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HARTOGS TYPE THEOREMS FOR CR L? FUNCTIONS
ON COVERINGS OF STRONGLY PSEUDOCONVEX
MANIFOLDS

ALEXANDER BRUDNYI

Abstract. We prove an analog of the classical Hartogs extension theorem
for CR L? functions defined on boundaries of certain (possibly unbounded)
domains on coverings of strongly pseudoconvex manifolds. Our result is related
to a question formulated in the paper of Gromov, Henkin and Shubin [GHS]
on holomorphic L? functions on coverings of pseudoconvex manifolds.

81. Introduction

1.1. In this paper, following our previous work [Br4|, we continue to
study holomorphic L? functions on coverings of strongly pseudoconvex man-
ifolds. The subject was originally motivated by the paper [GHS] of Gromov,
Henkin and Shubin. In [GHS] the von Neumann dimension was used to mea-
sure the space of holomorphic L? functions on regular (i.e., Galois) coverings
of a strongly pseudoconvex manifold M. In particular, it was shown that
the space of such functions is infinite-dimensional. It was also asked whether
the regularity of the covering is relevant for the existence of many holomor-
phic L? functions on M’ or it is just an artifact of the chosen method of the
proof which requires a use of von Neumann algebras.

In an earlier paper [Br4] we proved that actually the regularity of M’ is
irrelevant for the existence of many holomorphic L? functions on M’. More-
over, we obtained an extension of some of the main results of [GHS]. The
method of the proof used in [Brd] is completely different and (probably)
easier than that used in [GHS] and is based on L? cohomology techniques,
as well as, on the geometric properties of M. Also, in [Brl]-[Br3] the case
of coverings of pseudoconvex domains in Stein manifolds was considered.
Using the methods of the theory of coherent Banach sheaves together with

Received January 5, 2006.

Revised October 24, 2006.

2000 Mathematics Subject Classification: Primary 32V25; Secondary 32A40.
Research supported in part by Max-Planck-Institut fiir Mathematik.

https://doi.org/10.1017/50027763000009491 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009491

28 A. BRUDNYI

Cartan’s vanishing cohomology theorems, we proved some results on holo-
morphic LP functions, 1 < p < oo, defined on such coverings.

1.2. The present paper is related to one of the open problems posed
in [GHS]|, a Hartogs type theorem for coverings of strongly pseudoconvex
manifolds. Let us recall that for a bounded open set D C C™ (n > 1) with
a connected smooth boundary bD the classical Hartogs theorem states that
any holomorphic function in some neighbourhood of bD can be extended
to a holomorphic function on a neighbourhood of the closure D. In [Bo]
Bochner proved a similar extension result for functions defined on the bD
only. In modern language his result says that for a smooth function defined
on the bD and satisfying the tangential Cauchy-Riemann equations there
is an extension to a holomorphic function in D which is smooth on D. In
fact, this statement follows from Bochner’s proof (under some smoothness
conditions). However at that time there was not yet the notion of a CR-
function. Over the years significant contributions to the area of Hartogs
theorem were made by many prominent mathematicians, see the history
and the references in the paper of Harvey and Lawson [HL, Section 5]. A
general Hartogs-Bochner type theorem for bounded domains D in Stein
manifolds was proved by Harvey and Lawson [HL, Theorem 5.1]. The proof
relies heavily upon the fact that for n > 2 any O-equation with compact
support on an n-dimensional Stein manifold has a compactly supported
solution. In [Br2] and [Br3] we proved some extensions of the theorem of
Harvey and Lawson for certain (possibly unbounded) domains on coverings
of Stein manifolds. In the present paper we prove an analogous result for
CR L? functions defined on boundaries of certain domains on coverings
of strongly pseudoconvex manifolds. More general Hartogs type theorems
for C'R-functions of slow growth on boundaries of such domains will be
presented in a forthcoming paper.

1.3. Let M CC N be a domain with smooth boundary bM in an
n-dimensional complex manifold NV, specifically,

(1.1) M ={z€ N :p(z) <0}

where p is a real-valued function of class C?(f2) in a neighbourhood § of
the compact set M := M U bM such that

(1.2) dp(z) #0 for all z € bM.
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Let z1,..., 2, be complex local coordinates in N near z € bM. Then the
tangent space T, N at z is identified with C"™. By TS(bM) C T, N we denote
the complex tangent space to bM at z, i.e.,

(1.3)  T¢(bM) = {w = (wy,...,wy) € TL(N) : Y g—fj(z)wj = o}.
j=1

The Levi form of p at z € bM is a hermitian form on T¢(bM) defined in
local coordinates by the formula

n 2
(1.4) L(ww)= Y fiﬂ(z)wjm.

J,k=1

The manifold M is called pseudoconver if L.(w,w) > 0 for all z € bM
and w € TE(DM). Tt is called strongly pseudoconvez if L,(w,w) > 0 for all
z € bM and all w # 0, w € TS(DM).

