Ar,, (E4)
IR —r.]? dl. di, ‘\IR—r.?

where the term involving an integral of a total derivative has vanished owing to the integral
being periodic. Inserting this into the previous equation gives

R — re drC drc R — Fe
di. | Ar. -V _ — — — .V —_ Ar. ).
7§ ‘ ( Fer Yre (|R - rc|3> e a <|R - rc|3> ) ")
It is an exercise in vector identities to show that
R—r, dr. dr, R—r.
Ar. V., | m——= | x ———- -V, | ——= | x Ar,
|R - rcl3 dlc dlc |R - I‘C|3

R—r. dr. R—r. dr.
=Tr|V, | —— ) |Ar. x — =V, | ———— | - Ar, x —. (E6)
‘\IR—r,? di, ‘\IR—r.? dl.

Using (E 3), the first term on the right-hand side of (E 6) vanishes. Inserting (E 2), (E 3)
and (E 6) into (E 5) gives (4.23) for the shape gradient.

where

o ol
A-Bcoil = - Z -
pr 47

Appendix F. Optimization scheme

The iteration scheme used to search for solutions of P = 0 exploits the direction vector
d, obtained from the gradient of P, with respect to the two variable parameters,

ap, oP,
d, =2 o) (F1)
9A., 9B_

Here, a subscript n denotes the value of the quantity at the nth step in the iteration. Starting
from an initial guess p, = (0.0, 0.0), the next step in the iteration is tentatively specified
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Pn1 = Py +pn,step’ (F 2)

where
gl’l Pﬂdﬂ
Pusep = _E |dn|2’

(F3)

and where g, > 0 is a number chosen at each iteration and r is the number of times the
move (F 2) is rejected at a particular iteration. The reference value of g, is denoted g,
and is specified as follows. Initially, we set go = 1. Then, if at any particular iteration the
number of times r the move (F 2) gets rejected before being accepted exceeds a threshold
value ryy = 3, we set g,,1 = g,/2, otherwise we keep the reference value unchanged,
8n+1 = &n- The move (F 2) is rejected if the step in parameter space leads to an increase in
the absolute value of the objective function, |P, | = |P,|.

There is an additional rejection criterion that is linked to a maximum value of the step

. . o Sl < . . o .

in the fixed-point position, |.X X "| (the subscript labelling the fixed point is omitted
to avoid clutter, and the superscript is the iteration step number). This is necessary to
ensure that the iteration proceeds successfully. At the iteration step n + 1, the scheme to

n

search for a periodic field line is applied with the initial guess equal to X" pn Y pX .

The gradient of the fixed-point position with respect to the parameters, VI,X =9X"/ ap,
is calculated from the equations of Appendix C. A common way for the search for the
new fixed-point position X"t to fail is by returning the magnetic axis (which is always
a periodic solution of the magnetic field line equations for any toroidal interval that is
a multiple of the the field periodicity). To avoid this, the maximum step size is set to
be a fraction u of the smallest distance between the fixed point and the magnetic axis
X" — X, .,|. The value u = 0.3 was used.
To summarize, the criterion for accepting or rejecting a step (F 2) is:

gl )

accept move if |P,,| < |P,| and |X’”+l —X’”| <u |)_(" -X

i i i axis| ° (F 4)
reject move if |P,| = |P,| or |X"Jrl —X"| >u |X —-X. |

axis

Once a move (F 2) is accepted, it becomes permanent and the following move p,,,; e, I8
calculated. The optimization is stopped when |P,_; — P,| < 107'2,
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