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Introduction

Let S be a three-dimensional regular local ring and let I be a prime
ideal in S of height two. This paper is motivated by the question of when
I is a set-theoretic complete intersection and when the symbolic Rees
algebra S(I) = @, I‘™t" is Noetherian. The connection between the two
problems is given by a result of Cowsik which says that the Noetherian
property of S(I) implies that I is a set-theoretic complete intersection
(1.

The ideal I is said to be linked to an S-ideal J if there exists an S-
regular sequence «,, a, in INJ such that J = (a,, @y): I and I = (a;, ay): oJ,
and I is called self-linked if I is linked to I ([14]) (see also [15], [21], [22],
where such ideals were studied). Of course every self-linked ideal is a
set-theoretic complete intersection because I® C (@, @;). As one of the
main results in the first section of this paper, we prove that I is self-
linked in case S/I has multiplicity at most five (Corollary 1.14). This
follows from another result that gives a criterion in terms of the resolu-
tion, for when an almost complete intersection is self-linked (Theorem 1.1
and Proposition 1.8) (parts of the criterion are similar to results of Szpiro
([20]), Ferrand, Valla ([22]), Mohan Kumar). Using this criterion, we also
characterize all self-linked monomial space curves (Corollary 1.10) and we
show that normal almost complete intersections are self-linked (Corollary
1.9) (an ideal is called normal if all its powers are integrally closed). As
an immediate consequence of Theorem 1.8, we also obtain Kumar’s result
that an ideal linked to a regular ideal is self-linked (Corollary 1.11).

In the second section we study the question of when S(I) = S[It, I®¢].
Of course this equality forces S(I) to be Noetherian. Here we will always
assume that I is an almost complete intersection in S and that the ideal
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generated by the entries of the relation matrix of I is a complete inter-
section (these assumptions are automatically satisfied if I is the defining
ideal of a monomial curve ([5]) or if I is a normal almost complete inter-
section ([25])). Relating the above question to the first section of the
paper, we prove, as an analogue of Cowsik’s result, that the equality
S(I) = S[It, I®#] forces I to be self-linked (Corollary 2.5). This follows
from our main result which gives a criterion for when S(I) = S[I¢, I®#]
(Theorem 2.1). The criterion is formulated in terms of the height of a
determinantal ideal that can be easily computed from the presentation
of I. To prove the theorem we explicitly describe a generator of the
S-module I®/I* (which is cyclic by [25]), and use this generator to obtain
some information about a presentation of the algebra S[It, I®#*]. Then
the height condition in the theorem can be translated into a statement
about the grade of a conductor ideal that tests the equality S(I) =
S[It, I®t*]. Most of these ideas were introduced by W. Vasconcelos who
also proved the above theorem in a more general context, but under the
additional assumption that the Rees algebra S[If] = @,., [*t" is normal
([24]), [25]). We are grateful to him for providing these ideas and for his
helpful comments concerning the material of our paper.

Theorem 2.1 yields a characterization of all monomial space curves
for which the equality S(I) = S[It, I®#] holds (Corollary 2.12) (extending
results from [19]). We also determine when a self-linked ideal I admits
an element w such that w generates I”/I* and is at the same time part
of a regular sequence defining the self-linkage of I (Corollary 2.10). It
turns out that the existence of such an element implies the equality
S(I) = S[It, I®t*] (Proposition 2.11).

Throughout this paper, (S, m) will be a three-dimensional regular
local ring, I will be a prime ideal in S of height two, R = S/I, and o will
be the canonical module of R. By ht, we will denote height of an ideal,
¢ will denote minimal number of generators, r(R) = p(w) will be the type
of R, and e(R) will stand for the multiplicity of R. We will call an n
by n + 1 matrix A almost symmetric if the matrix obtained by deleting
the last column of A is symmetric, and by I,(A) we will denote the S-
ideal generated by all ¢ by ¢ minors of A.

§1. Self-linked space curve singularities

We begin with a characterization of self-linked almost complete inter-
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sections. Parts of this theorem would also follow from [20], page 73,
(the equivalence of a) and c)), [22] (the equivalence of a) and d)), or an
unpublished result of Ferrand (the equivalence of a) and d)). However,

we include a proof for the sake of completeness and because our proof is
somewhat different.

THEOREM 1.1. In addition to the usual assumptions let w(I) = 3. We

consider a presentation 0 — S* —4> S*—>1—0 where A = (a;;) isa 2 by 3
matrix with entries in m. then the following are equivalent.

a) I is self-linked

b) I* C (a, «,) for some elements «,, a, in m

c} there exists an epimorphism ¢: I — o

d) there exists a 2 by 3 matrix C = (c,;) with entries in S such that
I(C) & m and i Z?’:l a;5¢;; =0

e) there exists a 3 by 2 matrix B with entries in S such that IL(B)
& m and AB is symmetric

f) there exists an invertible 3 by 3 matrix D with entries in S such
that AD is almost symmetric.

Proof. We first show that a) implies c¢). Let «;, @, be an S-regular
sequence with I = (a,, ): I. By [14], 0 = ((a, ay): I)/(a;, @), and hence
o = I/(a;, @;). Thus we may take ¢: I — » to be the natural projection.

Next we prove that c¢) implies d). Write —* = Homg(—, S). Then
the exact sequence

0> 28— >8 >R—>0
yields an exact sequence
0—> S* ~——>SS*-€+SZ*~——>w~——>O.
Therefore ¢ induces a commutative diagram

St — S —n I —0

Lellat

S* 5 S* —» w—0.

Denote the bases of S* and S° by {e, e,} and {h,, h,, h;} respectively, and
let w, = II(e¥). By Nakayama’s Lemma, the surjectivity of ¢ forces ¢ to
be surjective, and hence there exists a new basis {g, &, g} of §° such
that ¢(g,) = e¥, ¢(g) = ef, ¢(g,) = 0, Let E = (e,;) be the invertible 3 by 3
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h g :
matrix with (h;) = E(g;), and write AE = (d;;). Because of the commu-
hy 8&s

tativity of the above diagram, it follows that

0= H(¢(dng1 + dpg + dig)) = dyw, + dyw,.
On the other hand,
0 = II(d, e + dyef) = dw, + dyw,.

