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ON DEFORMATIONS OF HOPF MAPS AND

HYPERGEOMETRIC SERIES

TAKASHI ONO

Introduction

Let Rn denote the Euclidean space of dimension n >̂ 1 with the
standard inner product <x, y} and the norm Nx = <x, x). We shall denote
by dωn.i the volume element of the unit sphere Sw-1 = {x e Rn Nx = 1}
normalized so that the volume of S71'1 is 1.

With each continuous map /: Sn - 1 —• Rm, we shall associate a function
P(z) of a complex variable z by

/'(*)= f e'^dω^.
JSn-l

Clearly f\z) is an entire function and its Taylor expansion is given by

where

Nk(f) = f

When / is spherical, i.e. when / maps S""1 in Sm~\ we have f\z) = e\
When we are given a family {/J, 0 < t < 1, of maps: S71'1-* Rm such that
/o is spherical, we have a family {/f} of entire functions beginning with
fl = e2 and ending with some advanced function /{.

Here is an illustrative example: consider the family

f (γ\ /r2 r2 o/-i i Λi/2r r Ί Π < / < 1

Jt\X) — \X\ — XΊ > ̂ V *- I ί/ X\X<ι) j U -^ t -^ 1 .

The map /0: S
1 -^ R2 is spherical since it is the squaring x f-> x2 in C = i?2.

Passing to the polar coordinates, we have N(ft(x)) = 1 + t sin2 2Θ and
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o° 1 . 3 . 5 . . . (2k 1) (tzY= -f Γ
2π Jo

l β 2k k\

a Rummer's hypergeometric series.

The purpose of this paper is to find similar relations between certain

deformations of classical Hopf fibrations S 3-> S2, S7 -> S\ S 1 5 - + S 8 and

Rummer's hypergeometric series.

§ 1. Prerequisites

As for proofs of formulas below, see our earlier paper [2].

The symbols Z, Q, R, C, H, O denote the set of integers, rational

numbers, real numbers, complex numbers, Hamilton's quaternions and

Cayley's octonions, respectively. The set of nonnegative real numbers is

denoted by R+. For a subset M of R, we put M+ = M Π 2?+. The set of

all (m X ft)-matrices over a field K is written Km%n. If m = n9 we write

Km for ίΓm>w. For a symmetric matrix A e Kn and vectors x e Kn, we put

A[x] = 'xAx, the quadratic form of A. For α e C, keZ+, the AppelΓs

symbol is:

Γα(α
(α, A) = j(a> if^o.

We have the duplication formula: (2a, 2k) = 4fc(α, k)(a + 1/2, k). For a =

(al9 - , ap) e Cp, b == (bu - > -,bq) e CQ, the (generalized) hypergeometric

series is defined by

F (a' b' z) = y 1 (^b k)'' * (ftp? /g) 2̂
' 9 V ' ' ^(buk)...(bq,k) kl '

0F1 and ^ are also called Gauss' and Rummer's series, respectively. For

λ = (λl9 - --,λn)eRn and veZ+, the numbers 6,(2; A) are defined by the

generating relation!:

00 n
/-j -1 \ '̂ ~1 L. /O 5 /̂f FT (Λ Ajl f\~^/"

In particular, we have

(1.2) 6,(2; ln) = i ^ Ά for ln = (1, , 1) € Z% .
vl

https://doi.org/10.1017/S0027763000020961 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000020961
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When λ = (λu -,λn) is the set of eigenvalues of a quadratic form q(x)

on Rn, we have

(1.3) f qixYdω^ = -AgliL .
J 5"-1 6,(2; 1,)

For a continuous map /: S""1—>-i?m, we put

(1.4) fXξ)=[ <ξ,f(x)ydωΛ.u ξeR'\

(1.5) * , ( / ) = f Λ(f)Λ»»-i, ^ e Z + .