Equivalently, strongly pseudoconvex manifolds can be described as the
ones which locally, in a neighbourhood of any boundary point, can be pre-
sented as strictly convex domains in C™. It is also known (see [C], [R]) that
any strongly pseudoconvex manifold admits a proper holomorphic map with
connected fibres onto a normal Stein space. In particular, if M is a strongly
pseudoconvex non-Stein manifold of complex dimension n > 2, then the
union Cjs of all compact complex subvarieties of M of complex dimension
> 1is a compact complex subvariety of M.

Let r : M’ — M be an unbranched covering of M. Assume that NV is
equipped with a Riemannian metric gx. By d we denote the path metric
on M’ induced by the pullback of gy. Consider a domain D cC M with a
connected C'' smooth boundary bD such that

(1.5) bD N Cir = 0.

Let D be a connected component of (D). By bD we denote the boundary
of D and by D C M’ the closure of D. Also, by O(D) we denote the space
of holomorphic functions on D. Now, recall that a continuous function f on
bD is called CR if for every smooth (n,n — 2)-form w on M’ with compact

/bDf-szo.

If f is smooth this is equivalent to f being a solution of the tangential
CR-equations: dpf = 0 (see, e.g., [KR]).

support one has
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Let dVyy and dVyp be the Riemannian volume forms on M’ and bD
obtained by the pullback of the Riemannian metric g5 on N. By H?(D)
we denote the Hilbert space of holomorphic functions g on D with norm

([ s avin(o) "

Also, L?(bD) stands for the Hilbert space of functions g on bD with norm

</zebp l9(2)I* d%D(Z)> 1/2‘

The following question was asked in [GHS, Section 4]:

_ Suppose that D is a regular covering of a strongly pseudoconvex manifold
D cC M. Is it true that for every CR-function f € L*(bD)N C(D) there
ezists F € H?(D) N C(D) such that F|yp = f?

In the present paper we give a particular answer to this question. To
formulate our results we require the following definitions.

For every z from the closure of D we introduce the Hilbert space la+(D)
of functions g on 7~*(z) N D with norm

1/2
(1.6) Ig$:=< > !g(y)\2> :

yer—(z)ND

Next, we introduce the Banach space Ha(D) of holomorphic on D functions
f with norm
Flp = sup |-
xeD
Similarly, we introduce the Banach space L2(bD) of continuous on bD func-
tions g with norm
|9l6p := sup |fla-
xebD
Let U = (U;);er be a finite open cover of bD by open simply connected
sets U; cC M. Then r~*(U;) N bD is homeomorphic to (U; N bD) x Q
where @ is the fibre of the covering r : D — D. In what follows we identify
r~Y(U;) N bD with (U; NbD) x Q.
Suppose that f € C(bD) is a C'R-function satisfying the following con-
ditions
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(1) 1 € L:0D); i
(2) for any i € I and any z1, 2o € bD NU; there is a constant L; such that

b

q€Q

fena) — )
?1,9) — J\22,9 ,
d((z1,9) (22,9)) ‘ ) =t

(It is easy to show that condition (2) is independent of the choice of the
cover.)

THEOREM 1.1.  For any C R-function f on bD satisfying conditions (1)
and (2) there exists f € Ha(D) N C(D) such that

flop=f and |flp=|flop-

Remark 1.2. (A) If, in addition, bD is smooth of class C*, 1 < k < oo,
and f € C*(bD), 1 < s < k, then the extension f belongs to O(D)NC*(D).
This follows from [HL, Theorem 5.1].

(B) From the Cauchy integral formula it follows that the hypotheses of
the theorem are true if f is the restriction to bD of a holomorphic function
from Ho(W) where W := (W) CC M is a neighbourhood of bD and W is
a connected component of r~! (W) containing bD (see [Brl, Proposition 2.4]
for similar arguments).

(C) It was shown in [Br4, Theorem 1.1] that holomorphic functions from
Ho(M') separate points on M’ \ C),; where Cy; := r~1(Cys). Thus there are
sufficiently many C R-functions f on bD satisfying conditions (1) and (2).

As before by Lo(M') we denote the Banach space of continuous func-
tions f on M’ with norm
[f sz := sup [fla
zeM
where | - |, ¥ € M, is defined as in (1.6) with M’ substituted for D. Also,
for a measurable locally bounded (0, 1)-differential form 1 on M’ by |n|.,
z € M', we denote the norm of 7 at z defined by the natural hermitian

metric on the fibres of the cotangent bundle T* M’ on M’. We say that such
n belongs to the space Ey(M') if

1/2
(1.7) |n|ar := sup ( Z ]77@) < 00.
meit @)

zer—1
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(Note that this definition does not depend on the choice of the Riemannian
metric on IV, and that the expression in the brackets is correctly defined for
almost all z € M.)
By suppn we denote support of 7, i.e., the minimal closed set K C M’ such
that 7 equals zero almost everywhere on M’ \ K.