Comparing the two equations we conclude that d,w, = d,w,. Since o is
isomorphic to an ideal in the domain R and w, +# 0, it now follows that
dy, =dymodIl Note that d, — d, = >3, a,e: — 2.1 ae;, and that
I=1,(A4) Cc I,(A). Therefore 3., ae, — > 5.1ae;, can be written as
i1 2je1 hyya;; with ;e m. Now define
_ _ ep—hy ep—Ny €3 — h13>
C= <C”) o ("eu_hm —ey—hy —ey—hy)’
Then clearly I(C) & m since I(E) & m, and >3, >35., a,¢,; = 0.
We now prove that d) implies e). Simply define

—Cy Cyy
B=|—cy c).
—Cy3  Cy3

Then L(B) & m, and AB is symmetric since > 3., @,y == > 51 Gyy(—Cyy).
Next we see that e) implies f). Since L(B) & m, there exists an in-
vertible 3 by 3 matrix D such that

1 0
D'B = (0 1) .
0 0
Then

AD = ((AD)(D—*B)‘:) - (ABlI)

where AB is symmetric by assumption.

We now show that f) implies b). Since I = L,(A) = L(AD) we may
assume that A = (a;;) is almost symmetric. Let (—1)'*!f, be the maximal
minor obtained from A by deleting the i-th column, and set f = a,f, +
Qyfr.  Since ay, = ay,, 1t 1s easy to see that fi = —aLf, — anf, fife = 0,05 f;
+ apf, [t = —akf, — ayf. Therefore I* C (f,,f) C L
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Finally we prove that b) implies a). Since I* C (a,, @) < I it follows
that «,, @, is an S-regular sequence in I. Moreover I C (a, @,): I, and
hence I = (a,, @,): I, because I is prime. |

Remark 1.2. The equivalence of d), e), f) in Theorem 1.1 and the
proof that ¢) implies d) show that it suffices to check conditions d), e),
or f) modulo the ideal I.

Remark 1.3. Assume that u(I) =3 and that I is self-linked. Then
by the equivalence of a) and f) in Theorem 1.1, it follows that I = L,(A)
where A = (x y u) Let f, denote the i-th maximal minor of A with

y z v
sign, then the proof that f) implies a) shows that I = (f;, uf, + vf): L

Remark 1.4. Assume that I is self-linked with respect to the regular
sequence «;, o,. Then after a permutation of indices if needed, o, ¢ mI
and Aa, + «, e mI for some 1¢ S.

Proof. 1t suffices to show that u(I/(e,, a;)) = p(I) — 1. However, the
minimal resolution

0—> 8" —> 8" —>T—>0
implies indeed that
pl) = 1=n—1= plo) = (e, &): I)[(e,, )
= p(If(as, @) . O

Notice that under the assumptions of Theorem 1.1, ht I,(A) = 3 and
hence u(I,(A)) >3. Set A = (@,,) where @,, denote the images of a;, in R.
Then I,(A) = I,(A)/I and u(I,(A)) = u(I,(A)). The canonical module of R
can be identified with an R-ideal w, and then ww™! is an R-ideal that is
independent of the choice of the canonical ideal .

Remark 1.5. With the assumptions of Theorem 1.1, I,(A) = ww™.

Proof. Since o = (w,, w,) is a two-generated ideal in a domain, there
is an exact sequence

0—ro'—> R —>0—0,

where the image of o' in R* is {(—w,b, w,b)|b e w~'}. Therefore the first
Fitting ideal of w as an R-module is w,0™! + w,0™! = ww™!. On the other
hand, we have a presentation
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A*
R — 5> R —> 9 —>0.
Using this presentation to compute F,, we obtain F, = I,(A*) = I,(A).
Therefore I,(A) = wo™". O

Concerning the ideal I,(A) or I,(A), we will often make the following

AssumPTION 1.6. Suppose p(I) =3, let A be a 2 by 3 matrix with
entries in m such that I = L,(A), and assume that p(I,(A)) =3 or, equi-
valently, that I,(A) is a complete intersection in S.

Notice that this assumption is automatically satisfied if I is the defin-
ing ideal of a monomial space curve ([5]), or if I is a normal almost
complete intersection ([23], [25]).

To apply Theorem 1.1 we first need a lemma.

LeEmMA 1.7. Under the Assumption 1.6 exactly one of the following
two conditions holds:

a) there exists an invertible 3 by 3 matrix D with entries in S such
that for AD = (e;), ey, ey form part of a minimal system of generators of
Ix<AD) = II(A)

b) there exists an invertible 2 by 2 matrix E with entries in S such
that for EA = (d,;), (dy, dy, dys) C m(dy,, d,, dyy).

Proof. First note that we may perform elementary row and column
operations on A. As for column operations, this is part of the definition
in a), and for row operations, this is part of the definition in b). To see
that a) is preserved under elementary row operations, simply notice that
the vector space dimension of each column as a subspace of I,(A)/mI,(A)
is invariant under such operations. Finally, to show that b) is not
changed by elementary column operations, we remark that by Nakayama’s
Lemma, b) is equivalent to the inclusion (d,, d,, di;) C mI,(A), which is
clearly preserved under column operations.

If one of the columns of A is part of a minimal generating set of
I(A), then a) is trivially satisfied. Therefore we may assume that a,,, a,,,
but none of the columns of A form part of a generating set of I,(A).
Then ay, € (a,,) + mI,(A) and ay, € (a,) + mI,(A). Write a,, = 2,a,, mod mI,(A)
and ay = A,a,, mod mI(A). If 2, # 2, mod m, then adding the second column
to the first column yields a matrix which satisfies condition a).

If however 2, = A, modm, we may subtract 1, times the first row
from the second row to assume that a, e mI,(A) and a, € mI,(A). Then
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IL(A)/(a, @) can be generated by a,, or a,. Since a, and a, are in
mI(A), we may add a suitable multiple of the second row to the first row
to assume that I,(A) = (a,;, a,y, a;;). Again we may suppose that ay € (ay,)
+ mI,(A). As above, if a, ¢ mI,(A), then adding the third column to the
first column yields a matrix satisfying condition a) (note that a, € mI,(A)).
However, if a, € ml(A), then (a,, an, a;;) C mI,(A), and hence I (A) =
(ay, Gy, ay5). Therefore (ay,, @y, ay) C may,, @y, @), which is condition b).
Thus we have shown that either a) or b) hold true. Moreover it is
clear from the remarks at the beginning of the proof that these condi-
tions are mutually exclusive. O

Now let I and A = (a,;) be as in Theorem 1.1, let x = x,, x,, x, be a
sequence of elements in m such that I(A) C (x, x, x;), and write a;; =
to10x,. Since I is of linear type ([8]), the Rees-algebra S[If] has a
presentation S[T,, Ty, T3)/(F,, F,), where T,, T,, T, are indeterminates over
S, and

F,

I

3 K 3 3 3

with
3
T = 2, 00T,
=1

Now it seems natural to consider the matrix

Tu T T
= (un Te 13)
(721 Too Tos

and the ideal 4% = L(I") C S[T,, T;, T,]. Finally let " be the matrix ob-
tained by reducing I modulo m and let 4% = I(I") be the image of 4% in
S/m[T,, Ty, T,]. One can show that 4% only depends on I and the ideal
(x,, x;, X;), being independent of the choice of A and x = x,, %, x;. The
ideals 4% were first introduced by W. Vasconcelos ([23]) who showed that
S[It] is normal if and only if 4% = 0 for a regular system of parameters
x in S. We will mostly consider the case where p(I,(A)) = 3. We then
take x = x,, x,, X, to be a system of generators of I,(A), and simply write
4 instead of 4. We are now ready to give another characterization of
self-linked ideals. Part of our proposition (the fact that c) implies a))
could also be concluded from the work of Mohan Kumar.

