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Ion energy–angle distributions (IEADs) at material surfaces are a critical input for
plasma–material interaction (PMI) studies in fusion devices, yet they are computationally
expensive to obtain using particle-in-cell (PIC) simulations. In this work, we develop a
machine learning surrogate based on a deep deconvolutional neural network (DDeCNN)
trained on large databases generated with the hPIC2 code. The surrogate is capable of
reconstructing IEADs from sheath parameters for both thermal and radio-frequency (RF)
plasmas, including cases with multiple ion species. Across thousands of test cases, the
model achieves high accuracy, with over 97 % of predictions classified as good or aver-
age based on standard error metrics (MAE, MSE, L2). Even in the more challenging RF
and multi-species regimes, the surrogate reliably captures the multi-peak structure of PIC
results. Once trained, the surrogate produces IEADs in milliseconds on a common work-
station, yielding speedups of six to seven orders of magnitude compared with running a
full PIC simulation. This computational gain enables dense parameter scans and direct
coupling of IEAD predictions with PMI and erosion models on whole-device scales in
fusion-relevant conditions.
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1. Introduction

In this work, we develop a machine learning (ML) surrogate model for predict-
ing ion energy–angle distributions (IEADs) relevant to plasma–material interaction
(PMI) in magnetic confinement fusion (MCF). IEADs determine how ions strike
material surfaces, directly influencing sputtering, erosion and surface modification.
Since the sputtering yield depends on both the ion impact energy Ei (eV) and the
impact angle θ relative to the surface normal, accurate knowledge of IEADs at the
material boundary is essential for estimating erosion fluxes, surface evolution and
component lifetimes.

In MCF conditions, ions leave the quasi-neutral plasma after being accelerated
by the magnetic presheath (Chodura 1982) and the electrostatic Debye sheath
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(Tonks & Langmuir 1929); when radio-frequency (RF) heating systems are also
present, an additional RF sheath forms (Butler & Kino 1963; Myra 2021). In con-
ventional magnetised plasma sheaths, ions are accelerated by the sheath electric field,
with energies and trajectories determined by plasma temperature, charge state, ion-
to-electron mass ratio, and the strength and inclination angle of the magnetic field
(Khaziev & Curreli 2015). While analytical models provide useful insights (Tonks &
Langmuir 1929; Bohm 1949; Riemann 1991, 1994; Ahedo 1997; Stangeby et al.
2000; Lieberman & Lichtenberg 2005; Chen 2016; Moseev & Salewski 2019), they
typically oversimplify ion dynamics and nonlinear sheath behaviour. RF sheaths
introduce additional complexity; the rectified RF-driven sheath potential can sig-
nificantly exceed the thermal sheath drop and the sheath itself oscillates with the
applied RF fields, dynamically altering ion trajectories. This produces more struc-
tured, anisotropic IEADs, which can enhance sputtering and modify the surface
response. The time-dependent RF potential also introduces temporal variations in
ion impact conditions, further complicating ion-material interactions.

High-fidelity particle-in-cell (PIC) simulations are the most reliable tool for mod-
elling IEADs, as they track ion dynamics with self-consistent fields through thermal
and RF sheaths. By resolving ion trajectories and RF-induced oscillations, PIC sim-
ulations provide kinetic-level accuracy of IEADs. However, their computational
expense makes them impractical for device-scale applications where IEADs must
be evaluated across entire first-wall and antenna structures. For example, the codes
hPIC (Khaziev & Curreli 2018) and hPIC2 (Meredith et al. 2023) have been used to
resolve IEADs of thermal sheaths (Khaziev & Curreli 2015) and RF sheaths (Myra
et al. 2020; Elias, Curreli & Myra 2021) with kinetic accuracy. Figure 1 shows two
representative IEADs obtained from hPIC2 simulations for thermal (panel a) and
RF sheath (panel b) conditions. Extending PIC simulations across an entire tokamak
surface is prohibitively expensive, motivating the need for reduced-order surrogate
models.

Machine learning (ML) based reduced order models are increasingly used in
plasma fusion to accelerate simulations and improve predictive capabilities. They
enable fast modelling of plasma behaviour, disruption forecasting and real-time
control optimisation (Parsons 2017; Kates-Harbeck, Svyatkovskiy & Tang 2019;
Fu et al. 2020). ML also helps uncover patterns in plasma dynamics and sup-
ports studies of material erosion, sputtering and impurity transport (Kino et al.
2021; Lin et al. 2024). Additional applications include accelerating turbulence sim-
ulations, enhancing diagnostic interpretation, and aiding in the design of reactor
components and materials (Piccione et al. 2020; Chang et al. 2021; Dong et al.
2021; Lao et al. 2022).

Machine learning and surrogate models are revolutionising RF plasma heating
research by drastically reducing computational complexity while maintaining high
predictive accuracy. Multiple studies highlight this potential: Sánchez-Villar et al.
(2024, 2025) developed real-time ion cyclotron range of frequencies (ICRF) heat-
ing models using random forest and neural networks, achieving speedups of six to
seven orders of magnitude and high regression scores. Wallace et al. (2022) similarly
accelerated lower hybrid current drive simulations from minutes to milliseconds.

Reduced-order modelling approaches for the determination of IEADs have been
previously explored. Seleson et al. (2022) explored a least-squares fitting, sparse
grid, coordinate transformation method for single-species thermal sheaths with up
to 4 input parameters. While successful in reconstructing IEADs with 6–7 orders of
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(a) (b)

FIGURE 1. Examples of ion energy–angle distributions (IEADs) as obtained from hPIC sim-
ulations under (a) thermal sheath and (b) radio-frequency (RF) sheath conditions. Those two
distributions are for illustrative purposes only, to show the nature of the two-dimensional
distributions that the ML model will have to be able to reconstruct.

magnitude speedup compared with hPIC simulations, these approaches are difficult
to extend to larger parameter spaces or to RF sheaths. For example, with seven
input parameters, over 19 000 simulations are required. Additionally, RF-induced
IEADs often exhibit multi-peaked structures that are not well captured by coordinate
transformation methods. Artificial Neural Networks (ANNs) offer a more scalable
and flexible alternative. By training neural networks on large high-fidelity datasets
of PIC simulations, surrogate models can reproduce IEADs with near PIC-level
accuracy at a fraction of the computational cost.

Several neural network architectures are suitable for the current modelling task,
each with distinct advantages and limitations. A fully connected multilayer percep-
tron (MLP) can directly map input vectors to the unrolled IEAD, but demands
substantial memory for high-resolution outputs. Diffusion models (Sohl-Dickstein
et al. 2015) offer high-quality distribution reconstruction, but require extensive
training data, significant computational resources, and exhibit slower training and
inference. Transformers with two-dimensional (2-D) positional encoding (Wu et al.
2021; Vaswani et al. 2023) effectively capture global spatial dependencies, making
them well suited for structured outputs, though they are computationally and mem-
ory intensive. FiLM-conditioned U-Nets (Meseguer-Brocal & Peeters 2019) provide
a flexible mechanism for incorporating conditioning information and are efficient
for structured generation tasks, but may be less effective in modelling long-range
dependencies.
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In this paper, we present a machine learning surrogate model for reconstructing
IEADs with PIC-level fidelity across a wide parameter space. The model com-
bines multilayer perceptrons (MLPs) with convolutional neural networks (CNNs)
in a hybrid deep deconvolutional neural network (DDeCNN) architecture, enabling
fast and accurate emulation of IEADs under both thermal and RF sheath condi-
tions. The motivations behind this architecture include its computational efficiency,
support of multi-output design, spatial coupling and space invariance. The train-
ing datasets were generated using large-scale hPIC2 simulations covering a wide
range of physical parameters (temperature, density, RF voltage, magnetic field angle
and strength) and numerical parameters (time step, grid size, particles per cell).
The multi-dimensional input parameter space was sampled using a Latin hypercube
design (McKay, Conover & Whiteman 1976) to ensure broad coverage. Testing and
validation demonstrate that our ML surrogate model reproduces PIC-level IEADs
at a fraction of the computational cost. The surrogate is constructed for both ther-
mal and RF sheath conditions, including single- and multi-species plasmas, making it
applicable to divertor, first-wall and RF-enhanced plasma–surface interaction scenar-
ios. We systematically evaluate model accuracy using multiple error metrics (MAE,
MSE, relative L2 norm) and demonstrate substantial computational speedups. The
remainder of this paper is structured as follows. Section 2 details the problem set-
up, datasets and neural network architecture. Section 3 presents results for thermal,
RF and multi-species plasmas. Section 4 summarises conclusions and outlines future
directions.