As mentioned above, the proof of the classical Hartogs theorem is based
on the fact that for n > 2 any 0-equation with compact support on an n-
dimensional Stein manifold has a compactly supported solution. Similarly
our proof of Theorem 1.1 is based on the following result.

THEOREM 1.3. Let O CC M\ C)y. Assume that a (0,1)-form n on M’
belongs to Eo(M'), is D-closed (in the distributional sense) and

r(suppn) C O.

Then there are a function F € Lo(M') and a neighborhood U C M of bM
such that OF =n (in the distributional sense) and Fl,—1qy =0.

(Since M’ can be thought of as a subset of a covering L’ of a neighbourhood
L of M, the boundary bM’ of M’ is correctly defined.)

Remark 1.4. (A) Condition (2) in the formulation of Theorem 1.1
means that f is a Lipschitz section of a Hilbert vector bundle on bD with
fibre [3(Q) associated with the natural action of the fundamental group
71(bD) of bD on l5(Q) (see [Brl, Example 2.2(b)] for a similar construc-
tion). This condition is required by the method of the proof. It would be
interesting to know to what extent it is necessary.

(B) Another interesting question is whether a general extension theorem
for C'R-functions on bD without growth condition might hold.

Acknowledgment. This work was written during my stay at the
Max-Planck-Institut fiir Mathematik in Bonn. I am deeply grateful to
MPIM for hospitality and financial support.

§2. Proof of Theorem 1.1

In this section we prove Theorem 1.1 modulo Theorem 1.3. Then in the
next section we prove Theorem 1.3.

Since bD is a compact C! smooth manifold, there are a neighbourhood
O CC M\ Cy of bD and a C? retraction p : O — bD. (As such O one can
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take, e.g., a neighbourhood of the zero section of the normal vector bundle
on bl~7) Without loss of generality we may assume also that fundamental
groups 71(0) and 71 (bD) are isomorphic. Let O’ be a connected component
of r~1(0) € M’ containing bD. Then by the covering homotopy theorem
there is a C' retraction p’ : O’ — bD such that rop’ =por.

Let p, 0 < p <1, be a C* function on M equals 1 in a neighbourhood
of bD with supp p CC O. Consider the C* function p’ := por on M’

Let V = (V})jes be a finite open cover of DUbD by simply connected
coordinate charts V; CC M. We naturally identify r—1(V;) with V; x S
where S is the fibre of r : M’ — M. Then in these local coordinates on M’
we have

(2.1) p/(Z,S) = (p(2), s), pl(zas) =p(2), (2,8) € Olmr_l(vj)’ JEeJ

Next, for a C'R-function f satisfying the assumptions of the theorem
we define

(2.2) fi(2) = p(2) - F@(2)), z€D.

LEMMA 2.1. In the above local coordinates on M' one has

b

seS

fl(zlvs) — fl('z?vs) ?
d(('zl? S)? (Z27 3))

1/2
) < Cj (2178)7 (ZQvS) € DﬂT’_l(Vj), JEJ,

for some numerical constants C';.

Proof. By dy we denote the path metric on N determined by the
Riemannian metric gy. Since the path metric d on M’ is obtained by
the pullback of gy, we have d((z1,s), (z2,5)) = dn(z1,22). Also, by the
definition of p’ and p’ we clearly have for some C > 0,

d(p'(21, )0 (22,5)) < Cdn(z1,22) for all z1, 29 € suppp, and
10/ (21,8) — p/(22,8)] < Cdn(z1,22) for all 21,29 € M.

Using these inequalities, condition (2) of the theorem and the triangle
inequality for ls norms we obtain that there is A > 0 such that for zq, 29 €
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2) 1/2

| f(p(z1), 5]

supp p

>

seS

< (Z{

seS

fl(zlv ) f1(227 )
dN(Z )

p(z1) — p(22)

dn(z1, 22)

o | 1208 =Stz

oy 1/2
dn (21, 22) } )
f(p(21),8) — f(p(22),5)
d((p(21), 5), (p(22), 5))

2) 1/2

Suppose now that, e.g., z1 € suppp and zo ¢ suppp. Then the term
with |p(z2)] in the second line of the above inequalities disappears and again

1/2
(Z\f(p(Z1),S)!2> n (z

SES SES

< A.

we get the require estimate. Finally, the case z1, 2o € supp p is obvious. []

This lemma in particular implies that f; is a bounded Lipschitz function
on D. Now, using the McShane extension theorem [M] we extend f; to a
Lipschitz function f on M.