ProprosITION 1.8. Under the Assumption 1.6 the following are equi-
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valent:
a) I is self-linked
b) 4+0

c) A satisfies 1.7 a).

Proof. By Lemma 1.7, A satisfies exactly one of the conditions 1.7
a) or 1.7 b). Thus it suffices to show that if 1.7 a) holds then I is self-
linked and 4 # 0, whereas if 1.7 b) holds then I is not self-linked and
4=0.
So assume 1.7 a). Replacing A by AD we may suppose that
A= (xl Xy axa)

X3 Qgp Qg

where I(A) = (x,, x;, x;). Thus there are elements c,,, ¢y, ¢, in S such that
Q3 + Ay = — CyX; — CpXy — CyX;. Now the matrix

ey e 1
= (G o)
satisfies condition d) in Theorem 1.1, and hence I is self-linked by The-

orem 1.1. Moreover,
It T+ o T, * aiy T,
* x T+ aT, + aT,

and hence 4 = 0.
Now assume 1.7 b). Replacing A by EA we are in the situation

where
A — (x1 X, x3>
Aoy Agp Qg
with (ay, @y, @) C m(x,, %, x;). Now let C = (c;;) be a 2 by 3 matrix with
entries in S such that >3, >3, a,c,; =0. Then x.c, + xc, + x50, =

0 mod m, and therefore (c,;, ¢;s, ¢;5) C m. Thus condition d) in Theorem 1.1
is violated and I cannot be self-linked by Theorem 1.1. Moreover,

ﬁ=T1nTa
0o 0 0)’

and hence 4 = 0. 0

CoROLLARY 1.9. Assume that u(I) =3 and I is normal. Then I is
self-linked.

https://doi.org/10.1017/50027763000003305 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003305

SELF-LINKED CURVE SINGULARITIES 137

Proof. Since S[It] is normal it follows from [23] and [25] that for a
suitable regular system of parameters x = x,, %, x, in S, 4* = 0 and IL,(A)
= (%, &3, x;) where ¢ is some positive integer. In particular Assumption
1.6 is satisfied. Moreover 4% C 4*»*»% = 4, and hence 4 = 0. Now Pro-
position 1.8 implies that I is self-linked. O

CoroLLARY 1.10. Let k be a field, S = k[X, Y, Z] a power series ring,
and R = S/I = k[t t™, t] a monomial space curve singularity that is not
a complete intersection. Write I = I,(A) with

Xa1 Yﬂl Z’x
A - (ng Xaz Yﬂa)
(this is always possible by [5]). Then the following are equivalent:

a) I is not self-linked

b) « <, and g, < and 1, <7, or

a, >, and B> B and 7, > T,

Proof. First notice that Assumption 1.6 is satisfied.

Assume a) and suppose that b) does not hold. Then after a cyclic
permutation of the variables X, Y, Z, either o, >, and 5, < B or o, < a,
and B, > f,. In the first case, a,,, a,, form part of a minimal generators
of I,(A). In the second case, a,, @y Or G, @y form part of a minimal
system of generators of I,(A) depending on whether 1, >, or 7, <7, In
any case, Proposition 1.8 would imply that I is self-linked.

Next assume that b) holds. Then condition 1.7 b) is satisfied, and
hence by Lemma 1.7 and Proposition 1.8, I is not self-linked. O

From Proposition 1.8 we also obtain a result of Mohan Kumar which
has inspired part of our work.

CoroLLARY 1.11 (Mohan-Kumar). Assume that I is linked to a regular
ideal. Then I is self-linked.

Proof. Suppose that I is linked to a regular ideal (x,, x,) with respect
to the regular sequence f,,f,. Then I/(f, f,) is generated by one element
f ([14]), and we may assume that f, f;, /. minimally generate I. Since
(x, x)f C (fi, f), we obtain equations x;f + a,fi + aufe =0 for 1 < i< 2.
Because x,, x, form part of a regular system of parameters of S it follows
that both relations form part of a minimal generating set of the first
syzygy module of I. Thus we may take
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A = <x1 (2203 axs) .

X Qg2 Qg

Since I,(A)/(x,, x,) is an ideal in the discrete valuation domain S/(x,, x,),
we conclude that I,(A)/(x,, x;) is cyclic. Now the claim follows from
Proposition 1.8. O

CoroLLARY 1.12. In addition to Assumption 1.6 suppose that I ¢ m’.
Then I is self-linked.

Proof. Suppose that I is not self-linked. Then by Proposition 1.8
and Lemma 1.7, we could assume that (a, @y, @) C m(ay,, a,, a;;). But
then I = L,(A) C m(I,(A))* C m®. O

For our next result we first need a lemma.

Lemma 1.13. Let S’ be a faithfully flat extension of S such that
(S’, m’) is a three-dimensional regular local ring and I' = IS is a prime
ideal. Then the following are equivalent:

a) I satisfies Assumption 1.6 and is self-linked in S

b) I’ satisfies Assumption 1.6 and is self-linked in S’.

Proof. Clearly I satisfies 1.6 if and only if I’ does. Now consider
4 c Sim[T,, T,, T;] = @, and the corresponding ideal of I’, 4’ S'/m/[T,,
T, T, = Q. Then @ C @ and 4Q = 4. Now the claim follows from
Proposition 1.8. 0

COROLLARY 1.14. Assume that e(R) < 5. Then I is self-linked.