2. Methodology

This section describes the methodology used to construct and validate the machine
learning surrogate model of ion energy–angle distributions (IEADs). We first sum-
marise the physical problem (§ 2.1), then define the input parameter space (§ 2.2)
and outline the data generation process using hPIC2 simulations (§ 2.3). Subsequent
steps of data preprocessing, network design and error evaluation are discussed in
§§ 2.4–2.7.

2.1. Physics problem description
The IEADs were obtained using the hPIC2 PIC code (Khaziev & Curreli 2018;

Meredith et al. 2023), which self-consistently resolves ion impact distribution func-
tions in magnetised plasma sheaths. A sketch of the simulations domain is shown in
figure 2. The simulation domain consists of a plasma slab bounded by two grounded
plates (V = 0) in the presence of a magnetic field inclined at an angle ψB relative
to the surface normal, following the classic Chodura sheath configuration (Chodura
1982; DeWald, Bailey & Brooks 1987; Devaux & Manfredi 2006; Khaziev & Curreli
2015). A volumetric particle source maintains quasi-neutrality by replenishing par-
ticles lost to the walls. Ion motion is integrated in three spatial dimensions, while
the electrostatic potential is solved along the direction perpendicular to the material
wall. Thermal sheath cases were evolved to steady state, and the energy and impact
angle of ions at the walls were recorded to construct the IEADs. For RF sheath sim-
ulations, boundary conditions were that we imposed antisymmetric sinusoidal plate
voltages, V1 = Vpp sin(ωt) and V2 = Vpp sin(ωt − π), where ω is the RF frequency
and Vpp is the peak-to-peak applied voltage. This configuration produces rectified
RF sheath potentials and reproduces the physics of RF rectification (Elias et al.
2019; Myra et al. 2020; Elias et al. 2021; Rezazadeh, Myra & Curreli 2023).
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Units Physical parameters Units Numerical parameters
Te eV Electron temperature dx m Cell length
Ti eV Ion temperature Npart Computational particles
B T Magnetic field strength t s Simulation time
ψB deg Magnetic field angle dt s Time step
n m−3 Plasma density Nsteps Number of time steps
Vpp V RF voltage (peak-to-peak) x m Domain length

TABLE 1. List of input parameters used in the ML model.

FIGURE 2. Sketch of the hPIC2 simulation domain under RF plasma sheath conditions. The
figure illustrates a dual-plate structure driven by antisymmetric sinusoidal voltages, V1 =
Vpp sin(ωt) and V2 = Vpp sin(ωt − π), along with the volumetric plasma source and resulting
sheath regions. For thermal sheath conditions, both boundaries are grounded (V1 = V2 = 0).

2.2. Definition of the input parameter space
The surrogate model must reproduce IEADs across a broad range of plasma

and numerical conditions. The input vector therefore includes both physical param-
eters (governing sheath dynamics) and numerical parameters (governing PIC
discretisation), summarised in table 1.

For thermal sheath cases, four physical parameters were varied: electron-to-ion
temperature ratio (Te/Ti ), plasma density n, magnetic field magnitude B and field
angle ψB . This choice follows from physical considerations and sensitivity studies in
earlier work (Seleson et al. 2022; Mustafa 2023).

For RF sheath cases, an additional parameter, the RF peak-to-peak voltage
Vpp, was included. While using temperature ratio Te/Ti is adequate for describ-
ing normalised ion energy–angle distributions (IEADs) under steady thermal sheath
conditions, it becomes insufficient in RF sheaths. The time-varying RF potential
causes ions to experience phase-dependent acceleration, making the IEAD depend
not only on Te/Ti , but also on the normalised RF amplitude eVpp/Te and the ratio
of the RF period to the ion transit time ωRFτi . Accordingly, in our model, Te and
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Ti were treated as separate parameters, and an additional parameter Vpp (the RF
peak-to-peak voltage) was introduced to capture these RF-induced effects.

Additionally, up to six numerical parameters (e.g. time step, cell length, parti-
cles per cell, domain length) were included as additional inputs. While not strictly
‘free’ physical parameters, including them ensures the ML surrogate captures
subtle dependencies on discretisation and avoids misinterpreting numerical arte-
facts as physical trends. Constraints on these parameters are detailed in § 2.3 and
Appendix A.

2.3. Data generation
Training and testing datasets were generated using high-resolution simulations run

with the hPIC2 code (Meredith et al. 2023). Additionally, we were also able to
use a portion of training data from earlier studies (Seleson et al. 2022; Mustafa
2023), which were obtained from the hPIC code (Khaziev & Curreli 2015). The two
PIC codes share the same physics kernel and for the same inputs, provide identi-
cal output, the only difference being hardware (GPU) acceleration implemented in
hPIC2, not present in hPIC. Output benchmarks between the two codes were run
to guarantee consistency among datasets. The data generation process followed four
steps.

(i) Sampling of input parameters. Ranges of physical parameters were selected to
match conditions relevant to fusion edge plasmas (table 2) (Keilhacker et al.
1982; Stangeby et al. 2000; Porter et al. 2010; Wesson & Campbell 2011;
Ciraolo et al. 2019; Pitts et al. 2019). Sampling employed a Latin hypercube
sampling (LHS) design with corner points explicitly included, ensuring uniform
coverage and good representation of extreme cases (McKay et al. 1976, 1979),
including Lloyd algorithm (Lloyd 1982).

(ii) Evaluation of numerical parameters. For each sampled point, numerical reso-
lution parameters (e.g. grid size, time step, particles per cell) were determined
by enforcing resolution constraints to guarantee physical fidelity. Details are
given in Appendix A.

(iii) Execution of hPIC2 simulations. Input files were automatically generated for
each parameter set and run on the Campus Cluster at the University of Illinois
Urbana Champaign. At the wall, ion impact energies and angles were recorded
to build the IEADs.

(iv) Dataset organisation. Each database was divided into training, validation and
testing subsets. Testing datasets were generated independently (not subsets
of training data) to preserve statistical independence and provide unbiased
performance evaluation.

Separate databases were created for thermal and RF sheaths, and for single- and
multi-species plasmas (see table 2). The range of each free parameter is reported in
table 2. Each dataset was first divided into two main subsets, training set and testing
set. A portion of the training dataset was further split off as a validation set for hyper-
parameters tuning and model evaluation during training. The testing set was reserved
exclusively for evaluating the model performance after training was complete. The
model remains agnostic to the testing set, as it is not used at any point during the
training or validation process. After selecting the hyperparameters, the validation
dataset is merged back into the training set and the model is retrained using the
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Databases 1 2 3 4 5 6 7 8
Sheath Thermal Thermal RF RF RF RF RF RF
Species H+ H+ D+ D+ T+ O8+ W40+ He2+

3 D+ D+ T+ W40+ D+ T+ He2+
4 O8+ W40+

No. free parameters 2 4 6 7 6 6 6 5
Input ranges Te Te/Ti = Te/Ti = [1, 200] [1, 500] [1, 200] [1, 500] [1, 500] Te = Ti =

Ti [10−2, 102] [10−2, 102] [1, 200] [1, 500] [1, 200] [1, 500] [1, 500] [1, 500]
ψB [0, 87] [0, 87] [0, 89] [0, 89] [0, 89] [0, 89] [0, 89] [0, 89]
B — [7, 15] [7, 15] [7, 15] [7, 15] [7, 15] [7, 15] [7, 15]

log10(n) — [17, 21] [17, 21] [17, 21] [17, 21] [17, 21] [17, 21] [17, 21]
Vpp — — [1, 200] [1, 200] [1, 500] [1, 500] [1, 500] [1, 500]

Misc. — — — THe3/Ti — — — —
= [1, 10]

Sampling Training Uniform Uniform LHS + corners LHS + corners LHS LHS LHS LHS
method Testing Val split Val split Random Random — random random random
No. Training 360 500 1580 1995 4995 2000 1000 2000
samples Testing 40 125 100 85 — 100 100 100
Notes –— — f = 56 MHz† f = 120 MHz f = 56 MHz‡ f = 120 MHz f = 120 MHz f = 56 MHz

TABLE 2. Summary of the databases generated using hPIC2 and used to train the ML model.

