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Summary

In this paper a solution of the Einstein field equations for a spherically symmetric distri-
bution of a perfect fluid of variable density has been obtained.

1. Introduction

For the line element given by

(1.1) ds? = —erdrt—r2d62—r? sin? O0dp2+e¥ de?,
Schwarzschild {1] has obtained the exterior solution
(1.2) e = 1—2mjr, e = (1—2mfr)7,

and interior solution

8 2\ 2\ §1 2 8 2\ —1
(1.3) e”=%[3(1— ",of’“) —-(1—8";”)], e"=(1— ””’) :

3

in which m and p respectively denote the mass and density inside a fluid
sphere The solutions (1.2) and (1.3) obtained were based on the following
assumptions:

(A) The density of fluid inside the sphere is constant and is zero outside
the sphere,. :

(B) The matter comprises of a perfect fluid at rest inside the sphere and
there is no matter ouf side the sphere.

(C) The pressure in zero at the surface of the sphere and is finite and positive
inside the sphere.

(D) The graviational potentials of the exterior and interior solutions are
continuous at the boundary of the sphere.

In the present paper the same problem of a spherical mass of a perfect
fluid, with the density variable distribution inside the sphere has been
studied. The variation of density has been arbitrarily taken as

(1.4) p = po (1- 12-)

a?
153

https://doi.org/10.1017/51446788700004730 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004730

154 A. L. Mehra [2]

where po is the density at the centre of the sphere. The law of density
given by (1.4) has been taken to ensure that the density vanishes at the
surface. The study with the variable density has been carried out earlier
by Max Wyman [2]. He assumed the law of density to be p = ar¥-2, where
a and N are constants. The present study differs from his investigation in
that the density is zero at the surface in the present case.

2. Solution of the field equations

Since the matter comprises of a perfect fluid at rest, the components
of energy momentum tensor T4 satisfy the following equations:

(2.1) Ti=Ti=T3= —p, Ti=p Ti=0, i £,

where p and p are proper pressure and density of the fluid respectively.
The field equations for the line-element (1.1) are

2.2) 8mp — e (”7 n 1) 1

- 1
r2 r?

’” L y'2 L
2.3 Sup — et (- T LY )
(2:3) mp = e (2 s 1ty

A 1 1
(2.4) 8np = e (7 — ﬁ) 4+ el

In the above equations prime notation denotes differentiation with respect

to r.
Equation (2.4) with equation (1.4), can be integrated to give

2.5 _A=1—.— 52 - —
(2:5) ¢ 15 ( ’ a2) + 4

where C is a constant of integration. In order to avoid a singularity at
the origin C should be zero. Therefore, taking C = 0, equation (2.5) reduces

to
8 3t
(2.6) er =1 k¢ (512_ _) .
15 a?
From equations (2.3) and (2.2), we find that the equation to determine
vy is
8ma? 16ma?
|:1 — 7‘15Pc (5x—3x2)] (2rty" +v'%2) —nr' (2 — ——n—5-ﬂ: xz)
@.7) 327a?
- Pc z? =0,
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where x = r?/a%. The substitution

(2.8) v=2logy
reduces equation (2.7) to
8mapc a*y  16mapp dy  8ma’pc
2.9) 41— 5x—3x?) | — 6x—5) — =0,
(2.9) |: (52 x)]dx2+ 15 (6 )dx+ 5 y
Again by substituting
5 \*¥

(2.10) z = log l:x—%—{— (xz——%x + Szmzpc) ]
in equation (2.9), we find that equation (2.9) reduces to

ay Yy
2.11 — 4+ = =0.
(2.11) Ty

The solution of equation (2.11) is

(2.12) y = C, cos 3z+C, sin 3z,

where C; and C, are the constants of integration; therefore from (2.8)
we have

(2.13) ¢’ = [C, cos 1z+4-C, sin 3272

From equations (2.2), (2.6) and (2.13), we find that the pressure at
any point is given by

4 [2npo\} 8nalpc irc,—C, tanz/2]
8mp —= — 1 ZEPC 5y gy || 221 TANAD
P a( 5 ) [ T )] [CI+C2tanz/2

2.14
(2-14) 87pg

15

(5— 3z).

By means of equations (2.6), (2.13), (2.14), (1.2) and boundary con-
ditions (C) and (D), we get

8mad
@16a)  m= —PC,
15
16mapp\ ¥ 2a (2npc\t
(2.15b) C,= (1 _ PC) cos 32, — __‘i(ﬂ_Pc) sin 2z,
15 5
16ma2po\ 2a (2 3
(2.15¢c) C,= (1 — _’ﬂ’_&‘) sin 3z, + 5 (—n5ﬁg) COS 32,
where
5 ¥
2.16 =1 1 —3) ] .
( ) % 08 I:s + (Snazpc 3
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The complete interior solution of line element (1.1) is, therefore,

Sﬂpc 37'4 -1
2.17 A= |1— 572 — — ’
(2.17a) e [ 15 ( g az)]

167a%pg\? 2 —2 2a (2mpc\t . [(z,—2\]2
. Vo= 1— —_—— »
(2.17b) e [( s ) cos( 3 ) 3 ( = ) sm( 3 ):I

where 2; and z are given by (2.16) and (2.10) respectively.
To get a real solution from equations (2.16) and (2.15a), we must hawv

< 12a
m —
25

2.18 2 )
( ) &< IOnpc
which give an upper limit of the possible size for given density and o
the mass for given radius.
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