Proof. By Lemma 1.13 we may assume that R has infinite residue
class field. Then there exists an element z in S with z e m\m? such that
z 1s R-regular and e(R/(z)) = e(R). By “~” we denote reduction modulo
2. Then R = S/I, and we consider the associated graded ring of R,
gr(R) = grn(S)/J = Q|J where @ = k[X, Y] and & = S§/m. We will prove
the following:

(1.15) If J is not a complete intersection then J = (F,, F,, F;,) where
F,, F,, F, are homogeneous elements in @, and there are two homogeneous
relations > 5., B,;F; =0, 1 < i< 2, such that at least two of the elements
B,, 1 <i<2,1<j<3) are linearly independent linear forms in Q.

We first show how Corollary 1.14 follows from (1.15). If ¢ is a com-
plete intersection, then I and I are complete intersections. Thus we may
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assume that J is not a complete intersection. Let f, be elements in I
such that the leading forms of f, are F,. Then I = (f,f, f.) and hence
I=(f,f,f). In particular, u(I) = 3. Also f,, fu f: form a standard basis
of T and hence by [17], we can find relations in S, >*_,b,f;, =0, 1 <1i
< 2, such that B,; are the leading forms of b,;. Then >3_,b,,f;€ (NI =2zI,
and changing @,; modulo the ideal (z2) we obtain relations in S, >35., b,,f;
=0, 1<i<2 such that B,, are the leading forms b,,, Therefore by
assumption on the elements B,;, at least two of the elements b, form
part of a regular system of parameters in S. Call these two elements
%, %, and let A be the full relation matrix of I. Then (x,, x) C I,(A)
and I,(A)/(x,, x,) is cyclic. Thus p(I,(A)) =3 and hence Assumption 1.6
is satisfied. Moreover I ¢ m® since otherwise e(R) > 6. Now Corollary
1.14 follows from Corollary 1.12.

To prove (1.15), we first list all possibilities for two linearly inde-
pendent quadratic forms A, h, in the polynomial ring @ = k[X, Y]. Write
hy = o, X* + apxy + a,)?, Ry = @ X" + apXy + a,y’. We may assume that
the matrix («;,) is either

01 o (&)
In the second case we may even assume that a,, = a,, = 0, since other-
wise, this case reduces to the first case. Therefore A, = X* + a,,Y? h, = XY
+ @Y, or hy, = X*? h,=Y:. In the first case, we may replace X by
X' =X+ «,Y to obtain A, = X'Y. After adding a suitable multiple of
h, to h, and writing X instead of X’, we may assume that A, = X® + aY?,
h, = XY, or in the second case h, = X? h, = Y%

Now we are ready to prove (1.15). Notice that e(Q/J) <5 since
e(Q/J) = e(R), and J C (X? XY, Y?) since <J is not a complete intersection.

If e(Q/J) = 3, then J = (X%, XY, Y?) and (1.15) is clearly true.

So assume that e(@/J) = 4. Then the Hilbert series of Q/J is 1 + 2¢
+ t*. Therefore J = (h,, h,) + (X, Y)*, where h,, h, are two linearly inde-
pendent quadratic forms in . Hence by the above, h, = X* + aY? h, =
XY, or hy =X hy,=Y%. If hy = X* 4+ aY? with « £0, h, = XY, or if
h, = X* h, = Y* then J = (h,, h,) would be a complete intersection. Thus
we may assume that A, = X% h, = XY. Then J = (X?, XY, Y%, and Y(X?
— X(XY) = 0 is the desired relation in (1.15).

Finally let e(Q/J) = 5. Then the Hilbert series of Q/J is 1 4 2 + #
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4+t or 14+ 2¢ 4 2. In the first case J contains two linearly independent
quadratic forms A, h,. If b, = X* + aY*® with « £ 0, h, = XY, or if A, = X7,
h, = Y?, then (X, Y)* C J, and hence e(Q/J) < 5. Therefore we may assume
that A, = X? h, = XY, and from the Hilbert series we obtain that J =
(X% XY) + (X, V) = (X? XY, YY). Now again Y(X? — X(XY) is the de-
sired relation in (1.15). Finally consider the second case where the Hilbert
series is 1+ 2¢+ 2%, Then either J = (X* + aXY + BY) + (X, Y)’ =
(X® + aXY + Y% XY% Y®) and Y(XY?) — X(Y?®) =0 is the desired rela-
tion in (1.15), or else J = (XY) + (X, Y) = (XY, X?, Y*) and X¥XY) —
Y(X?) =0, Y(XY) — X(Y?) = 0 are the desired relation in (1.15). O

§2. Symbolic Rees algebras of space curve singularities

Recall that the n-th symbolic power of I is defined as I™ = SN IS,
and that the symbolic Rees algebra of I is S(I) = @, [™t" (viewed
as a subring of the polynomial ring S[t]). This algebra contains the
Rees algebra S[It], but equality only holds if I is a complete intersection
([2]). With the methods of Vasconcelos ([25]) we want to study the ques-
tion of when S(I) = S[It, I1®#]. As S(I) need not even be Noetherian
([16]), this is a rather strict requirement on I

For the remainder of this paper we will suppose that I satisfies
Assumption 1.6. We will often make use of the ideal 4 c S/m[T,, T}, Tl
which was defined prior to Proposition 1.8. Notice that ht 4 < 2 since
4 =I(), and ht 4 > 1 if and only if I is self-linked (Proposition 1.8).

The next theorem answers the above question.

THEOREM 2.1. Under the Assumption 1.6 the following are equivalent:
a) S) = S[It, I®t
b) htd =2.

This theorem has been proved by W. Vasconcelos in a more general
context, but with the additional assumption that S[It] is normal ([25]) (his
proof also applies to the case where 4 == 0). For different results con-
cerning the Noetherian property of symbolic Rees algebras, we also refer
to the work of S. Eliahou ([3]), C. Huneke ([9], [11]), M. Morales ([13]),
and P. Schenzel ([18], [19]). As a first step in the proof of Theorem 2.1,
we describe the second symbolic power I®. This is done in Proposition
2.2, which follows again from Vasconcelos in case S[If] is normal (or
also from unpublished computations by Huneke). In particular it will
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turn out that I®/I* is cyclic, a fact which has been shown for monomial
space curves in [3], [10], and [19].

We first have to fix some more notation. Let (—1)*Y, 1 <i <3,
be the maximal minor of the 2 by 3 matrix A = (a,;) obtained by deleting
the i-th column, so that I = I,(A) = (f,, [, f,), write L(A) = (x,, x,, x;), let
I' = (7,;) be the 2 by 3 matrix defined prior to Proposition 1.8, write P
for the polynomial ring S[T,, T:, T.} and B for the Rees algebra S[It], and
in P consider F,, F, with

(E) = a(z) = r[5).