†This database was also used for the data augmented (DA) model and served as the high-fidelity (HF) database for the multi-fidelity (MF) model, as discussed
in § 3.2.1. After data augmentation, the total number of data points increases to 38 732.
‡This database was used as the low-fidelity (LF) database for the MF model described in § 3.2.1. When the MF and DA models were combined, a total of
124 812 data points were augmented from this database.
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combined data. To generate the training set, a total of Nsample samples are drawn
from the input parameter space. To ensure that these samples adequately cover the
space, first we selected 2ND corner points of the input hypercube, where ND is the
number of free parameters in the model. The remaining Nsample − 2ND points are
then generated using LHS (McKay et al. 1976, 1979), with Lloyd algorithm (Lloyd
1982), which iteratively relocates samples towards the centroids of their Voronoi
cells to improve space-filling uniformity and minimise clustering. Furthermore, Ntest

testing points are generated independently and randomly, separate from the training
set. Although it is common to select testing data as a subset of the training dataset,
doing so would reduce the number of available training points in what is already a
sparsely sampled space. A routine was implemented to ensure that the testing data
points do not overlap with, or closely resemble, the training or validation data points.
Validation datasets were randomly sampled as a subset from the training dataset. In
some cases, additional data augmentation was performed to increase temporal and
spatial diversity (discussed in § 2.6).

2.4. Data normalisation
The input data span several orders of magnitude, which can negatively affect ML

training by slowing convergence and biasing optimisation. Large variations in input
scales can significantly slow down the convergence of gradient descent algorithms
(Ioffe & Szegedy 2015). Moreover, applying feature scaling is especially important
when regularisation is used as part of the loss function, as unscaled features can lead
to biased or unstable optimisation. To mitigate this, input features were normalised
using min–max scaling (Patro & Sahu 2015),

x ′ = x − xmin

xmax − xmin
, (2.1)

where x is the raw value, and xmin, xmax are the limits of the sampled range. However,
direct min–max scaling was not suitable for our output data (IEADs). This is because
IEADs span many orders of magnitude: counts near the distribution boundaries
may be very small, while the peak can be several orders larger. Using min–max
would (i) obscure small but physically meaningful values at the tails and (ii) risk
data leakage, since the maximum particle count is only known after the simulation.
Instead, IEADs were preprocessed in two steps.

(i) Conversion to computational units. The accumulated physical particles were
converted to computational counts using the physical-to-computational (P2C)
ratio defined in hPIC2:

P2C = nx

NPPC Ncells
, (2.2)

where n is particle density per unit volume, x is the domain size in [m], NPPC

is the number of particles per cell and Ncells is the number of cells.

(ii) Logarithmic scaling. The IEADs values were then transformed using a base-
10 logarithm, which compresses the dynamic range while preserving the
distribution shape.

Data preparation of the IEADs is shown schematically in figure 16 reported in the
Appendix. In the case of multi-species, IEADs are arranged as a four-dimensional
(4-D) matrix [three-dimensional (3-D) matrix for each data point] as shown in
figure 16(b).
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2.5. Machine learning models
The two neural network paradigms considered in this work were the following.

(i) MultiLayer perceptron (MLP/ANN). Classical fully connected feed-forward
networks (Rumelhart, Hinton & Williams 1986; Bishop 1995) with input, hid-
den and output layers. While straightforward, MLPs require large parameter
counts to represent high-resolution distributions.

(ii) Convolutional neural networks (CNNs). Architectures that exploit spatial
structure by applying learnable filters across input data (LeCun et al. 1989,
2002; Alzubaidi et al. 2021). CNNs reduce parameter count, improve general-
isation and are particularly well suited to 2-D outputs such as IEADs (treated
as ‘images’).

MLP consists of interconnected nodes, known as neurons, organised in layers.
These layers typically include an input layer, one or more hidden layers and an
output layer. Information flows through the network from the input layer, where
data are fed into the model, through the hidden layers, where computations are per-
formed, to the output layer, which produces the model predictions or classifications.
Each connection between neurons is associated with a weight that determines the
strength of the connection. During the training process, these weights are adjusted
iteratively to minimise the difference between predictions and outcomes.

Because IEADs are inherently 2-D distributions with strong spatial correla-
tions, CNN-based methods were deemed essential. CNNs achieve regularisation by
using fewer connections than MLPs and regularised weights. For instance, while
a fully connected layer would demand an extensive number of weights to pro-
cess a high-resolution image, CNNs efficiently reduce this requirement. Moreover,
CNNs efficiently learn feature representations through filter optimisation, overcom-
ing challenges like vanishing and exploding gradients, while simultaneously reducing
computational complexity through hierarchical feature extraction.

2.6. Network architecture
For the reconstruction of IEADs, we developed a hybrid deep deconvolutional

neural network (DDeCNN) that combines MLP and CNN elements (schematic in
figure 3) structured as follows.

(i) MLP block. The input parameter vector passes through fully connected
layers, progressively expanding the feature space and capturing nonlinear
dependencies.

(ii) Reshape layer. The MLP output is reshaped into a low-dimensional matrix
suitable for convolutional operations.

(iii) Deconvolutional block. A sequence of transposed 2-D convolutional layers (or
informally, ‘deconv’ layers) progressively upsamples the matrix, doubling its
height and width at each stage while reducing depth. This reconstructs the 2-D
structure of the IEAD.

(iv) Final convolution. A 2-D convolutional layer reduces the output to one channel
(single-species) or multiple channels (multi-species), matching the number of
IEADs to be reconstructed.
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FIGURE 3. Hybrid deep deconvolutional neural network (DDeCNN) architecture used to con-
struct the machine learning surrogate model of ion energy–angle distributions (IEADs) from
hPIC2 data. The input vector includes up to 13 parameters (up to seven physical and up to
six numerical, listed in tables 1 and 2). These parameters are first processed through a multi-
layer perceptron (MLP), reshaped and passed into a sequence of transposed 2-D convolutional
(‘deconv’) layers that progressively upsample the feature maps to reconstruct the 2-D IEADs.
A final 2-D convolutional layer produces the output channels corresponding to the number of
ion species. ReLU activations (Fukushima 1969) are used throughout. The dashed blue box
highlights the subset of layers that are frozen and unfrozen during multi-fidelity (MF) training,
enabling knowledge transfer from low-fidelity to high-fidelity datasets.

The rationale for this choice is driven by the 2-D nature of the IEADs. Pure
MLPs are inefficient for large 2-D outputs, requiring excessive memory. Diffusion
models (Sohl-Dickstein et al. 2015) and transformers (Wu et al. 2021; Vaswani
et al. 2023), while powerful, are computationally costly and require much larger
training datasets. Deconvolutional CNNs exploit the structured nature of IEADs,
enabling accurate and efficient reconstruction with fewer trainable parameters. All
layers use the ReLU activation function (Fukushima 1969), which mitigates vanish-
ing gradients, introduces sparsity and preserves spatial continuity. Hyperparameters
(learning rate, number of layers, filter sizes, etc.) were tuned via random search
(Feurer & Hutter 2019). Dataset-specific hyperparameter selections are reported in
Appendix C.

Architecture enhancements. To extend the number of training data points in a given
dataset without running more expensive PIC simulations, data augmentation was
performed by extracting IEADs at different time steps and from different bound-
aries. This allowed expanding the dataset diversity at negligible cost and enabled the
reconstruction of time-dependent IEADs necessary for RF sheath problems.

We also tested multi-fidelity (MF) learning. Since the number of high-fidelity (HF)
data points available for training is limited, as shown in table 2, additional data can
be generated at a reduced computational cost using the MF framework. To reduce
reliance on expensive HF data, coarse-resolution hPIC2 simulations were used as
low-fidelity (LF) data. Training proceeded in three stages: (i) pre-train on LF data;
(ii) freeze early layers, retrain on HF data; and (iii) unfreeze all layers and fine-tune
on HF data with reduced learning rate. This approach efficiently transferred trends
from LF to HF, reducing overfitting and improving generalisation.
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2.7. Error evaluation
No single metric can fully characterise surrogate accuracy. Therefore, three com-

plementary error measures were used: the mean squared error (MSE), relative L2

norm error (RL2E) and the mean absolute error per pixel (MAE). Each of these met-
rics captures different aspects of model performance. MSE emphasises larger errors
due to its squared nature, making it sensitive to outliers and useful for identifying
occasional large deviations. RL2E provides a normalised measure of error relative to
the magnitude of the true data, which is helpful for comparing performance across
datasets or scales. MAE per pixel offers an intuitive average error per prediction
unit, giving a straightforward sense of overall accuracy.