Further, since locally the metric d is equivalent to the Euclidean metric
and since f is Lipschitz on M ', by the Rademacher theorem, see, e.g., [Fe,
Section 3.1.6], f is dlﬁerentlable almost everywhere. In particular, 0 f is a
(0,1)-form on M’ whose coefficients in its local coordinate representations
are L*°-functions. Let xp be the characteristic function of D. Consider the
(0,1)-form on M’ defined by

W= XD " 5]7
Then repeating word-for-word the arguments of [Br3, Lemma 3.3] we get
LEMMA 2.2. w is O-closed in the distributional sense. []

Also, the inequality of Lemma 2.1 implies immediately that w € Eo(M”),
see (1.7). Moreover, by our construction r(suppw) CC M \ Cps. Thus
according to Theorem 1.3 there is a continuous function F' € Lo(M') such
that OF = w and Fl,-1(¢y = 0 for a neighbourhood U C M of bM. Since
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D c M’ is a domain with a connected boundary, and F' is holomorphic
outside D (by the definition of w), the latter implies that F|,p = 0.
We set

f(z) = fi(z) = F(2), =ze€D.

Using the above properties of f; and F' one obtains easily that
feomnc®D) and flp= .

Since f; and F|g belong to Lo(D), f € Ha(D). Now, the identity |f|p =
| f|sp follows from the fact that the function z — |f|., z € DUbD, see (1.6),
is continuous and plurisubharmonic on D.

This completes the proof of the theorem. 0

83. Proof of Theorem 1.3

3.1. In Sections 3.1-3.6 we collect some auxiliary results required in
the proof. Then in Section 3.7 we prove the theorem.

Let X be a complete Kahler manifold of dimension n with a Kéhler form
w and E be a hermitian holomorphic vector bundle on X with curvature
O. Let LYY(X, E) be the space of L? E-valued (p, q)-forms on X with the
L? norm, and let W3*Y(X, E) be the subspace of forms such that dn is L.
(The forms 1 may be taken to be either smooth or just measurable, in which
case O is understood in the distributional sense.) The cohomology of the
resulting L2 Dolbeault complex (W, ", d) is the L? cohomology

HY(X, E) = Z8%(X, B)/B}"(X, E),

where Z5%(X,E) and BYY(X,E) are the spaces of 0-closed and 0-exact
forms in LYY(X, E), respectively.

If © > ew for some € > 0 in the sense of Nakano, then the L? Kodaira-
Nakano vanishing theorem, see [D], [O], states that
(3.1) H(nQ;"(X,E) =0 forr>0.

Assume now that © < —ew for some € > 0 in the sense of Nakano. Then
using a duality argument and the Kodaira-Nakano vanishing theorem (3.1)
one obtains, see [L, Corollary 2.4],

(3.2) Hg;(X, E)=0 forr<n.
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3.2. Let M CC N be a strongly pseudoconvex manifold. Without
loss of generality we will assume that 71(M) = 71(N) and N is strongly
pseudoconvex, as well. Then there exist a normal Stein space X, a proper
holomorphic surjective map p : N — X with connected fibres and points
T1,...,2; € Xy such that

p:N\ J p @) — Xn\ {J {=i}

1<i<l 1<i<l

is biholomorphic, see [C], [R]. By definition, the domain X := p(M) C Xy
is strongly pseudoconvex, and so it is Stein. Without loss of generality we
may assume that zq,...,z; € Xps. Thus U1<z‘<zp_1($i) =Cuy.

Next, we introduce a complete Kéahler metric on the complex manifold
M\ Cyy as follows.

First, according to [N] there is a proper one-to-one map i : X5 —
C?*! n = dimc Xy, which is an embedding in regular points of Xj.
Then (X ) is a complex subvariety of C?"*!. By w. we denote the (1,1)-
form on M obtained as the pullback by 7 o p of the Euclidean Kéhler form
on C?"*1. Clearly, w, is d-closed and positive outside Cjy.

Similarly we can embed Xy into C?"*! as a closed complex subvariety.
Let j : Xy < C?"*! be an embedding such that j(Xs) belongs to the open
Euclidean ball B of radius 1/4 centered at 0 € C?"*1. Set z; := j(z;), 1 <
i <. By w; we denote the restriction to M\ C}y of the pullback with respect
to jop of the form —/—1-0d1log(log ||z — 2||*)? on C*" 1\ {z;}. (Here ||- ||
stands for the Euclidean norm on C2"*1.) Since j(X);) C B, the form w; is
Kihler. Its positivity follows from the fact that the function — log(log ||z||?)?
is strictly plurisubharmonic for ||z|| < 1. Also, w; is extended to a smooth
form on M \ p~!(x;). Now, let us introduce a Kihler form wy; on M\ Cyy
by the formula

(3.3) WA = Wwe + Z wj.

1<i<l

PROPOSITION 3.1.  The path metric d on M \ Cyp induced by wpr is
complete.