T, X,
Then (F,, F,)P = ker ¢ where ¢: P — B is the natural projection, mapping
T, to fit. Finally let (—1)""'4, 1 < i< 3, be the maximal minor of I
obtained by deleting the i-th column, and let (—1)**'D,, 1 < i < 3, be the
i-th minor of the 2 by 3 matrix we get from if we replace T, by f..
Notice that ¢(4,) = D,

Under the Assumption 1.6 we now explicitly describe I. Huneke and
Vasconcelos have shown that ExtiL(I®/I® o) = S/I(A) ([10], [25]), and by
local duality, I,(A) also annihilates I®/I? or in other words, I® CI? S I,(A).

As I(A) ¢ I, we always have that I?: I,(A) C I®, and therefore I® =
I* . I(A). ’

’ Let K be the quotient field of S, and let x e ,(A), x 0. Then I® =
I* : I(A) = I* : I,(A) since grade I,(A) > 1, and therefore xI® = xI* : I,(A)
:SxI t: L(A). KNOW consider B = P,., I"t" C S[t] and read the aboveKequa-
tion in S[f]. Then xI®* = [xB : I,(A)],, the degree two part of xB : I,(A).
But xB : I,(A) = xB : I,(A)BS[_j xB:I(A)B since xB C L(A)B?m Thus
xI P ::S[EJ?B : II(A)B]Q,Szgvhere xB : Il(BA)B is a B-ideal that is linked to
I(A)B with l:respect to the regulaﬁ element x.

Now we use our assumption [,(4) = (x,, x,, x,) and choose x = x;,. We
will prove that x,B B (x, %3, ) B = (x,, D,#)B. Notice that B = P/(F,, F)),
and that F,, F,, x, is a regular sequence in P = S[T,, T;, T;]. Hence by
homogeneity, also x,, F,, F; is a P-regular sequence. Thus if “’” denotes
reduction modulo x,P, then F; = 1ix; + 7i,x5, Fy = In%s + 155 form a P’-
regular sequence contained in the complete intersection (xj, x}))P’. But
then it is well known that
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(F4, FoP': (af, «)P' = (Fy, Fi det (T 72))Pr = (7, oy )P

T;? 23,
Therefore

(Fb FZy xl)P: (xl’ x‘?., xS)P = (xh FU F2)P: (xl’ x27 xS)P
= (xla Fl) FZ) AI)P = (Fl’ FZy xb AI)P

and applying the epimorphism ¢ we obtain that
x,B : (%, %, x)B = (x;, D,#*)B.
B

Therefore

xJI(Z)tZ = [x1BBS (xn X, xa)B]z = (x112, Dl)t2 ’

and hence I® = (I%, D,/x).
4
A;) = 0. Now apply

x
Finally notice that over S, F(x;) = (1@‘) and F(
2
4,

X3

X, D,
L(C) = (D,, D,, D)t*B + 0, C has rank two and hence D,/x, = D,/x, = D,/x,.
We summarize our computations in the following proposition:

x D,
¢ and write ¢(I") = C. Then over B, C(x;) =0 and C(D;tz) = 0. Since

ProposiFioN 2.2. Suppose that Assumption 1.6 is satisfied and write
w = D,/x,. Then w = D,/x, = D,Jx, = D,/x,, and I® = (I*, w).

Before we come to the proof of Theorem 2.1, we need a general
“connectedness lemma”.

LEmMA 2.3, Let @ = @, @, be a graded catenary equidimensional
ring, assume that (Q,, m,) is a local ring with infinite residue class field,
and write M = m,®Q,. Let p, q, q’, J be homogeneous Q-ideals of the
same height g, with pD>J Cq and v q =+ ¢, and assume that q' is
generated by homogeneous elements of the same degree. Further suppose
that QfJ satisfies Serre’s condition (S,) and that J, is a prime ideal for
every homogeneous element x e ¢\Mq'. Then ht(p + q) < g+ 1.

Proof. We consider the following subsets of the prime spectrum of @:

A = {prime ideals of height g containing J}
= {minimal prime ideals of J}
B = {prime ideals of height g containing p} # &,
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C = {prime ideals of height g containing g}
= {prime ideals of height g containing ¢’}.

If BN C + @, then ht (p + q@) = g. Thus we may assume BN C = @, and
since BU C C A it follows that BC A\C. Now ¢ & Upeac P, and ¢’ is
generated by homogeneous elements of the same degree. Thus there exists
a homogeneous element x e ¢\Mq with x¢|Upcsc P. Then by our as-
sumption, J/, is prime, and since x € _pec P it follows that A\C consists
of at most one element. But on the other hand, @ = B < A\C, and
hence B = A\C. Therefore B U C = A which implies that v/ pq = v J.
But then by Hartshorne’s connectedness theorem ([4]), grade (p + q@)/J < 1,
and hence ht (p + q)/J < 1 since Q/J satisfies (S,). Therefore ht(p + ¢q)
< g + 1 because @ is equidimensional and catenary. O

Proof of Theorem 2.1. We may assume that the residue class field of
S is infinite. Choose w as in Proposition 2.2, then S[It, I®#] = S[It, wt*].
In addition to the notations introduced prior to Proposition 2.2, write
D = S[It, I®¢], @ = P[W] = S[T\, T,, T,, W] where W is a variable, and
define an epimorphism ¢: @ — D that extends ¢ and maps W to wt’. In
@ consider the ideals p = kere, ¢ = mQ, and J = (F,, F,, G,, G,, G,) where
G, = x,W — 4,. First notice that J C p, since (F,, F;,)P = ker ¢ and «G,)
= xwt* — D,;t* = 0 by Proposition 2.2. On the other hand, (F),, F,)Q =
(ker )@ is a prime ideal of height 2 with G, ¢ (F,, F;)@, and therefore
htJ > 3. Since htp = 3 it follows that ht J = 3. Thus p, ¢, J are homo-
geneous ideals of the same height 3.

Next we show that J is a Gorenstein ideal. To this end let X, X,
X, be variables over @, let Y be a generic 2 by 3 matrix, let 4,, 4y, 4,
be the maximal minors of Y (with appropriate signs), write @ = Q[Y] ®j
S[X:, Xo, Xolim, 21, 20,35, and let J be the Q-ideal generated by the elements
S8, Y,X,1<i<2 and X,W — J,,1<i<3. ThenJ is a homogeneous
Gorenstein ideal of height 3 ([6]). If we map X, to x, and Y;, to 7,;, then
J specializes to JJ, and since J is Cohen-Macaulay and htJ = htJ, it
follows that the kernel of this specialization is generated by a regular
sequence on Q/J. Thus also J is a Gorenstein ideal.