T h e n , we h a v e

(1.6) i\Γfc(/) = f NifWydω^ = -^ jJ^-* 2 f c (/) A 6 Z+ .
J * " - 1 δ f c(2; 1)

§ 2. Quadratic maps of type (S)

Let /: Rn —> i?w be a quadratic map. By definition, each component

/*(*), 1 ̂  i ^ m, of /(x) is a quadratic form on Rn and we can write /<(#)

= A^[x] with a symmetric matrix A< in i?w. We shall obtain a general

formula for the number Nk(f). In view of (1.4), (1.5), (1.6), we shall con-

sider f2k(ξ) and σ2k(f) in order. Since (ξ, /(*)> == ξJ^x) + + ξmfm(x)

= M i M + + fm^mM, we have

(2.1) <f, /(x)> = AM with A = f,Ai + • + f TOAW .

Let /I = (λu , ̂ n) be the eigenvalues of A. Then, by (1.3), (1.4) we have

From (1.3), (1.5), (1.6), (2,2), it follows that

where

Using (1.2) three times and the duplication formula for AppelΓs symbol

twice, we can determine βk explicitly and we get
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(2.3)

In view of (1.1), the main problem is to determine the eigenvalues of the

symmetric matrix A = ξxAλ + + ξmAn. In order to facilitate the

argument, let us make the following assumptions on the quadratic map

/: Rn -» Rm in terms of the matrix A in (2,1).

(2.4) DEFINITION. We shall say that a quadratic map /: Rn —> Rm is

of type (S) if the following conditions are satisfied:

(51) n is even: n = 2p,

(52) the trace of A is zero,

(53) A2 = a\2p where a = a(ξ) is a positive definite quadratic form on Rm.

(2.5) PROPOSITION. Suppose that f: R2p ->Rm is a quadratic map of

type (S). Notation being as in (2.4), let λ = (λl9 , λ2p) be the set of eigen-

values of A. Then, after a necessary arrangement of Vs, ^ have λt =

. . . = Xp =z V a and λp+ί — = λ2p = — V α.

Proo/. Let Γ be an orthogonal matrix in R2p such that

/λ \
ιTAT=\

By (S3) we have ('TAT)2 = 'TA2T = αl 2 p and so λ] = a for all i, 1 ^ i ^ 2p.

Our assertion then follows at once from (S2). Q.E.D.

Now, back to the formula (2.3), if / is of type (S), we have, by (1.1),

Σ 6,(2; λ)t" = (1 - 4V~α~ί)-p/2(l + W ' α ί ) " ί / 2

and so

(2.6) bίk(2; X) = ( |- , A ) ^ - , A € Z+ .

Combining (2.3) and (2.6), with n = 2p, we get

(2.7) Nk(f) = • W2]• g - f α dω,.-, when / is of type (S)
((p + l)/2,A) Js»->
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Call μ = (μl9 , μm) the eigenvalues of a = a(ξ); by (S3) all μt are posi-

tive. From (1.2), (1.3), (2.7), it follows that

(2.8) Nk(f) = 4 f c ( ( p ^ !

1 ) / 2 T ) - W2; j") when / is of type (S).

A further determination of Nk(f) depends on μ, the eigenvalues of a = α(f),

via (1.1), again.

As an illustrative example, let us consider the case where p = l r

m = 2, i.e. the case of a pair of binary quadratic forms:

(2.9) ( ( f;
\ / 2 W' \a2xl + 2β2xxx2 — a2

Thus, we have
(

and A — $XAX + ξ2A2. Clearly the trace of A is zero. If we assume that

aφ2 — a2βx Φ 0, one verifies easily that / is of type (S) with

A2 = a(ξ) = (a\ + β\)ξl + 2(a,a2 + βφjξ^ + (a\ + βξ)ξt,

this being positive definite. The characteristic polynomial of the matrix

of a(f) is

(2.10) f - (αj + al + βl +

Now, by (1.1), we have

Σ bk(2; μ)tk = (1 - 4μ1t)-1<*(l -

= (1 - 40*. + ί ύ ί

with x = (μt. + μ2)l2(μ1μ^)1/2, z = 4(/<1/i2)
1/2ΐ. In view of the well-known

generating relation of the Legendre polynomials;

(l - 2xz + 22)-1/2 = Σ

we have

(2.11) "•<*"> = 4*<"<*->*"(

From (2.8), (2.10), (2.11), it follows that
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Nk(f) = \aφ2 - aφ^

For simplicity, put Δ = \aφ2 — aφx\ and σ = a\ + a\ + β\ + βi Then, we

have

If, in particular, ^ = 1, a2 = 0, ft = 0, & = (1 + t)ί/2, then σ == 2 + ί, J =

(1 + t)ί/2 and we get

f*(z) = /!(*) = β ^ V

which is consistent with the formula f\{z) =e\F1{H2\ 1; te) of the example

in the introduction as can be verified directly.