Proof. Assume, on the contrary, that there is a sequence {w;} con-

vergent either to C'yy or to the boundary bM of M such that the sequence
{d(0,w;)} is bounded (for a fixed point o € M \ Cpr). Then, since wy, > we,
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the sequence {i(p(w;))} C C*"*1 is bounded. This implies that {w;} con-
verges to Cpr. But since wy, > Y w;, the latter is impossible. One can check
this using single blow-ups of C?"*! at points z; and rewriting the pullbacks
to the resulting manifold of (1,1)-forms —y/—1 - dd1og(log ||z — 2?)? in
local coordinates near exceptional divisors, see, e.g., [GM] for similar argu-
ments. [

Similarly one obtains complete Ké&hler metrics on unbranched coverings
of M \ C)s induced by pullbacks to these coverings of the Kéhler form w
on M\ Cyy.

3.3. We retain the notation of the previous section.

Let r : N’ — N be an unbranched covering. Consider the corresponding
covering (M \ Cpr) :=r=1(M \ Cyps) of M\ Cpr. We equip (M \ Cypy) with
the complete Kéhler metric induced by the form w', := r*wy. Next we
consider the function f = > j .., fs on (M \ Cy)" such that fy is the
pullback by i o p o7 of the function [[z||2 on C***! and f is the pullback
by j opor of the function —log(log ||z — z,]|?)? on C?" 1\ {2z}, 1 < s < 1.
Clearly we have

(3.4) why == +v—1-00f.

Let £ := (M \ Cp)" x C be the trivial holomorphic line bundle on
(M\Chr)'. Let g be the pullback to (M\C)s)" of a smooth plurisubharmonic
function on M. We equip E with the hermitian metric e/9 (i.e., for zx v €
F the square of its norm in this metric equals e/()+9(2)|y|2 where |v] is the
modulus of v € C). Then the curvature O of F satisfies

(3.5) Op == —V—1-9dlog(e/19) = —w); — V—1-9dg < —w,.
From here by (3.2) we obtain

(3.6) H?Q’;((M \Cy),E)=0 forr<n.

3.4. In the proof we also use the following result.

LEMMA 3.2. Let h be a nonnegative piecewise continuous function on
M equals 0 in some neighbourhood of Cyr and bounded on every compact
subset of M\ Cpy. Then there exists a smooth plurisubharmonic function §
on M such that
§(z) > h(z) forall z € M.
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Proof. Without loss of generality we identify M \ Cps with Xy \
Ui<j<i{zs}. Also, we identify Xy with a closed subvariety of C2*l as in
Section 3.2. Let U be a neighbourhood of (J; < ;;{z;} such that h|y = 0. By
A, C C?>"*1 we denote the open polydisk of radius r centered at 0 € C2*+1,
Assume without loss of generality that 0 € X, \ U. Consider the monoton-
ically increasing function

(3.7) v(r):= sup h, r>0.

ArNX
By v1 we denote a smooth monotonically increasing function satisfying v >
v (such vy can be easily constructed by v). Let us determine

r+1
va(r) = / 201(2t)dt, r>0.
0

By the definition vy is smooth, convex and monotonically increasing. More-
over,
r+1
va(r) > / 201(2t)dt > (r+ D)v(r +1).

T+l
2

Next we define a smooth plurisubharmonic function vz on C?**! by the

formula
2n+1

w321, 2ang) 1= ) va(|z]).
j=1
Then the pullback of v3 to M is a smooth plurisubharmonic function on M.
This is the required function §. Indeed, under the identification described
at the beginning of the proof for |z|s := maxj<j<ant1 |2i| we have

9(2) = v3(2) = (|z]o + v (|2]o0 + 1)

>
> sup h>h(z) forall ze€ M. []
Al o +1NX M1

3.5. In the proof of Theorem 1.3 we will assume without loss of gen-
erality that Cps is a divisor with normal crossings. Indeed, according
to the Hironaka theorem, there is a modification m : Ny — N of N
from Section 1.3 such that m~1(C);) is a divisor with normal crossings
and m : Ny \ m~'(Cy) — N\ Cyp is biholomorphic. By the defini-
tion My := m~'(M) C Ny is strongly pseudoconvex. Further, since M
is a complex manifold, m induces an isomorphism of fundamental groups
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my : m(Mpg) — 71 (M). Thus for an unbranched covering r : M’ — M of
M there are a covering rg : My, — My and a modification m’ : M}y, — M’
such that rom’ = mory and m’ induces an isomorphism of the correspond-
ing fundamental groups.

Assume now that a (0,1)-form n € E(M') satisfies the hypotheses of
Theorem 1.3. Consider its pullback 77 := (m/)*n on M},. Clearly, 7 also
satisfies the hypotheses of Theorem 1.3 with M replaced by Mp. Now,
suppose that Theorem 1.3 is valid for M7,, i.e., there is a continuous function
fe Lo(M};) such that Of =1 and f vanishes in a neighbourhood of bM7,.
Since by the definition of n the function fis holomorphic in a neighbourhood
of (rom’)™1(Cy) € My, and m/ : My — M’ is a modification of M’, there
is a function f € Lo(M’) such that f= (m/)*f. Obviously, f satisfies the
required statements of the theorem.