Now we need to prove that the ideal ¢/ is independent of the chosen
generating set x,, x,, x, of I,(A) as along as we replace x,, x,, x; by x{, x,
x;, where
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% %
x| = Elx,
xg X3

and E is a 3 by 3 matrix over S with det £ = 1.
To show this claim, let C,, C, be 3 by 3 matrices over S with

Ay X
(an) = Ci<x2) .

Ay3 X3

Tu T,

Y| = C;F(TZ> ’

i T,

denotes transpose. Now define [V = I'E-!, then

7’21 T Tl T,
To| = (B0 70| = EVCHT) = (CE YT
rfa Tis T, T,

(<23} x
ap | = (CGEY)x].
Qs X3

Thus we may take /7 = I'E~! to be the /'-matrix associated to the new
generators x;, x;, x; of I,(A). Let 4i, 4;, 4; be the maximal minors of I

Notice that

et g 9y

where

and

(with appropriate signs), then
/Y 4,
A; =k AZ »
4 4,

oUW — 4 W — 4,
W — 4| = E{ e, W — 4, ].
W — 4; x W — 4,

and hence

Therefore x], x;, x; define the same ideal J as x,, x,, x,.

Next we prove that for every element xe L(A)\mI,(A), the localiza-
tion o/, is a prime ideal in @,. By the above, we may assume that x = x,.
But then J,, contains the ideal (F,, F;,, W — x7'4,)@),,, which is a prime
ideal of height 3 since @, /(F,, Fy, W — x7'4)Q,, = B,,. Therefore J,, itself
is prime.
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Now we are ready to complete the proof of Theorem 2.1. By Vas-
concelos ([25]) or Schenzel ([18]) we know that S(I) = D if and only if
grade mD > 2. Since D = Q/p and q = m@, this inequality is equivalent
to grade(p + q)/p > 2.

We first consider the case where J = 0. Then J C (m, 4, 4,, 4)Q C
m@ = q. Write ¢ = I[(A)Q, and M = m® .. Now p, q, ¢/, J are homo-
geneous ideals of height 3, with p D J Cq and v ¢ =+ ¢/, and ¢ is
generated by homogeneous elements of degree 0. Moreover we have seen
that @/ is Cohen-Macaulay and that J/, is a prime ideal for every xe
I(A) mI(A) and hence for every homogeneous element x € ¢\ Mq’. There-
fore by Lemma 2.3, ht(p + ¢) < 4. Thus grade (p + q@)/p < ht(p + @)/p
<1, and hence S(I) # D.

Next we consider the case where J # 0 (this part of the proof follows
[25] very closely). Then J & m@ = q.

We first claim that p = J. Suppose that L(A)\mI,(A) is contained
in the union of all associated primes of J, then for some K e Ass(J),
I(A)Q K and hence ¢ = vI(A)Q < K. But ¢ is a prime of height 3
and J is a Cohen-Macaulay ideal of height 3. Therefore ¢ = K D/,
which is ruled out by our assumption. Thus there exists an clement x ¢
IL(AY\mI,(A) such that x is regular on @/J. Moreover by what we have
seen before, JJ, is prime. Therefore also J is prime and hence p = J since
htp = htJ.

In particular D = @/p = @/J is Cohen-Macaulay, and then grade
mD > 2 if and only if dim D/mD < 2. However, D/mD = Q/(p + q) =
Ql(q + J) = QI(mQ, 4,, 4y, 4,) = (S|m[T,, Ty, T,}/D)[W]. Therefore dim D/mD
< 2 if and only if ht J > 2 or, equivalently, ht 4 = 2. .

The proof of Theorem 2.1 also shows the following: Suppose that
Assumption 1.6 is satisfied. If 7 is self-linked and hence J == 0 (Proposi-
tion 1.8), then S[It, I’} = Q/J is Gorenstein (c.f. also [25]). If however
I is not self-linked and hence 1 = 0, then J C p N ¢ (using the notations
of the proof of Theorem 2.1), p + ¢, Ass(J) = {p, q} (proof of Lemma 2.3),
and o, = pJ (proof of Theorem 2.1). Therefore J = K N p where K is
the g-primary component of </, or in other words, the defining ideal p of
S{It, I°t"] is geometrically linked to K with respect to the Gorenstein
ideal </ (for the definition of geometric linkage see [14]). (In fact, now
the main step in the proof of Theorem 2.1 for 4 = 0 can be recast in the
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statement that up to radical, p + q/p is a canonical ideal of S[It, I®¢#].)
In many instances one can compute K and it turns out that S[I¢, I®t]
need not be Gorenstein as will be shown in the next example.

ExampLE 2.4. Consider the monomial curve singularity R = k[X, Y,
ZN/I = k[, t*, t*]. Now
3 2 2
a=(F ¥ %)
and J = (X°’T, + YT, + Z2*T,, ZT, + XT, + YT,, XW — YT\T, + ZT3;, YW
— ZT\T, + X*T3, ZW — X*T\T, — YT3. Then JQ, = (X, Y, 2)Q, = qQ,,
and hence J = pNq. Therefore p and ¢ are linked with respect to .
Since q¢ = (X, Y, Z2)Q is Cohen-Macaulay it follows by [14] that S[It, I®¢]
= Q/p is Cohen-Macaulay and that r(S[It, I®t]) = pu(q/J) = 3.
The next corollary is an immediate consequence of Theorem 2.1 and
Proposition 1.8.

CoROLLARY 2.5. If under the Assumption 1.6, S(I) = S[It, I®t"], then
I is self-linked.

Thus when dealing with the question whether S(I) — S[It, I®#], we
may assume that I is self-linked. But then by Proposition 1.8 one may

X, X, a
suppose that A = < v 1
PP Xy Qg Qg

dix, + dyx, + dyx,, @y = e,x, + e, + e,x,. In the following corollary we
formulate the height condition of Theorem 2.1 in a more accessible way.

) with I(A) = (%, X;, ;) and a,, = Xy, g =

CoROLLARY 2.6. With the above notations the following are equivalent:
a) SW) = S[It, I®t]
b) either

cem and (e,d, + d,d,, e, + dye, — cd?) & m

or

cem and (ee, d, + d,d,, e, + die, + d.e;) & m.