MSE = 1
N × M

N∑
i=1

M∑
j=1

(
yij − ŷij

)2
, (2.3)

RL2E =
[∑N

i=1

∑M
j=1

(
yij − ŷij

)2]1/2

[∑N
i=1

∑M
j=1

(
yij

)2]1/2 , (2.4)

MAE = 1
N × M

N∑
i=1

M∑
j=1

∣∣yij − ŷij

∣∣ , (2.5)

where N and M are the dimensions of the 2-D output, yi j is the actual data value
of the i th angle and j th energy pixel indices, normalised between [0, ymax

i j ] (the
number of particles accumulated on each pixel, as simulated by hPIC2), and ŷi j is
the ML-predicted value. For consistency, predicted IEADs were first denormalised
(§ 2.4) and then rescaled by dividing by their maximum particle count, constraining
all values between 0 and 1.

2.8. Computational resources
The generation of training and testing datasets required large-scale computational

resources. All hPIC2 simulations were carried out on the University of Illinois
Urbana–Champaign (UIUC) Campus Cluster, where up to 40 nodes were employed.
Each node consisted of two Intel Xeon Processor E5-2670 v2 2.5 GHz with 10
cores each (20 cores per node) and 256 GB of RAM. On average, the generation
of one database listed in table 2 required approximately five days using 40 nodes
(∼100 000 CPU core-hours). Post-processing of the IEADs was performed using
a local workstation equipped with dual Intel Xeon Processor E3 v3 and 96 GB of
RAM.

Training and testing of the ML surrogate models were performed on GPU-
powered systems. The primary training runs were conducted on the MIT Plasma
Science and Fusion Center (PSFC) GPU cluster, where each node is equipped
with four NVIDIA V100 GPUs, while additional experiments were performed on
consumer-level equipment (NVIDIA GTX 1080 GPU) and industry-level high-end
clusters (NVIDIA H100 Tensor Core GPUs). All workflows, including preparation
of hPIC2 input files, post-processing of simulation outputs and ML model training,
were implemented in Python. Neural network architectures were constructed and
trained using the open-source libraries Keras (Chollet et al. 2015) and TensorFlow
(Abadi et al. 2015), with supplementary data handling and preprocessing performed
using scikit-learn (Pedregosa et al. 2011).
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FIGURE 4. Distribution of prediction errors for the thermal sheath database using the MAE
metric. Errors are classified into three categories: good (E < Ē), average (Ē < E � Ē + 3σE )
and poor (E > Ē + 3σE ). The majority of test cases fall in the good or average categories, with
fewer than 3 % identified as poor. Representative cases from each category (labelled a, b, c) are
highlighted and shown in detail in figure 5.

3. Results
3.1. Thermal plasma sheaths

The surrogate model was first evaluated under thermal sheath conditions for
a single-species hydrogen plasma. This case was chosen as an initial benchmark
because the resulting IEADs are relatively simple. The distributions can be described
by a small set of parameters and they typically exhibit a single peak.

The training dataset consisted of 625 data points sampled uniformly across four
free parameters: electron-to-ion temperature ratio (Te/Ti ), magnetic field strength
B, plasma density ne and magnetic field inclination angle ψB . Approximately 10 %
validation split was applied, yielding 560 training samples and 65 testing samples.
Hyperparameters for the DDeCNN model were selected through random search,
with details provided in table 8 (Appendix C). Model performance was assessed
using the three error metrics defined in § 2.7 (MAE, MSE and relative L2 norm).
For each metric, prediction errors were sorted and grouped into three categories:
good (E < Ē), average (Ē < E � Ē + 3σE ) and poor (E > Ē + 3σE ), where Ē is the
mean error and σE its standard deviation. Figure 4 illustrates this classification using
MAE as the error measure, with representative cases from each category (labelled
a, b, c) shown in figure 5.

Overall, the ML surrogate reproduced the IEADs with high fidelity.
Approximately 60 % of the test cases fell into the ‘good’ category, while fewer than
3 % were classified as ‘poor’ predictions (table 3). The small number of poor cases
was primarily associated with simulations where the number of accumulated parti-
cles was too low, leading to noisy IEADs. In these situations, the ML model tended
to smooth the noise because convolutional kernels inherently impose spatial coher-
ence due to their shared-weight architecture, producing smoother but slightly biased
reconstructions. Figure 5 compares three representative examples of ML predic-
tions with the corresponding hPIC2 distributions. Case A (‘good’) demonstrates
excellent agreement in both the peak and the tails of the IEAD. Case B (‘average’)
shows moderate deviation but still reproduces the overall distribution shape. Case C
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(a) (b)

(c)

FIGURE 5. Comparison between hPIC2 IEADs (left column), ML surrogate predictions (middle
column) and map of the difference between the IEADs of hPIC2 -ANN (right column) for three
representative thermal sheath cases selected from figure 4. Case A (‘good’) illustrates excellent
agreement, with the surrogate accurately reproducing both the peak and tails of the distribution.
Case B (‘average’) demonstrates moderate deviations while maintaining the overall distribution
shape. Case C (‘poor’) corresponds to a poor prediction. The associated MAE for examples A,
B and C are 0.0067, 0.0191 and 0.0376 respectively.

(‘poor’) highlights the defects of a poor prediction; here, the original hPIC2 result
was dominated by noise, which the ML model partially smoothed, but could not
fully recover.

Additional evaluation using the MSE and relative L2 norm confirmed the robust-
ness of these results. According to the MSE metric, 63 % of predictions were
classified as good, 33 % as average and 3 % as poor. Using the L2 norm, the cor-
responding values were 70 %, 28 % and 2 %, respectively (table 3). These consistent
statistics across multiple metrics confirm that the DDeCNN surrogate is able to
reliably reproduce thermal sheath IEADs at a fraction of the computational cost of
PIC. Table 3 shows a summary of error brackets for different metrics. More details
on error statistics can be found in table 6 in Appendix B.

3.2. RF plasma sheaths

3.2.1. Single-species RF sheaths
The surrogate model was first tested for single-species deuterium plasmas in the pres-
ence of RF sheaths. Compared with the thermal sheath case, RF sheaths present
a significantly more challenging prediction task. The oscillatory sheath potential
introduces strong temporal modulation of ion acceleration, resulting in structured
IEADs with multiple characteristic features. Instead of a single, nearly symmet-
ric distribution, the RF IEADs exhibit broad energy spreads, RF-phase-dependent
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Model Error metric % Good cases % Average cases % Poor cases
Thermal MAE 60.5 37.3 2.2

MSE 63.2 33.4 3.36
L2 69.7 28.32 1.92

RF (DA + MF) MAE 63 36 1
MSE 68 30 2
L2 66 33 1

Five species RF MAE 65.97 32.65 1.47
(hybrid SSIM loss) MSE 67.43 30.87 1.70

L2 65.59 33.35 1.06

TABLE 3. Summary of the distribution of error brackets across all points in the thermal sheath
dataset and RF sheath testing datasets based on various error metrics.

angular anisotropy and, in many cases, multi-peaked structures associated with ion
mobility in the oscillating sheath. These features are particularly important for PMI
studies, as they directly influence sputtering yields and surface modification. To
address the added complexity of RF sheaths, we investigated more advanced surro-
gate modelling strategies, namely data augmentation (DA), multi-fidelity (MF) and
a combined DA + MF approach.

Construction of the RF database for DA and MF models. The RF database was
constructed by sampling six physical parameters (Te, Ti , n, B, ψB and Vpp) and six
numerical parameters (dx , x , dt , t , Npart, Nsteps), as summarised in table 1. Although
the numerical parameters are not strictly free inputs, their inclusion significantly
improved prediction accuracy (see Appendix A). Additional training data were gen-
erated through augmentation of existing simulations, leading to the DA model. An
MF learning strategy was also employed, using two datasets: an LF dataset (dataset
5, table 2) and an HF dataset (dataset 3, table 2). The LF dataset, generated with
coarse discretisations, initially contained 4995 cases, expanded via augmentation to
124 812. The HF dataset, generated with fine discretisations, contained 1579 cases,
expanded to 38 732. For testing, a separate HF-resolution dataset of 100 cases was
generated and augmented to 2475 cases.