3.6. Let U, CC M be a simply connected coordinate chart of ¢ € Cy

with complex coordinates z = (z1,...,2,), n = dimg¢ M, such that z;(q) =
"':Zn(Q):Oand
(3:8) Cr Uy = {fo(2) =0}, fo2) i= 21+ 2.

(Such coordinates exist by the definition of a divisor with normal crossings.)
Let f be a function on M \ Cjs such that r*f = f, see Section 3.3.
From the definition of f we obtain

LEMMA 3.3. el extended by 0 to Cys is a continuous function on M
such that e' /| f,| is unbounded on U, \ Ci;. 0

Let w be the associated (1,1)-form of a hermitian metric gy on N.
Since by the definition wy; > we and the latter form vanishes on C, we
have locally near Cpy NU,

(3.9) Wiy > | P wn

for some ¢ > 0, m’ € N. This and Lemma 3.3 imply that locally near
Cy N Uq

(3.10) efwly > | f,[Pmw™

for some ¢ > 0, m € N.
By E,, (M) we denote a holomorphic line vector bundle on M determined
by the divisor nCys, n € N. Let s; be a holomorphic section of E;(M)
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defined in local coordinates on U, by functions f; from (3.8). Then (r*s;)"
is a holomorphic section of the bundle E/ (M) := r*E, (M) on M.

Since the hermitian bundle E from Section 3.3 is holomorphically trivial,
we naturally identify sections of E with functions on (M \ Cj)’. Here and
below we set X’ := r~!(X) for X C M. Also, the Banach space L2(X') of
continuous functions on X' is defined similarly to Lo(M'), see Section 1.3.

Let (U;)ier be a finite open cover of a neighbourhood M (CC N) by
simply connected coordinate charts U; CC N.

PROPOSITION 3.4. Suppose h € La((M \ Cpr)', E) is such that for any
U/ there is a continuous function h; € Lo(U]) so that ¢; := h—h; € O((U; \
Cu)'). Then there is an integer n € N independent of h such that h-(r*s;)"
admits an extension h € C(M', E! (M)). Moreover, h|or € L2(O") for every
OCC M\Cy.

Proof. Let U, be a simply connected coordinate chart of ¢ € C'y; with
the local coordinates satisfying (3.8). We naturally identify U, with U, x S
where S is the fibre of r. Then the hypotheses of the proposition imply that

(3.11) / > Az, 9) IO () < oo
ZEUq\C]u s€S

where g is a smooth plurisubharmonic function on M such that »*§ = g.
Diminishing if necessary U, assume that f, w}, satisfy (3.10) there. Also,
on U, we clearly have g ~ 1. From here and (3.11) we obtain on U,

(3.12) /EU . <Z |h(z, 8)|2> |fo(2)Pw™(2) < o0

SES

where f, is defined by (3.8).

Further, according to the hypothesis of the proposition, there is a con-
tinuous function hy € Lo(U,) such that ¢, :=h — hy € O((U; \ Cpr)'). This
and (3.12) imply that every f/"-c,(-,s), s € 5, is L? integrable with respect
to the volume form (v/—1)" A, dz; Adz;. Using these facts and the Cauchy
integral formulas for coefficients of the Laurent expansion of f;"c,(-, s), one
obtains easily that every fi"c,(-,s) can be extended holomorphically to U,.

In turn, this gives a continuous extension h of h - (r* fo)™ to Uy
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Let V;, cC U, be another connected neighbourhood of ¢q. By the
Bergman inequality for holomorphic functions, see, e.g., [GR, Chapter 6,
Theorem 1.3], we have

313) PGP <A [ e @RS forall (r5) €W
zE q

with some constant A depending on U,, W, and w only. Therefore from

(3.12) and (3.13) we obtain

1/2
sup (Z \h(z, s)]2> < 0.

2€Vq ses

Equivalently, fL|Vq/ € La(V).

Next assume that U, C (U;)icr is a simply connected coordinate neigh-
bourhood of a point ¢ € M \ C;. Without loss of generality we may assume
that all such U, are relatively compact in M\C)y. Identifying U, é with Uy xS
we have anew inequality of type (3.11) for hly;. Since Uy CC M \ Cy and
f , g and wf, are smooth on M \ Cjs by their definitions, we obviously have
on U,

eI W~ W,

Similarly to (3.12)—(3.13) (with f, = 1) this implies that |y, € L2(Vy) for
any connected neighbourhood V;, CC U, of g. Choose the above neighbour-
hoods V; so that they form a finite cover of a set O CC M\ C'ys. Then from
the implications h[y; € L2(V) we obtain that hlos € L2(0"). Now, choosing
the neighbourhoods V;, ¢ € Cjy, so that they form a finite cover of Cp; and
taking as the n the maximum of the numbers m in the powers of f,, see
(3.10), we obtain that h - (r*s;)" admits an extension h € C(M’, E! (M)).
By our construction n is independent of h. U

3.7. Proof of Theorem 1.3

Assume that a (0,1)-form 71 belongs to &(M’), is O-closed and
r(suppn) C O CC M\ Cy.