§ 3. Deformations of Hopf maps

Throughout this section, we shall denote by X one of the algebras

R, C, H, O, of real numbers, complex numbers, Hamilton's quaternions

and Cayley's octonions, respectively. Using the standard basis, X may

be identified with the Euclidean space, Rp, p = 1, 2, 4, 8, with the inner

product <x, y} and the norm Nx = (x, x> = xx = xx where x >-> Λ; is the

standard involution of X. We put Tx = x + x9 the trace of x. Then,

we have

(3.1) <x,y>

The following properties of the trace

(3.2) T(xy) = T(yx), T((xy)z) = T(x(yz))

are very useful because the algebra X itself is not necessarily commuta-

tive and associative.

Let ft, t> - 1, be the quadratic map R2p = X X X-+Rί+P = R X X

defined by

(3.3) ft(z) = (Nx ^ Ny, 2(1 + t)1/2xy), z - ( x , ^ ) e i ? 2 ^ X x X

1) See [1] p. 233, line 2.
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When t = 0, f0 induces a map of S22^1 onto Sp which is the classical

Hopf fibration.

(3.4) PROPOSITION. For each t > - 1, the map ft: R
2p -+Rί+P defined

by (3.3) is of type (S).

Proof Let At be the symmetric matrix in R2p such that

<ζ,ft(z)>=At[z], z = (x,y)eXχX, ζ = (ξ,v)eRxX.

Substituting (3.3) in the left hand side, we have

(3.5) <ζ, ft(z) = ξ(Nx - Ny) + 2(1 + *)1/2<?, xy> .

By (3.1), (3.2), we have

(3.6) <7, xy} = \T(η(xy)) = \T<J&j) = iΆy(xV)) = ̂ T(x(ηy)) = <x, Vy).

Since, for each η e X, the map y *-* ηy is a linear endomorphism of X,

there is a matrix B(η) in i?p such that

(3.7) vy = B(η)y, for a l l y e X .

Hence, from (3.5), (3.6), it follows that

<£/«(*)> = £(Mc - Ny) + 2(1 + ί)^<Λ, B(v)y) .

From this, one verifies easily that

Therefore, /t satisfies (SI), (S2) of (2.4). Next, we shall show that

(3.8) 'B(v)B(η) = B(vYB(η) =

In fact, using (3.1), (3.2), (3.7), we see that

('B(v)x,y> = <x, B(η)y) = (x, ηy) = ^T{x{

= iT(y(xη)) = <y, *!?> = <«?, y> , for all y e Z ,

which implies that

(3.9) 'B(η)x = xη .

From (3.7), (3.9), we have

' 5 ( 7 ) ^ = (y9)j? = (Nv)y,

)X = B(η)xη = η{ηx) =
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which proves (3.8). It follows from (3.8) that

A\ = al2p with a = α(ζ) = ξ2 + (1 + t)Nη.

Since α(ζ) is positive definite for t > - 1, /, satisfies (S3) of (2.4). Q.E.D.

Having verified that ft is of type (S), we may use (2.7), with m = p

+ 1, and get

Nk(ft) = f akdωp .
JSP

Since £2 + Nη = Nζ = 1 on Sp, we have

iVfc(/,) = f (1
J SP

t
Now, the eigenvalues of the quadratic form Nη on F + 1 are μ = (0, 1,

l)eJ?* + 1, and so, by (1.2), (1.3),

On the other hand, since

Π (l - 4μity

by (1.1), we have

Therefore, we have

(k\t> ipl2J)

j)t (( l)l2

Finally, we have

J) ( - ty

(p/2,jχ-ty f (-k,j) t

where the inner sum is equal to

https://doi.org/10.1017/S0027763000020961 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000020961


HOPF MAPS 71

Σ (- D'( * )£** = (- D' Σ
\j/k\ tej

Therefore, we obtain
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