Training the DA and MF models. Training the MF model required careful hyper-
parameter optimisation due to its multi-stage design: (i) training on LF data; (ii)
transfer learning on HF data; and (iii) hyperparameter fine-tuning. Additional hyper-
parameters specific to MF, such as the number and location of frozen/unfrozen
layers, were optimised during this process. When DA was combined with MF, a
new set of hyperparameters was required. The DA model suffered from overfitting
due to redundancy in the augmented data, and thus required fewer training epochs.
A random search strategy was used for hyperparameter tuning of both DA and
MF + DA models. The final selected hyperparameters are summarised in table 9.
After tuning, each model was retrained, and figure 6 shows how the MF model sys-
tematically outperformed the baseline by reducing the loss (MAE) across all training
stages.

Comparison across models. Figure 7 presents a systematic comparison of model
accuracy using box-and-whisker plots of MAE. From left to right, the figure com-
pares: the baseline model (no DA/MF), the DA model, the MF model and the
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FIGURE 6. Evolution of the training loss function (MAE) during multi-fidelity (MF) training,
compared with the baseline model. The three MF stages are shown: (i) initial training on the
low-fidelity (LF) dataset; (ii) transfer learning on the high-fidelity (HF) dataset with partial layer
freezing; and (iii) fine-tuning on HF data with all layers unfrozen. Each step yields systematic
improvement over the baseline, demonstrating the effectiveness of the MF strategy.

combined MF + DA model, with ‘last step’ variants
1

also shown for DA and
MF + DA. While the baseline model performed reasonably well, both DA and MF
reduced the mean and median MAE by approximately 50 % compared with the
baseline model, with MF achieving slightly better results. Combining DA and MF
further reduced the error by another 50 % relative to the already improved result.
Variance was moderately reduced in the DA model and strongly reduced in MF and
MF + DA. Interestingly, MF + DA did not substantially outperform MF alone in
terms of mean and variance, but produced a more stable error distribution. Figure 9
shows a representative example where the surrogate accurately reproduced double-
peak features caused by RF rectification. In most cases, the MF approach provided
sufficient accuracy for practical applications, though both DA and MF introduced
additional computational overhead: LF data generation increases simulation cost for
MF, while DA greatly enlarges the training dataset, requiring efficient data handling.
Notably, DA can emulate IEADs across multiple time steps, making it particularly
valuable when transient behaviour is of interest. Trends observed in the MAE were
consistent with those for MSE and L2 error, as shown in figure 8. More details on
error statistics can be found in table 7 in Appendix B.

Time dependence. Some applications, such as RF-phase-resolved sputtering, tur-
bulence studies and other plasma transient processes, require time-resolved IEADs.
To evaluate model performance across time, we analysed the temporal evolution of
MAE in the test dataset (figure 10). Combining MF with DA consistently reduced
overall prediction error compared with DA alone, though the relative trends in
error were preserved. High-error cases proved intrinsically more difficult to emulate,
independent of the model. Elevated errors at early time steps were attributed to:
(1) low particle statistics, which increase noise in the reference PIC data; and

1
The last step variant refers to samples taken from the final time step of the data point, without data

augmentation, matching the baseline model data point.
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FIGURE 7. Box-and-whisker comparison of the mean absolute error (MAE) for IEAD predic-
tions for single-species RF sheaths across different surrogate models: baseline, data-augmented
(DA), multi-fidelity (MF) and the combined DA + MF approach. Models trained on augmented
datasets were also evaluated on the original data points (‘last step’ cases). In each plot, the cen-
tral line marks the median, the red dot indicates the mean, the blue box spans the interquartile
range (50 % of the data), whiskers extend to the minimum and maximum values, and black cir-
cles denote outliers. Both DA and MF substantially reduce error relative to the baseline, with
MF + DA providing the most stable error distribution.

(2) transient plasma states, which reduce the representativeness of training sam-
ples. In some cases, errors increased at later stages, coinciding with the appearance
of secondary peaks in the IEADs due to sheath rectification, which added structural
complexity.

The surrogate models for RF sheaths also demonstrated strong predictive capa-
bility for single-species RF sheaths. Data augmentation and multi-fidelity strategies
each improved accuracy relative to the baseline, with MF providing the most con-
sistent gains and DA offering advantages for time-dependent cases. The combined
MF + DA approach yielded the most stable error distributions, though at the cost
of additional data preparation and training complexity.

To address whether it is more beneficial to increase the number of HF simula-
tions or to adopt an MF modelling approach, we considered both structure and
computational cost of our datasets. The MF approach offers clear advantages in our
context. Although HF simulations provide highly accurate results, they are computa-
tionally expensive; each HF run takes approximately three times longer than an LF
simulation. By leveraging both LF and HF data, the MF model efficiently uses the
broader coverage of the LF dataset while preserving the precision of the HF data.
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FIGURE 8. Distribution of error metrics for the training (red) and testing (blue) datasets. Data
points within three standard deviations of the mean are shown for both MAE and L2 error
(EMAE(i)� 3σMAE, EL2(i)� 3σL2), while cases exceeding 3σ in MSE are marked with an
‘X’. Representative cases were identified using a weighted average of all three error metrics:
the best, average and worst predictions in the training set are labelled A, B and C, respectively,
while those in the testing set are labelled D, E and F. Detailed comparisons for these cases are
provided in figure 9.

Importantly, both datasets are generated using the same code (hPIC2) and resolve
the physics accurately, with LF simulations already meeting high-quality standards
(∼2000 particles per cell) and HF simulations further reducing PIC noise (∼10 000
particles per cell). The strong correlation between LF and HF data enables the MF
model to learn effectively from both sources. Additionally, the MF framework sup-
ports transfer learning, allowing the model to generalise across a wider parametric
space or adapt to related tasks with minimal additional cost. These factors make the
MF approach a more scalable and resource-efficient strategy compared with simply
increasing HF samples.

To further evaluate the performance of the surrogate models, the sputtering yields
computed using IEADs generated by hPIC are compared with those reconstructed
using the surrogate models, as shown in figure 11. The comparison includes both the
training and testing datasets, and considers two variations of the surrogate model:
the basic model and the multi-fidelity model. The sputtering yield at each point in
the IEAD is calculated using the methods described by Yamamura & Shindo (1984)
and Yamamura & Tawara (1996), demonstrating the robustness of the surrogate
models in accurately predicting sputtering yields.

3.2.2. Multi-species RF sheaths
A more demanding test of the surrogate model involved plasmas containing multi-
ple ion species in the presence of RF sheaths. Multi-species effects are ubiquitous in
fusion-relevant plasmas, arising from fuel composition (D–T), fusion products (He4),
minority heating (He3), intrinsic impurities (W, B, etc.), wall recycling and impurity
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FIGURE 9. Example of IEAD predictions for a single-species RF sheath. The first row compares
the reference distribution from hPIC2 (left) with the surrogate predictions from the baseline,
data-augmented (DA), multi-fidelity (MF) and combined DA + MF models. The second row
shows the corresponding residual error distributions for each model. The MF and DA + MF
approaches most accurately reproduce the reference IEAD, including key features such as
RF-induced broadening and multi-peaked structure, while also yielding smaller residuals.
(Additional examples in figure 17.)

seeding. Under RF sheath conditions, these mixtures generate particularly complex
IEADs: each ion species responds differently to the sheath potential depending
on its charge-to-mass ratio, leading to species-dependent broadening, overlapping
distributions and modified angular anisotropy.

For this problem, we adopted dataset 4 in table 2, corresponding to a case with
helium-3 minority heating. The surrogate was trained to emulate IEADs for five
species simultaneously: [D, T,O,He3,W]. Because the minority He3 population
can reach temperatures well above the bulk ions, the helium-3 temperature THe3

was included as an additional input parameter, defined as a multiple of the bulk
ion temperature in the range THe3 = [1−10]Ti . Unlike the single-species case, the
outputs consisted of multiple IEADs, one per species, stored in separate output
channels. This required a multi-output formulation of the surrogate, with the final
convolutional layer producing multiple channels in parallel. Such a design ensured
that correlations among species (e.g. common broadening due to the same sheath
potential) were captured.