Let us define the function ¢ in the definition of the bundle E from
Section 3.3 by Lemma 3.2. Namely, fix a neighourhood U CC M of Cy,
and consider the function h on M defined by the formula

(3.14) h(z) == #(;)M)
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where xpe is the characteristic function of U¢ := M \ U and the distance
to the boundary is defined by the path metric dy on N induced by the
Riemannian metric gy. Further, according to Lemma 3.2 we can find a C'*
plurisubharmonic function g on M such that §(z) > h(z) for all z € M.
Then in the definition of the metric on £ we choose g := r*g.

LEMMA 3.5. The form 1 belongs to LY (M \ Cy), E).

Proof. We retain the notation of Proposition 3.4. Consider the set
Uy, = Uy x S on M’ for some ¢ € M such that U, CC M \ Cp. Since
n € E(M’), r(suppn) € O CC M\ Cy and §, f and w}, are bounded on
O, for every such U, we have

(3.15) / nl?. . ef Fa() yn (2) < o0.
ZEUq\C]u Z ( ’ ) M

seS

(Recall that ]n\%zvs) stands for the norm of n at (z,s) € M’ defined by the
natural hermitian metric on the fibres of the cotangent bundle T*M’ on
M'.) Taking a finite open cover of O by such sets U, we get the required
statement. 0

From Lemma 3.5 and the fact that 9n = 0 we obtain by (3.6) that there
exists a function I’ € Lo((M\Chs)', E) such that OF" = 1. Moreover, by the
definition of 7, this function is holomorphic on (M \ Cy) \ r~1(O). Also,
since € &(M’) the equation G = 7 has local (continuous) solutions
fu € Lo(U') for every U CC M biholomorphic to an open Euclidean ball
of C". (In fact, since U’ = U x S, we can rewrite the equation G = 7 on
U’ as a O-equation on U with a measurable Hilbert valued (0, 1)-form on
the right-hand side. Then we apply the formula presented in the proof of
Lemma 3.4 of [Br3] (see also [H, Section 4.2]) to solve this equation and to
get a solution from Lo(U’), for similar arguments see [Brl, Appendix A].)

Let us prove now

LEMMA 3.6. There is a neighbourhood U C M of bM such that
FI‘T—I(U) == 0.

Proof. Let g € bM and U, CC N \ Cjs be a simply connected coordi-
nate chart of g. Since w1 (M) = 71 (V) by our assumption, the covering M’
of M is contained in the corresponding covering 7 : N’ — N of N. Thus
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r~Y(U,) C N’ can be naturally identified with U, x S where S is the fibre
of 7. Further, without loss of generality we may identify U, with an open
Euclidean ball B in C™. In this identification, on each component U, x {s},
s € S, the path metric d on N’ is equivalent to the Euclidean metric on B
with the constants of equivalence independent of s.

Next, for some s € S let us consider the restriction F} of F” to Uyx{s} =
B. We set M/ := M'N (U, x {s}) and bM] := bM’' N (U, x {s}). Diminishing
if necessary U,, without loss of generality we may assume that these sets
are connected. Also by dv we denote the Euclidean volume form on C™. By
the constructions of wy;, see Section 3.2, and f, see Section 3.3, we clearly
have

(3.16) flugxqsy 2 ¢ and  wiply, xqs) = cdv

for some ¢ > 0 independent of s € S.
Further, by the definition F. € Ly(M!., E). So by the choice of g in the
definition of the hermitian metric on E using (3.16) we obtain

1
(3.17) / |F!(2)PedistoMD) dy(z) < oo.
zeM}

Without loss of generality we may assume that U, N r(suppn) = 0. Thus
F! is holomorphic on M/ for each s € S. Now, from (3.17) using the mean-
value property for the plurisubharmonic function |F!|? defined on M/ we
easily obtain that for any y € bM]
(3.18) lim F.(z) = 0.

z—y
Indeed, for a point z sufficiently close to y € bM consider a Euclidean ball
B, centered at z of radius r, := dist(z,bM.)/2. Choosing z closer to y we
may assume that B, CC M.. Then by the triangle inequality for the metric

dn we have
dist(w, bM]) < 3r,/2 for all w € B,.

Now from (3.17) by the mean-value property we get for some ¢, > 0 de-
pending on n only:

e/ Br) | Fl (2) 2 < 62/(37“2)/ |F(w)]? dv(w)
weB,

1
< / |F! (w)|?e 5t MD) dy(w) < A < oo.
’LUEBZ
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Hence,
—2/(3r,
lim [F/(2)[% < lim Lﬁ) = 0.
2=y z=Y  CpTs
Thus (3.18) is true for any y € bM].