Proof. Write k[T, Ty, T:] = S/m[T,, T;, T,], and let *“-” denote reduc-
tion modulo m. Then

- T, T, eT,
F=<zz L ls)

where |, = d,T;, + &T,, l, = d,T, + &T,, I, = T, + d,T, + &T,. By Theorem
2.1 it suffices to show that the k[T, T,, T,]-ideal 4 = I,(I") has height two
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if and only if condition 2.6 b) is satisfied.

We first consider the case where cem. If &= 0, then one can see
from the Jacobi matrix that k[T, T}, T.]/(4,) is normal, and hence 4, is a
prime element. Moreover, 4, does not divide 4,, and thus ht(4) = 2 in
this case. If &, = 0, then after subtracting d, times the first row of I
from the second row we may assume that

I = <Tl;1 %’2 Lclqgvs)
with I = —d,T, + 4T, +eT, =T + d,T, + (&, — cd)T,, Now 4=
Ty(ll, 1) + (4,), where T, does not divide 4, and d,e (], ;). Thus ht 4 = 2
if and only if I/ and [; are linearly independent. This in turn is equivalent
to d, + dyd, + 0 or e, + d;g, — ¢d? == 0.

Now we consider the case where cem. Then (4,, 4,) = (T}, T)l,, with
I, a prime element. Thus ht 4 = 2 if and only if /, does not divide 4,.
Writing T, = I, — d,T, — &,T, we see that modulo (%), —4, = (d, + d.d,)T"
+ (&, + dee, + de,)T,T, + eeT: Since k[L, T,, T;] = k[T, T,, T\] it follows
that 4, = 0 mod () if and only if d, 4+ d,d, = 0, or e, + d,& + d.& + 0, or
&, = 0. 0

Now let A be a matrix as in Corollary 2.6. After multiplying A
from the right by the invertible 3 by 3 matrix

—-c—d, d, 1
1 d, 0
0 -1 0
we may assume that

A = Xp — CXp — dgXy Y X
Yy * X

with y = dx, + dyx, — cx, and L(A4) = (x,, %, %) = (%, — cx, — duXy, Xy, Xs).
Thus instead of supposing that Assumption 2.6 is satisfied and [ is self-
linked we may assume the following (see also Theorem 1.1 and Proposition
1.8):

AssumMpPTION 2.7. Suppose that

A:(’lj y 5) with I,(4) = (x. 4, v),

write v = a,x + a,u + av, 2 = bx + b,u + b, and let f, f,, f; be the
maximal minors of A (with appropriate signs).
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In the remainder of this section we are interested in further describ-
ing a generator w of I®/I? (under the Assumption 2.7). We will write w
explicitly as a linear combination of the two elements f,, uf, + vf;, which
form a “‘self-linking” sequence of I (Proposition 2.8). We then characterize
those ideals I for which w can be chosen to be part of a self-linking
sequence f;,, w (Corollary 2.10), and prove that for such ideals necessarily
S(I) = S[It, I®#] (Proposition 2.11).

ProposiTION 2.8. Suppose that Assumption 2.7 is satisfied, let w be
as in Proposition 2.2, and set a = (a,b, — a;b)u — (a; + b;)v — a,y + z,
b = a;b, — a;b,. Then

a) w = of, + b(uf; + vfy)

b) I® C(f, uf, + vf).

Proof. We first prove part a). Choosing x, u, v as a generating se-
quence of I,(A) we obtain

( T, + o7, a,T, + T, a,T, ) .
o, T, + b,T, aT, + b,T, a7, + bT,+ T,

Then
w= %(azfz + f)(@f, + bify + f)x7 — asfilasfi + bofr)x'.

Now our claim follows by an elementary calculation using the equations
fi=yv—zu, [, =yu — xv, f, = x2 — .

To prove part b), notice that by Proposition 2.2, I® = (I*, w). More-
over I* C (f,, uf, + ufy) by Remark 1.3, and w € (f;, uf, + vf;) by part a). [

Before we can proceed we need a lemma.

LEmMMA 2.9. Suppose that Assumption 2.7 is satisfied and let | = c,f, +
c(ufy, + vfy) + h with ¢, S and helI’. Then (f, 1) = (f,, uf, + vfy) if and
only if ¢, is a unit.

Proof. As hel® and I* C (f,, uf, + vf;) by Remark 1.3 or Proposition
2.8, there exist d,, d, is S such that & = d,f, + dy(uf, + vf;). Hence (f,, )
= (f;, (c; + dy)(uf, + vfy), and this ideal equals (f,, uf, + vf;) if and only
if ¢, + d, is a unit.

The assertion will follow once we have shown that d, ¢ m. Suppose
that d, ¢ m, then uf, + vf, + gf, € I*, where g = d,d;*. The exact sequence
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R AR >0

[E)=efi)+(3)

Therefore v — s,x — s,yel and v — s,y — s,z€ 1. In other words, we may

change A = (x Y u) to A’ = (x Y u,l) with v’ and v’ in I. Since I =

implies that modulo I,

y z v y z v
I(A’) it follows that I = (xz — »*) + mlI, which by Nakayama’s Lemma
would imply that I is principal. |

CoroLLARY 2.10. Suppose that Assumption 2.7 is satisfied and let w
be any element such that I® = (I*, w). Then the following are equivalent:

a) I=(f,w):I

b) a,b, — ab, ¢ m.

Proof. We first show that a) is equivalent to (f;, w) = (f;, uf, + vfy).
The latter equality certainly implies a), since I = (f,, uf, + vfo): I by
Remark 1.3. Conversely assume a). Then the canonical module o of S/I
can be computed as o = ((f,, w): D/(f,, w) = I/(f;, w) ([14]). On the other
hand, o = (f,, uf, + vfy): D/(f,, uf, + vfy) = I/(f., uf, + vf,), and therefore
I/(f,, w) = I[f,, uf, + vfy). By Proposition 2.8, I® C(f,, uf, + vf;), hence
(fy, w)  (f,, uf, + vf,). Now the natural projection I/(f;, w) — I/(f,, uf, + vf)
is an epimorphism of isomorphic modules and therefore injective. Thus
(f:, w) = (f,, uf, + vf).