Training of multi-species problems. Training used 1995 independently generated
cases and 100 test cases. Hyperparameter optimisation was performed via random
search, with modifications introduced to handle the higher dimensionality of the
multi-species problem (see table 10). The architecture was expanded to accommodate
the multi-output design and the choice of loss function was carefully examined, since
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(a)

(b)

FIGURE 10. Heatmaps of the mean absolute error (MAE) on the testing dataset as a function
of time step. Results for (a) the stand-alone data-augmented (DA) model and (b) the combined
DA + MF model. Colour bars indicate the error range, with markers denoting the maximum and
minimum values for each model. The DA + MF approach reduces overall errors compared with
DA alone, while preserving the temporal trends in model performance.

accurate representation of all species simultaneously required more than standard
point-wise error minimisation.

Loss function comparison. Several loss functions were evaluated (figure 12): mean
absolute error (MAE), mean squared error (MSE), Wasserstein loss (Frogner et al.
2015), Huber loss, structural similarity index measure (SSIM) and a custom hybrid
SSIM–MAE loss. The hybrid loss combined pixel-wise accuracy with structural
fidelity:

LHybrid = α ·LSSIM + (1 − α) ·LMAE, α = 0.5, (3.1)

where LSSIM = C − SSIM and C is a normalisation constant (typically C = 1).
Neither MAE nor SSIM alone was sufficient. When training with these metrics,
the model prioritised certain species while neglecting others, resulting in incomplete
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(a) (b)

FIGURE 11. Comparison of sputtering yields calculated from distributions obtained using the
ML surrogate model (y-axis), against sputtering yields obtained from PIC distributions (x-axis),
for (a) training dataset and (b) testing dataset of RF sheath. Agreement between the two predic-
tions is along the black dashed line. In each panel, two variations of the surrogate models are
reported, namely basic model (light blue), and multi-fidelity model MF (light orange). Outlier
cases classified as ‘poor’ predictions (<1.85 % for the basic model and <0.49 % for the MF
model) have been highlighted in dark blue and dark red.

FIGURE 12. Box plot comparing the performance of different loss functions in emulating the
IEADs of five species. Performance is evaluated using the mean absolute error (MAE), averaged
over all species, showing both training and testing datasets. The loss functions compared, from
right to left, are mean squared error (MSE), mean absolute error (MAE), Wasserstein loss, Huber
loss, structural similarity index measure (SSIM) and a hybrid SSIM–MAE loss.
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or blank IEADs. By contrast, the hybrid SSIM–MAE consistently outperformed the
alternatives, producing lower mean error while preserving distributional structure.
Huber and MSE achieved more constrained error distributions (lower variance), but
at the expense of structural fidelity. Wasserstein performed worst overall. Figure 13
illustrates a representative case, comparing hPIC2 reference distributions (top row)
with surrogate predictions trained under different losses. Models using the hybrid
SSIM–MAE loss qualitatively preserved the multi-species features more effectively.
Quantitatively, both MAE and L2 error metrics confirmed the superiority of the
hybrid approach.

Species-dependent error behaviour. While figure 12 reports prediction error aver-
aged over all species, figure 14 highlights error distributions for each species. Certain
cases (e.g. #58, #67, #76) were consistently more challenging across all species,
reflecting higher intrinsic complexity. Errors were generally larger for high-Z species
such as oxygen and tungsten, due to their stronger acceleration across the sheath
potential. These ions undergo significant adiabatic cooling, producing narrower
IEADs that are more sensitive to small deviations, which amplifies error metrics
relative to broader distributions.

Overall, the surrogate successfully emulated IEADs for all five species simultane-
ously, provided that an appropriate architecture and loss function were used. The
hybrid SSIM–MAE loss offered the best balance between structural fidelity and
low error, while alternative losses performed less consistently. Species with narrow
distributions (e.g. tungsten) were more sensitive to prediction deviations, but the
surrogate captured their main features reliably.

3.3. Time gain
A key advantage of the ML surrogate models lies in their dramatic reduction

of computational cost relative to full PIC simulations. Generating a single IEAD
with hPIC2 typically requires of the order of 12–24 h of wall-clock time on multiple
CPU/GPU nodes, depending on plasma parameters and numerical resolution. In
contrast, once trained, the DDeCNN surrogate can reproduce the same IEAD in
less than one millisecond on a single GPU or less than a second on a standard CPU
workstation. This corresponds to a speedup of approximately six to seven orders of
magnitude.

Table 4 shows a summary of the time required for: (i) dataset generation (an
indication of total time spent on running PIC simulations); (ii) ML training; and
(iii) ML prediction, for each of the databases used in this work. The time needed
to generate each dataset can vary dramatically based on the number of data points
in the database, numerical parameters (see table 5), number of input parameters
and their ranges, and computer architecture used for data generation. Generally
speaking, each of the eight databases of table 2 took ∼5 days to be generated using
40 nodes of the UIUC campus cluster (100 000 CPU core-hours). Time required
for training also varies dramatically based on the size of data, the complexity of the
architecture, number of epochs, etc.; a summary is reported in table 4. Training of
the multi-species RF model is slightly more time consuming due to the increased
complexity of the architecture used for that database. However, time required to
train the DA models is significantly longer, due to the very large size of the database
used for that model. Regardless of the specific surrogate architecture, the prediction
time per data point remains nearly constant and depends only on the underlying
GPU hardware, as illustrated in figure 15.
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FIGURE 13. Example of IEADs for a five-species plasma, comparing the reference hPIC2 results
(top row) with surrogate predictions obtained using different loss functions (subsequent rows),
illustrating the predictive performance of each loss function and the overall performance of the
ML model for the multi-species RF sheath case. Superior accuracy in multi-species problems is
obtained for the hybrid SSIM–MAE loss function.
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(a) (b)

FIGURE 14. (a) Heatmap of the L2 error for each species across all cases in the testing dataset,
highlighting species-specific error trends. (b) Bar plot of the mean absolute error (MAE) for
each case, averaged over all species from the heatmap. Together, these plots show both case-
by-case and species-resolved variations in prediction accuracy, emphasising that certain species
and cases are intrinsically more challenging to emulate.

To emphasise the impact of this scalability, we considered a realistic application,
computing IEADs across a detailed 3-D mesh made of 230 k surface nodes of
an Ion Cyclotron Resonance Heating (ICRH) actuator, similar in geometry to the
one in use within the WEST tokamak. This example was chosen for the geometri-
cal complexity of the plasma-facing surfaces, due to the presence of RF limiters,
Faraday rods, septa and corners within the RF actuator. Using hPIC2, such a
calculation would require an estimated ∼1000 days of runtime on 40 nodes of
the UIUC Campus Cluster. In contrast, the ML surrogate developed in this work
reduces the same task to less than 2 minutes on a single GPU workstation. This
result demonstrates the enormous efficiency gain achieved without compromising
the fidelity of the original PIC model, enabling practical integration into device-scale
PMI studies and design workflows. The implications of this gain are significant.
Large-scale PMI studies often require IEADs to be evaluated at thousands of surface
locations, under a wide variety of plasma conditions. Using direct PIC simulations
for such studies is computationally prohibitive, since generating even 1000 IEADs
would require several months of continuous use of a large computing cluster. By
contrast, the surrogate can generate the same number of IEADs within minutes,
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Model Data generation
time [hr case−1]

Training time‡ Prediction time
[ms case-1] ¶

Thermal [2−10] ∼20 [min] ∼0.4
RF single-species Basic model ∼20 [min] ∼0.25

Data-augmented ∼3.5 [hr] ∼0.25
Multi-fidelity Step 1: low-fidelity HF: [6−48] ∼30 [min] ∼0.25

Step 2: high-fidelity ∼500 [s]
Step 3: hyper-tuning ∼100 [s]
Total ∼40 [min]

Multi-fidelity + Step 1: low-fidelity LF: [2−18] ∼3.5 [hr] ∼0.25
Data-augmented Step 2: high-fidelity ∼2.4 [hr]

Step 3: hyper-tuning ∼36 [min]
Total ∼6.35 [hr]

RF multi-species [6−52] ∼35 [min] ∼0.85

TABLE 4. Summary of the time required to train the ML models discussed in §§ 3.1 and
3.2, including the time required to train each step in the multi-fidelity models. Also showing
emulation time for each IEAD following the training of the models.†

†Times listed in the table are based on NVIDIA RTX-1060Ti GPU for both training and prediction.
‡Based on NVIDIA RTX 1060 GPU.
¶For the entire dataset, based on NVIDIA RTX 1060.