Next, since M is connected, (3.18) implies that F. =0 on M/ for each
s € S. Actually, let z € bM|. Consider a complex line [, passing through z
and containing the normal to bM, at z (recall that bM is smooth). Then
I, intersects bM! transversely in a neighbourhood of z in bM. This implies
that there is a simply connected domain W, C ;N M. whose boundary bW
contains z such that Fily € C (W.) and it equals 0 on an open subset of
bW . Thus by the uniqueness property for univariate holomorphic functions
we have F, =0 on W,. Observe that if z varies along bM the union of the
connected components of 1, N M, containing W, contains an open subset of
M. This implies that F, =0 on M].

Finally, taking a finite open cover of bM by the above sets U, and using
similar arguments we obtain the required neighbourhood U of bM (as the
union of such U, intersected with M). This completes the proof of the
lemma. []

Let us finish the proof of the theorem. As established above, the func-
tion F’ satisfies conditions of Proposition 3.4. According to this proposi-
tion there is a number n € N independent of F’ such that F’ - (r*s;)™ is
extended to a continuous section of E!, (M) equals 0 on 7~(U). Moreover,
F'lo € Lo(O') for any O cC M\ Cypy.

We set

F:=¢" -1 and ﬁ:zgﬁ:ﬁn.

By the definitions of n and F’ we have supp7 = suppn and F is bounded

on supp”. In particular, 7 is 0-closed and belongs to LO (M\ Cy), E),

as well. Then by (3.6) there is a function F’ € Ly((M \ CM) E) such that

BF = 7. Applying to F’ the same arguments as to F’ we conclude that

F'|,—1(y = 0 for some neighbourhood U C M of bM. Since by the definition

F — F' is holomorphic on (M \ Cjs) and equals zero on a neighbourhood

of bM’, from the connectedness of M’ we get F' = F’. Also, as in the case
of F', F' - (r*s;)™ is extended to a continuous section of E,,(M’).

Let g be a regular point of C,; := r~}(Cys). The above properties of

F' and F imply that for suitable complex coordinates z = (z1,...,2,) in a
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neighbourhood U, of ¢ we have C); N U, = {21 = 0} and
") = 2T A(2), F'(2) = 2{"B(z), ze€ Uy \ Cum,

where A, B € O(U,). Suppose that A(z) = 2} A'(2) for some 0 < | < n
with A" € O(U,) not identically 0 on C}, N U;. Then there is a point
p € C); NU, and its neighbourhood W C U, so that A’(z) # 0 for all
z € W. Thus we can introduce complex coordinates y = (y1,...,%») on
W by y1 = zl(A/(z))l/(”*l), Yo = 22,...,Yn = Zp. In these coordinates
we have ef”’®) = ¢l=n ¢ W\ Cy. Since F/ € O(W \ Cyy), the latter
is impossible. This contradiction shows that { > n and so e’ admits a
holomorphic extension to U,. From here we obtain easily that F’ admits a
holomorphic extension to U, as well.

Taking an open cover of regular points of C'j, by such neighbourhoods
U,, from the above arguments we obtain that F” is extended holomorphically
to C; (it is extended to nonregular points of C'), by the Hartogs theorem
because the complex codimension of the set of such points in M’ is > 2).

Finally, the extended function F (i.e., the extension of F’) belongs to
Lo(M"). Indeed, by the definition F|pr € Lo(O') for every O cC N \ Cyy.
Assume now that ¢ € Cs. Let U be a simply connected coordinate chart of ¢
with complex coordinates z = (z1,. .., z,) such that z1(¢) = - -+ = z,(¢q) = 0,
CunNM="{z-2=0}and U = {z € M : maxj<g<n|2x] < 1}. We
identify U with the unit polydisk in C* and by T™ we denote its boundary
torus. Also, we naturally identify (U)" ¢ M’ with U x S where S is the
fibre of r : M’ — M. Diminishing, if necessary, U we will assume that
F is holomorphic in a neighbourhood O’ := r~1(0) of (U)" where O is a
neighbourhood of U.

Let {Si}ieny € S be an increasing sequence of finite subsets of S such
that | J; S; = S. Then from the Cauchy integral formula we obtain

lim (Z |F(y, s)2>

l
e SES;

i ! |F(:L‘,s)|2 N
<(5) [ Smon R €Y

where dz is the volume form on T". Since T" cC M \ Cy, Flp €
Lo(T™ x S). This implies that F|,-1,) € [2(S) for all y € V; 1= {z €
U : maxj<p<p |2k| < 1/2} and the Iy norms | - |, of these functions are uni-

formly bounded. Choosing a finite cover of U by such V; and taking into
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account that F|or € Lo(O') for every O cC N \ Cypy, from the above we
obtain that F € Lo(M’). Also, OF = 1.
This completes the proof of the theorem. 0
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