Next we have to show that the equality (f,, w) = (fi, uf, + vfy) is
equivalent to b). By Proposition 2.8 we know that w = «(af, + b(uf, + vfy)
+ h, where ¢ is a unit, b = a,b, — a,b,, and h e I*. Now Lemma 2.9 implies
that (f,, w) = (f;, uf, + vfy) if and only if a,b, — a,b, ¢ m. O

Let us consider an example illustrating Proposition 2.8 and Corollary

2.10. We choose 4 = (;f 32) i) with I,(A) = (x, v, 2). Notice that I =

I,(I) is indeed a prime ideal if we assume for example that S = R[x, y, 2l¢..,..
Now let w = D,/x be as in Proposition 2.2, then I® = (I*, w). Moreover
w = (fi — fif)x! = x* + y* + 2° — 3xyz = — zf, — xf, — ¥f,. On the other
hand we may transform A into <§ z :)‘) with u =x+ zand v = x + y.
Then I,(A) = (x, u, v) and, using the notation of Corollary 2.10, a,b, — a,b,
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= 1. Now Corollary 2.10 implies that I = (f;, w): I. Thus I® = (I?

fi + xf, + ¥f), and I = (f,, 2f, + =f, + ¥f): I
Before we consider more examples we need the following result:

ProposITION 2.11. Suppose that Assumption 1.6 is satisfied and that
there exist elements fel and weI® such that

i) I® = (I w)

i) I=(f,w): L
Then S(I) = S[It, I®t].

Proof. Since w e I® < mlI (Proposition 2.8), and I = (f, w): I it follows
from Remark 1.4 that feml. In particular, feI® and we may assume
that I = (f, f, f) with f, =f As I* C(f,, w), we obtain equations f? =
g.fs + hw, f2=gf.,+ hw. Here g,f,cI®, and thus g,cI since f,& I®.
Then we may write g, = ¢,,f; + ¢;.f: + cufs, and get the following relations:

fi— cufifs — cufoafs — cufs — hyw =0
fi— eufifs — cufefs — Coufs — how = 0.

Now present D = S[It, I®#*] = S[fit, fit, fit, wt?] as a quotient of the poly-
nomial ring S[T,, T,, T\, W] (see the proof of Theorem 2.1). Then because
of the two relations (x), D/mD is an epimorphic image of S/m[T,, T,, T,, W]
(T2 + 1, T? + ) where [, e (T,, W). Therefore ht mD > 2, and hence grade
mD > 2 since D is Cohen-Macaulay by the remarks following the proof
of Theorem 2.1. Now [25] or [18] implies that D = S(I). O

(%)

We now apply our theory to monomial space curves.

CoroLLARY 2.12. Let R = S/I = k[t™, t™, t*] be a monomial space
curve singularity that is not a complete intersection. As in Corollary 1.10
write

X Yﬂx ZT1
A= <Z“ X Yﬁz) .

Then the following are equivalent:
a) S(I) = S[It, I®t]
b) there exist elements fel and weI® such that
1) I® =(I* w)
) I=(fw): I
) ay=a and B, < B, and 1, >7,, or,
a, >a, and B, = B, and 1, < 7, or,
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o, <ayand B> B, and ¥, =T,

Proof. Set « =y — a,, f=p, — p, T =7, — 7. Assume a), then by
Corollary 2.5, I is self-linked. Thus by Corollary 1.10, we may assume
that « >0, p >0, 7 < 0 (the other cases follow by suitable permutations
of the rows and columns of A). But then I(4) = (X=, Y#, Z™) and

A— (X‘" YA Z‘TZ“)
Zr  XeXw YRYA )
Now Corollary 2.6 implies that if 7 = 0 then a = 0 or g = 0, whereas if
—7>0then «a =0. Thus « =0 and f>0andy =0, ora>0and =0
and 7 =0, or « =0 and >0 and 7 < 0. In either case, condition c) is
satisfied.

Next we prove that c) implies b). After a cyclic permutation of the
variables we may assume that « =0 and >0 and v < 0. Then I,(A) =
(X, YA Z") and

A — (X“ Y# Z"Z”)
VALED G €D
We may transform A into the form

th Xax Xu1 + Z-rZTa
X« Z Zn 4 YEYH

This matrix has the form required in Assumption 2.7 since it is almost

symmetric and [[(A) = (Y?, X + Z-7Z" Z"» + Y?Y?). Now write

Xa1 — Z—TYﬁ(Yﬁl) + 1(Xa1 + Z—TZT‘z) _ Z—7(Z72 + YﬁYﬂl)
Zn = — YHYR) + 0(X™ + Z-7Z%) 4+ 2" + YAYH),

Then with the notations of Assumption 2.7, a,b, — a,b, = 1 ¢ m, and thus
our assertion follows from Corollary 2.10.
Finally b) implies a) by Proposition 2.11. O

The equivalence of a) and c¢) in Corollary 2.12 has been independently
proven by T. Marley, and the fact that c) implies a) has been previously
shown by P. Schenzel ([19]). We conclude this paper with an example
which indicates that a) and b) in Corollary 2.12 might not be equivalent
for general space curves.

Let (T, n) be a three-dimensional regular local ring, let x,, x,, x, be
an arbitrary system of parameters of 7T, and consider the T-ideal K = I,(B)
where
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X, X x, 0
B=|0 x x, «%}.
0 0 x «x

Then K is a perfect ideal of height 2 which is generically a complete
intersection. Let A, h,, h,, h, be the maximal minors of B (with appropriate
signs), let z,; (1 <i <2, 1 <j<2) be variables over T, set S = T(z,,) =
Tzl and o = by + 2yhy + 20y, @ = hy + 2phy + 2h,. Then =
(ay, @,)S: KS is an S-ideal of height 2. Moreover I is a “universal link”
of K ([12]), and therefore I is actually a prime ideal ([12]). On the other
hand, notice that

x 0 0 1 0

x x 0 0 1
I=r|%

Xy Xp Xy 2y Rp

0 x3 x 2 2y

T <x3 — Xy — 23Xy Xy — 23Xy x1>
2
— 22Xy — ZpX X5 — ZpX, X

Il

_ I(xl Xy X3 — 21X — 212x2>
=T, .
Xy X3 — Zp¥  ZpXe — Ry Xy — ZpXy
= I,(A),
x u\ .

where A = <y z v) with x = x,, ¥ = %, — 2%, — 23X, U = — 2, X; — 25Xy,
Y =Xy Z = X3 — Zp%, + 213X, Then I(A) = (x, u, v), and writing y = a,x
+ au + a, 2 = bx + bu + b, we get a, = —2z,,/2,, mod m, a, = 0 mod m,
ay, = —1/zpmod m, b, = — 2y, — 2,425,/25, mod m, b, = 0 mod m, b, = z,,/2,, mod m.

Thus a;b, — a,b, ¢ m, and now Proposition 2.11 implies that there exists no
element w such that I® = (I*, w) and I = (f,, w): I. On the other hand,
one can show using Corollary 2.6 that S(I) = S[It, 1®¢*].
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