Symbol Meaning Affected parameters
NP PC Number of particles per cell Nparts
Nr Minimum number of Larmor radii in the domain x, dx, Ncells, Nparts, t , dt
NλD Minimum number of Debye lengths in the domain x, dx, Ncells, Nparts, t , dt
Npp,Tg Number of points per gyro-period dt , Nsteps
Npp,TRF Number of points per RF cycle dt , Nsteps
Npp,λD Number of points per Debye length Ncell s, Nparts
NTi Number of ions transient time t , Nsteps
NRF Minimum number of RF cycles Nsteps, t

TABLE 5. User defined parameters that control the constrains. Parameters affected directly are
highlighted in bold.

enabling detailed PMI modelling and sensitivity studies that would otherwise be
infeasible.

The efficiency gain is further amplified when considering parameter scans and
optimisation studies. For example, in designing RF antenna systems for fusion
reactors, the RF sheath response must be evaluated across a multi-dimensional
parameter space involving density, temperature, magnetic field, RF voltage and
geometry. Traditional PIC-based approaches can only afford to sample this space
sparsely, whereas the surrogate allows dense sampling and RF-phase-resolved explo-
ration. This makes it possible to perform probabilistic uncertainty quantification,
surrogate-based optimisation and real-time coupling of sheath models with system-
level codes.
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FIGURE 15. Inference time required to emulate multi-species IEADs with the ML surrogate,
compared across CPU and several GPU architectures (RTX 1080 Ti, A10, A100 and H100). GPU
acceleration reduces prediction time per case from seconds on CPU to milliseconds on modern
GPUs, enabling six to seven orders of magnitude speedup relative to full PIC simulations. All
time measurements are taken with the GPUs configured to run in double precision.

4. Conclusions

This work has demonstrated the development and application of machine learning
surrogates for predicting ion energy–angle distributions (IEADs) in fusion-relevant
plasma sheath conditions. Using data generated from the hPIC2 particle-in-cell code,
we constructed and trained a deep deconvolutional neural network (DDeCNN)
capable of accurately reproducing IEADs for both thermal and RF sheath regimes,
including up to 13 input variables and up to five distinct plasma species.

The surrogate achieved high fidelity across a broad parameter space. For thermal
sheaths, more than 97 % of test cases were classified as good or average predictions
across multiple error metrics, with poor cases (<3 %) occurring only in situations
where hPIC2 results were affected by small statistical noise. For RF sheaths, which
produce more structured, multi-peak IEADs, prediction accuracy remained robust,
with 99 % of single-species and 98 % of multi-species test cases categorised as good or
average. We show that the ML surrogate can reliably capture both the phase-space
structure and magnitude of RF-driven IEADs.

In our work, we also explored several more advanced techniques, including data
augmentation (DA) and multi-fidelity (MF) approaches. These methods enhanced
the model’s ability to emulate complex distributions and allowed for significant
reduction in training data requirements. Despite the limited number of training
data points in some cases, the model demonstrated excellent performance, achieving
high fidelity in predicting IEADs while maintaining inference times of the order of
milliseconds. The DA approach, in particular, proved effective in capturing time-
dependent behaviour, necessary for RF sheaths, making it especially promising for
future studies involving transient plasma dynamics, such as transients, turbulence,
etc.
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Of particular relevance to practical applications, the ML surrogate delivers orders-
of-magnitude improvement in computational efficiency. Once trained, the DDeCNN
reproduces IEADs in milliseconds on a workstation, compared with hours or days
required for PIC simulations on a supercomputing cluster. This corresponds to a
speedup of six to seven orders of magnitude, effectively transforming IEAD gen-
eration from a computational bottleneck into a routine step that can be seamlessly
integrated into larger whole-device frameworks. Such a gain makes it feasible to
evaluate IEADs at thousands of wall locations, perform dense parameter scans,
and couple sheath predictions directly with other PMI and erosion models. The
ML surrogates developed in this study enable the incorporation of ion impact dis-
tributions, evaluated with PIC-level accuracy, into multiscale PMI modelling and
reactor-relevant design studies.
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Appendix A. Quantitative constraints on numerical parameters
After generating the training and testing datasets through structured sampling of

the free parameter space, each hPIC2 simulation configuration is evaluated using a
set of logical conditions designed to enforce constraints on the numerical parameters.
These constraints ensure that the simulations are sufficiently well resolved. The user-
defined parameters that control the strictness of these constraints are listed in table 5.
The specific numerical requirements are discussed as follows.

The size of the domain x and element size dx are computed based on the Debye
length of the multi-species plasma λD given by (A1) and the maximum value of
Larmor radii r j of all ion species given by (A2), where ε0 is the permittivity of free
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space; K B is Boltzmann constant; e is the elementary charge; ne is plasma density;
Te is electron temperature; B is the magnetic field strength; and Z j , n j and T j

i are
respectively the charge, density and temperature of the j th ion species. Here, v j

⊥ is
the speed perpendicular to the magnetic field, which is approximated as the most

probable thermal speed of the j th ion species given by v j
⊥ =

√
2T j

i /m j . Therefore,
dx is always selected as one Debye length λD and the domain size x is the largest of
500 λD or 3 times the largest value of rL .

λD =
(

ε0K B/e2

ne/Te +∑
j Z j n j T j

i

)1/2

, (A1)

rmax = max(r j)= max

(
m jv

j
⊥

Z j eB

)
. (A2)

Using (A1) and (A2), and the user defined parameters in table 5, the domain size
x is computed as follows:

x = max
[
NλD × λD, 3 × max

(
r j
)]
, (A3)

and the element size is calculated using the value of points per Debye length Npp,λD .
In the case where NλD × λD � 3 × max(r j), Npp,λD = NλD or

dx = Npp,λD (x/λD). (A4)

Four constraints are enforced on the time step dt . The constraints are denoted as,
thermal time step dtth, gyro time step dtg, RF sheath ion transient time dtRF and RF
period sampling frequency dtT . The degree at which the constraints are enforced is
controlled by the user-defined parameters as shown in table 5.

Following the determination of dx , dtth is computed as follows:

dtth = dx

3vth
. (A5)

The frequency of gyro-period sampling is defined using Npp,Tg . Then, dt j
g is then

computed using (A6), such that τg = 2π/ωc is the gyro-period and ωc is the cyclotron
frequency of the j th species given by (A7),

dt j
g = τg

Npp,Tg

, (A6)

ω j
c = Z j eB

m j
i

. (A7)

RF sheath ion transient time dtRF is computed according to (A8), where a j shown
in (A9) is the accelerating of the j th ion species given the peak value of the RF
sheath, Es is the maximum RF electrical field shown in (A10) and L is the estimated
length of the RF sheath. The latter is estimated as L = 10λD.

dt j
RF =

√
dx

2a j
, (A8)

a j = eZ j Es

m j
i

, (A9)
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Es = 2Vpp/L . (A10)

RF period sampling frequency dtT is computed as follows:

dtT = τRF

Npp,TRF

. (A11)

Finally, dt to be used in each simulations is computed according to the following
equation:

dt = min
[
dtth, min

(
dt j

g

)
, min

(
dt j

RF

)
, dtT

]
. (A12)

Once dt is computed via (A12), the total simulation time t can be computed
according to another three restrictions; the total number of ion transient time NTi ,
total number of RF cycles NRF and a predefined minimum number of time steps.

The ion transit time is computed using (A13), such that ψB is the magnetic field
inclination angle with respect to the surface normal,

Ti = x

vth cosψB
. (A13)

Then, the total simulation time is computed according to the following equation:

t = max
[
NTi Ti , NRF/ fRF, Nsteps

]
(A14)

and the number of time steps is simply

Nsteps = int(t/dt). (A15)

A.1. Normalisation applied on the IEADs
To use DDeCNN architecture, the IEADs generated using hPIC2 simulations

should satisfy the following requirements.

(i) The number of elements in the energy and angle dimensions should be a power
of 2.

(ii) The maximum energy bin should be chosen such that all the particles
accumulated during the simulation have energy below that value.

(iii) The number of elements should be fixed for all simulations.

To satisfy requirements (i) and (iii), the number of bins in the angle axis was
set to 128 bins with range [0,90] degrees. However, the number of energy bins
was fixed to 257 bins, where the maximum energy bin acts as a sink and will be
removed during the post-processing. It should be noted that the number of bins can
be changed during the data generation stage if more resolution is needed. However,
as the number of bins increases, the training and sampling computational cost of the
ML model increases.

While requirements (i) and (iii) should be fixed for all species, this is not the case
for requirement (ii). To satisfy requirement (ii), the maxima energy bin for the j th
species in a given input vector is computed according to (A17). The first term of
(A17) accounts for the thermal distribution of the ions’ source, with an average
energy distribution of 3

2 Ti , the latter is multiplied by 3 to account for the high energy
portion of the distribution, and then multiplied by 2 as a factor of safety. The last
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Data type Error type Mean Standard-deviation Max
Testing data MAE 0.0224 0.0118 0.0562

MSE 2.52 × 10−3 2.71 × 10−3 0.0107
RL2 0.2539 0.1989 0.8423

Training data MAE 0.0182 0.0110 0.0657
MSE 1.58 × 10−3 1.79 × 10−3 0.0127
RL2 0.1764 0.6062 0.7569

TABLE 6. Statistics of reconstruction errors for the ML model trained on 4-D thermal sheath
data, detailing the reconstruction errors of IEAD compared with the original data for both
testing and training dataset.

(a) (b)

FIGURE 16. Data preparation of the ML model, showing the procedure for (a) single-species
and (b) multi-species.

term of (A17) accounts for the energy gained by an ion located at the centre of the
domain as it is accelerated by the RF E-field at its peak voltage Vpp, with a value
estimated as 2Z j Vpp and multiplied by a safety factor of 0.25.

eφw
K B Te

= −1
2

ln
(

mi/me

2π(1 + Ti/Te)

)
, (A16)

E j
max = 9T j

i + 2.25Z j
(
φ j
w + Vpp

)
. (A17)

The middle term of (A17) given by (2.25Z jφ j
w) accounts for the total energy

gained by an ion located in the middle of the domain as it is accelerated by the
floating wall potential φw of the thermal plasma sheath given by (A16). A factor of
1.7 was added to account for the plasma pre-sheath. For simplicity, the factor 2.25
was used instead.
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Appendix B. Statistics of prediction errors for the ML model

Dataset Error metric Model Mean Standard-
deviation

Max

Test MAE Basic model 1.79×10−2 1.35 ×10−2 8.45 ×10−2

MF 1.08 ×10−2 7.54 ×10−3 3.86 ×10−2

DA (last step) 1.20 ×10−2 8.59 ×10−3 3.91 ×10−2

DA + MF (last step) 8.73 ×10−3 4.88 ×10−3 2.64 ×10−2

DA 1.17 ×10−2 8.92 ×10−3 6.58 ×10−2

DA + MF 8.48 ×10−3 4.86 ×10−3 4.29 ×10−2

MSE Basic model 2.67 ×10−3 3.49 ×10−3 2.36 ×10−2

MF 1.11 ×10−3 1.30 ×10−3 6.54 ×10−3

DA (last step) 1.39 ×10−3 1.76 ×10−3 9.04 ×10−3

DA + MF (last step) 7.29 ×10−4 7.48 ×10−4 4.24 ×10−3

DA 1.37 ×10−3 2.08 ×10−3 2.32 ×10−2

DA + MF 7.01 ×10−4 8.02 ×10−4 8.57 ×10−3

L2 Basic model 3.04 ×10−1 2.40 ×10−1 1.86 ×100

MF 2.00 ×10−1 1.67 ×10−1 1.34 ×100

DA (last step) 2.19 ×10−1 2.07 ×10−1 1.76 ×100

DA + MF (last step) 1.68 ×10−1 1.33 ×10−1 9.60 ×10−1

DA 2.12 ×10−1 1.93 ×10−1 1.76 ×100

DA + MF 1.62 ×10−1 1.23 ×10−1 1.14 ×100

Train MAE Basic model 1.13 ×10−2 8.09 ×10−3 9.64 ×10−2

MF 6.55 ×10−3 5.49 ×10−3 9.86 ×10−2

DA (last step) 4.87 ×10−3 3.62 ×10−3 3.78 ×10−2

DA + MF (last step) 4.55 ×10−3 3.40 ×10−3 3.77 ×10−2

DA 4.59 ×10−3 3.59 ×10−3 5.40 ×10−2

DA + MF 4.34 ×10−3 3.52 ×10−3 5.85 ×10−2

MSE Basic model 1.14 ×10−3 1.78 ×10−3 4.06 ×10−2

MF 4.62 ×10−4 1.45 ×10−3 4.44 ×10−2

DA (last step) 2.18 ×10−4 3.07 ×10−4 5.38 ×10−3

DA + MF (last step) 1.94 ×10−4 2.91 ×10−4 6.14 ×10−3

DA 1.98 ×10−4 3.27 ×10−4 1.17 ×10−2

DA + MF 1.82 ×10−4 3.31 ×10−4 1.26 ×10−2

L2 Basic model 2.67 ×10−1 1.27 ×100 3.64 ×101

MF 1.97 ×10−1 1.38 ×100 3.81 ×101

DA (last step) 8.43 ×10−2 5.04 ×10−2 7.14 ×10−1

DA + MF (last step) 7.95 ×10−2 4.61 ×10−2 6.34 ×10−1

DA 7.83 ×10−2 4.60 ×10−2 9.52 ×10−1

DA + MF 7.48 ×10−2 4.63 ×10−2 9.22 ×10−1

TABLE 7. Statistics of reconstruction errors for the ML model trained on the single-species RF
sheath dataset. The table reports reconstruction errors of the IEAD compared with the original
data for both the training and testing datasets. It includes results for different model variants:
the baseline model, the multi-fidelity (MF) model, the data-augmented (DA) model and the
combined MF + DA model. The ‘last step’ variant shows the reconstruction error when using
only the original data (without augmentation).
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Appendix C. ML models hyper-parameters details

Hyper-parameters Selected value
No. of hidden layers in the MLP part 2
Dimensions of hidden layers in the MLP part 128, 8192
No. of epochs 500
Batch size 64
Stride size (transposed convolutional layers) 2 × 2
Kernel size (transposed convolutional layers) 4 × 4
Padding size (transposed convolutional layers) Same
Stride size (convolutional layers) 1 × 1
Kernel size (convolutional layers) 4 × 4
Padding size (convolutional layers) Same
Learning rate 0.0005
Optimiser Adam †

TABLE 8. Summary of hyper-parameters used to train the ML model on the single-species,
thermal sheath dataset.

†Kingma & Ba (2014).

Appendix D. Additional results

Hyper-parameters Training step/selected value
LF

(+DA)
HF

(+DA)
MF

(+DA)
Baseline
(+DA)

No. of epochs 350 (150) 250 (100) 50 (25) 600 (275)
Batch size 256 128 128 128
Learning rate 5 × 10−4 5 × 10−4 5 × 10−5 5 × 10−4

Layers to freeze/unfreeze [1−3] N/A
No. of hidden layers in the MLP part 2
Dimensions of hidden layers in the
MLP part

128, 16,384

Stride size (transposed convolutional
layers)

2 × 2

Kernel size (transposed convolutional
layers)

4 × 4

Padding size (transposed
convolutional layers)

Same

Stride size (convolutional layers) 1 × 1
Kernel size (convolutional layers) 4 × 4
Padding size (convolutional layers) Same
Optimiser Adam‡

TABLE 9. Summary of hyper-parameters used to train the multi-fidelity and the data-
augmented (DA) models on the single-species, RF sheath dataset. Values inside brackets show
the value when DA model is included.

‡Kingma & Ba (2014).
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Hyper-parameters Selected value
No. of hidden layers in the MLP part 2
Dimensions of hidden layers in the MLP part 128, 16384
No. of epochs 1500
Batch size 64
Stride size (transposed convolutional layers) 2 × 2
Kernel size (transposed convolutional layers) 4 × 4
Padding size (transposed convolutional layers) Same
Stride size (convolutional layers) 2 × 2
Kernel size (convolutional layers) 4 × 4
Padding size (convolutional layers) Same
Learning rate 0.0005
Optimiser Adam

TABLE 10. Summary of hyper-parameters used to train the multi-species RF sheath dataset.

(a)

(c)

(b)

FIGURE 17. Examples of three representative IEAD predictions for a single-species RF sheath.
(a) Good illustrates excellent agreement. (b) Average demonstrates moderate deviations while
maintaining the overall distribution shape. (c) Poor corresponds to a poor prediction. In each
example, the first row compares the reference distribution from hPIC2 (left) with the surro-
gate predictions from the baseline, data-augmented (DA), multi-fidelity (MF) and combined
DA+MF models. The second row shows the corresponding residual error distributions for each
model.
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